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Abstract. We construct a new version of g-Jakimovski-Leviatan type integral operators and show that
set of all continuous functions f defined on [0, c0) are uniformly approximated by our new operators.
Finally we construct the Stancu type operators and obtain approximation properties in weighted spaces.
Moreover, with the aid of modulus of continuity we discuss the rate of convergence, Lipschitz type maximal
approximation and some direct theorems.

1. Preliminaries and introduction

In 1880, Appell investigated a class of polynomials which were named in his honor as Appell polynomials
(see [11]). Much later, Jakimovski and Leviatan introduced and modified the Appell polynomials [15] in
1969. The tool for defining the new class is defined below:

(o)

R@we™ = )" By, M)

k=0

where Br(y) = Yo ai% (s € N, the set of positive numbers) and R(u) = Y12, axu®, R(1) # 0.
We recall some basic notations regarding the g-calculus (see [19-21]). For each non-negative integer s,
the g-integer is defined as

1-¢°
[s]qz{ = 171 forseNand 0], = 0.
s, g=1

2020 Mathematics Subject Classification. Primary 41A25, 41A36; Secondary 33C45.

Keywords. Appell polynomials; g-Appell polynomials; Jakimovski-Leviatan operators; Korovkin’s theorem; modulus of continuity.

Received: 06 December 2022; Revised: 21 February 2023; Accepted: 11 April 2023

Communicated by Miodrag Spalevi¢

* Corresponding author: Mohammad Ayman-Mursaleen

Email addresses: nasir3489@gmail.com, mfarooq@ut.edu.sa (Md. Nasiruzzaman), mohammedkawal@gmail . com (Mohammed
A.O. Tom), stefano.serrac@uninsubria.it, stefano.serra@it.uu.se (Stefano Serra-Capizzano), nadeemrao1990@gmail.com,

nadeem.el4515@cumail.in (Nadeem Rao), mohdaymanm@gmail .com, mohammad.mursaleen@uon.edu.au (Mohammad
Ayman-Mursaleen)



M. Nasiruzzaman et al. / Filomat 37:24 (2023), 8389-8404 8390

For |g <1, the g-factorial [s],! is defined by

1 (s=0)
Bt =9 11, e @
k=1

In the standard approach the exponential functions for g-calculus:

ok
eg(y) = Z [:_]q' (3)
k=0
The improper integral of function f is formally defined by as
o0 /A s s
fwdgy = —q)Zf(%)%, AR~ (0] @

seN
Al-Salam (see [6, 25]) introduced the family of g-Appell polynomials through the generating functions
Ry(H) = ¥ Ryl Ry(1) # 0. We have
5=0

Req(y) = Z| . ] Aresgtf, (r€IN)
q

k=0
and g-differential, Dy y(Ryq(y)) = [FIR,-14(), 7 = 1,2,.... We Dyy(R14(y)) = [1];Ro4(y) = K, where Roq(y) is

a nonzero constant. Moreover, we define R,(t)e,(ty) = ¥ R,,q(y)[i—y],, 0<g<l
s=0 )

In the recent years the Jakimovski-Leviatan type operators have attracted attention in the mathematical
community and several papers have been published (for example, see [14, 7, 8, 10, 14, 22-24, 29, 31, 36—
38, 40] and further recent works such as [5, 12, 13, 28, 30, 32-35, 43—45] on related topics).

Our aim is to construct the extended form in terms of the parametric Stancu variant of recent g—
Jakimovski-Leviatan-Beta type integral operators and show that our newly positive linear operators are
convergent to the identity acting on the space of continuous functions. Further, we obtain Korovkin type
results, estimates on the rate of convergence, as well as direct theorems.

For all y € [0,), R;4(y) = 0 and R,(1) # 0, the Jakimovski-Leviatan type operators suppose 7, are
given by (see [9])

(o)

00 /A
N eq(_[s]y) Rr,q([sly) KA, r+1) t ;
Tsalf0:9) =~y ), L B,Gr+1,5) Of Axpyel @t ©)

wheres € N, 0 < g < 1and f € C[0, o), the latter being the set of all continuous functions on [0, co).

