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Abstract. In this paper, we investigate Pell and Pell-Lucas numbers what new properties we can obtain
by working on a new number system-hybrid quaternions. Firstly, we present some new identities of Pell
and Pell-Lucas numbers and quaternions. Then, with the help of these identities and previously known
identities, we get new identities on Pell and Pell-Lucas hybrid quaternions, including Binet’s and Cassini’s
identities.

1. Introduction

Number sequences are a great subject studied by mathematicians and physicists for many years. Espe-
cially, Fibonacci numbers are a significant class of number sequences. These numbers have been studied
from algebraic, combinatorial, and geometric perspectives. There are other number sequences that are
similar to Fibonacci numbers with the differences in initial values and recurrence relations. The Pell and
Pell-Lucas numbers are some of them. These numbers can be generated by the second order linear re-
currence relation F, = 2F,_1 + F,_», for n > 2 with initial conditions Py = 0, P; = 1 and PLy = PL, = 2
respectively. Generator functions of number sequences, Binet formulas, are necessary in some cases such
as obtaining high index numbers. The Binet’s formulas of the n'" Pell and Pell-Lucas numbers are

p= =Y b it (1)
n — (P_CU, n_(P @

respectively, where ¢ and w are roots of characteristic equation x> — 2x — 1 = 0. Many identities are given
regarding the Pell and Pell-Lucas numbers in [3, 7, 12, 13]. For example, Horadam gave some identities of
Pell numbers [13];

Pusr = PrPyi1 + Prq Py,
Py = PyPyyy1 + PyPya,
PPy — P,zl =(-1)", (Simson identity)

2 2
Psi1 = Pn + Pn+1‘
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Hybrid numbers were defined as a general form of complex, hyperbolic(perplex) and dual numbers
[1,8,9,15]. After the number system was defined, it was studied extensively from various perspectives. A
hybrid number is,

k=ko+ik1+£k2+hk3
such that ko, k1, k» and ks are real coefficients and i2 = =1, h2 = 1, €2 = 0 and ih = —hi = & + i. Note that i
is the unit of complex numbers, ¢ is the unit of dual numbers and h is the unit of hyperbolic numbers. The
units of hybrid numbers are 1, i, € and h.

Leta = ap +ia; + eap + hag and b = by + by + €b, + hb3 be hybrid numbers, then sum and subtraction of
hybrid numbers are defined as

aFb= (ao ¥ bo) +i(m F bl) + &(ap bz) +h(a; ¥ b3)
Moreover, multiplication of hybrid numbers a and b is defined as

ab= (ﬂobo - Lllbl - 613173 + ﬂlbz + uzbl) + i(&llbo + Llob1 + a1b3 - agbl)
+ E(ﬂzbo + ﬂobz + a1b3 - ﬂ3b3 - ﬂ3b1 + a3b2) + h(ﬂ3b0 + Elob3 - ﬂlbz + ﬂzbl).

For multiplication table of hybrid numbers’ units, see Table 1.

JJ1] i | & [ h
111 i £ h
ili -1 |1-h|e+i
elle| 1+h 0 —&
h|h|-&-i i 1

Table 1: Multiplication of hybrid numbers’ units

Quaternions were defined by W. R. Hamilton [11] and were studied widely in mathematics and physics
[4, 10, 19, 20]. A quaternion is

q=qo +iq1 + jq2 +kqs

such that qo, 1, 42 and g3 are real coefficients and i, j and k are the standart orthonormal basis of R3. Units
of quaternions are 1, 7, j and k.

Letp = po +ip1 + jp2 + kps and q = qo + iq1 + jg2 + kg3 be quaternions, then sum and subtraction of any
two quaternions is defined as

pFqg=(poFqo)+i(p1 Fq1) + j(p2 ¥ 92) + k(ps F g3).

In addition to this, multiplication of any two quaternions is defined as

p-q = (podo — P11 — p292 — p3q3) + i(poq1 + p1go + p293 — p3q2)
+ j(podz2 + p290 — p1gs + paq1) + k(pogs + paqo + p192 — p241)
with 2 = j2 = k? = ijk = —1 rules.
Hybrid quaternions were introduced by Dagdeviren in [5] as a new number system. A hybrid quaternion
is
HQ = Qo +iQ1 + Q> + hQs

such that Qp, Q1, Q> and Q3 are quaternions. The other presentation of a hybrid quaternion is
HQ =Hy+iH; + sz + kH3

such that Hy, Hi, H> and Hj are hybrid numbers. Sum, subtraction and multiplication operations can be
easily done with the information up to here.
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Some identities, properties and Binet’s formulas of Pell and Pell-Lucas quaternions and related works
have been given by some researchers [2, 4, 6, 18, 19]. The n'" Pell and Pell-Lucas quaternions are

PQn = Pn + iPn+1 + an+2 +kpn+3/
PQL, = PLy + iPLys1 + jPLyya + kPLyss

respectively.

