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Two families of circulant nut graphs

Ivan Damnjanovié?

*University of Nis, Faculty of Electronic Engineering & Diffine LLC

Abstract. A circulant nut graph is a non-trivial simple graph whose adjacency matrix is a circulant matrix
of nullity one such that its non-zero null space vectors have no zero elements. The study of circulant
nut graphs was originally initiated by Basi¢ et al. [Art Discrete Appl. Math. 5(2) (2021) #P2.01], where a
conjecture was made regarding the existence of all the possible pairs (1, d) for which there exists a d-regular
circulant nut graph of order n. Later on, it was proved by Damnjanovi¢ and Stevanovi¢ [Linear Algebra
Appl. 633 (2022) 127-151] that for each odd t > 3 such that t #;y 1 and t #3 15, the 4t-regular circulant
graph of order n with the generator set {1,2,3,...,2t + 1} \ {t}) must necessarily be a nut graph for each
even n > 4t + 4. In this paper, we extend these results by constructing two families of circulant nut graphs.
The first family comprises the 4t-regular circulant graphs of order n which correspond to the generator sets
(1,2,...,t=1ju{%, 2 +1}u{s - (t-1),...,4 = 2,4 — 1}, for each odd € N'and 1 > 4t + 4 divisible by four.
The second family consists of the 4t-regular circulant graphs of order n which correspond to the generator

sets {1,2,...,t—1}U{”T+2,”4L6}U L-(t-1),...,2-21% —l},foreachte]Nandn > 4t + 6 such that n =4 2.
We prove that all of the graphs which belong to these families are indeed nut graphs, thereby fully resolving
the 4t-regular circulant nut graph order-degree existence problem whenever t is odd and partially solving

this problem for even values of ¢ as well.

1. Introduction

In this paper we will consider all graphs to be undirected, finite, simple and non-null. Thus, every
graph will have at least one vertex and there shall be no loops or multiple edges. Also, for convenience, we
will take that each graph of order n has the vertex set {0,1,2,...,n —1}.

A graph G is considered to be a circulant graph if its adjacency matrix A has the form

ao ay  az - 4p-q
ap—1 4o a1 - Ap2
A=|%-2 @ap-1 4o - Ap-3|,
ai ar a ... ap

Here, we clearly have g = 0, as well as a; = a,—j for all j = 1,n — 1. A concise way of describing a circulant
graph is by taking into consideration the set of all the values 1 < j < 7 such thata; = a,-; = 1. We shall refer
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to this set as the generator set of a circulant graph and we will use Circ(n, S) to denote the circulant graph
of order n whose generator set is S.

A nut graph is a non-trivial graph whose adjacency matrix has nullity one and is such that its non-zero
null space vectors have no zero elements, as first described by Sciriha in [6]. Bearing this in mind, a circulant
nut graph is simply a nut graph whose adjacency matrix additionally represents a circulant matrix. Basi¢
et al. [1] initiated the study of these graphs by providing several results, alongside the following two
conjectures.

Conjecture 1 (Basi¢ et al. [1]). For every even n, n > 16, there exists a circulant nut graph Circ(n, {s1, 52, 53, 54,
S5, 5¢}) of degree 12.

Conjecture 2 (Basi¢ et al. [1]). For every d, where d =4 0, and for every even n, n > d + 4, there exists a circulant
nut graph Circ(n, {s1, 52,53, - .., 54 }) of degree d.

Later on, Damnjanovié¢ and Stevanovi¢ [2, Proposition 8] proved Conjecture 1 by showing that Circ(r, {1,
2,4,5,6,7})is a 12-regular nut graph for each even n > 16. In fact, it was shown that for infinitely many odd
values of ¢ it is possible to construct similar families of 4f-regular circulant nut graphs, as demonstrated in
the next theorem.

Theorem 1 (Damnjanovi¢ and Stevanovié [2]). For each odd t > 3 such that t #19 1 and t #13 15, the circulant
graph Cire(n,{1,2,3,...,2t + 1} \ {t}) is a nut graph for each even n > 4t + 4.

The primary motivation behind this paper is to improve the currently existing results regarding the
circulant nut graph order-degree existence problem. In other words, the goal is to answer the question
whether there exists a d-regular circulant nut graph of order #, for any such pair (1,d) € IN? of integers. As
shown by Damnjanovi¢ and Stevanovi¢ [2, Lemma 6], the order of each circulant nut graph must be even,
while its degree must be divisible by four. It is clear that a 4t-regular circulant nut graph cannot have an
order of 4t + 2, since the adjacency matrix of such a graph would obviously have a nullity greater than one,
due to the fact that its first 5 rows would match its following 5 rows, respectively.

Furthermore, if t is even, then the order of a 4t-regular circulant nut graph cannot be below 4t + 6, as
demonstrated by Damnjanovié¢ and Stevanovi¢ [2, Lemma 18]. Bearing this in mind, we deduce that for a
given t € IN, all the 4t-regular circulant nut graphs must have an even order n such that

o n>4t+4if214¢;
o n>4f+6if2 |t
In this paper, we present the following two families of circulant graphs:

D;, =Circ(n,S;,), foreach2{tand4|nsuchthatn >4t +4,
Dy, = Circe(n,S},), foreachte N andn =42 suchthatn >4t +6,

where

= _ nn n_g_ n_,n_
S =12t 1}u{4,4+1}u{2 (=105 =22 1},

n+2 n+6 n n n
20Nyt p ),

Subsequently, we prove that all of the graphs which belong to these families are nut graphs, thereby showing
that for each odd ¢, there does exist a 4t-regular circulant nut graph of order n, for any even n > 4t + 4. This
observation fully resolves the circulant nut graph order-degree existence problem for 4t-regular graphs
whenever t is odd.

When it comes to the even values of ¢, we get a partial resolution of the existence problem, given the fact
that the said constructions do cover the case when n =4 2. However, the case when 7 is divisible by four is
not yet resolved, hence these graphs remain to be further inspected in the future.

S;fn:{l,z,...,t—l}u{
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The remainder of this paper is structured as follows. In Section 2 we preview certain theoretical facts
regarding the circulant matrices, circulant nut graphs and cyclotomic polynomials which are required in
order to successfully prove the two main theorems. Subsequently, Section 3 displays a full mathematical
proof of the fact that each D circulant graph is indeed a nut graph. Afterwards, Section 4 uses a similar
strategy in order to prove that every D}’ graph must be a circulant nut graph as well. Finally, Section 5
provides a brief conclusion to all the obtained results and discloses a new conjecture to be solved later on.

2. Preliminaries

First of all, it is worth pointing out that the generator sets S}, and S}’ are always well defined. It is
straightforward to check that

n n n n n
1<2<---<t—1<Z<Z+1<§—(t—l)<-~-<5—2<5—1

for each odd t > 3 and n (> 4t + 4) that is divisible by four. Similarly, we have

2
nA2Z MAE M )<<l pt

1<2<---<t=-1< 1 < 1 > > 5

for every t > 2 and n > 4t + 6 such that n =4 2. Finally, for t = 1 we have that

n n n
- - < — —
1<4<4+1_2 1

for every n > 4t + 4 divisible by four, as well as
n+2 n+6 _n

<=--1

1
ST1 ST1 =3

for each n > 4t + 6 such that n =4 2.
It is known from elementary linear algebra theory (see, for example, [4, Section 3.1]) that the circulant
matrix

ao ap  dx - Ap-1

ap-1 dp a1 - Ap2

A=|%-2 @ap-1 4o - Aap-3
ai ap a ... ap

must have the eigenvalues
P(1), P(w), P(«?), ..., P(@"™Y),

L2, .
where w = €' is an n-th root of unity, and

P(x) = ap + a1x + aox* + -+ + 21X

Starting from the aforementioned result, Damnjanovi¢ and Stevanovi¢ [2] have managed to give the
necessary and sufficient conditions for a circulant graph to be a nut graph in the form of the following
lemma.

Lemma 1 (Damnjanovié¢ and Stevanovié [2]). Let G = Circ(n, S) where n > 2. The graph G is a nut graph if
and only if all of the following conditions hold:

e 2| n;
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o S consists of t odd and t even integers from {1, 2,3,...,5— 1},for somet>1;

e P(w/) # 0 for each j € {1,2,3,...,% —1}.

All of the graphs O], and D}’ clearly satisfy the first condition from Lemma 1. Besides that, it is easy
to show that they necessarlly sat1sfy the second condition as well. For Dy , it is enough to point out that

both {1,2,. —1}and {” t=-1,....5-2,% 1} contain an even number of consecutive integers, due to
the fact that t —1is even. Since § and + 1 are surely of different parities, it follows that S} does contain

equally many odd and even integers. For Dy, it is essential to notice that jand 5 — j must ‘be of different

parities, for each j = 1, — 1, due to the fact that £ is odd. Furthermore, 42 and ”+6 are certainly of different
parities, hence we obtain that S}, contains equally many odd and even mtegers too.

Taking into consideration Lemma 1, it becomes apparent that in order to show that each graph O] and
Dy is a nut graph, it is sufficient to prove that it satisfies the third condition given in the lemma. In ‘other
words, it is enough to demonstrate that, for these graphs, the polynomial P(x) € Z[x] has no n-th roots of
unity among its roots, except potentially —1 or 1.

1 -
It is clear that "/ = — for each j = 1,n — 1. Bearing this in mind, we quickly obtain that
w

, . 1 , 1 ,
P(w') = (aﬂsO + —) + (aﬂsl + — )+ et (aﬂskfl +
i j

w’s

—) )
for an arbitrary circulant graph G = Circ(n, S), where S = {sy, 51,52, ...,5¢-1}, provided all the generator set
elements are lower than 5. Formula (1) will be heavily used throughout Sections 3 and 4 while proving the
two main theorems of the paper.

Last but not least, it is crucial to point out that the cyclotomic polynomials shall play a key role in
demonstrating whether certain polynomials of interest contain the given roots of unity among their roots.
The cyclotomic polynomial @;(x) can be defined for each b € IN via

0,0 = [ [x-0),
C

where C ranges over the primitive b-th roots of unity. It is known that these polynomials have integer
coefficients and that they are all irreducible in Q[x] (see, for example, [7]). Hence, an arbitrary polynomial
in Q[x] has a primitive b-th root of unity among its roots if and only if it is divisible by ®y(x).

While inspecting whether certain integer polynomials are divisible by cyclotomic polynomials, we
will strongly rely on the following theorem on the divisibility of lacunary polynomials by cyclotomic
polynomials.

Theorem 2 (Filaseta and Schinzel [3]). Let P(x) € Z[x] have N nonzero terms and let ®y(x) | P(x). Suppose that
p1,P2, - ., P are distinct primes such that

k
Z(pj—z) >N-2.
j=1

Let e; be the largest exponent such that p;f | b. Then for at least one j, 1 < j < k, we have that @y (x) | P(x), where

3. D’(t, n) family of circulant graphs

In this section, we will formulate and provide a full mathematical proof of the first of the two central
theorems given in the paper.
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Theorem 3. For each odd t € N and n > 4t + 4 such that 4 | n, the circulant graph Dy must be a 4t-regular nut
graph of order n.