Lemma 1.1. [9]

ZRW([S]y) = Ry(De,([s]y),

r=0 [7”] !

= Ryg(lsly) ,
Y = SRy + Ry e sl

r=0

o Rr
Z rZ% = [[s]zRq(l)yz + 2[s]R;(1)y + R;'(l)]eq([s]y),
r=0 '
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oo Rr
Y A ([f - _ [[s]3Rq(1)y3 +3[sPR; (1)y? + 3[R/ (1)y + R;"(l)]eq([s]y),

e [r]!

oo Rr
Y "’[(r[]f]y) _ [[5]4Rq(1)y4 +4[sPRI (1) + 6[sPR./ (1) + 4[sIR]" (1)y + R;4>(1)]eq([s]y).
r=0 !

Lemma 1.2. [9] For the test function f(t) = 1,t,12,£3,t* the following identities hold true for s large enough, where
in the expression of T 4(f(t); y) the term t is the dummy variable and y the global one.

M T4Ly) = 1

(2) Tsqt;y)

1 1 Ri(1)
-1 [5- 1]([ by + Rq(l))

(1+9) (1+2q) o)
WB—HB—ﬂ+fB—HB—Hﬁmy+&ﬂ)
L1 (522 2[51R; (1) +RHD)

-1s-21\""7 TR YT R®M)
1+29+2¢>+¢° (1 +3q +44% + 3¢° Ri(1)
#B—Hb—ﬂb—ﬂ+fb—ﬂb—ﬂb—ﬂ(B +EX5)

(1+2q +3¢%) ( , o 2UsIRY(D) Ri{(l))

Ts-s-2s-s S Y T TR YT R

qZ
-1l -2l5-
1+3q+5¢* +6q° +5¢* +3¢° + ¢°

g°[s — 11[s — 2][s — 3][s — 4]

(1+5g + 104> + 134> + 12¢* + 74° + 24°) ( R;(l))
73[s — 1][s — 2][s — 3][s — 4] R,(1)
1+3q+7¢* +9¢° +9¢* +6¢°) (. , , 2[sIRi(1)  RY(D)

9l — 1105 — 201s — 31[s 4] (“ R,(1) y+RAD)

(P +278° +20* +2¢° + ¢° + 297)
[s —1][s - 2][S —3][s — 4]

B) Toqlty)

@) Toqty)

R/(1)  RY(1)

Ri(1)
3.3 271 2 .
3] ([s] v’ +3[s] R,,(1)y +3[s] 5 q(l) +—Rq(1)),

B) Tsq(ty)

Ry(1) Ry(1)  Ry(1)

q 1 I

X ([s]3y3 + S[S]ZR (1)3/ 3s] R,(1) v R,(1) )

qé
+[ 1][s — 2][s — 3][s — 4]
SIOIRLAC Ry(1)  RP()
» N 2 q q q
([5] y* +4[s] Rq(l) +6][s] (1) v+ 4[s] R,(D) v+ R,(1) ]

2. Operators and its associated Moments

We suppose y € [0,), R,;(y) >0, Ry(1) # 0and f € C)[0,00) = {f € C[0,00) : f(t) = O(t"), as t — oo}.
Then for any 0 < v < pand 0 < g < 1, we construct

We,(fiy) = es(=[s]y) Z R q([sly) K(A,r+ 1) ( ]t+v))dqt,

R,(1) r]' By(r+1, s) 1+ t) et S [s]+
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where A >s,5 € N, [s] = [s],, [r] = [r]; and

00 /A r 1 [7’_1]
By(r,s) = K(A, r) (1+y)r+sdq3/_ B By(r—=1,s+1), r>1,520,

with
KA r+1)=qKAr),
K(A,7) =37, K(A,0) = 1.

Lemma 2.1. Forall y > 0, Ws,(1;y) = 1 and the following identities hold true.