Pell and Pell-Lucas hybrid numbers were defined by Liana [16] and have been studied in [14, 17]. Some
identities, such as Cassini’s identity, Binet’s formula and some generalizations of these numbers have been
given. The n'" Pell and Pell-Lucas hybrid numbers are, as can be easily inferred,

HP, = P, +iPy1 + €Pyy0 + Py 3,
HPL, = PL, +iPL1 + €PL;4p + hPL,,3,

respectively.

In the rest of the article, we introduce Pell and Pell-Lucas hybrid quaternions. Then, we give identi-
ties concerning Pell and Pell-Lucas numbers quaternions. Finally, we present Binet’s formulas for these
numbers. For the rest of the article, we will denote the n'" Pell, Pell-Lucas, Pell hybrid, Pell-Lucas hybrid
numbers, Pell quaternions, Pell-Lucas quaternions with P,, PL,, HP,, HPL,, QP, and QPL, respectively.

2. Pell and Pell-Lucas Hybrid Quaternions
Definition 2.1. The n'" Pell and Pell-Lucas hybrid quaternions are
HQP, = HP, + iHP,1 + jHP,4o + kHP,.3,
HQPL, = HPL, + iHPL,.1 + jHPL. + kHPL, ;3
for n > 2. In other form,

HQP, = QPy + iQPy+1 + €QPpia + hQPyy3,
HQPL, = QPL,, +iQPL,1 + €QPL, 4> + hQPL, 3.
We firstly give some new properties about Pell numbers and Pell quaternions.

Proposition 2.2. For all n > 1 integers,
n
PPy =2 Z P2,
i=1

Proof.
PyPys1 = Py(2Py + Pyq) = 2P2 + Py P,y = 2P% + Py_1(2Py_1 + Pyp) = 2P2 + 2P2 | + P, oPyq
n
= =2P2+ P, +...+Pi+PPg)=2) P2
i=1
O
Proposition 2.3. Forn € IN, PL,,11 = 2(P,, + Py41).

Proof. We continue by induction onn. Forn =1, P; = 1 and P, = 2, then PL; = 2(1 +2) as required. Assume
that the claim holds for n = k, PLyy1 = 2(Px + Pxy1). Forn =k +1,

PLy» = 2PLy1 + PL; = 2(2Pk + 2Pk+1) + 2Py 1 + 2Py = 6Py + 4Pyy1 + 2P
= 4P 1 + 2P, + 4Py + 2Py = Z(Pn + Pn+1).
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Proposition 2.4. Forn € N, PL,, = 2(Pp1+1 — Py).
Proof. If we use the previous proposition, then
2(Pps1 — Py) = 2(2Py + Pyt — Pu) = 2(Py + Py-1) = PLy.
0
Proposition 2.5. Forn € N, PL,.,1 — PL, = 4P,,.
Proof. If we use the Proposition 2.3, then
PLyy1 = PLy = 2(Pus1 + Pp) = 2(Py + Py1) = 2(Puyy = Puo1) = 2Py + Pyoy — Pya) = 4Py,
0

We will give some identities about Pell-Lucas quaternions. These have been given in [4] but there are some
differences in this article due to initial values affecting some identities and Binet’s formula of Pell-Lucas
quaternions.

Remark 2.6. We can obtain the following identities about Pell and Pell-Lucas numbers via Proposition 2.3, 2.4 and
2.5, forn e N
QPLys1 = 2(QPy + QPy11),
QPL, = 2(QPy41 — QPn)r
QPLyy1 — QPL, = 4QP,.

Proposition 2.7 (Cassini’s identity for Pell quaternions). Let ¢ and w defined as in (1), then following identities

are hold.
[(¢* + DAB + (@ + 1)BA]

(¢~ w)?
QPLy41QPLy1 — QPL;, = (=1)"'[(¢* + 1AB + (” + 1)BA].
where A =1+ @i+ @?j+ %k, B=1+ wi + 0?j + &3k [4].