In order to make the proof more concise, we will need a number of auxiliary lemmas. To start with, let
Q:(x), Ri(x) € Z[x] be the following two integer polynomials
Qt(x) — 2x2i‘—1 + xt+1 _ xt + xt—l _ xt—z _ 2[
Ri(x) = 2x%7 1 — 1 3 4 32t + 212 = 2,

for each odd t > 3. It is clear that all of these polynomials must have exactly six non-zero terms, due to the
fact that

O<t-2<t-1<t<t+1<2t-1
for each odd t > 3. Now, if we let
Li={0,t-2,t—-1,t,t+1,2t -1}

be the set consisting of the powers of these six terms, then it can be shown that this set has one valuable
property, as described in the following lemma.

Lemma 2. For each odd t > 3 and each prime number p > 5, the set L; contains an element whose remainder modulo
p is unique within the set.

Proof. The four integers t—2,t—1,t,t+1 are consecutive, hence it is clear that they all have mutually distinct
remainders modulo p. Regardless of what their remainders modulo p are, at least two of these integers
must have a remainder that is different from the remainders of bothOand 2t —1. [

Lemma 2 proves to be useful while demonstrating one key property of the Q;(x) and R;(x) polynomials
regarding their divisibility by cyclotomic polynomials. This is shown in the next lemma.

Lemma 3. For any odd t > 3, neither Q;(x) nor R(x) can be divisible by a cyclotomic polynomial @y(x) such that
p? | b for some prime number p.

Proof. Let b € N be such that p? | b for some prime number p. In this case, % is a positive integer divisible

by p, hence we get that Oy (x) = O, (x”) (see, for example, [5, p. 160]).
f
Now, suppose that @,(x) | Qtl(x) for some odd integer t > 3. It follows that Q;(x) = V(x) ®y(x) for some
polynomial V(x) € Q[x]. Let fo )(x) be the polynomial composed of all the terms of Q;(x) whose powers

are congruent to j modulo p, for each j = 0,p — 1. Similarly, let V{(x) be the polynomial composed of all

the terms of V(x) whose powers are congruent to j modulo p, for each j = 0,p — 1. Given the fact that the
powers of all the terms of ®;(x) are divisible by p, it swiftly follows that

Q@) = VO @ ®)
must hold for all the j = 0,p — 1. In other words, we necessarily have
() | Q@)

for all the j = 0,p — 1. The same reasoning and notation can be applied in the case that we suppose that
Dy(x) | Re(x) is true for some odd t > 3. We will finalize the proof of the lemma by taking into consideration
three separate cases depending on the value of the prime number p.

Casep > 5. Inthis case, Lemma 2 dictates that the set L; must contain an element whose remainder modulo
p is unique within that set. In other words, there exists a j, 0 < j < p — 1 such that both QEJ )(x) and Rff )(x)
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consist of exactly one non-zero term, i.e. have the form cx“ for some c € Z \ {0} and a € INy. If we suppose
that either @y (x) | Q:(x) or ®p(x) | Ri(x), this implies that ®,(x) must necessarily divide a polynomial with
the aforementioned form c x?, which is clearly impossible.

Case p = 3. This case can be quickly resolved by taking into consideration the modular values given in
Table 1. We divide the case into three subcases depending on the value of t mod 3.

t=30 t=31 t=32
0 mod 3 0 0 0
(t—2)mod 3 1 2 0
(t—1)mod 3 2 0 1
t mod 3 0 1 2
(t+1)mod 3 1 2 0
(2t-1)mod 3 2 1 0

Table 1: The elements of the set Ly modulo 3.

Subcase t =3 0. If we suppose that @y(x) | Q(x), we get Dp(x) | x*1 — x2. Similarly, ®y(x) | Ri(x) would
imply @ (x) | —x'*! + x'~2. Either way, we obtain

q)b(X) | xt+1 _ xt—Z
= D) | ¥ 2P -1)
= Q)| -1,
which is not possible.

Subcase t =3 1. Regardless of whether we suppose that ®,(x) | Q;(x) holds or ®,(x) | Ri(x), we obtain
that @, (x) | x'*! — x'~2 must be true, which is impossible as we have already demonstrated in the previous
subcase.

Subcase t =3 2. Bearing in mind the modular values given in Table 1, we conclude that @y(x) | Q:(x) or
@y (x) | Re(x) would surely imply that @y(x) | ¥, which is not possible.
Case p = 2. In this case, we have that the integers t — 2,¢,2t — 1 are odd, while 0, — 1,¢ + 1 are even. We
will resolve this case separately for Q;(x) and R;(x), thus yielding two subcases.
Subcase Pp(x) | Qi(x). Suppose that Dy(x) | Qi(x). We now get
Dp(x) | 267 —x' =", 2)
Dp(x) | x4+ 27 -2, (3)

If we take into consideration that 2x?~! — x' — x=2 = =2 (2x!*! — x2 — 1), Eq. (2) helps us obtain
Dy(x) | 22 —x% - 1. 4)
By subtracting the right-hand sides of Egs. (3) and (4), we further conclude that

Dp(x) | 2 =2 = 1) — (M + 21 = 2)

Op(x) | = —a% 41

Dy(x) | (¢ = 1% = 1)

Dy(x) [ 21— 1. ®)

l
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Now, if we subtract the right-hand sides of Egs. (3) and (5), we get @(x) | x**! — 1, which directly implies
Dy(x) | (= 1) = (- 1)
=  Oyx) | &M - 2!
= Dyx) [ X (x* = 1)
= Q) [ -1,
which is not possible. Hence, @y (x) | Q:(x) cannot hold, as desired.
Subcase Py(x) | Re(x). If we suppose that @y (x) | Re(x), it follows that
Dp(x) | 220271 = 3xf + 4172, (6)
Dp(x) | =2 +3x71 -2, 7)

Given the fact that 2x*~! — 3xf + x'~2 = x'~2 (2x!*! = 3x? + 1), Eq. (6) yields
Dy(x) | 2 = 3x% + 1. (8)
Now, by subtracting the right-hand sides of Egs. (7) and (8), we further obtain
Dp(x) | @ =322 +1) = (=2 +3x71 = 2)
=  Pyx) | 3x" =3 - 322 +3
= O |3 -1 - 1)
= Q@) [x -1 )

If we take the right-hand side of Eq. (9), multiply it by two, then subtract it from the right-hand side of
Eq. (7), we will get another polynomial that is divisible by ®;(x). In other words, we have

Op(x) | (=2 +3x71 —2) =21 - 1)
=  yx) | —x + 41
=  Qyx) | ¥ (1 -x?)

== q)b(x) | 1- xz/
which is not possible. Thus, ®y(x) | R¢(x) cannot be true. [

Lemma 3 tells us that the only cyclotomic polynomials ®y(x) that could divide either Q(x) or R(x) are
those where b € IN is a square-free integer. In fact, for any odd ¢ > 3, the only cyclotomic polynomials that
do divide these polynomials are ®; (b) and P,(b). This observation will prove to be of the utmost importance
while formulating the complete proof of Theorem 3 later on. However, in order to prove this statement, we
shall need two more additional lemmas. We begin with the next one.

Lemma 4. Foreachodd t > 3 and each prime number p > 7, neither Q;(x) nor Ry(x) can be divisible by the cyclotomic
polynomial ®y(x) or the cyclotomic polynomial ®op(x).

Proof. First of all, it is important to notice that for all prime numbers p > 7 we have

[y

p= p-1
D, (x) = Z X, Dy (x) = Z(—l)fxf.
=0

j=

Here, it is clear that deg @, = deg ®,, = p—1. We will finish the proof of the lemma by splitting the problem
into two separate cases depending on whether we are dealing with ®,(x) or ®,(x).
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Case ®p(x). Let thOd (x) and RtmOd P(x) be the following two polynomials:

th(’dl’(x) — 2x(2t—1) mod p + x(t+1) modp _ xt mod p + x(t—l) modp _ x(t—Z) modp _ 2,

Rtmod P(x) — 2x(2t—1) modp _ x(t+1) modp _ 3xt mod p + 3x(t—l) mod p + x(t—Z) modp _ 2.

Suppose that ®,(x) | Q;(x). In this case, it is clear that ®,(x) | thOdp (x) must hold, too. Given the fact that
deg thOd P <p-1=deg®,, we further get two possibilities:

e QM) =0;

. thOdp(x) = c D, (x) for some c € Q \ {0}.

By virtue of Lemma 2, there must exist a non-zero term in Q(x) whose power has a unique remainder
L . . d d

modulo p. This directly implies that Q,"*“”(x) = 0 cannot hold. On the other hand, Q,"*"(x) = ¢ ®,(x)

implies that thOd P(x) and ®,(x) must have the same number of non-zero terms, i.e. thOd P(x) needs to have

d
tmo p(

exactly p non-zero terms. This is clearly impossible due to the fact that Q x) has at most six non-zero

terms. We conclude that ®,(x) | Q:(x) cannot be true.
The proof of ®,(x) 1 Ri(x) is completely analogous to the previously described proof of ®,(x) 1 Q¢(x).
Thus, it will be left out.

Case Dyy(x). Let étmd p(x) and EtmOd p(x) be the following two polynomials:

thodp(x) — 2(_1)L%Jx(2t—l) modp (_1)L%Jx(t+1) modp _ (_1)L§th mod p

+ (_1)L%Jx(t—1) modp _ (_1)L%Jx(t—2) modp _ 2,

—mod p

Rt (x) — 2(_1)L%Jx(2t—l) modp _ (_1)L%Jx(t+1) modp _ 3(_1)Lﬁth mod p

+ 3(_1)L%Jx(t—1) modp | (_1)L%Jx(t—2) modp _ o

Since each primitive 2p-th root of unity gives —1 when raised to the power of p, it becomes evident
— mod
that @y,(x) | Qi(x) is equivalent to Doy(x) | Q; ° p(x). Likewise, ®,,(x) | R¢(x) will hold if and only if
Doy (x) | I_thOd p(x) does, too.
dp

— mod —
Now, suppose that ®,(x) | Q(x). In this case we obtain @, | tho p(x), where deg tho <p-1=
deg @,,. Like in the previous case, we get two possible options:

— mod p

e Q, (x)=0;
° @tmOdp(x) = ¢ Pyy(x) for some c € Q \ {0}.

Lemma 2 dictates that there must exist a non-zero term in Q;(x) whose power has a unique remainder
— mod
modulo p, which means that it is impossible for tho p(x) = 0 to be true. On the other hand, from

étmd p(x) = ¢ Oyp(x) we get that étmd p(x) must have exactly p non-zero terms. However, this is not possible
since it is clear that this polynomial cannot have more than six non-zero terms. It swiftly follows that
Doy (x) £ Qi ().

The proof of ®,,(x) 1 Ry(x) is entirely analogous to the elaborated proof of ®;,(x) 1 Q;(x). For this reason,
we choose to leave it out. [

As the final piece of the puzzle, we will need to show that some concrete cyclotomic polynomials cannot
divide Qi(x) or R(x), for each odd integer ¢ > 3. More precisely, we will turn our interest to the cyclotomic
polynomials @y (x) where b is a square-free integer all of whose prime factors belong to the set {2, 3, 5}.
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Lemma 5. For each odd t > 3 and each positive integer b € {3,5,6,10, 15,30}, the cyclotomic polynomial ®y(x)
divides neither Q;(x) nor Ry(x).