(1) Wety) = ( ?“) Tsa(t; y)+([] ) Tsq(L;y),
P B O 2v[s] v Voo
2 (Ws,q(tzly) = ( +‘u) Tsq(t; £ y)+ [+ )27'sq(t )+(m) Tsq(Ly),
1Y [s1°
(3) Ws,q(t3;y) = ( S+‘u) sq( £; ) ([ ]+H)37'sq(t2 ]/)

3v2s] ’
e ]V i Tatn) + ([s]”w) Tea(L;y),
. _ £, v[s]® 3. 61°[s]* 2,
4) (Ws,q(t4/ y) = ( ) sq( y)+ s ]+ H)4 s,q(t JY)+ [+ #)47—5,51“ Y)

4 4
+([]V[S])4 Sq(Zy) ([]+ ) Tsa(L ).

Lemma 2.2. Tuke the test functions f(t) = 1,t,t2,£3,t*. For any s € N — {1,2,3,4}, the operators in (6) satisfy the
following identities.

1" WLy
[s]

22 Wyly) = m(lﬂi[s‘]y

51\ 1 , ( R;a))
([s1+u) AT 2 bl =,
AIR’1)  RI(1)
3 2 q q
+ ([S]y R Y *Rqa))}

_ 2v[s] qR;(1) ( v ) _
gls — 11([s] + p)? (1 +qlsly + R,(1) )+ [s1+u)’

S ? 1
([s][j#) Pl - 106 - 205 - 0+ 20420 +)
R;(1)
R (1))
2R R(1)
R, /7 Rq(l))

I
—_
~.

qR'm) v
R, )" BT+

3° Wyt y)

40 W (f5y)

+(q +3q2 +4q3 + 3q4) ([ sly +

+ (q3 +2g% + 3q5) ([s]2y2 +
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R/ R
R, 7" R )}

R/(1
(P + ST e + 30

R,(1

3v[s]? 1

TSI+ wp Pls - 15 - 2]
2[sIR/(1)  R/(1)
+7° ([s]’ly2 YR YR )
2v[s] qP;(1) v

ol )¢ ([s] ¥ u) |

3v2[s] 1 qR;(1) v ( v )3 '
TG R s - 1]{(1 Halsly + 2 ) 5]+ y} \ETvg)
[s] )4 1
[s]+u) ¢°ls—1l[s — 2][s — 31[s — 4]

{(1+a+ @2 i+ Ré(l))
R,(D)

+

5 We(thy) = (

x{(l +3q +5¢% + 64° + 5¢* +37° + ¢°)

R} (1)
+ q2+5q3+10q4+13q5+12q6+7q7+2q)( (1))

2[s]Ri(1)  RY(1)
R 77T Rq(l))

(
+ (q4 +3g* +7° + 997 +94° + 6q9) ([S]Zy2 +
(

7

+(q7 +29° + 2q9 + 2&7“’ +q' +247)

o oun i 52
syt ol 5
’ ([j]vfi)4 s - 1][s1— 21[s - 3] {(1 +20+20° +0)

R(1
+ (q +3g% +4q° + 3114) ([s]y + RZ§1;)

2IRN(1)  RI(L)

+( + 20" +7°) (5Py + O Rq(l))
R//(l) R;//(l)

R, YT R )}

R7(1)
3 {(1 +q+(q+2¢%) ([s]y + RZ(l))

Ry(1)
(5P + 30sP gy 2 + 30l gLy

3v[s]? 1
(Is] + pp? ¢°ls — 1[s —
2[s]R(1) RY (1)
+q° ([s]zy YR VRO ))
2v[s] qPy(1) v
_q[s — 1]([s] + p)? (1 +qlsly + R,(1) )+ ([s] + y) }

3] 1 qR;(1) v ( v )3
+([S]+p)3q[s—1]{(1+q[sly+ Rq(l)) [s]+y}+ B+ a }

+
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6v2[s]? 1 ) Ri(1)
eyt G A )(([S]y * Rqa))
2[s]R}(1) N Rl{(l)))
R 77 R,
2v[s] qP;(1) v o\
_q[s — 1]([s] + p)? (1 +qlsly + R,(1) )+ ([s] + y) }
47[s] [s] o) v ( v )4
(BRSO ET ey M LA w73 R Ferid (o B

+q3 ([s]zy2 +

Remark 2.3. For the choices for v = p = 0 then our new operators defined by (6) simply reduces to those studied in
the recent published article [9] so that W 4(t'; y) is the same as T 4(t'; y) forall i = 0,1,2,3, 4.