QP,1QP;, 1 - QP%I = (_1)n

7

Proof. Using the Binet’s formula for Pell quaternions, then

QP QP sz (gDHJrlA _ wn+1B)(q0n1A _ wnlB) ((PnA — "B )2
n+1 n-1— n = -

Q-w Q-—w Q-w
(PZnAZ _ (p"+1a)n_1AB _ (Pn—lwn+1BA + a)ZnBZ (PZnAZ _ (pna)nAB _ (pna)nBA + wZnBZ
B (¢ - w)? (@ — W)
_ 90" X (AB+BA) —p" ' (pPAB + ?BA) _ 1y [(¢* + 1)AB + (w? + 1)BA]
(@ - w)? (¢ - w)? (¢ - w)? '

If we use the Binet’s formula for Pell-Lucas quaternions, then

QPL,41QPL,_; — QPL2 = (¢"' A + @""'B)(¢" 'A + 0" 'B) — (¢"A + 0" B)?
— ((pn+1a)n—1AB + (pn—la)n+1BA) — (¢"w"AB + ¢"w"BA)
= [¢" '@ (¢?AB + w*BA)] - [¢"@"(AB + BA)]
= [(-1)"""(@*AB + @”BA)] - [(=1)"(AB + BA)]
= (=1)"'[(¢* + 1)AB + (* + 1)BA].
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In the rest of the article, A and B will be used as defined in the proposition (2.7).

Proposition 2.8. Let HQP,, HQP, and HP, be the n'" Pell hybrid quaternion, the conjugate of the n" Pell hybrid
quaternion and the n' Pell hybrid number, respectively. Then the following identity holds for all n > 2 integers.

HQP, + HQP, = 2HP,

Proof. We know that QP,, + QP, = 2P,, from [4], then

HQP, + HQP,, = QP + QP 1i + QP 2& + QPyi3h + QP + QP y1i + QPjy0e + QPyysh
=2P, +2P,,;1i + 2P, + 2P,,.3h = 2HP,,.

O

Proposition 2.9. Let HP, and P, be the n'" Pell hybrid number and the n'™ Pell number respectively, then the
following identity satisfies:

HPZ = P2 — P2, + P2, +2Py1Pyio + i(2P,Pyi1) + €Q2PyPri2) + h(2P,Pys).
Proof.
HP%[ = (Pn + Pn+1i + Pn-%—Z*‘z + Pn+3h)(Pn + Pn+1i + Pn+2E + Pn+3h)
= P2 + PyPyi1i + PyPpio€ + PyPyish + PyPyiai— P2, + Pyt Prio(1 — h) + Py Pys(e + )
+ Pn+2pnE + Pn+1pn+2(1 + h) + Pn+2pn+3(_£) + Pnpn+3h + Pn+3pn+1(_£ - i) + Pn+2pn+3s + P3H,3

=P2— P2, + P2, +2P;1Pyio + (2P, Pys1) + 2Py Prs2) + h(2P,Prs3).

n+l1

O

Proposition 2.10. Let HQP,, QP, and HP,, be the nth Pell hybrid quaternion, the nth Pell quaternion and the nth
Pell hybrid number, respectively. Then the following identities satisfy:

i) HQP, + 2HQP;11 = HQPp42,
ii) HQP, — HQP,11i — HQP, 06 — HQP,yish = QP + QPpi2 — 20Py43 — QPjys + 20P,15¢,
1ii) HQP, — HQP,11i — HQP,pj — HQP,3k = HP, + HPyip + HPj144 + HP 6.
Proof.
i) We know that QP,, + 2QP;,1 = QP,,4, from Proposition 2 in [4]. Then,

HQPn + 2I_I(2Pn+1 = QPn + QPn+li + QPn+25 + QPn+3h + 2QPn+1 + 2(2Pn+2i + 2QPn+35 + ZQPn+4h
= QPpy2 +iQPy13 + €QPpyg + hQP,y5 = HQP 4.

ii) We represent HQP, — HQP,11i — HQP,0e — HQP,.3h as K in proof;
K =HQP, — (QPy+1 + QP21 + QPy 36 + QPyi4h)i — (QPpy2 + QPpysi + QP46 + QPpysh)e
—(QPs3 + QPpyai + QPpise + QPrish)h
= QP + QPyi2 —2QP;13 — QP + 2QP,5¢.
iii) We represent HQP,, — HQP,41i — HQP,42j — HQP,,,3k as T in proof;
T =HP,+HP,.1i+HP,j+ HPyu3k — (HPp1 + HPyipi + HPyi3] + QPigk)i

_(HPn+2 + HPn+3i + HPn+4j + QPn+5k)j - (HPn+3 + HPn+4i + HPn+5j + QPn+6k)k
=HP, + HP,i» + HP 14 + HP 1.
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O

There are some special relationships between the Pell and Pell-Lucas hybrid quaternions. Following
theorem gives some of them.

