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Abstract. In this paper, we prove a fixed point result in ¥-metric spaces satisfying generalized contractive
condition with new auxiliary functions, which generalize the result of Bhardwaj and Kumar. The motivation
of this paper is to observe the solution of an integral equation using the fixed point technique in ¢-metric
space.

1. Introduction

Many areas of pure and applied science, such as biology, medicine, physics, and computer science use
metric spaces a lot. Mustafa and Sims [16] came up with G-metric spaces as an extension of the idea of
metric spaces. They showed up with some fixed point theorems for mappings that fit different contractive
conditions. See references [15, 17-19] for more fixed-point results on G-metric space.

Alghamdi and Karapinar [3] identified fixed point theorems for G —  — p—contractive type mappings.
Ansari [4] showed that fixed point results could be noticed for ¢-i mappings for contractive types. Ag-
garwal et al. [2] showed Suzuki-type fixed point results in G-metric spaces. Mustafa et al. [20] came up
with two new ideas for complete G-metric spaces, such as (g-F) contractions and generalized Mizoguchi-
Takahashi contractions. They also found some new coincidence points and fixed point theorems that are
used often. Many mathematicians have taken the Banach contraction principle in different directions over
the years (see [1, 5, 8-14, 21-23]). In 2019, the C-class function were used by Aydi et al.[6] to add the Q
property to G-metric spaces. Bhardwaj and Kumar [7] solved the fixed point theorem for auxiliary functions
in G-metric space.

In this paper, we were inspired and motivated by the work of Bhardwaj and Kumar [7]. We build on
their main result by adding new auxiliary functions in ¢-metric spaces through a generalized contractive
condition.
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2. Preliminaries

Throughout this paper, R represents (—oo, +o0), R, is (0, +o0) and ]R?r represents [0, +00), respectively.
Mustafa and Sims [16] initiated the ¢-metric space in 2006.

Definition 2.1. ([16]) Let 3 be a non-void set and a function 4 : 3% — R, satisfying the following hypothesis:

1. Ifo=9=9,then9(g,9,0) =0,

2. 0<%(0,09), Yo,9€ 3, witho+ 3,

3. 9(0,0,9) <9%(0,9,0), Yo,9,0€ 3, with o + 9,

4. 9(0,9,0) =9(0,0,9) =9(3,0,0) = ... (symmetry in all three variables),

5. 9(0,9,0) <90, x,x)+9(x,9,0), forall p = 8 = o € I, (rectangular inequality).

Then (3,%9) is said to be a 4-metric space.

Definition 2.2. ([16]) Let (3,9) be a G-metric space, and a sequence {15} of 3. Then, the sequence (t,) is called -
convergenttot € J if 19im 9 (1,75, T9) = 0,1.e., for e > 0, thereexists N € N such that (1,14, 79) < &, V8,9 > N.

T is called the limit of the sequence, then 1, — t. Symbolically, lim 7, = 7.

Definition 2.3. ([16]) Let (J,%) be a 4-metric space. A sequence {75} is said to be a 4-Cauchy sequence if € > 0,
there is N € N such that 9(t,,7s,7,) <&, ¥ ,9,0> N, that is 9(7,,75,7,) = 0as 0, 9,0 — +oo.

Definition 2.4. ([16]) We say that every &-metric space is complete if every &-Cauchy sequence is &-convergent in
3,9).

Mustafa and Sims [15] introduced the notion of contraction on ¢-metric space.