Proof. Similarly as in the proof of Lemma 4, let Q;™°4?(x) and R, ’(x) be the next two polynomials:

thod b(x) — 2x(2t—1) mod b + x(t+1) mod b __ xt mod b + x(t—l) mod b _ x(t—Z) mod b _ 2/

Rtmod b(x) — 2x(2t—1) mod b __ x(t+1) mod b __ 3xt mod b + 3x(t—l) mod b + x(t—Z) mod b __ 2.

Here, itis imperative for us to notice that Oy (x) | Q;(x) & Dy(x) | th"d b(x) and also that @y (x) | Ry(x) &
@p(x) | R™04b(x). However, for a fixed value of b € IN, there exist only finitely many polynomials Q™ t(x)
and R™4%(x), as t ranges over the odd integers greater than or equal to three. This is a direct consequence
of the fact that t can only have finitely many remainders modulo b. Hence, if we are able to show that ®(x)
divides none of these concrete polynomials, this is sufficient to prove that ®,(x) divides neither Q;(x) nor
Rt (X)

In order to prove the lemma, it is enough to demonstrate that ®,(x) + Q™4 ?(x) and @y (x) t R™4’(x) for
all the b € {3,5,6,10,15,30} and for all the possible remainders t mod b. Doing this is trivial via computer
with the help of some symbolic computation software. We disclose the required computational results in
the form of two tables which are given in Appendix A and Appendix B. These results clearly indicate that
for each b € {3,5,6,10, 15,30} the remainders th"d b(x) mod @(x) and Rtm"d b(x) mod ®,(x) can never be
equal to the zero polynomial, regardless of what the value of  mod b is, which completes the proof of the
lemma. O

It is important to notice that Theorem 2 can very conveniently be used on the polynomials Q;(x) and
R4(x), given the fact that they only have six non-zero terms. This means that if ®y(x) | Q;(x) and p | b for
some square-free integer b and some prime number p > 7, we can immediately deduce that @, (x) | Q(x)

P

is true as well. The same can be said regarding R;(x). This practically means that if the aforementioned
divisibility holds, we can cancel out as many prime factors of b that are not below seven as we want, and
the divisibility will still have to hold. Bearing this in mind, we are now able to formulate and prove the
following lemma regarding the divisibility of Q;(x) and R;(x) by cyclotomic polynomials.

Lemma 6. For each odd t > 3, neither Q(x) nor Ry(x) can be divisible by a cyclotomic polynomial Oy (x) where b > 3.

Proof. The proof will only be given for Q;(x), given the fact that the proof regarding R;(x) is completely
analogous. Suppose that ®,(x) | Q:(x) for some b > 3. By virtue of Lemma 3, we know that b needs to
be a square-free integer. We now divide the problem into two separate cases, depending on whether b is
divisible by either 3 or 5, or not.

Case3 1 band5 1 b. In this case, it is clear that b has at least one prime factor greater than 5, since b ¢ {1, 2}.
If we repeatedly use Theorem 2 in order to cancel out all the prime factors of b that are greater than 5, until
exactly one is left, we obtain that

Dy (x) | Q)

must hold, where b’ is square-free, not divisible by 3 or 5, and has exactly one prime factor greater than 5.
In other words, we get that either @,(x) | Q;(x) or @2, | Q;(x) holds, for some prime number p > 7. However,
this is not possible according to Lemma 4.

Case3 |bor5|b. Here, we can simply use Theorem 2 in order to cancel out all the prime factors of b that
are greater than 5, until there are none left. This leads us to

Dy (x) | Qi(x),
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where b’ is square-free, divisible by 3 or 5, and has no prime factors outside of the set {2,3,5}. These
conditions imply that b’ € {3, 5, 6, 10, 15,30}. However, in this case @y (x) | Q(x) cannot possibly hold, as a
direct consequence of Lemma 5.

Both of the cases have led to a contradiction, which means that @, (x) | Q(x) cannothold forany b > 3. O

Lemma 6 allows us to finish the proof of Theorem 3. We present the rest of the proof in the remainder
of this section.

Proof of Theorem 3. The proof for the case t = 1is fairly straightforward. Due to the fact that S; | = {ﬁ, T+1 },
Eq. (1) immediately gives us

P(C) =Ci + Ci + iy (10)

where C is an arbitrary n-th root of unity different from 1 and —1. Now, the condition P(C) = 0 becomes
equivalent to

P@)=0

n n ]- & 1
C4+1(C4+C_3+C4+1+ﬁ):0
G+ 4+ (+1=0

C+1 (3T +1)=0
¢tly1=0.

11717

Since we know that C? € {1,—1}, we obtain that {21 + 1 is equal to C + 1 or —C + 1. Either way, this value
cannot be equal to 0, hence we conclude that P(C) # 0. Since the value C was arbitrarily chosen, we obtain
that no n-th root of unity different from 1 and —1 can be a root of P(x). According to Lemma 1, this means
that O]  is indeed a circulant nut graph for any n > 8 divisble by four, as desired.

Now, we turn our attention to the case when t > 3. In this scenario, Eq. (1) gives us

P(C):(CZ+ 1)+(CX+1+ ! )+i(€j+l)+ i (Cf+l.),
Ci it gl . ¢

j=1 ]:%7t+1

where Cis an arbitrarily chosen n-th root of unity different from 1 and —1. It is easy to further conclude that

11 = 1 1
Pc:(c2+1+c2+—,,+,,—)+§ (cf+—.+c5-f+7). 11
© Cs Cﬁl = g CaJ (11)

We will finish the proof by showing that P(C) # 0 must necessarily hold. In order to make the proof more
concise, we will divide it into two cases depending on whether (7 is equal to 1 or —1.

Case C = —1. In this case, we have that {27/ = —é and C}_J, = —{/, which quickly implies
2
7 1 n H 1
J+ = 27] -
ad+ 0 +C27 + o 0
for any j = 1,t — 1. Thus, Eq. (11) simplifies to the following formula:
n n 1 1
=ity — p ——
PO =Ci" + 0+ z + o
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However, the obtained formula is exactly the same as Eq. (10), which we got while dealing with the case
t = 1. Hence, an almost absolutely identical proof can be used in order to show that P(C) # 0.

n n : 1 1 :
Case (2 =1. Here, we obtain that (277 = a and F = {J. This means that
2
. 0 1 |
C1+l.+CT1+T=2 d+—=
@) C27J @)

forany j=1,t - 1. According to Eq. (11), the condition P(C) = 0 becomes equivalent to

P@) =0
= C3“+C%+l+L +2t_1 Cf+l =0
ci o Citt = U
1 1 =1
= G 4 0+ = + — )—2+2 =0
( gt j;,
1 1 =1
= g1 (CZ+1+CZ+ — + — )—2+2 dl=o0
7L
a2
— (Ct+% + Ct+%71 + th%fl + Ct7%72) _ thfl + 22 C] =0
=0

2t-2
— (C _ 1) [CHZ + Ct-f—%—l + Ct—%—l + Ct—%—z _ zct—l + 22 C]] =0

j=0
— Ct+§+l _ Ct+%—l + Ct_% _ Ct—%—Z _ zct + 2ct—l + zc2t—l —2=0. (12)

Now, we will divide the problem into two subcases depending on whether (# is equal to 1 or —1.

Subcase (i = 1. In this subcase, it is easy to see that Eq. (12) further becomes equivalent to

Ct+%+1 _ Ct#—%—l + Ct—% _ Ct—%—2 _ 2ct + th—l + 2C2t_1 —2=0

— Ct+1 _ thl + Ct _ Ct72 _ zct + zctfl + 2C:2t71 —-2=0

— zc2t—l + Ct+1 _ Ct + Ct—l _ Ct—Z —-2=0.
Thus, if we suppose that P(C) = 0, we then get that C is a root of the polynomial Q;(x). However, since

C # 1,-1 and (" = 1, this means that C is a primitive b-th root of unity for some b > 3. This implies that
@y (x) necessarily divides Q:(x), which is impossible according to Lemma 6, hence P(C) = 0 cannot be true.

Subcase (i = —1. Here, Eq. (12) quickly becomes equivalent to

Ct+%+1 _ Ct+%71 + Cf*% _ Ct7%72 _ zct + zctfl + 2C:2t71 —2=0
— _Ct+l + Ct—l _ Ct + Ct—Z _ 2ct + zct—l + zc2t—1 -2=0
— 2C2t_1 _ Ct+l _ 3ct + 3ct—1 + Ct—Z —2=0.
In a similar fashion, if we suppose that P(C) = 0, we conclude that C must be a root of the polynomial R(x).

Due to the fact that C # 1, -1 and (" = 1, we see that Cis a primitive b-th root of unity for some b > 3. Hence,
@y (x) | Ri(x) for some b > 3, which is again impossible by virtue of Lemma 6. Thus, P(C) #0. O
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4. D”(t, n) family of circulant graphs

Here, we give the second of the two central theorems disclosed in the paper.

Theorem 4. For each t € IN and n > 4t + 6 such that n =4 2, the circulant graph D}, must be a 4t-regular nut
graph of order n.

The complete proof of Theorem 4 will have a very similar structure as the previously described proof of
Theorem 3, albeit with more complexity. Instead of the polynomials Q;(x) and R(x), here we will rely on
the integer polynomials U;, W; € Z[x] that are defined as

Ut(x) — 2x4t—1 + x2i’+4 _ 2x2t+1 + 2x2t—1 _ x2t—4 _ 2x’

Wt(x) — 2x4tf1 _ x2t+4 _ 2x2t+1 + 2x2ff1 + x2t74 —2x,

for all the t € IN, t > 2. These polynomials are clearly well defined for all the f > 2 and must have exactly
six non-zero terms, due to the fact that

1<2t-4<2t-1<2t+1<2t+4<4t-1
for each t > 3, while

4 -1=7, 2t +4 =8, 2t+1 =35, 2t-1=3, 2t-4=0, 1=1,
for t = 2. By setting

My =1{1,2t-4,2t - 1,2t + 1,2t + 4,4t — 1}

for each t > 2, we can show that the M; sets have a property that is very similar to the one regarding the L;
sets which was demonstrated earlier in Lemma 2 from Section 3.

Lemma 7. For each t > 2 and each prime number p > 7, the set M; contains an element whose remainder modulo p
is unique within the set.

Proof. 1t is easy to notice that the four integers 2t — 4,2t — 1,2t + 1,2t + 4 necessarily have mutually distinct
remainders modulo p. This quickly implies that at least two of them must have a remainder modulo p that
is different from the remainders of both 1 and 4t —1. O

We will now implement Lemma 7 in order to prove a valuable property of the U;(x) and W;(x) polyno-
mials regarding their division by cyclotomic polynomials, as demonstrated in the following lemma.

Lemma 8. Forany t > 2, neither U;(x) nor Wy(x) can be divisible by a cyclotomic polynomial ®y(x) such that p* | b
for some prime number p > 3.

Proof. This proof will be done in a completely analogous manner as that of Lemma 3. In case b € IN and
p? | b for some prime number p, we will again use the fact that ®,(x) = @ : (xP).