Lemma 2.4. Tuke yi(y) = (t — y)' fori = 1,2. Then for every y € [0,00), 0<q<1, Ry4(y)>0withRy(1)#0if
we put

(%)i =Wo,(viy)y) fori=1,2, s>1, 2. @)
Furthermore the following equalities hold.
1) 1 ) R;(1)
([s] + u) ?ls — 1ls - 2]{1 Ta+@+2g >(([S]y+ m)
2[s]R7(1)  RY(D)
311242 q q
+q ([s]y + R y+Rq(1))}

2v[s] qry(1) ( v )2
e ) (e

(6%)1’ = 2[sly qR;(l) 2vy
TS+ ) - 1](1 Halsly+ )_ BETRLE
for i=2,5>2,
[s] qR;(1) v
a1+ s - {1+ atsty + R,(1) )+ 1 iy

fori=1,s>1

3. Approximation in Weighted Space

Suppose that C;[0, o) be the set of all bounded and continuous functions on [0, c0) with the supremum
norm:

I fllc,= sup | f(y)!.

y€[0,00)
Let

E:= {f 1y €[0,00), 1fiyy)2 is convergent as y — 00}.

We choose g = g; where 0 < g5 < 1 such that

limg; —» 1, limg; —a 8)
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Theorem 3.1. For any function f € C[0, c0) N E, we have
lim Weg(fy) = ()
uniformly convergent on each compact subset of [0, co).

Proof. We take in account the Korovkin theorem [26]. Indeed, as s — oo, the operators ‘W, converges to
the identity operator on the set of all continuous functions defined on [0, o), because

lim W, (t;y) =y, j=0,1,2
§—00

qs

When s — oo, from (8), it is immediate to verify that —— o ] -0 and g 1. Consequently
Lim W (L y) =1, im W, (t;y) =y, hm’VV q(tz, y) = y ,

which completes the proof. [

Suppose that ¢(y) is a continuous and strictly increasing function on [0, ) and take o(y) = 1 +
$*(y), limy—e 0(y) — oo such that ¢(y) — y. Let B,[0, ) be a set of functions defined on [0, %), such

that ) f (y)) < Myo(y), where My is any positive constant. Furthermore, we denote the set all continuous
functions on [0, 00) by C[0, o) and its subsets C,[0, o) with C,[0, o) = B,[0, c0) N C[0, o). It is well known
for the sequence of linear positive operators {Ls}s>1 (see [17]) maps C,[0, o) — B,[0, o) if and only if

ILs(0; w) < Co(y),

where C is a positive constant. For m € IN, let us denote

0, 00) = {feC [0, 00) : 11mf8) e]R} ©)

Theorem 3.2. [17, 18] Suppose {Ls}s>1 the positive linear operators which acting from C,y[0, c0) — B,[0, o) for
j =0,1,2 such that lims_,c |ILs(¢pj) — ¥/llo) = 0. Then, for every f € C,[0, o), it follows that

lim [ILs(f) = fllow =

Theorem 3.3. Take ¢ € C,[0, 00) which acting from C,[0, 00) — B,[0, ) for j = 0,1,2 then for all y € [0, c0) and
¢ € Cy[0, 00) with Ry4(y) 20, Ry(1) # 0 it follows that

lim [ Weg(p) = @llo) = 0-

Proof. Supposing A/ = t/ for j = 0,1,2, then by the use of the Korovkin theorem (see [26]), we directly
conclude that

Um [[Weg(@)) = ¢/llagy =0, j=0,1,2.