Theorem 2.11. The following equations are hold:
i) 2(HQP, + HQPy41) = HQPLy41,
ii) 2(HQPy+1 —HQP,) = HQPL,,
iii) HQP, 1 + HQP,1 = HQPL,,
iv) HQPL,.1 — HQPL, = 4HQP,.
Proof.
i) We know that 2(QP,, + QP,+1) = QPL, 11 from Remark 2.6.
2(HQP, + HQPy1)  =2(QPy + QPpiai + QP2 + QPpish) + 2(QPpi1 + QPyi2i + QPpize + QPyish)

= QPLys1 + QPLysi + QPLysae + QPLy.sh
= HQPLy41.

ii) We know that 2(QP,+1 — QP,) = QPL, from Remark 2.6.

Z(HQPnH - HQPn) = 2(Qpn+1 + QPn+2i + Qpn+3£ + Qpn+4h) - Z(QPn - Qpn+1i - QPn+2E - Qpn+3h)
= QPL, + QPL;41i + QPLy 26 + QPL,y3h
= HQPL,.

iii) We know that QP,_1 + QP,+1 = QPL, from [12]. Then,
HQPn—l + HQPn+1 = QPn—l + QPnl + QPrH—ls + QPn+2h + Qpn+1 + Qpn+2i + Qpn+3'S + QPn+4h
= QPLy + QPLys1i + QPLys2€ + QPLyi3h
= HQPL,.
iv) We know that QPL, 1 — QPL, = 4QP,, from Remark 2.6. Then,
HQPLn+l - HQPLH = QPLn+1 + QPn+2i + QPn+3'S + QPn+4h - QPLn - QPLn+li - QPL11+2*‘3 - QPLn+3h
=4QP;, +4QP41i + 4QP, 126 + 4QP;13h

= 4HQP,.
0

Lemma 2.12. For n > 1, the following identities satisfy:
i) QPpaQPy — QPyQPpy1 = (-1)"(2i + 4j — 2Kk),
ii)) QP,,2QP, — QP, QP40 = (=1)"(4i + 11 — 4k),
ii1) QP,3QP, — QP,QP,.3 = (=1)"(10i + 20j — 10k).

Proof. We will prove first identity, the others can be proven via similar calculations.

We can obtain QP,+1QP, — QP,QP;41 = 2(Pi+3i = PusoPpyai+ Puy1Pryaj — PuyoPrysj + P§+2k = Pyi1Pyy3k)
by way of some basic calculations. We can acquire QP,+1QP, — QP, QP11 = 2(=1)"i + 4(=1)"j + 2(-1)"*'k
by using (=1)"P,Py = PpaPpib — PuPpigsp and Pp_1Pyyq — P2 = (-1)" identities [13]. O
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Theorem 2.13. Let HQPS be the Hybrid conjugate of the n'" Pell hybrid quaternion HQP,,. Then,
HQP,.HQP;; = QP; + QP; ., — QP2 5 = QP1QPys2 = QP1i2QPria
+ (=1)"[(-2i = 7j + 2k)i + (=2i — 4] + 2k)e + (12i + 24j — 12k)h].
Proof.
HQP, . HQP = (QP, + QPyi1i + QP2 + QPyish)  (QP, — QPyiai — QPrioe — QPyy3h)
= QP +QP>,; = QP2 5 = QP11 QPys2 — QP1i2QPyi
+1(QPu+1QPy — QPnQPrs1 + QP43QPns1 — QPrs1QPr43)
+ £(Qpn+2QPn = QP,QPy42 + QPy13QP41 — QPys10QPni3 + QPi2QPis — QPn+3QPn+2)
+h(QP;4+3QP, — QP, QP53 + QP y1QPy2 — QP12QPy 1)
= QP2+ QP2, — QP2 — QPy41QPui2 — QPui2QPrit
+i[(=1)"(2i + 4j — 2k) + (=1)"* (4i + 11] — 4k)]
+ e[(—1)"(4i + 11j — 4k) + (1)1 (di + 11] — 4k) + (=1)""%(=2i — 4] + 2k)]
+h[(=1)"(10i + 20j — 10k) + (=1)"(2i + 4] — 2Kk)]

= QP% + QPE,H - prﬁ.g, - QPn+1QPn+2 - QPn+2QPn+1
+ (1)"[(-2i = 7j + 2k)i + (=2i — 4] + 2k)e + (12i + 24] — 12k)h].