Suppose that @ (x) | U(x) for some t > 2 and b € N such that p? | b for some prime number p > 3. Let
Ugj )(x) denote the polynomial composed of all the terms of U;(x) whose powers are congruent to j modulo
p, for each j = 0,p — 1. The same logic used in the proof of Lemma 3 allows us to conclude that

D) | U ()
must hold for all the j = 0,p — 1. It is clear that the same notation and implication can be used regarding

the Wi(x) polynomial in case @;(x) | Wi(x) is true. We will now finalize the proof of the lemma by taking
into consideration three separate cases depending on the value of the prime number p.
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Case p > 7. In this scenario, Lemma 7 tells us that the set M; must contain an element whose remainder
modulo p is unique within that set. Hence, this case can be proved completely analogously to the casep > 5
from the proof of Lemma 3.

Casep =5. Ift =5 2 or t =5 4, then there exists an element of the set M; whose remainder modulo 5 is
unique with that set, as shown in Table 2. In this subcase, a contradiction can easily be obtained if we

suppose that either @,(x) | U;(x) or Pp(x) | Wi(x), by using the same logic as in the p > 7 case. We resolve
the remaining three subcases separately.

t=50 t=51 t=52 t=53 t=54
1mod 5 1 1 1 1 1
(2t —4) mod 5 1 3 0 2 4
(2t —1) mod 5 4 1 3 0 2
(2t +1) mod 5 1 3 0 2 4
(2t + 4) mod 5 4 1 3 0 2
(4t — 1) mod 5 4 3 2 1 0

Table 2: The elements of the set M; modulo 5.

Subcase t =5 0. If we suppose that @, | U;(x), then we get

q)b(x) | _2x2t+1 _ x2t—4 _ 2x,
q)b(x) | 2x4t—1 + x2t+4 + 2x2t—1‘
Since t > 5, we quickly obtain
cDb(X) | _2x2t+1 _ th—4 —2x
= Oy(x) | —x 2x* + x¥*P +2)
=  Op(x) | 206" +x¥ 0 +2, (13)
as well as
q)b(X) | 2x4t—1 + x2t+4 + 2x2t—1
= Oy | X2 +x° +2)
= D) | 2x% +x° + 2. (14)
Furthermore, if we subtract the right-hand sides of Eqs. (13) and (14), this leads us to
Dp(x) | 2x% + 320 +2) = (2x% +x° +2)
= Pyx) | ¥ -0
= Q) | (@0 -1)
=  yx) | ¥ 10 -1,
Now, Eq. (14) helps us obtain
Dp(x) | 222 +2° +2
=  Dy(x) | 2x% +x° +2 - 2210 (x*710 1)

=  Dpx) | 2¢0 +x° + 2.

However, none of the roots of the polynomial 2x!% + x> + 2 are actually roots of unity, as demonstrated in
Appendix E, hence we obtain a contradiction.
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Similarly, if we suppose that @,(x) | Wi(x), then we get

Dy (x) | =262 4 274 2y,

q)b(x) I 2x4t71 _ x2t+4 + 2x2t71'
Due to t > 5, we have
Dy (x) | =202 4+ x24 — 2y

=  Dp(x) | —x2x* —x*° +2)
=  Qyx) | 2¢* —x* 5 +2 (15)
and
q)b(x) | 2x4t—1 _ x2t+4 + 2x2i‘—1
= Qyx) | 2 —x° +2)
= Dyx) | 2¢% —x° +2. (16)
By subtracting the right-hand sides of Egs. (15) and (16), it follows that
Dp(x) | 2% — x5 +2) — (2% —x° +2)
=  Opx) | H T +x°
= D) |- (20— 1)
=  Dyx) | x*0 -1,
Hence, Eq. (16) is now able to give us
Dp(x) | 2262 —x° +2
= Q)| 2¢% —x° +2 - 2¢O (x*10 - 1)
=  Qyx) | 240 —x° + 2.
However, similarly as with Uy(x), none of the roots of 2x'? — x° + 2 are roots of unity, as shown in Appendix
E, which leads to a contradiction.
Subcase t =5 1. If we suppose that @, | U;(x), we immediately get
Dy (x) | 22+ 4 20271 — 2,
(I)b(x) I 2x4t71 _ 2x2t+1 _ x2t74‘
It is easy to see that
Dy (x) | ¥+ + 26271 —2x
= Dy(x) | x (PP + 2422 - 2)
= Qy(x) | K 222, 17)
as well as
q)b(x) | 2x4t—1 _ 2x2t+1 _ th—4

(Db(x) | th—4 (2x2t+3 _ 2x5 _ 1)

—
= Dy(x) | 20H —2x° 1. (18)
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By using Egs. (17) and (18) together, we further obtain
Dp(x) | 2(x23 + 267172 = 2) — (2% —2x° — 1)
= Dy(x) | 4* 2 +24° - 3. (19)
Now, by using Egs. (18) and (19) together, we see that
Dy(x) | 22x%%3 = 2x° — 1) — x° (4x*72 + 2x° - 3)

= Op(x) | 2410 —x° -2,

which is not possible since the polynomial 2x!° + x° + 2 has no roots of unity among its roots, as discussed
earlier.
In a similar fashion, if we suppose that @, | W;(x), this gives us

Dy (x) | x4 4 29271 — 2x,
(I)b(x) | 2x4t—1 _ 2x2t+1 + xzt—4,
from which we swiftly obtain
Dy (x) | =2+ + 20271 —2x
= Qyx) | —x (¥ - 24*2 +2)
= Oy(x) | xHP 222242 (20)
and
cDb(.X') | 2x4t—1 _ 2x2t+1 + x2t—4
= Dy(x) | 2P -2 + 1)
= Dyx) | 20% —24° + 1. (21)
If we use Egs. (20) and (21) together, we conclude that
Dp(x) | (20273 —2x° + 1) = 2(x**2 - 24%72 1. 2)
=  Dy(x) | 4* 2 - 2x° - 3. (22)
Furthermore, by using Egs. (21) and (22) together, we get
Dp(x) | 20 (4x?72 = 2x° —3) —2(2x** —22° + 1)
=  Oyx) | 240 +x° -2,
which is impossible given the fact that the polynomial 2x'° — x° + 2 has no roots of unity among its roots,
as we have already discussed.
Subcase t =5 3. If we suppose that ®,(x) | U;(x), we obtain
(I)b(x) I x2t+4 + 2x2t71,
q)b(X) | _2x2t+1 _ x2t—4,
which directly gives us
CD;,(x) | x2t+4 + 2x2t—1
= Oyx) [T +2)
= Dy(x) | +2 (23)
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and
Dy (x) | =202 — x4
= Dy(x) | 2% +1)
=  Dx) | 2¢° + 1. (24)
By combining Egs. (23) and (24), we reach
Dp(x) | 2(° +2) — 2x° + 1)
=  Dy(x) |3,

thus yielding a contradiction.
On the other hand, if we suppose that ®y(x) | Wi(x), this gives us

Dy(x) | =22+ 4 2221
Dy(x) | —2021 4 324,
which further implies
Dy(x) | =22+ 4 221
= D) | ¥ (x° -2)
= Q) |x -2, (25)
as well as
Dy (x) | =20 + 2
= Oy(x) | a2 -1)
=  Dy(x)]2¢° - 1. (26)
By combining Egs. (25) and (26), we conclude that
Dp(x) | 2(x° —2) — (2x° — 1)
=  Dyx)| -3,
which is not possible.

Case p = 3. This case can be resolved by taking into consideration the modular values given in Table 3.
Thus, we divide the case into three subcases depending on the value of t mod 3.

t=30 t=31 t=32

S}
[}
[}

1mod 3
(2t — 4) mod 3
(2t-=1)mod 3
(2t + 1) mod 3
(2t +4) mod 3
(4t —1) mod 3

N, R, NNR
OO R P =
FNNOO-

Table 3: The elements of the set M; modulo 3.

Subcase t =3 0. In this subcase, if we suppose that @, (x) | U;(x), we then have
cDb(X) | x2t+4 _ 2x2t+1 _ 2x,

cDb(X) | 2x4t—1 + 2x2t—1 _ th—4,
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which immediately gives

=
-
and

-

S

(Db(x) | x2t+4 _ 2x2t+1 — 2y
Dy (x) | x (3 =242 = 2)
q)b(.X') | x2t+3 _ 2x2t -2

(Db(x) | 2x4t—1 + 2x2t—1 _ th—4
Dy (x) | ¥4 @8 1 24% - 1)

Dy (x) | 20273 4+ 2x° — 1.

By using Egs. (27) and (28) together, we obtain

-

Dp(x) | (223 4223 — 1) = 2(x**3 —2x% — 2)
Dp(x) | 4% +2x° + 3.

Now, by using Egs. (28) and (29), we get

=

Dp(x) | 22243 +20° = 1) — 3 (4x* +2x° + 3)
Dy (x) | —2x° + 2% - 2.

8347

(27)

(28)

(29)

However, none of the roots of the polynomial 2x° — x3 + 2 are actually roots of unity, as shown in Appendix
E, which leads us to a contradiction.
Similarly, if we suppose that @;(x) | W;(x), we obtain

q)b(X) | _x2t+4 _ 2x2t+1 —2x,

Dy (x) | 22471 4 2021 4 x4

which quickly leads us to

=
=
and

=

Sl

q)b(x) | _x2t+4 _ 2x2t+1 —2x
Dy (x) | —x (23 + 26% + 2)

Dy (x) | ¥ + 202 42

q)b(x) | 2x4t71 + 2x2t71 + x2t74
Dp(x) | ¥4 23 1 22% + 1)

Dy (x) | 20273 4+ 20° + 1.

If we use Egs. (30) and (31) together, we conclude that

=

Dy (x) | 2023 + 222 +2) — (2x*3 + 23 + 1)

Dp(x) | 4x% — 253 + 3.

Furthermore, by combining Egs. (31) and (32), we reach

S

Dp(x) | 22233 +20° + 1) — 3 (4x* — 2x° + 3)

Dp(x) | 20 + 2% + 2,

(30)

(31)

(32)
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which leads to a contradiction, given the fact that the polynomial 2x° + x* + 2 has no root which represents
a root of unity, as demonstrated in Appendix E.

