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Abstract. In this paper, we introduce the selection principles wSS; (ITx(A), Ca(A)), wSS;,,(ITa(A), Ca(A)),
wS (ITA(A), Ca(A)) and WS, (ITa(A), Ca(A)) to characterize the properties of weakly strong-star Rothberger
(Menger) and weakly star-Rothberger (Menger) in the hyperspace (A, 7)), respectively. Furthermore, we
introduce the notions H(Ca(A)) and Iin(Ca(A), Ca(A)) to characterize, respectively, the H-separability and
the principle Usn(Z, 2), in the same hyperspace.

1. Introduction and preliminaries

The study of hyperspace theory started in the first half of the 20th century (see [13, 21, 23, 28]). We
denote by CL(X) the family of all nonempty closed subsets of a topological space X. The family CL(X),
endowed with some topology, is known as hyperspace of X. Numerous relations between properties of the
space X and their hyperspaces have been widely studied. Otherwise, the research on selection principles
started in [4, 14, 20, 24, 25]. Some researchers have studied selection principles concerning weaker versions
of Rothberger and Menger properties and star type selection principles [1, 15, 16, 18, 22, 27].

The relationships between selection principles and hyperspaces have been intensely studied. In [10]
the authors used m-networks to characterize topological spaces whose hyperspaces, endowed with the
upper Fell topology, satisfy the Rothberger property. Then, in [19] are defined the concepts of mr-network,
ny-network, kp-cover and cy-cover and they are used to study the Si(«7, %) and Syin(<7, #) principles in
CL(X) endowed with the Fell and Vietoris topologies, for different families &/ and #. Later, in [5] the
authors introduce the generic notions of 7a(A)-networks (and ca(A)-covers), which are a generalization
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of mp-networks and my-networks (and of kp-cover and cy-cover, respectively). These concepts are used to
characterize Menger-type star selection principles [5], star and strong star-type versions of Rothberger and
Menger principles [6], Hurewicz like properties [7] and weaker forms of Rothberger and Menger properties
and groupability [8] in hyperspaces endowed with the hit-and-miss topology.

Next, we recall three known selection principles defined in 1996 by M. Scheepers [25]. Furthermore, we
introduce the principle Ijn (7, %). Given an infinite set X, let &7 and % be collections of families of subsets
of X.

e S,(«7, %) denotes the principle: For any sequence (A, : n € IN) of elements of <7, there is a sequence
(By, : n € IN) such that for each n € N, B,, € A,, and {B,, : n € N} is an element of 4.

o Siin(«/, %) denotes the principle: for each sequence (A, : n € IN) of elements of &7 there is a sequence
(8, : n € N) such that 8B, is a finite subset of A, for each n € N and | ,,cp; B € B.

o Usin(«7, %) denotes the principle: for each sequence (A, : n € IN) of elements of .o/ there is a sequence
(B, : n € N) such that for each n € IN, B,, is a finite subset of A, and {|J B, : n € N} € .

o Ii (<7, #) denotes the principle: for each sequence (A, : n € IN) of elements of o/ there is a sequence
(B, : n € N) such that for each n € IN, B,, is a finite subset of A, and {( B, : n € N} € ZA.

Wedenoteby 0 ={ACTt:JA=X},D={DCcX:cdx(D)=X}and Z' = {AC t: JA € D}). When
we take S1(0, 0) and Sin(0, 0), we get the well known Rothberger property [24] and the Menger property
[14, 20], respectively. Moreover, S1(¢, Z’) and Siin(0, ') are known as weakly Rothberger property [9] and
weakly Menger property [9], respectively.

On the other hand, in [17] Ko¢inac introduced the star version of some selection principles. Recall that
given A C X and any collection U of subsets of X, the star of A with respect to U is denoted by St(A, U)
and defined as (J{U € U : U N A # 0}. As usual, we write St(x, U) instead of St({x}, U), for every x € X.

Consider an infinite set X and let &/ and % be collections of families of subsets of X. We say that X
satisfies the principle:

e Si(«, %), if for any sequence (A, : n € IN) of elements of <7, there is a sequence (B, : n € IN) such
that for each n € IN, B, € A, and {St(B,,, A,) : n € N} is an element of £.

e S; (o, %), if for each sequence (A, : n € IN) of elements of <7, there is a sequence (8, : n € N) such

that for each n € IN, 8, is a finite subset of A, and |, {St(B, A,) : B € B,} is an element of A.

o SSi(«7, B), if for every sequence (A, : n € IN) of elements of <7, there is a sequence (x, : n € IN) of
elements of X such that {St(x,,, A,) : n € N} is an element of Z.

e SS; (47, %), if for any sequence (A, : n € IN) of elements of <7, there is a sequence (K, : n € IN) of

finite subsets of X such that {St(K,,, A,) : n € IN} is an element of 4.

The particular cases SS}(&, 2’) and SS;, (€, Z") are known as weakly strong star-Rothberger property
(WSSR) and weakly strong star-Menger property (WSSM), respectively (see [18]). Moreover, Sj(&, 2’) and
S;,(0, ") are known as weakly star-Rothberger property (WSR) and weakly star-Menger property (WSM),
respectively (see [22]).

Diagram 1 provides relationships between the properties defined previously. These follow immediately

from the definitions.