O
It is known that the Binet’s formula of the n'" Pell quaternion is
"A - "B
QP, = pao-ws
Q-—w

[4]. In the following proposition the Pell-Lucas quaternions’ Binet formula is presented.
Proposition 2.14. The Binet's formula for the n'" Pell-Lucas quaternion is

QPL, = ¢"A + w"B.
Proof. Using Theorem 5 in [4], we have ¢"A + "B = (¢ + w)QP, + 2QP,_1. The following equation can be
obtained easily

QPL, = ¢"A + "B
because ¢ + w =2 and QPL,11 = 2(QP,, + QPy41). O
The Binet’s formulas for the Pell and Pell-Lucas hybrid quaternions are given with the following theorem.
Theorem 2.15. The Binet’s formulas of the Pell and Pell-Lucas hybrid quaternion are

"o*A — w"w*B
HQp, = L2207 . — =, HQPL, = ¢"p'A+ 'w’B
respectively. Here ¢* = 1 +ip + ep* + h® and * = 1 + iw + v + ha®.
Proof.
HQP, = QP +iQPys1 + €QPyi2 + hQPyi3
"A_ "B n+1A_ n+1B n+2A_ n+ZB n+3A_ n+3B

P Wb P w P w +n¥ w

= i +e
p-w p-w p-w p-w
_ @"A(1 +ip + ep® + h¢®) — "B(1 + iw + w® + hw’)
p-w

_Q"p'A-w"w'B
= P
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HQPL, = QPL, +iQPL,,1 + €QPL,.» + hQPL, 3
= (¢"A + @"B) +i(¢"" A + "' B) + £(¢"*A + @"*B) + h(p" A + 0" B)
= "A(1 +ip + £p* + hg®) + @"B(1 + iw + ew?® + ha?)
=¢"p'A + "wB.

[

We can obtain new identities using the Binet’s formula of the Pell and Pell-Lucas hybrid quaternions. The
next theorem is about a relation between the Pell and Pell-Lucas hybrid quaternions.

Theorem 2.16. HQPL? — 8HQP? = (—1)"2(¢*w*AB + w"¢*BA).

Proof. Let denote HQPL2 — 2HQP?2 by S. If we use the Binet’s formulas for Pell and Pell-Lucas hybrid
quaternions, then

"o*A — w"w'B 2
5= (@"¢"A+ @& B) — 2(—(P pL-uw )
P —-w
= (@"(¢"VA* + ¢"w" 9w AB + ¢" "' p*BA + 0 (w")*B?)

8( (Pzn((P*)2A2 - @"W"P*w*'AB - ¢"w"w*@*BA + wZn(w*)ZBZ)
8
= 2(¢"@"p'w AB + ¢"w"w'p"BA) = (-1)"2(p"w'AB + w'¢"BA).
0
In the following theorem we give a generalization of the Theorem 6 in [4].

Theorem 2.17. Let a and b are integers such that 1 < a < b. Then,

PLy.1 — QPL, PLyps1 — QPLo, b PLyy — QPLy,
ZQP_Q bl Q ZQP Q 2b12Q 21 ZQPZk—le 2b2Q 2

k=a+1
Proof. From identity Zk_l QP = M in [4],

b
QPLpy —QPLy  QPL, — QPLy _ QPLyyy — QPL,
;;ka—kaQPk_Z‘QP 5 - > = 5 :

The other identities can be proven similarly. 0O

A generalization of the previous theorem to Pell and Pell-Lucas hybrid quaternions can be given as following
theorem.

Theorem 2.18. Y;_ HQP = H&Luet -HOM

Proof.

n
ZHQPk = QPl + Qle + QP3£ + QP4h + QPZ + QP31 + QP4£ + QP5h
k=1

+ --+QP71 +QPn+1i+QPn+2£+QPn+3h
=QP1+QPy+...+QP, +(QP2 + QP3 + ...+ QP 1)i
+(QP3+QPs+ ...+ QP,2)e + (QPy+ QPs + ... + QPyi3)h

— (QPLn+12_ QPLl) + (QPLn+22_ QPL2 )1 + (QPLn+32_ QPL3)£ + (QPLn+42_ QPL4 )h

_ HQPL,1 — HQPL,
= > i
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The result we get when we make the starting point a random point in this series is as follows.