Subcase t =3 1. In this scenario, supposing that @,(x) | U(x) is true leads to

Dy (x) | 22271 — x274 — 2x,
(I)b(x) | 2x4t—1 + x2t+4 _ 2x2t+1.
Given the fact that t > 4, we swiftly get
Dy (x) | 22271 — x4 _2x
= Dy(x) | x (2xH 2 —xH° - 2)
= Pyx) | 20* 2 —xH P -2, (33)
as well as
q)b(X) | 2x4t71 + x2t+4 _ 2x2t+1
= Qyx) | 2%+ 43 -2)
= Oy | 20% 2+ 3 -2, (34)
Furthermore, subtracting the right-hand sides of Egs. (33) and (34) helps us obtain
Dp(x) | (26272 443 —2) — (2xH 2 —xH5 - 2)
= Dyx) [ ¥+
= D) |2 +1)
=  Opx) | ¥+ 1. (35)
Now, by combining Egs. (34) and (35), we conclude that

Dp(x) | X2+ 53 =2) = 2x° (x* B + 1)
= D) | -2 +x° -2,
thus yielding a contradiction due to the fact that the polynomial 2x® — x* + 2 has no roots of unity among
its roots, as discussed earlier.
In a similar fashion, supposing that @,(x) | W;(x) gives us
Dy (x) | 22627 4 x4 — 2,
cDb(X) | 2x4t—1 _ x2t+4 _ 2x2t+1'
Since t > 4, this immediately leads us to
Dy (x) | 2227 4 x274 —2x
= Qyx) | x (¥ 2+ x5 - 2)
= Oy(x) | 20¥ 2+ 420 -2, (36)
as well as
q)b(x) | 2x4t—1 _ x2t+4 _ 2x2t+1
(Db(x) | x2t+1 (2x2t—2 _ x3 _ 2)

-
= Opx) | 20% 2 -3 -2, (37)
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We can now subtract the right-hand sides of Egs. (36) and (37) in order to obtain
Dp(x) | X2 2 44275 —2) — (22— 2% - 2)
=  Op0) | H* O+ 47
= Q) | P (B +1)

= O | ¥ +1. (38)
Furthermore, combining Egs. (37) and (38) gives us

Dp(x) | X2 = x> =2) = 2x° (x* B + 1)

=  Qyx) | 20— x> -2,

which is impossible since the polynomial 2x® + x> + 2 has no roots of unity among its roots, as we have
already discussed.

Subcase t =3 2. In this subcase, if we suppose that @y (x) | U;(x), then we directly obtain

2644 2441
Dy (x) | K2 —2x2H

q)b(x) I 2x2t71 _ x2t74,
which leads us to

q)b(.X') | x2t+4 _ 2x2t+1
=  Oyx) | T (®-2)
= Pyx)]|x*-2 (39)

and

q)b(x) | 2x2t—1 _ th—4
= Dy(x) [P - 1)
=  Op(x)|2¢° - 1. (40)
By using Egs. (39) and (40) together, we reach

Dp(x) | (227 = 1) = 2(x* - 2)
=  Dy(x) |3,

thus yielding a contradiction.
Similarly, if we suppose that @;(x) | W;(x), we obtain

cDb(X) | _x2t+4 _ 2x2t+1,

Dy(x) | 2647 + 774,
which further gives

CD;,(x) | _x2t+4 _ 2x2t+1
= Qyx) | (P +2)
= D) [ +2, (41)
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as well as

Dp(x) | 22271 4 x4
= D) |2 +1)

= Dy(x) [ 20 + 1. (42)
By combining Egs. (41) and (42), we get

Dp(x) | 2% +1) = 2(x> +2)
=  Dp(x) | -3,

which is clearly not possible. [

It is clear that the formulation of Lemma 8 is very similar to that of the previously proven Lemma 3 from
Section 3. The key difference is that Lemma 8 does not cover the case for p = 2. In fact, it can be shown that
this property does not hold for the U;(x) and W;(x) polynomials, i.e. it is possible that they are divisible by
a cyclotomic polynomial ®(x) such that 4 | b. However, although the condition 4 | b can hold, it can be
shown that the only way for this to happen is if b € {4, 8}, as demonstrated in the following lemma.

Lemma 9. For any t > 2, if Uy(x) or Wi(x) are divisible by some cyclotomic polynomial ®y(x) such that 4 | b, then
b=4orb=38.

Proof. Suppose that 4 | b. Given the fact that 2 | £, it is clear that ®}(x) = @ b (x?) (see, for example, [5, p.
160]). By using the same logic as in the proofs of Lemmas 3 and 8, we obtain that ®,(x) | U;(x) would imply

Dy(x) | UV (x)

for each j = 0,1, where Uij (%) represents the polynomial composed of the terms of U;(x) whose powers are
congruent to j modulo 2. The same conclusion and notation can be applied to Wy(x) as well.

Since all the values 1,2t — 1,2t + 1,4t — 1 are odd, while 2t + 4 and 2t — 4 are even, we conclude that
@, | Ui(x) would immediately imply

cDb(X) | x2t+4 _ th—4/
while @, | Wi(x) would give
(Db(X) | _x2t+4 + th—4.
Either way, we would reach
q)b(x) | x2t+4 _ x2t—4
= Dy(x) [ FHE-1)
= D0 |8 -1.

This practically means that each primitive b-th root of unity must be an eighth root of unity, i.e. b | 8. This
is only possibleif b=40rb=8. [

A direct consequence of Lemmas 8 and 9 is that if the cyclotomic polynomial ®(x) divides U(x) or
Wi(x), then the integer b € IN needs to either be square-free, or be equal to 4 or 8. In fact, for any t > 2,
the only cyclotomic polynomials that could divide U;(x) or Wi(x) are actually ®;(x), P2(x), P4(x), Pg(x). This
observation forms the central part of the proof of Theorem 4. However, in order to prove this claim, we will
be in need of two more auxiliary lemmas that hold a great resemblance to the previously proven Lemmas 4
and 5 from Section 3.
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Lemma 10. For each t > 2 and each prime number p > 7, neither Uy(x) nor Wi(x) can be divisible by the cyclotomic
polynomial ®y(x) or the cyclotomic polynomial ®op(x).

Proof. The proof can be done in an entirely analogous manner as the proof of Lemma 4 from Section 3, the
only difference being that Lemma 7 is used to conclude that there exists an element of the set M; that has a
unique remainder within that set, instead of Lemma 2. Thus, we choose to leave the proof out. 0O

Lemma 11. For each t > 2 and each positive integer b € {3, 5, 6, 10, 15, 30}, the cyclotomic polynomial ®,(x) divides
neither Uy(x) nor Wi(x).

Proof. The proof can be done by using an absolutely identical mechanism as the proof of Lemma 5 from
Section 3. We disclose the necessary computational results in Appendix C and Appendix D. O

We shall now formulate and prove the central lemma regarding the divisibility of the U;(x) and W;(x)
polynomials by cyclotomic polynomials. Given the fact that these polynomials also have six non-zero
terms, like the Q;(x) and R;(x) polynomials from Section 3, using Theorem 2 becomes very convenient once
again. The same prime number cancellation mechanism can be implemented for each prime number p > 7
that divides b whenever ®;(x) divides either U;(x) or Wi(x), as it was elaborated in Section 3. Bearing this
in mind, we give the following lemma.

Lemma 12. For each t > 2, neither U(x) nor Wi(x) can be divisible by a cyclotomic polynomial ®y(x) such that
b¢{1,2,4,8)}.

Proof. The proof will only be given for U;(x), given the fact that the proof regarding W;(x) is completely
analogous. Suppose that @,(x) | U;(x), for some b € IN such that b ¢ {1, 2,4, 8}. Since b is not equal to 4 or §,
Lemmas 8 and 9 tell us that b must be a square-free integer. We now divide the problem into two separate
cases, depending on whether b is divisible by either 3 or 5, or not.

Case 3+ band 5 1 b. This case is proved completely analogously to the corresponding case from the proof
of Lemma 6 from Section 3. The only small difference is that Lemma 10 is used instead of Lemma 4.

Case 3 | bor5|b. This case is also proved entirely analogously to the corresponding case from the proof
of Lemma 6. As expected, the only minor difference is that Lemma 11 is used instead of Lemma 5. [

Taking into consideration all the results obtained in the previously disclosed lemmas, we are finally able
to complete the proof of Theorem 4. Thus, we present the rest of the proof.

Proof of Theorem 4. The case t = 1 is trivial to prove. Here, we simply have S}, = {”%2, "T%}, hence Eq. (1)
directly gives us
n+2 1 n+6 1

PO=C7 +—F+C7 +

cs s

(43)

where Cis an arbitrary n-th root of unity different from 1 and —1. The condition P(C) = 0is clearly equivalent
to

PO =0
CH (e 4 0 e ) =0
C+ C+

G+ 4 0+1=0
C+1(Ci?+1)=0
22 41=0.

1111
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Due to the fact that 2 € {1,-1}, it is obvious that ?*? is equal to either (?> + 1 or —C* + 1. However, both of
these expressions cannot be equal to zero. If % + 1 were to equal zero, then we would have that C € {i, —i},
which is impossible due to the fact that n =4 2, hence both i and —i are not n-th roots of unity. On the other
hand, - +1#0 purely because C was chosen in such a way that it is distinct from both 1 and 1. Thus,
we get that P(C) # 0 for any n-th root of unity different from 1 and —1. By virtue of Lemma 1, we conclude
that D7 truly is a circulant nut graph for any > 10 such that n =4 2.

In the remainder of the proof, we will suppose that t > 2. Eq. (1) now gives us

.1 .1\ 21y &1
oo 2 B3 £ o2

j=1 j=5—t+1

where C is an arbitrarily chosen n-th root of unity different from 1 and —1. It is not difficult to further obtain

t-1

n+6 n+2 ]. ]. H ]. n_g 1
PO =T +7 + + + E T+ =+ 27+ — . 44
© (C ¢ ¢ ) P (C & ¢ Cz‘]) @)

We will finalize the proof by demonstrating that P(C) # 0 must be true. We will divide this proof into two
cases in the same way as it was done while proving Theorem 3.

2 i 1 1 .
Case C2 = —1. In this case, it is straightforward to notice that Cz27/ = o and o = —(/, which directly
2
leads us to
o1 a1
O+=+07+—==0
@) g2

for any j = 1,t — 1. Hence, it is convenient to simplify Eq. (44) in order to get

n+6 n+2 1 1

P(C) = CT + CT + n+2 + n+6 *
c+ O+
However, this formula is identical to Eq. (43) which we had to deal with while solving the case t = 1. An
almost absolutely identical proof can be used in order to show that P(C) # 0 must hold, as desired, hence
we choose to leave it out.

n n ; 1 1 :
Case Cz = 1. Itiseasy tosee that {27/ = a and F = (/. This implies
2

A LU D AP |
g =2(d e g

forany j=1,t — 1. According to Eq. (44), the equality P(C) = 0 becomes equivalent to

P(C)=0
1 1 S 1
n+6 n+2
= Cv +C* +—5 + n+)+2 (C1+—.)—0
( G ; @
t—1
= (CT+C"ZZ+C}+Z+C}%)—2+2 =0
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=
n+ n+ 1 1 .
— ¢t (546+C42+ — + M)—2+ZZC1 =0
c+ v =1t
2t-2
— (C”% G e o ot Cf—”?o) N Taae 22 =0
=0

n+10

2t-2
= (@C-1 [c””f F O T 0 20 4 2)) cf] =0
j=0

n+2 n+10

— T otT T o S0 20 2 22 =0

n+6 n+2

— zc2t—1 + CH—T _ CH—% _ th + 2ct—1 + Ct—T _ Ct—% -2=0.

Now, if we define 1) to be one of the two possible square roots of (, i.e. a complex number such that
IpZ = (, then it is easy to see that the condition P(C) = 0 becomes equivalent to

2¢4t72 + ¢2t+3+g _ ¢2t71+% _ 2¢2t + 2¢2t72 + ¢2t717g _ ¢2t757% —2=0. (45)

Taking into consideration that the condition (z =1 translates to " = 1, it becomes clear that in order to
prove that P(C) # 0 for any n-th root of unity C such that C # 1,-1 and (z =1,itis enough to show that
Eq. (45) does not hold for any n-th root of unity i such that ¢ ¢ {1, -1, i, —i}. Since i and —i are not n-th roots
of unity to begin with, due to n =4 2, it suffices to prove that Eq. (45) is not safisfied for any n-th root of
unity, besides potentially 1 and —1.