By considering the Lemma 2.1, we obtain

[Wsq(L;y) - 1]
||(Ws, (/\0) - 1” = su S S —
q o(y) ye[oEo) o)
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For j = 1, we can write

’“Ws,q(Al;y) - y'
e T
- SR )
T @<y>'(([s1 Tob=1 ! ’
[s] R3(1) v ‘
(Is1+ wls =11 Ry(1) ~ [s]+ul

Wi g(AY) = Ylloy)

+ sup —
y€[0,00) o(y)

If s — oo, then easily we get | W;4(A") = Yllo) — 0.
For j = 2, we get

“Ws,q(?\z; y) -y

IWet) =l = sup ——
e @?_;) (([s] + W{?i -2 1) ’
’ oo Q(LJ/) P ([s] +[S£2[S -1] { = Ts(i;]qu)[S]
3R
w2

‘o L [s] {(1+q>[s1
ety O PST + pPls — 1\ [s— 2]

g1+ 291 RiD  [s] PRI z( HR;(D)}’
[5-21 R [-2 R,1) R,(1)

Thus we easily infer [|'W;4(A%) — 1*ll,) = 0,ass = co. O

Theorem 3.4. For all ¢ € CZ’[O, o0), m € N and any & € [0, 00), the operators W, are such that the following
limit relationship is satisfied:

lim sup [Wal@: ) — el _
S22 e10,00) (o(y))+t

Proof. By the virtue of lp(y)| < [I(1 + y*)¢ll,) and for any positive number yo € R (the real number), we
easily obtain that

lim sup W q(0: ) — (y)l < sup Wsq(0; ) — p(v)l “u Wi q(0; ) — o(y)l
2% L e[0,00) (o(y))=+! Y<if (o(m)=+! Y2i (o)
< N Wsg(@: y) = eW)llcro,p
[Weg(1+ 1 y) — p(y)l lp(y)l

+ gl su +su
Plloty) yzyls (o(y)E+ yzylz (o(y)=+!

= M+ My + Mz, (suppose).
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Thus

lp(y)l l@llgy (1 + ) lllloy)
Mz =sup —+= <su - < —.
Pk )T TR T emET T A+ )

In view of Lemma 2.2, we deduce that

(10)

. W1+ 1% y)
lim sup ————— =1,
5900 s Q(y)

while, for any € > 0, there exists s; € N such that s > s; satisfying

Wea(l+15y)  (1+y5)e
sup < —
= o(y) llellow) 3

Thus, for any s > s;, we have

ws (1 + tz; y) ||(P||p(y) €
M; = |lpllg) su A < + =
S T 7)) s B GV Ci

(11)

Taking into account the relations in (10) and (11), we infer

“qollo(y) €
Mo+ Mz <2————— + —.
S T

llllg(y) < €

Ay < 6 We find

Choosing 1o such that

2
Mo+ Ms < ?e foralls > s, (12)
and similarly, for s, > s such that

My = [Weg(@i y) = e(Wllcroor < 3 (13)

Q| m

Next, choose s3 = max(sy, s;). From (12) and (13), it is plain to deduce

sup Wsa(@:y) — ()l
yel0,00) (o(y))=+! ’

which completes the proof of Theorem 3.4. O

4. Order of Approximation

In the present section we study the order of convergence in terms of modulus of continuity functions
in terms of Peetres K-functional and Lipschitz type maximal function. Suppose any 6 > 0, then for all
f € Cla, b] (spaces of all continuous functions on [a, b]) the classical modulus of continuity is defined as

w(f;0) = sup lf(y1) — f(y2)l.

(y1,y2)€la,blly1—yal<o

Theorem 4.1. [46] For any sequence of positive linear operators suppose {L}s>1 : [y1,y2] — Clu,v] and [u,v] C
[y1, y2], we obtain
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1. if f € Clyr, y2l and y € [u,v], then
ILs(f; ) = fWl < IfWILs(Ly) = 1

Ly + 5 L - B VETG Dol
2. Furthermore, for any @' € Cly1, y2], for all y € [u, v], one has
ILs(p; ) =Wl < lpWILs(L; y) = 1 + 19" W)IILs(t = y; )l
b L= VT + 5 L= 92 ol 0).