Corollary 2.19. For the non-negative integers a and b, such that 1 < a < b the following identity holds:

b

HQPL,,1 — HQPL
E:HQPk: Q b+12 Q a'
k=a

Proof. It can be easily proven by the previous two theorems. [

If the indices in the previous theorems are even or odd, we can see what kind of changes will happen in the
following theorems.

Theorem 2.20. Y|_, HQPy, = 2P HOM
Proof.

ZHQPZk = QP2 + QP31 + QP4£ + QP5h + QP4 + QP51 + QP6£ + QP7h
k=1

+ ...+ QP2 + QP2yi1i + QPopi2€ + QP2yish
= QP2+QP4 +...+ QPZn + (QP3 + QP5 + ...+ QP2n+1)i
+(QP4 + QP6 +...+ QP2n+2)£ + (QP5 + QP7 +...+ QP2n+3)h

= %[(sznu — QP1) + (QP2n+2 — QP2)i + (QP2n+3 — QP3)e + (QP2n1a — QPy)h] = %(HQP2n+1 — HQP).
O
Corollary 2.21. Y} HQP,; = ZQPa -HOPxor
Proof. It can be easily proven by the Theorem 2.17 and Theorem 2.20. [
HQP, ~HQPy

Theorem 2.22. Y/ HQPy4 = >

Proof.

ZHQPZk—l = QP1 + QP21 + QP3£ + QP4h + QP3 + QP4i + QP5£ + QP6h

k=1
+ ...+ QPsy—1 + QPoyi + QPyy418 + QPsy10h
=QP1+QP3+...+QPyy—1+ (QP2 + QP4 + ...+ QP2,;)i + (QP3 + QPs5 + ... + QPy;41)€
+ (QPs+ QPg + ...+ QPsy12)h
_ QP2 = QPo + QP21 — QP1i+ QP12 — QPZ8 N QP13 — Qp3h _ HQPa — HQPO'
2 2 2 2 2
[

Corollary 2.23. Y| HQPy_4 = w
Proof. It can be easily proven by the Theorem 2.17 and Theorem 2.22. [J
Theorem 2.24 (Cassini identities). The following equations are hold:
HQP, 1 HQP, 1 — HQP. = (Pn_lwnw*wz P Al
HQPL,+1HQPL,_1 — HQPL2 = ¢" '™ (¢ — w)(pp*w"AB — ww' ¢ BA).
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Proof. Let denote HQP,.;,1HQP,—1 — HQP? by C.

2
C=

(<P”+1<P*A _ wn+1w*3)(¢n—1(p% _ a)n—lw»B) ((Pn(p*A _ a)na)*B)
p-w p-w p-w
(P PA? — " 9w AB — M ' BA + 0P ()20
(¢ - w)?
P¥(p)?A? — @"w"p*w AB — 0" "W ¢*BA + 0 (w*)*w?
B (¢ - )
_ 9"w"w0'¢ (¢ — w)BA - ¢"0" '@ w (p — w)AB  ¢" 0" N ww'¢*'BA — pp*w* AB)
- (p - w)? - P-w '
Let denote HQPL,,+1HQPL,—1 — HQPL? by D.
D = ("¢ A + " W B) (" ¢ A + 0" ' B) — (¢" 9" A + @' B)?
2

— (PZW((P*)2A2 + (Pn+la)n71(P*w*AB + wVquonfla)*(P*BA + a)Zn(w*)Zw
- (pzn(qo*)zA2 + ¢"w"P'w'AB + 0" @"w ' @*BA + 0 (w")?w?
= ¢" "W P (w - P)BA + ¢" 0" " (¢ — w)AB = ¢" 0" (¢ — 0)(@pp @ AB — ww* @ BA).

O

3. Conclusion

In this paper, we have given some identities about Pell and Pell-Lucas numbers, and Pell and Pell-Lucas
quaternions as a contribution to number sequences and quaternions. We have also introduced the notion
of the Pell and Pell-Lucas hybrid quaternions. Then some significant identities and properties of the Pell
and Pell-Lucas hybrid quaternions, including the Cassini identity and Binet’s formula, have been given and
proven. Also, the other number sequences, such as Padovan numbers and Jacobsthal numbers on hybrid
quaternions are a future topic of interest.
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