Definition 2.5. ([15]) Let (3,9) be a 4-metric space and a self-map Y on 3 is called a contraction on 3 if for each
A € [0, 1], the following condition is true:

G(Yo,Y9,Yo) < AY(0,9,0), Yo,90€3.
Example 2.6. Let 3 = R3. Define a mapping 9 : 3° — R, by
Y(0,9,0) =lor — 2l + 102 — 03] + 191 = Dol + 92 = 93] + |01 — @] + @2 — @3], V0, 9,0€ T

and define a function Y : R®> — R by Yo = 20, Vo € R%. Then Y is a contraction on 3 as

5
Y(0,9,0) =101 =1 — 1]l + o0 — 92 —@2| + |03 — 93 — @3] = gg(@ 3, o).

In 2008, Mustafa and Sims [17] proved the below contraction theorem on ¢-metric space.
Theorem 2.7. ([17]) Let (3,9) be a complete 4-metric space and let Y : 3 — I be a self-map satisfy the following
G (Yo, Y9, Yo) < u¥(o, Yo, Yo) +v49(3, Y8, Y9) + n9 (e, Yo, Yo) + w¥ (0, 9, ©),
Yo,9,0 € 3 and u,v,n, w non-negative with u + v+ n+ w < 1. Then Y has a unique fixed point in J.

Definition 2.8. ([3]) Let WV be the class of all mappings E : R — RY satisfying the following hypothesis:
1. Y5 BE(Y) < +00, v > 0, where BF is the £ iterate of B,

2. B is nondecreasing.

Definition 2.9. ([4]) A continuous function C : (R})?> — R is called D-class function if it satisfies the following
hypothesis:
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1. C(t,p) < 7 forall 7,p € RY;
2. If C(t, p) = 7, then either t =0 or p = 0;

Let us consider:
@1 : {p1: RY — RY is a non-decreasing continuous function such that ¢1(9) = 0iff 9 = 0},

@ : {pp : RY — RY is a continuous such that ¢»(0) = 0 and ¢1(8) > 0 for 9 > 0},

D :{(pg :R% — RY is a non-negative Lebesgue-integrable function, summable on each compact subset of R,

and for each & > 0 such that f; P(V)Iy > 0}.

The aim of this paper is to introduce a new generalized contraction, in the context of ¢-metric space.
Consequently, we shall examine the integral equation of the fixed point for such mapping in the mentioned
setting. In order to indicate the validity, an illustrative example is considered.

3. Main Results

We now prove the following main theorem of ¢-metric space, as inspired by Bhardwaj and Kumar [7]:

Theorem 3.1. Let (J,%) be a 4-metric space and a mapping h : 3 — I satisfying

G (it hip i) (7,p,®) (7,p,@)
o [ scofpesclo( [T pwnde [ o0av)) 0
0 0 0

where C is a D-class function @1 € 1, pp € Dy, p € O3 and

G (ht, p, @) + 9 (1, hip, ho) |

Q(t, p, @) = max{¥(z, p, @), ¥ (1, hit, 1i1), 9 (p, hip, hip), ¥ (@, @, o), 1

Then 1 has a unique fixed point.

Proof. Let 19 € 3. Choose a point 71 € J such that t; = fitg. In this way, we construct 7,41 such that
To+1 = 1y for @ =0, 1, 2, ... Assume that 7, # 7,41 for each integer o > 1, then by equation (1)

G (To,To+1,To+1)) (To-1,To,To) (To-1,T0,To)
o f p(0|ov < o f P09V ) o fQ P09v)| 3)
0 0 0

From (2), we get

Q(Tz—lr To, TB)
= max{g(’[g—ll To, Te)/ g(Tﬂ—lr htg-1, HTe-1 )/ g(Tﬂl fit,, hTG)/ g(Tﬂl fit,, hT@)/
g(h’f@,l, To, Tﬂ) + g(Tﬂfll hTﬂ/ hTG) }
4
= maX{g(TB,‘l, TB/ TG)/ g(Tﬁflr Ter 7/—0)/ g(’l—@, TB+1/ TB+1 )/ g(Tﬂl Tﬂ+1/ T9+1)/

}

g(’rﬂ/ To, Tﬁ) + g(Tﬁ—ll To+1, Tﬂ+1)
4

g(Tﬂ—ll To+1s TZ+1)
> }
G (To-1,To, To) + Y (To, To+1, To+1)
2

=max{¥ (To-1, Tos Ta), Y (To, Tar1, To+1),

= max{g(’[g_l, To, Tﬂ)/ g(Tzr To+1, Tz+1)r

}. (4)
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If max{g('rz—lr To, TD)/ g(Tz/ To+1s Tz+l)} = g(’rg/ To+1s Tz+1)/ from (3) and (4)r we have