Theorem 4.2. Suppose f € C,-[0,00) and y € [0, c0). Then the inequality

Wealfin) = F) < 20(f5 \J32,0)

holds, with & = \/5;,4(3/) - \/(Ws,q((t — 2%

Proof. By considering Lemma 2.2 and Theorem 4.1, we directly obtain

WealFi) = O < If@IWey(Liy) = 1+ { Wy (13)

+ % \/‘Ws,q((t -9%Yy) \/Ws,q(l; y)}w(f; o),

on choosing 0 = \/(S;q(y) = \/st,q((t —1)%y). The desired results follows now from a denumerability
argument. [

Theorem 4.3. For y € [0, o), for all ¢’ € C,[0, 00), the inequality

N C S ) 1 RO v |
(([slw)[s—l] e @51+ W -11R,(D) " [l+p "Wl

+28,, ) (05 \Jo2,0)

holds, where &, ,(y) = We,((t - V)% ).

Wsa(o:y) —py)l <

Proof. By taking in account Lemma 2.2, Lemma 2.4 and Theorem 4.1, we deduce that

|(Ws,q(§0/' »-eWyl < |Ws,q(1; y) = llpy)l + |(Pl(y)||(ws,q(t -y )
bWl = P Weai) + 5 Wenl = 9 o (0750).

In the light of Theorem 4.2, by using 6 = \/6;‘,q(y) = \/‘M/S,q((t - )% y), the claimed result follows. [J

5. Approximation on Lipschitz space and Peetre’s K—functional

In the present section we provide Lipschitz type maximal approximation results and a local direct
theorem for our new operators (6). To this end, we recall the following facts regarding Lipschitz type
maximal functions. Indeeed, for any choice of real parameters u1, > > 0 and x € (0,1], we can define (see
[39])

» -yt
Lip, = {p € G[0,00) : lp(t) - p(y)| < £ iy telo),
(y? + woy + )2

where £ is denoted for Lipschitz constant.
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Theorem 5.1. Forany ¢ € Lipf,': the operators ‘W, verify the inequality
(my* + w2y’
where & ,(y) is given by Theorem 4.2.

H%A@w—wwsﬁ(

Proof. Take ¢ € Lipz for 0 < x < 1. First we show that the result is true for y = 1. For any ui, po > 0 we
know the inequality (t1y? + poy + £) V2 < (u1y? + poy) /2, thus by use of Cauchy-Schwarz inequality it can
be written as:
[ Weq (@3 ) = e < 1Weg(lp) = oWl )l + () I(1;y) = 1]
It -yl _
(Y2 + woy + B
< Ly + pay) P W (It =yl y)
- 1/2
< Ly + way) P Wt - yEy)|
It can be concluded that the result is valid for y = 1. Now we verify the results for 0 < y < 1. More precisely,

we simply use the monotonicity property of the operators ‘W, and we use the Holder’s inequality. In this
manner we have

< W,

[ Weg (@) =0 < Wello - o) v)
< (vaﬂwaf—QW)iy»EfM@ALyﬂii
Wall- 3
= L{ py? + oy +t }
< Ly + sz)_X/z{(Wslq((t - y)z? y)}E
3 5

Lgu? + ) A Waglt - ) 10)

_ ( 6;,41 (y ) )E
(2 + pay) )’
which gives the desired proof. [J

Here we also compute few other local approximation of W, in terms of modulus of continuity of order
one, by making use of Lipschitz maximal spaces. For any ¢ € C,[0,00), 0 < x <1andt, y € [0, o0), we recall
(see [27])

| () — ) |
w(p;¥) =  su _—, (14)
Py ty, tEE),oo) lt—y ¥

where w, denotes the modulus of continuity order one.