We now divide the case into two subcases, depending on whether 2 is equal to 1 or —1.

Subcase 7 = 1. Here, it is straightforward to deduce that Eq. (45) is equivalent to

2¢4tf2 + ¢2t+3 _ I#thl _ 2¢2t + 2¢2t—2 + ¢2tf1 _ 11)21?5 -2=0

— 2¢4t—2 + 17D2t+3 _ 24)2t + 2111)21‘—2 _ 1#215—5 -2=0

— 2¢4t—1 + ¢2t+4 _ 2¢2t+1 + 21’[}21‘—1 _ ¢2t—4 _ 21;) =0.
Now, suppose that Eq. (45) does hold for some n-th root of unity i different from 1 and —1. It is clear that
Y must be a primitive b-th root of unity for some b # 1,2, since ¢ # 1,—1. Also, due to the fact that b | n
and n =4 2, we conclude that b # 4,8. However, Eq. (45) directly implies that 1 is a root of the polynomial

U;(x). Hence, we get that U;(x) is divisible by a cyclotomic polynomial ®,(x) such that b # 1,2,4,8, which
is not possible according to Lemma 12, thus yielding a contradiction.

Subcase )2 = —1. In this subcase, Eq. (45) quickly becomes equivalent to

2¢4t—2 _ 1)b21‘+3 + ¢2t—1 _ 2¢2t + 2¢2t—2 _ ¢2t—1 + ¢2t—5 —-2=0

— 2¢4t—2 _ ]’[}Zt+3 _ 2¢2t + 21/)2t—2 + ¢2t—5 —2=0

— 21/}4t—1 _ ¢2t+4 _ 2¢2t+1 + 2¢2t—1 + ¢2t—4 _ 21/} =0.
If we suppose that Eq. (45) is true for some n-th root of unity 1 different from 1 and —1, we can use the same
logic implemented in the previous subcase in order to immediately obtain that ¢ has to be a primitive b-th
root of unity for some b ¢ {1,2,4,8}. However, Eq. (45) implies that 1) is a root of the polynomial W;(x),

which further means that this polynomial has to be divisible by a cyclotomic polynomial ®;(x) such that
b ¢({1,2,4,8)}. By virtue of Lemma 12, this is impossible, which completes the proof. [

5. Conclusion

In conclusion, Theorems 3 and 4 provide a construction for any 4¢-regular circulant nut graph of order
n, whenever
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e tisodd and n > 4t + 4;
e fisevenand n > 4f+ 6 and n =4 2.

For the odd values of ¢, these two theorems provide a way to construct a 4¢-regular circulant nut graph of
every possible order, thereby fully resolving the circulant nut graph order—degree existence problem. On
the other hand, for the even values of ¢, Theorem 12 shows that there exists a 4t-regular circulant nut graph
of each order n > 4t + 6 such that n =4 2, without covering the case when 4 | n.

Damnjanovi¢ and Stevanovié [2, Proposition 19] have shown that an interesting irregularity exists for
the case t = 2. Moreover, there does not exist an 8-regular circulant nut graph of order 16. In fact, the set of
all the values n such that there exists an 8-regular circulant nut graph of order # is given by the expression
{14} U {18,20,22,24,26, .. }.

Despite the irregularity that occurs for t = 2, the experimental results obtained in [2] dictate that for
each even integer t such that 4 <t < 1300 there does exist a 4t-regular circulant nut graph of order n for
each even n > 4t + 6. Bearing this in mind, we end the paper with the following conjecture.

Conjecture 3. For each even t > 4 and each n > 4t + 8 divisible by four, there exists a 4t-reqular circulant nut graph
of order n.
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Appendix A. Qt“““l ¥(x) mod ®,(x) table

tmod3  QMd3(x) Q%43 (x) mod 3(x)
0 -3+ 3x? -6 —3x

1 -1+x -1+x

2 x—x2 1+2x

tmod5  QMd3(x) Qm%45(x) mod 5(x)
0 —3+x—-x3 +3x* —6 — 2x — 3x2 — 4x®
1 “1+x+x> -4 2x +2x2 + %3

2 “3+x-x2+3x° “3+x-x2+3°

3 —x+x2 -2+t —1-2x—-2x3

4 “1+x2+x%—x* x+2x% +2x3

t mod 6 Qmod 6(x) Q™04 6(x) mod Dg(x)
0 “3+x—x*+32° —x

1 —1+x+x2-2° -3 +3x

2 -3 +x—x2+3x° -5

3 2—x+x2 -3+t +2x5 -3x

4 2+2x -2+ —xt+ a0 -1+x

5 1+ +x* -2 -3

fmod 10  Qmed10(x) Qm0419(x) mod Dy (x)
0 -3 +x—x%+3x° —2x + 3x% - 2x%°

1 —1+x+x2-2° -2+ 2x + 3

2 -3 +x—x+3x° —3+x-x2+32°

3 2—x+x2 -3+t +2x5 -5
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22—+ -t x5+ 27
23 +at -0+ a0+ 22
242 —x*+ 20 —x0 + 47
2423 -5+ 20 —x7 +a8
2+28° —x0 +x7 — a8+ 0
1+ +x8 -

—2—x-2x%
—2x +x2 — 223
-2+ 2x —°
“1-x+x2+23
-3

-2+ x-2x%

t mod 15

Q[mod 15 (X)

Q4 B5(x) mod P15(x)

O U W= O

—3+x—x1% +3x1
—1+x+x2—x
“3+x-x2+3x°
2—x+x2 -3+ 2t 4200
222+ -t x5+ 27
23+ at =0 a0+ 22
2 —xt+ 20 —x0 + a7+ 2x11
220 +x0 —x7 + 28 +2x13
—x0 + a7 — a8+ a0
2422 —x + 28 — 2% +x10
2420 — a8 4 x% — 10 4 11
=24 2x0 — 2% 4+ 110 — 11 4 x12
=24 2x8 — x10 4y 11— 12 4 413
04 0yl0 _ 1l 4 12 113 e
=1+ x12 4+ x13 — x14

—1+2x — 3x% +3x% — 2x* — % +3x0 — 247
2+x+2x2 =3 +at — 10 +a7
“3+x-x2+3x°

2-x+x2 -3+t 200
2-x2+a8 -t x5+ 27
—4+2x2 =323 + x4 — x5 — 2% + 207
2 -2x—x* +x° - 320 + 47
—“1—x—x3—x* +x° 24
—x+x2 x5 20+ X
“Bx+a2+xt =205 +x0 -7
—1-2x+ 22 +x* +2x5 - 2x6
24+ x =22 + 2% — x5 +4x® — 247
2422 =20 +x* —x0 + 247

—4 4 2x =222 +x° = 3x5 + 220 — &7
“1-x-23+2° -0 -7

thod 30 (x)

Q4 (x) mod Dso(x)

-3 +x—x% +3x%
—1+x+x2—x¥
—3+x—-x2+3x°

2—x+x2 -+t +2:0
22—+ -2+ x5+ 24
22—+t =0 a0+ 2x
22— x4+ 20 —x0 7 + 2211
—2— x5+ a6 — 27 + 48+ 2x13
2 —x0 a7 — a8+ 210
2 =27+ a8 =% + 210 4 2x17
2 =28 4+ 4% — x10 4 a1 4 2410
=2 — 2%+ x10 — x11 4 x12 4 232
o104 01 412 13 o023
oyl 12 _ 13 4 14 5025
o 12 4 13 14 415 | 0027
o 13 4 14 _ 415 4 16 4 9429
=24 2x — x4 4 15 — x16 4 417
—2+2x% — x5+ x10 —x17 4 x18
—2+2x° —x10 + x17 — x18 4 19
=2+ 2x7 — x17 4+ x18 — x19 4 120
=2+ 2x7 — x18 4+ x19 — 420 4 32
o g0yl _ 19 4420 2 m
o g oxl3 420 4421 422 23
4 0x15 21 4 22 23
0 417 _ 22 4 23 _ 24 4 425
0 1019 _ 23 4 24 _ 425 4 426
0402l L2 4 025 126 4 7
0 40y 25 4 26 27 | 8
0 40y 26 4 327 _ 328 4 29
12 42 D

—7 +3x2 +3x% + 4t + 20 - 320 — 4o7
x=x3 =t + a0+ 47
—3+x—-x2+3x°
2-x+x2 - +xt+22°
22—+ -t 0+ 2

—2x% = 3% + x* — 0 + 320 + 247
22—+ 20 +x0 + 47

=5 —3x +x° + 3x* +22% + x® — 4y
24+x-x2 -2 —x* x5+ 3y

=5 —x—x2+2x3 +x* +2x° —x6 — 3x7
1—x% =23 = 3x* — 225 + 220 + 247
—4+x+ 23 +x° - 4xb

X% =203 —x* =205 + 20

24 2x — 202 — x% = 2x* — 3x% + 327
—5 —x +4x% + 2% +2x* + 2% — x0 — 517
R R e
—4+3x+ 0+t —x0 -7
“1-x+x2+x°
2+x-22+2% -2t +20°

2+ 22 =3+t — x5+ 207

222 =3 —at + 0+ a0+ 207

—2 - 2x+x* =20 +3x° —x7
“3-x—-2 +xt+2x5 a0
—6—x+x2 +2x% +x* + x5 -3y
1+x-3x% -2 —x* = 2065 + 2% + 327
=5+ x% + 2063 — x* + 200 — 2x0 — 247
—x—-x3 -2

4x —x2 = 2x3 - 3x* — 205 — x0 + 4x7
=2 = 2w+ 2x% + 2% + 22 — 2% -3y
T+x—-2—2x* =25 +x0 +a7

Appendix B. Rt"“"“l ’(x) mod @y (x) table

t mod 3 Rmod3(x) R™043(x) mod ®3(x)
0 —5 + 5x2 —10 — 5x

1 1-x 1-x

2 3x - 3x2 3+ 6x

t mod 5 Rmod3(x) R™045(x) mod ®s(x)
0 -5 —x + 2% + 5x* —-10 — 6x — 5x2 — 4x°

[SSIN SR

1-x—-22+x*
-1+3x-3x2+2°
x+3x% - 3x° —x*

—2x —2x% - x°
-1+3x-3x2+°
1+ 2x +4x2 —2x°

8355
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8356

4 -3+ 3x2 +3x% - 3x* 3x + 6x2 + 6x°

t mod 6 Rmod6(x) R4 (x) mod Dg(x)

0 -5 —x+x* +52° ~7x

1 1-x-22+x° 3-3x

2 —1+3x-3x2 +° 1

3 —2+x+3x2 =33 —xt + 225 3x

4 —2+2x+ a2 +3x° - 3x* - a5 -7 +7x

5 —34+3x% +3x4 —3x° -9

tmod 10  R™410(x) R4 10(x) mod ®yo(x)