G (To/To+1,To+1) G (To,To+1,To+1) G (To,To+1,To+1)
<P1[f (P(V)]f?VSC[(Pl(f (P(V)aV)KPz(f (p(v)av)]. (5)
0 0 0

By definition of C € D, then either

Y (To,To+1,To+1) G (To,To+1,To+1)
(Pl(f (P(V)9V)=0 or (pz(f (p(v)av)=o.
0 0

Only possible if fog(T”'T”“'TM) @(v)Jdvy = 0. This is a contraction from definitions of ¢; and ¢,. Thus,
Q(Tﬂ—l/ To, Tﬂ) = g(’rﬁ—l/ To, TG) and we have

Y (To,To+1,To+1) Y (To-1,T0,To) Y (To-1,T0,To)
(pl(f (p(V))&VSC(gol(f (p(v)&v),(pz(f (p(v)&v))
0 0 0

G (To-1,T0,To)
< (pl( f go(v)&v).
0

Since ¢, is continuous and nondecreasing, therefore

Y (To,To+1,To+1) Y (To-1,T0,To)
f @(Y)IY < f P(Y)ay,
0 0

(‘—(f orto+ls o+
thus the sequence { fo (oot Ton)
1t > 0 such that

G (To,To+1,To+1)

lim Q(Y)IY =m. (6)

—00
o 0

@(Y)dY} is lower bounded monotone decreasing. Therefore, there exists

Assume that © > 0. In equation (5), letting lim on both sides and by (6), we have

P1(r) < C(ea(m), p2(m)).
It can be seen that from definition of C € D, then either

@1(m) =0 or @u(m)=0.
From the above ¢ and ¢,, we have = = 0. Hence by (6), we get

Y (To,To+1,To+1)

lim @(V)dy =0, (7)
F—00 0

implies
gi_r}l;lo g(’rﬂl To+1, Te+1) = 0. (8)

Now, we show that the sequence {7,} is Cauchy. On contrary, for an ¢ > 0, there exists two subsequences
[T}, {0, } € (T} With S(£) < a(£) < S(£ + 1) such that

G(Ts(6), To(), To®) = & G (T9(8), To®)-1, Tog)-1) < €. 9)

Consider

& G (T3(6),To(£), To(e))
(plf P(Y)IY < (Pl(f (P(V)&V)
0 0

(T5(6)-1,To(E)-1/To(£)-1) (T5(6)-1,To(E)-1/To(£)-1)
sc{(pl( f (p(v)a\/),(pz( f <p(v)av)}. (10)
0 0



A.J. Gnanaprakasam et al. / Filomat 37:24 (2023), 8279-8287 8283
Using (2),
Q(T3(5)-1, To(e)-1/ Ta(e)-1)

= max{g(TS(E)—ll To€)-1, Toe)-1), G (Toe)-1, BTo@)-1, 1T98)-1), Y (Tate)-1, iTo(e)-1, iTo)-1),

G(MT6)-1, ToE)-1, ToE)-1) + G (Toe)-1, MTo(e)-1, AToE)-1)
G (Towe)-1, MTo(e)-1, MToE)-1), CRALOR AL ® o o }

4

= max{%(f 3(6)-1, To®)-1» Toe)-1), G (Ta(6)-1, T8), T98) Y (To(e)-1, To(e) To(e)),

G(T3(8), Tae)-1, ToE)-1) + G (To)-1, To(£), Tz(E))}

G (Toe)-1, To(e) To())r 1

= max{%(f 3(6)-17 Ta(e)-1 Ta(e)-1), G (To(6)-1, T9(€), T9(6)), G (To(e)-1, To(£), To(£)),

G(Tow)-1, T(£), Toe) + D (T3(8), Tae)-1, Ta(e)-1) + 9 (Toe)-1, Ta(s), Tg(E))}
4

= maX{%(Tsm)-l, Toe)-1, Ta(g)-1), 4 (Ts(e)-1, Ta(e), To(8)), 4 (To()-1, Ta(e), Te(E))}- (11)
Thus