Theorem 5.2. For any ¢ € Cy[0, o0), we have

[Weroin) - )| < (62,)" wxl@in),

where w,(f;y) is defined by (14) and &; ,(y) is given in Theorem 4.2.
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Proof. By exploiting the Holder inequality, it is easy to deduce the following chain of relationships

Weq (le®) - o))
< i) | W ([t-y

IN

|Weolp:y) — o(v)|

A

X
)
w(@;y) (Ws,q(l; y))LTX ((Ws,q(|t -y

W (@) (Weq (- 9% y))*
so that the proof is concluded. [

IN

Z;y))g

Next, denoting by C,[0, o) the class of all continuous and bounded functions on the semi-axis [0, o),
we define

Ci10,00) = {p € Gy[0,0) : @', 9" € G,[0, )}, (15)

I @ llczo,co)=Il @ licy0,00) + 19" llcyio,00) + 11 @7 llcy 10,000 (16)

I @ llc,i0,000= sup [ @(y) |- (17)
y€[0,00)

Theorem 5.3. Forall ¢ € Ci[O, o0) the operators W 4(-; -) are such that

Il [ ||C2[0,oo)
| Waalepi 1) = (y) IS (202,0) + 03,(1) ———

where & ,(y) is given in Theorem 4.2. Furthermore, we have

- N 8 Ry
Q5 () = Wet—yy) = {W(l +qlsly + R, )+ BET - y}'

Proof. We take ¢ € C2[0, ). Then for any ¢ € (v, t) the Taylor series expansions lead to

_ ’ ” (t - y)z
pt) =)+ WE-y) + ") 5

Therefore
, " ()
Weg@3 1) = W) = ¢ D Wsg (£ = 15 9) + = Weg (= 93 y),
and hence

o e e
Wealpr) =9 | < {000} 16 latom +{55, |-

Furthermore, by invoking Lemma 2.4, we deduce

o o [s] qR;(1) v
00 = Wautt =3 ={ ey =i (0 10+ Ry ) * ey )

and, by Theorem 4.2, the required value of 6; ,(y) is obtained.

Because of (16), it is easy to conclude that || ¢” [lc,jo.e0)<Il ¢ llczioe0) and 1| @ licy 0,00 <IN @ llc2jo,0)- As @
consequence we find

" . | (2 ||c§[0,oo)
Was@in) =0 | < { Q0] 10 lgom +{o5,0)———

where the latter inequality completes the desired proof. [
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In this section, we directly provide estimates in the form of direct theorems. For the considered type
of approximation results we use Peetre’s K-functional introduced by ]. Peetre [42] in 1968 and defined as
follows

Ko(30) = inf ({1l = ¢ o +011 oy ) ¢ € G0, }. (18)

Furthermore we consider Peetre’s K-functional in relation with the modulus of continuity of order two w,.
More precisely there exists a positive real number M for which

K, (;0) < Man(;62), 6> 0, (19)
where
wy(@;0) = sup sup | (p(y+2A) =2y +A)+ey)|. (20)

0<A<6 ye[0,00)

Moreover, from [16], we recall that there exists an absolute constant C > 0 satisfying

Ky(¢; 6) < Clan(p; Vo) +min(1, ) || ¢ [I). (21)

Theorem 5.4. Let q = g, be the sequences of positive numbers such that 0 < q; < 1. Then for any ¢ € Cy[0, 00),
there exists a positive constant C such that

2Q%, () + 62 4(y)
| Weglo;y) —(y) | < 2c{w2[(,); \/M]
200, (y) + 63, (y)
+min(1 #) I @ ”Cz,[O o }

Proof. We use Theorem 5.3 by considering any ¢ € Cy[0, 00). In this way we | W (p — ¢;y) I @ — ¢ llc,-
Therefore, it is obvious that

| W@ y) — () |

IN

| Woa(@ = s 9) | + | Weg(dsy) — o) | + 1 (y) — o) |
2119 = licy 0.0 + (29, (1) + 55, )) 1l ¢ llcago.)