0 -5 —x + 28 + 527 —6x + 5x% — 6x°

1 1-x-x2+2° 2-2x—x3

2 -1+ 3x—3x% +x° -1+3x—3x% +x°

3 24+ x+3x2 - 3x% —xt +2¢° -3+ 4x2 — 4x°

4 2+ %% +3x3 = 3x* — x5 + 247 2 — 3x +2x2

5 =2+ % +3x* —3x° — x0 + 2+ 2x — x% + 223

6 =2+ 2x + % +3x°5 — 320 — &7 -6+ 6x + x°

7 —2+2x3 + x5 +3x0 —3x7 — a8 -3 —3x +3x% + 323

8 —2+2x5 +x0 +3x7 - 3x% — &7 -5 —4x2 + 4x°

9 -3 +3x7 +3x% — 3x° —6 + 3x — 6x2

tmod15 R™415(y) R4 15(x) mod ®y5()

0 —5—x+x13 4+ 5¢14 1 —2x —5x% + 523 — 6x* + 2% + 5x° — 617
1 1-x—x2+x14 2-x-2x2+x3 —xt+ 20 -7

2 —1+3x—3x% +x° -1 +3x—3x% +x°

3 2+ x+3x2 - 3x% —xt +2¢° 2+ x+3x2 - 3x% —x* +24°

4 2+ 2% +3x3 = 3x* — x5 + 247 2+ 2% +3x3 = 3x* — x5 + 247

5 =2+ % +3x* —3x° —x0 + 2+ —4 +2x2 — 3 + 3x* — 3x° - 3x0 + 227
6 =2+ 1% +3x5 — 320 — 7 + 24! -2 —2x +x* +3x5 —5x0 — &7

7 —2+x° +3x0 —3x7 — 18 + 2213 1—3x+x° — 3x* +4x° + 3x° — 627

8 X0 +3x7 —3x8 — ° 4 —3x — x2 + 4x® = 3x* + 325 +2x0 — &7
9 —2+2x% + &7 + 3x8 = 3x° — x10 —1+3x — % +3x* —2x° + 320 + &7

10 2+ 2x* + 48 + 327 = 3x10 — x11 =3+ 2x + 3x% — 403 + 3x* + 225 — 2x0 + 407
11 24+ 2x0 + 7 + 3x10 — 3x11 — 12 —6 +3x + 2x% — x° — 3x° + 4x® + 217

12 =2 4+ 2x8 + x10 4 3x11 — 3x12 — y13 —6+3x2 — 2% + 3x* — 4x® — 320 + 617
13 242010 4 a1 4 3x12 — 3x13 — x84 2x — 207 —x% +4ut —5x° —2x0 + 7
14 -3 +3x12 + 3x13 — 3x14 -3 —3x — 3x% +3x° — 3x0 — 317

tmod 30  R™430(x) R4 30 (x) mod Dso(x)

0 -5 —x +x2 + 5x%

1 1-x-x2+x%

2 -1+3x-3x2+2°

3 —2+x+3x% = 3% —xt + 225
4 2+ %% +3x% = 3x* — x5 + 247
5 2+ +3x* —3x% —x0 + 247
6 —2 4+ x% +3x% - 3x0 — &7 +2x1
7 —2 4+ 2% +3x0 - 3x7 — x8 +2x13
8 —2 4+ 26 +3x7 =3x8 — &% +2x15
9 =2+ 7 +3x8 — 327 — x10 + 2x17

10 =2+ 8 +3x7 — 3x10 — x11 4 2417
11 =2+ 27 + 3x10 — 3x11 — x12 4 221
12 =2+ x10 4 3x11 — 3512 — x13 4 232
13 =2 + ! 4 3512 — 3x13 — x14 4 22
14 =2+ x12 4+ 3513 — 3x14 — x15 4 22
15 =2+ x13 4 314 — 3x15 — x16 4 2x%
16 =2+ 2x + xM + 3x1% — 3x16 — x17
17 —2+2x3 + x15 4+ 3x16 — 3x17 — 18
18 =2+ 2x5 + x10 4+ 3x17 — 3x18 — 19
19 =2+ 2x7 + x17 + 3x18 — 3x19 — 520
20 =2+ 2x7 + x18 4 3x19 — 3x20 — x2
21 =2+ 2xM + 419 4 3620 — 3521 — 322
22 =2+ 2x13 + 220 4 3521 — 3522 — 1B
23 =2+ 2x15 + 421 4 3x22 - 3¢ — x%
24 =2+ 2x7 + x%2 4 3¢ — 3x2* — x®
25 =2+ 2x19 + ¥ 4 3¢ — 342 — x%
26 =2+ 2021 + x2* + 3% — 3x% — ¥
27 —2 4+ 2% + x5 + 3520 — 3x% — x?8
28 =2+ 2x% + x20 + 3x%7 — 3x28 — 1%
29 -3 +3x% +3x%8 — 3x¥

—9 + 5x2 + 5x% + 4ot — x% — 5x0 — 4x7
X+t —x0 -7

-1+3x-3x2+2°
—2+x+3x% = 3% —xt +2x°

2+ 2% +3x% = 3x* — x5 + 247

—2x% — x% 4+ 3x* = 325 + x0 + 227
—2-2x+x*+3x° —x0 — &7
—3—x—x3+x* +2x5 +3x0 — 47

2+ 3x + 42 — 2x% — 3x* — 3x% + 5x7

7 = 3x +x2 + 6x% + 3x* +2x° — 3x0 — 517
3 —3x% — 203 — x* — 205 + 220 + 247
—4+3x — x> +3x° — 4a®

3x2 — 2x% — 3x* — 20 + 3«0

2 4+ 2x = 2x2 + 2% — 2x* — 5x5 + 517

—7 = 3x + 4x? + 3% + 6x* + 325 — 320 — 7a7
1-x2 -3 +25 +x°
—4+5x -3 —x* + 20 + 7

-3 - 3x + 3x% + 3x°

-2 —x-3x2 + 3% +x* +2¢°

-2 -2 =323 +3x* + x5 + 227

—2x% = 3x3 — 3x* +3x° + 3% + 227

-2 —2x —x* = 3x5 +5x0 + &7

=5 —3x + % +3x* +2x° - 3x°

-6 —3x — x% + 22 + 3x* + 3x° — 517

3+ 3x — 5x% — 6x° — 3x* — 2x° + 3x0 + 517
7+ 3x2 +2x% = 3% + 225 — 2x6 — 247
-3x +x° - 3x°

4x —3x% —2x% — x* — 2x% — 3x® + 4y
—2—2x+2x% — % +2x* + x5 - 517

3 +3x —3x% — 6x* — 3x° + 3x° + 327
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Appendix C. Ut‘“°d ¥(x) mod @, (x) table

8357

tmod3  UM3(x) U4 3(x) mod ®s(x)

0 —3x + 3x? -3-6x

1 1-x 1-x

2 1-x?% 2+x

tmod5  UM5(x) U5 (x) mod s(x)

0 —5x + 5x* —5-10x — 5x2 - 5x°

1 x—x° x—x°

2 -3 —2x +2x% +3x° -3 — 2x +2x% + 3x°

3 3 - 342 3-3x%

4 2 —2x +3x2 — 3x* 5+ x+6x2 +3x°

t mod 6 Umed é(x) U™°46(x) mod Pg(x)

0 —4x — ¥ + ot + 40 5—10x

1 1-x* 1+x

2 —14+x% 420 =215 -6 +3x

3 —4x — ¥ + ot + 40 5—10x

4 1-x* 1+x

5 —1+x% +2x° =225 -6 +3x

fmod 10 UM 10(x) U 10(x) mod 10(x)

0 —4x + x* — x0 + 4x° 3 —6x +3x2 — 323

1 x0 —x® —x+ 23

2 —1—2x+2x3 —2x° +2¢7 + 28 1-2x-2x2+x°

3 1—a%+2x° - 227 -1+

4 —2x + X2 — x* + 225 + 227 - 24° -3 —x-2x%+x°

5 —dx + x* — 10+ 4x° 3 —6x +3x% — 323

6 x0 — 28 —x +x°

7 —1—2x+2x3 —2x% +2x7 +a8 1-2x—2x2 +3

8 1—x%+2x° =227 -1+

9 —2x +x% —x* + 205 +2%7 — 24° B3-x-22+x

tmod 15  Umed1(x) U415 (x) mod Py5(x)

0 —dx + x* — a1l 4 4p1t 4 —3x — 402 + 423 — 3x* + 520 — 4a7
1 x0 — x13 “1+x+xt =0 +x0 +a7

2 —1—2x+2x3 —2x° +2¢7 + 28 2 —x+ 2% +x* = 3x% + 327

3 —2x = x2 +2x% = 27 + x10 4 2411 —1—4dx —x% +x° =200 — 227

4 2 —2x—x* + 227 — 2% + x12 4 —2x —3x% + 20 —x* + 200 — a7
5 =20+ 2x* — a0 +2x% — 2x1 4 x4 “1+x2 -3 +xt+ o7

6 —x + x5 + 2011 — 213 -3 —x% +3x* - 3x5 — 200 + 37

7 =2 —2x + % — 210 4+ 2x12 4 2413 1—4x —2x2 +x3 — 2x* +3x° — 4o7
8 2-2x% +x° —x12 2-x2+x° +a7

9 —2x +2x% = 2x* + 225 + &7 — x4 —1—2x+3x2 =23 —x* + 225 — 10 + 227
10 —3x +2x* — 2x0 + 327 -3 — 3x + 3x% — 3x% + 2x* — 5x0 + 317
11 —2x — X3 +2x0 — 28 + a1 4 2413 4—7x 423 —dx* + 40 + 20 — 47
12 —2x +2x% — x% + 248 — 2x10 4 113 1—x+2x2 =23 +x* + 47

13 1—2x +2x0 — 7 +2x10 — 2x12 =1 —2x +2x% — 2x° + 20 + &7

14 —2x 4+ x2 — 7 + 2x10 4 2x12 — x4 —3-2x—x3 +2x* —2x° —x0 — &7
fmod30  Um%(x) U430 (x) mod s(x)

0 —4x + x* — x%0 + 4% —4 — 5x + 4x? + 4o% + 5x* — 3x0 — 47
1 x0 —x%8 “1—x+x*+25 +x0—a7

2 —1—2x+2x% —2x° +2¢7 + 28 —2-3x+3% +x* —x° +a7

3 —2x — x2 +2x% = 27 + x10 4 2411 —1 —4x — 2% + 325 +2x0 — 247

4 —2x — x* +2x7 = 2% + x12 + 215 —4—2x+x% +2x° —x* = 2x0 + &7
5 —2x — x0 +2x% = 211 4 x4 4 2410 3 —3x% - 3x° — 3x* + 317

6 —2x — % +2x11 — 2413 4 x16 4+ 2423 5 3x% — 5x* — 5x% + 2x0 + 5x7

7 =20 — x10 42418 — 2415 4 418 1 24?7 1 —dx+ 202 — a8 + 20t + 4% -4y

8 —x12 4 2415 — 217 4 420 —2+3x2 —x° - &7

9 —2x +2x% — xM + 2x17 — 2x19 4 22 —1—2x— a2 + 2% +3x% + 225 — 10 — 227
10 —2x +2x% — x10 + 2x19 — 242! 4 x4 1—x—x2—x3 —2x* + 320 + &7