(T3(6)-1,To(E)-1,ToE)-1)
(Y)Y
0

fmax{g('fsm)lffa(ﬁ)l Toe)-1)/9 (T3)-1,T96),T9(5) )Y (To®)-1,Ta(e) To(s))}

@(V)Iv
0

G (T9(8)-1/To(£)-1,To(e)-1) G (T90)-1,T3(8),T5(8)) G (Toe)-1,To(e) To(s))
:max{f qo(v)&v,f (p(v)av,f go(v)&v}. (12)
0 0 0

Using (9) and triangle inequality, we get
G(To(8)-1, Ta®)-1, Ta(e)-1) < D (Ts(5)-1, Tste), Toe)) + G (T9), Toe)-1, ToE)-1)
< G(T95)-1, Toe), To(g)) + &-
Therefore,

G (T(6)-1,To(E)-1,To(E)-1)

lim p(V)dv < fg AR (13)
0

£—00 0

Taking tlirn on both sides of (10) and by (11), (12), (13), we have

) j; p(V)Iv SC{¢1(££ (p(v)Bv),(pz( fos (p(v)av)}_

Again from definition of C € D, we get either

§01(‘f: qo(v)av) =0 or goz( j: (p(v)&v) =0.

It is possible only if fog @(Y)dy = 0. This is a contraction by our assumption, therefore, N be the limit of the
Cauchy sequence {7,} such that

lim /o1 = N. (14)
o—00
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Next, we show that the fixed point of map # is K. That is i = N, on contrary. Then 4 (%X, N,N) > 0. Let

A =9(HN, R, 8). Now,

A G (HNNN)
o [ocoav =gl [ ptma)
0 0

(€,70,To) (€,T0,To)
<o ﬁ P(1)9v ), o fd PV},
0 0
where

Q(gl TQ/ TQ) = max{g({f, Tﬂ/ TE!)/ {4(5, hgl hf), g4(""’@/ hTﬂ/ hTZ)/ g4(""’@/ hTﬂ/ hTZ)/
Y (he, 1o,70) + Y (g, hTﬂ/hTa)}
4 .

Since,
lim ¥(¢, T, To) = lim 9(To, To+1, To+1) = 0.
P—00 O—00

Taking lim in (15) and by (14), (16), (17), we have

A max ¥ (¢ fie i) max ¥ (¢ fie,lie)
(plf (p(v)HYSC{(pl(f go(v)&v),@(f (p(v)&v)}
0 0 0

SC{(pl( fo ' P11 ), o fo A(p(\/)&\/)}.

Thus, we obtain either
A

(P1(fOA (P(v)av) =0 or (PZ(L (p(v)&v) =0

(15)

(16)

(17)

(18)

that is fOA @(V)dv = 0. Hence the fact that A = 0 means that (%N, N, X) = 0. So, the fixed point of map 7 is
N. O

For application purposes, from our main results have been derived some useful corollaries. If we let

@(v) = v in Theorem 3.1, we get a corollary.

Corollary 3.2. Let (3,%) be a complete 4-metric space and a mapping h : 3 — 3 such thatV t,p,0 € J,

& (it lip o) (7,p,) (7,p,@)
(pl( f <p(v))av)sc(( fJ (p(v)av),@( f go(v)&v)),
0 0 0

where
(fit, p, @) + 9 (7, lip, o) \

4
Q(t, p, @) = max{¥(t, p, @), ¥ (1, hit, 1), 9 (p, ip, hip), 4 (@, @, o), 1 ,

C is a D-class function, g, € Py, p € O3.
Corollary 3.3. Let (3,%) be a complete 4-metric space and a mapping i : 3 — 3 such thatV t,p,0 € J,

G (it lip fid) (17,p,@)
A Er )
0 0

where Q(7, p, @) is given in (2), A € (0,1), p1 € D1, @ € D3. Then fi has a unique fixed point.
Corollary 3.4. Let (3,%9) be a complete G-metric space and a mapping i : 3 — 3 such thatV 1,p,@ € J,

G (It hip i) (7,p,®) (7,0,0)
o [ s so [ o) —g [T o)
0 0 0

where Q(7, p, @) is given in (2), o1 € D1, P2 € Do, @ € P3. Then i has a unique fixed point.