200 () + 65, (y)
Z(II @ — ¢ llc,[0,00) +—q (K ||c5[o,oo>)-

IA

By applying the infimum over all ¢ € C7[0, o) and by exploiting relations (18) and (19), we deduce

203 . (y) + 0, (y)
| Wea(@;y) — o(y) 1< 2K, ((Pf %) '

Hence, by virtue of (21), our desired results follow and the proof is complete. [

Theorem 5.5. For any ¢ € C;[0, o), we define an auxiliary operator X, such that

Xeg39) = Wyl ) + 60) = 6{ Weg(t:1)). @

Then for all { € C7[0, c0) we get the inequality
2
Xea) = o] < {020+ (Waatti) = w) b9 1

where W 4(t; y) = m(l +qlsly + & (11))) deﬁned by Lemma 2.2 and 6; ,(y) is defined by Theorem 4.2.



M. Nasiruzzaman et al. / Filomat 37:24 (2023), 8389-8404 8402

Proof. Forall ¢ € CZ[O, o0), it is obvious that X;,4(1;y) = 1 and

W [s] Ry, v )
Xs,q(t/ y) = (Ws,q(t, y) + y— {m(l + q[S]y + Rq(l) )+ [S] T [,1} =Y.

For any ¢ € C7[0, c0) the Taylor series expansions lead to

f
(O = ) + (- DY) + f (t - )y (O)de.
y

Thus

Wt~y + X [ -0 0a03)

y

Xsq@; y) = ¥(y)

= (-0 (©0s)

(Ws,q( fj o 0)y” (6)d6; y) + f "y - 0w (0)d0; y

y

(Ws,q(t;y) RI (1)
fy {q([S]+y)[s—1](1+‘7[S]y+ Ry(D) )+ BET 0fy(©0;

X0 -v01 = (W [ ooy

Weq(ty)-0
f 4/'(9)019‘.
y

In view of the known inequalities

+

<=y Iyl

t
[ a-onroae
Y

and

Weqg(tiy) [s] qR;(1) v .
fy {q([s] o (1 atsly + T )+ . o}y (e)ae‘
qR;(l) v

[5] 2
: {q([s]+y)[s—l](1+q[sly+ Rq(l))+[S]+[J_y} =1,

we deduce

| Xg@i) =) | < {We (- 9%52)

N O RO\ v VL
+(q([s]+y)[s—1](1+‘7[51-‘/+ Rq(l)) BE y)}llw I

As a consequence the proof is complete. [

+

Theorem 5.6. Let ¢ € C7[0, c0). Then for every ¢ € Cy[0, ), the operators ‘W, satisfy the relation

[Weg(pin) —o(y)| < C[wz{(p; % \/®§,q(y>} + min {1; }L(G)Zﬁ(y))}lkpllcb[o,m)]
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)

+ a)x((P? Asq(y)

[l+u

2
. ) ) Ry(1
where 05,4(y) is obtained in Theorem 4.2 and O:,(y) = 6;,(y) + (W(l + qlsly + qR((l))) + = ) and

R;(1) v
Asyy) = W(l +qlsly + 5 O )+ W Y

Proof. In order to prove the claimed thesis, we use the results from Theorem 5.5. Thus, take ¢ € C2[0, c0).
Hence for all ¢ € Cy[0, o), we deduce that

| W@ y) — o) |

Xsg(@:y) — o(y) + @(‘Ws,q(t; y)) - @(y)’

< |Xog(@ = G5 9| + | Xeg(@3v) — o)
+ o) - o) + ‘(P((Ws,q(f; y)) - @(y)’
< 4lle-9l +a)x(<p; Wit y) - y')
b 5,0+ (Waat) 107

Applying the infimum for all ¢ € C7[0, o), from equality (18), we conclude that

[ Wealoiy) — p(y)] < 41<(,)[<p; }L{é;q(y) * (WW ty ))2}}
+ a)X((p; W, (ty) - y')
< C[wz{(p; % \/5§,q(y) + ((Ws,q(t? ]/))2}

+ min {1; 411(6;”7@) + (Ws,q(t; y))z)}H(Pch[o,oo)]

Weq(t;y) - y’)

+ a’x((P?

In this way the theorem is proven. [
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