11 —2x 4+ 2x13 — 18 2021 — 24 4 x20 —4 — 5x + 3x% + 4ot + 4x° — 3x0 — 47
12 —2x 4+ 2x17 —x20 24 —2a% +x28 1+x— 207 —2x% — 3x* + 347

13 1—2x + 2x21 — %22 4+ 242 — 2077 3 —2x —2x% — 2x° — 2x0 + 37

14 —2x + X2 — x%* + 202 + 207 — 2x%? 5—2x —3x% — 2x* — 2x% + 320 + &7
15 —dx + x* — x20 4 4% —4 — 5x + 4x? + 4% + 5x* — 3x0 — 4x7

X6 _ x28

“1—x+xt+x5+x0—a7
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—1—2x+2x3 —2x% +2x7 + a8

—2x — x2 +2x% — 27 + x10 4 2411
—2x — x* +2x7 — 247 + x12 + 2415
—2x — x0 +2x% — 211 + x4 4+ 2410
—2x — x8 + 2x1 — 2413 4 416 4 2y
—2x — x10 4 2x13 — 2415 4 ¥18 4 227
12 4 0y15 0417 4 420

=20 +2x% — x4 4 2417 — 2x19 + 42
=20 + 2x% — x16 4 2x19 — 2y 21 4 2
=20 + 2x13 — x18 4 2x21 — 2y 4 426
—2x +2x17 — x20 4 2423 — 245 4 28
1—2x +2x21 — x22 4+ 20425 — 2%
—2x + X2 — a2 + 207 + 207 — 2x%

—2-3x+3% +x* —x° +a7

=1 —4x — 2% +3x° +2x0 — 247
—4—2x+ 22 +2x% —x* = 2x0 + &7

3 —3x% — 3% — 3x* + 327

5 —3x% — 5x* — 5x° +2x0 + 5x7
1—dx+2x% =% +2x* + x5 —4x7
—2+3x2 —x5 — o7
—1-2x—22+23 +3x* + 225 —x0 — 247
1-x—-x2—x%—2x* +3x0 + &7

—4 — 5x + 3x% + 4x* + 4x° — 3x0 — 4x7
1+x—2x2 —2x3 — 3x* + 37

3 —2x —2x% — 2x° — 2x0 + 37
5—2x —3x% — 2x* — 2x° + 320 + &7

: d
Appendix D. W™

b(x) mod @, (x) table

t mod 3 W,mod 3 (x) W,mod3(x) mod @3(x)

0 —5x + 5x2 -5 —10x

1 -1+x -1+x

2 3 - 3x2 6+ 3x

t mod 5 W,mod 5 (x) W,mod5(x) mod @s(x)

0 —3x + 3x* -3 —6x —3x% - 323

1 —x+x° —x+x°

2 —1-2x+2x% + 23 —1-2x+2x% + 28

3 1—a2 1-x2

4 2-2x+x%—x* 3—x+2x2+x°

t mod 6 W,med 6 (x) W,mod6(x) mod @g(x)

0 —4x + x2 — x* + 4x® 3 - 6x

1 —14+x* -1-x

2 1—a%+2x° —2x5 —2+x

3 —4x + x2 — x* + 4x® 3 - 6x

4 —14+x* -1-x

5 1—a%+2x% —2x° —2+x

tmod 10  Wmod10(x) W,mod10(x) mod ®yo(x)

0 —dx — x* + 0 + 4x° 5—10x + 5x% — 5x°

1 —x0 + 28 x-x°

2 1—2x+2x3 —2x% + 247 — 28 3—2x —2x2 +3x°

3 —1+x2 +2x5 - 247 -3 +3x2

4 —2x —x% + x4 + 205 + 247 — 2x° =5+ x — 6x% + 3x°

5 —4x —x* +x0 + 42° 5—10x + 5x% — 5x3

6 —x0 + 28 x—x°

7 1—2x+2x% = 2x% + 207 — a8 3 —2x—2x2 +3x°

8 —1+x% +2x°5 -2+ -3 +3x2

9 —2x — 2 + ot + 220 +2x7 - 24° -5+ x — 6x% + 3x°

tmod15  Wmodl13(y) W,m0d 15 () mod By (x)

0 —dx — x* + 1+ 4ot 4 —5x — 402 + 4> — 5x* + 320 — 417
1 —x6 + x13 T-x—-xt+x° —x0 -7

2 1—2x+2x3 —2x° + 247 — 28 2-3x+3x% —x* — 2% + a7

3 —2x + x2 +2x% — 207 — x10 4 2411 1—4x +x% +3x° — 2x0 — 247

4 2 =2+ x* +2x7 — 227 — x12 4-2x —x2 + 223 + x4 + 220 + &7

5 =20 + 2% + 20 + 207 — 2x11 — x4 -3 +3x2 — 3x% + 3x* + 327

6 —3x + 38 + 2x11 — 2413 —5 —3x% + 5x* — 5x% — 2x0 + 5x7

7 =2 —2x — 2% + x10 4 2x12 4 213 —1—4x—2x2 = = 2x* + x5 — 4y
8 2-2x% —x° +x12 2-3x2 —x° -7

9 —2x +2x% = 224 +2x% — &7 + x4 1—2x+x% +x° —3x* +22% + 26 — 247
10 —x +2x* —2x0 + 7 “1—x+x2 -2 +2x* - 3x0 + &7
11 —2x + 23 +2x0 — 228 — x11 4 2¢13 4 - 5x +3x3 — 4xt + 4x% + 320 — 4y
12 —2x + 22 + 2% + 208 — 2x10 — 418 =1 +x+2x% — 203 + 3x* + 327

13 =1 = 2x +2x0 + &7 +2x10 — 2x12 =3 — 2x + 2x2 — 2x° + 2x° + 3x7

14 —2x — 2 + 27 + 2x10 + 2x12 — 2x14 =5 —2x — 3x% +2x* — 2x° — 3x0 + &7
tmod30  Wmed30(y) W,md30(x) mod P39 (x)

0

—4ox — x* + 120 4 4%

—4 — 3x + 4x% + 4x% + 3x* — 5x0 — 417

8358
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1 —x0 + x?8 T+x—2t—x® =20+

2 1—2x+2x3 —2x% + 247 — 28 2—x+x% —x* —3x° +3x7

3 —2x + x2 +2x% — 207 — x10 4 2411 1—dx +x% +x° +2x° — 247

4 —2x + x* +2x7 = 207 — x12 4+ 2x1° —4 = 2x + 322 + 223 + x4 —2x0 — &7

5 =2 + x0 4+ 2x% — 2011 — x4 4 2410 1-2 - —xt+ o7

6 =2 + x5+ 2xM — 2x13 — x16 4 2y 3 —x% —3x* = 3x° +2x° + 317

7 20+ 210 42413 — 2415 — 18 £ 2y 1 —dx +2x% 4+ 2% + 2x* + 30 — 47
8 x12 42415 — 217 — 20 2422 +x0+x7

9 —2x +2x% + x4 + 2417 — 2x19 — 22 1—2x—3x2 —x% +x* +22% + 20 + 247
10 =20+ 2x% + x10 4+ 2x10 — 242 — 42 33y —3x2 - 3x% — 2% + 520 + 3x7
11 =20+ 2x13 4+ a1 202 — 24 a2 4 —T7x + 23 +dxt + 4% — a0 — 47
12 20+ 2x17 4+ a0 24 —2aB - 1 —x—202 - 23 -t + a7

13 =1 = 2x + 2221 + x%% + 242 — 2% 1—2x—2x2 —2x° — 240 + &7

14 —2x — X2 + a2 + 2020 + 2% — 24P 3-2x—x —2x* —2x° + 20 — &7

15 —4x — x* + 1% + 4% —4 — 3x + 4x? + 40 + 3x* — 5x0 — 47
16 —x0 + x28 T+x—xt =0 =20+ 47

17 1—2x+2x% —2x% + 207 — a8 2—x+x —x* =325 +3x

18 =2 + X2 4+ 2x% = 207 — x10 4 2x11 1—4dx +x% +x° + 220 — 247

19 —2x +x* + 207 — 2x% — x12 4 2415 —4—2x +3x2 +2:3 + x4 - 2x0 — &7
20 —2x + x0 +2x% — 2x!! — x14 4 2410 1-2 -3 -+ o7

21 —2x + &8 + 2x1 — 2413 — x16 4 2423 3—x% —3x* —3x° +2x0 + 317

22 =20+ 10+ 2413 — 2415 — 18 £ 2427 1 —dx + 222 + 2% + 2x* + 3x° — 47
23 112 4 2015 — 2x17 — 520 2+ 22+ +x7

24 =2 + 2 + x4 + 2x17 — 2x19 — 22 1-2x—3x%2 =23 + 2% + 220 + 0 + 247
25 =20 + 22 + x10 4+ 2x19 — 2x%1 — x4 3 —3x — 32 — 3x% — 2x* + 5x0 + 3x7
26 —2x +2x13 4 a1 4 2xPl —2a® 20 4 - Tx 0% +dxt + 4 - x0 — 4T
27 “2x +2x17 4 20 4 2xB x5 —x2 1—x =202 =23 —xt A7

28 =1 = 2x + 222! + 122 + 227 — 257 1—2x—2x2 = 2x% — 2% + &7

29 —2x — x2 + X% + 202 + 24 — 2x% 3-2x—x% —2x* - 260 +x0 — &7

Appendix E. Roots of certain polynomials

In this appendix section, we will prove that some required polynomials truly do not possess any root
that is a root of unity as well, as claimed multiple times throughout Section 4. The polynomials of interest
shall be the four following ones:

Zi(x) =2x0 + 2% + 2, Zo(x) =2x10 —x° 4+ 2, Zs(x) =220 +x° + 2, Za(x) =220 —x® + 2.
First and foremost, let us define the next two additional polynomials:
Z'(x)=2x2+x+2, 7" (x) = 2x* —x + 2.

It is clear that the roots of Z;(x) are actually the fifth roots of the roots of Z’(x), while the roots of Z,(x) are
the fifth roots of the roots of Z”(x). Similarly, the roots of Z3(x) represent the third roots of the roots of Z’(x),
while the roots of Z4(x) represent the third roots of the roots of Z”(x). Thus, in order to prove that neither
of the four polynomials Z;(x), Z>(x), Z3(x), Z4(x) contains a root that is a root of unity, it is sufficient to show
that neither of the two polynomials Z’(x), Z" (x) has such a root.

Now, if the polynomial Z’(x) were to have a root that is a root of unity, then this root would surely
represent a primitive b-th root of unity for some b € IN, which would imply that ®,(x) | Z’(x) must hold.
However, it is simple to show that the polynomial Z’(x) is not divisible by any cyclotomic polynomial. The
same logic can be applied to the Z”(x) polynomial.

Itis clear that neither Z’(x) nor Z”’(x) can be divisible by a cyclotomic polynomial whose degree is greater
than two. However, given the fact that deg @, = ¢(b) for each b € IN, where ¢ represents Euler’s totient
function, it is easy to deduce that only five cyclotomic polynomials have a degree that is not greater than
two:

O(x) =x—-1,
DOy(x)=x+1,
Dy(x) =2 +x+1,
Dy(x) =22 +1,
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De(x) =22 —x + 1.

Itis trivial to check that neither Z’(x) nor Z”’(x) is divisible by any of these five polynomials, which completes
the proof. [
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