(19)

(20)
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4. Application

In this section, we will use Corollary 3.3 to show that there is a solution to the integral equation:

i
(V) = f U, YV, <), v € [y il 1)

Let 3 = (DI, i], R) stand for the set of all functions that are continuous from [i,i] to R. Define a mapping

fi: 3 — Jby

i
e(v) = f U, VG, 70, v € [l )

Theorem 4.1. Consider equation (21) and assume

1. U :[i,i] X [1,1] — [0, 1) is continuous mapping,
2. V:[i,il x R = R, where V is a continuous function,

3. maxyefij fii U(Y,T)dF < A for some A € (0,1),
4. Forall 1(f), p(f) € 3,1 € [i,i], we have |'V(§, 7(f)) = V({F p(M))I < I7(F) = p()I.

Then, equation (21) has a solution.
Proof. Define the ¢-metric on J by
G(1,p,@) =d(1,p) +dp, @) +d(1,®),V1,p,0€F,

where
(T, p) = supvepijlt(v) — p(V)l.

Since (J,0) is a complete metric space, it is easy to see that (J,¥) is also a complete ¢-metric space. Let
7(V), p(v) € 3. From (22), (3) and (4), we know that

(V) ~ Hip(v)] = | f LU, VG, 1)~ VG T
< f LU, DIV, <)~ Ve, p )08
< f LU, D) pO
< f U, D) - pO

= et) = pol [ U, 9o
< AlT(Y) = p(Y)l.
Hence,
supvepilit(v) = Ap(V)| < Asupyepilt(v) — p(V)l. (23)
Similarly, we have

supvefiijlfip(¥) — io(YV)| < Asupyefijlp(¥) — @(Y)l (24)
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and
supvelilit(v) — (V) < Asupyeilt(v) — @(V)l. (25)
Therefore, from (23), (24), and (25), we have
supveli,lit(v) = ip(V)| + supvepipllip(v) — Ao (V)| + supyepijlit(v) — ho (V)|
< Alsupvegiplt(v) — p(l + supvegiiflp(V) — @)l + supveiplt(v) — o(V)l], (26)

which implies
G (ht, hp, o) < NY (1, p, @).

Therefore, Corollary 3.3 is true. So, fi has a fixed point in 3 which is a solution of (21). O

Below example shows that the condition of Theorem 4.1 is true.

Example 4.2. The integral equation

In(3)
(V) = fz‘ cosh(iv)t()of, v € [In(2), In(3)] (27)

n(2)
has a solution in 3 = (D[In(2), In(3)], R).
Proof. Letfi: 3 — J be defined as

n(3)
hat(v) = f cosh(fv)T()df, v € [In(2), In(3)].
In(2)
Specifically U(v,f) = cosh(fv), V(i, v) = v,and A € (0,1) in Theorem 4.1, we get
1. U(v,T) is continuous on [In(2), [n(3)] X [In(2), In(3)],
2. V(§, v) is continuous on [I1n(2), In(3)] X R, V§ € [In(2), In(3)],
3.

max

cosh(fVv)of = max
ve[In(2),In(3)] () VelIn(2),In(3)]

n(2) v
3V -3V =2V +27Y
2V

flne) sinh(In(3")) — sinh(In(2"))

= MAXye[In(2),In(3)]

<07 <A,

4. Clearly, Y1(f), p(f) € 3, condition 4 of Theorem 4.1 is satisfied. Hence # has a fixed point in J, which
is a solution to equation (27).
O

5. Conclusion

In this paper, we prove a fixed point results with the aid of new auxiliary functions for generalized
contractive conditions in the setting of ¢-metric spaces. An example and application are presented to
strengthen our main results.
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