Menger ———— weakly Menger ———— WSSM —— WSM

| | ]

Rothberger —— weakly Rothberger WSSR WSR

Di1aGram 1: RELATIONSHIPS BETWEEN SELECTION PRINCIPLES
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Now, we present some basic concepts about the theory of hyperspaces. All spaces are assumed to be
Hausdorff noncompact and, even, nonparacompact. For a space (X, ), we denote by CL(X), K(X), F(X) and
C5(X) the family of all nonempty closed subsets, the family of all nonempty compact subsets, the family of
all nonempty finite subsets of X and the family of all convergent sequences of X, respectively.

For any subset U C X and every family U of subsets of X, we denote:

U = {AeCLX):ANU #0};
Ut = {AeCL(X):AcCU)

U o= X\U

U = {U:UeU).

Let A be a subfamily of CL(X) closed under finite unions and containing all singletons. Then, the hit-and-miss
topology on CL(X) respect to A, denoted by 773, has as a base, the family

{(ﬂzl Vi‘)ﬂ(B”)J':B €eAand Vet forie {1,...,m}}.

We use (V1,..., Vy); to denote the basic element (N2, V) N (B)* (see [29]).

Two important known particular cases of the hit-and-miss topology are the Vietoris topology, v, when
A = CL(X) (see [21, 28]), and the Fell topology, Tr, when A = K(X) (see [12]). Along this paper, unless we say
the opposite, we will consider a subspace A of (CL(X), 7}), which is closed under finite unions.

In another context, inspired by Li [19], we introduced in [5] the notions of ma(A)-network and ca(A)-
cover of a space X. We remember them and a couple of lemmas which will be used along this work (see
Lemmas 2.4 and 2.22 of [5]). As is common, [A]*“ denotes the collection of all finite subsets of any set A.

Given a family A € CL(X), we denote

CA={B;Vy,...,V,): BeAand Vy,...,V, are open subsets of X with V;NB° # 0 (1 <i<n), neN}.

Definition 1.1. A family J C Ca is called a e (A)-network of X, if for each U € A€, there exist (B; Vy,...,V,) €
J with B C U and F € [X]* such that FN U = 0 and for each i € {1,...,n}, FNV; # 0. The family of all
nia(A)-networks is denoted by ITA(A).

Lemma 1.2. Let (X, ) be a topological space. Suppose that J = {(Bs; Vi, ..., Vins) 5 € Sl and % =
{(Vl,Sr---ers,s)25 :(Bs; Vis, ooy Vins) € j}. Then, J is a na(A)-network of X if and only if % is an open
cover of (A, Ty)

Definition 1.3. Let (X, 7) be a topological space. A family U C A°is called a ca(A)-cover of X, if for any B € A
and open subsets V71,...,V,, of X, with BN V; # 0 for any i € {1,...,m]}, there exist U € U and F € [X]**
such that BC U, FNU = 0 and for each i € {1,...,m}, FNV; # 0. We denote by Ca(A) the family of all
ca(A)-covers of X.

Lemma 1.4. Let (X, T) be a topological space. A family U C A is a ca(A)-cover of X if and only if the family U is
a dense subset of (A, T)).

Continuing the research done in [5-8, 11], where the concepts of ma(A)-network and ca(A)-cover were
used to characterize selection principles in hyperspaces, in this paper we introduce the selection principles
WSS (ITA(A), Ca(A)), wSS; (TTA(A), Ca(A)), wSTTTA(A), Ca(A)) and wSg (ITA(A), Ca(A)) to characterize the
properties weakly strong star-Rothberger (Theorem 2.2), weakly strong star-Menger (Theorem 2.7), weakly
star-Rothberger (Theorem 3.2) and weakly star-Menger (Theorem 3.7) in the hyperspace (A, 7}), respec-
tively. Furthermore, in Section 4, we introduce the notions H(Ca(A)) and I;in(Ca(A), Ca(A)) to characterize,
respectively, the H-separability (Theorem 4.2) and the principle Usin(Z2, Z) (Theorem 4.6), in the same

hyperspace.
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2. Weakly strong star-Rothberger and weakly strong star-Menger properties

In this section we introduce a couple of selection principles, applied to 714 (A)-networks and ca (A)-covers,
in order to characterize the weakly strong star-Rothberger and weakly strong star-Menger properties in the
hyperspace (A, 73).

Definition 2.1. We say that the topological space (X, 7) satisfies the selection principle wSS](ITa(A), Ca(A))
if for every sequence (J; : n € IN) in ITx(A), there is a sequence (A, : n € IN) in A such that the family U
turns out to be a ca(A)-cover of X, where U = |J{U, : n € N} and U, is the collection of every U € A for
which there exist (B; V4, ..., V) € Jpand F € [X]*¥ such that A, NV; #0,A,NB=0,BCU,FNV; # 0 and
FnU=0.

Theorem 2.2. Let (X, T) be a topological space. The following conditions are equivalent:

(1) (A, ) is weakly strong star-Rothberger;
(2) (X, 7) satisfies the principle wSS](ITa(A), Ca(A)).

Proof. (1) = (2) Let (J, : n € IN) be a sequence of ma(A)-networks of X. Denote, for any n € IN, %, =
{(Vl,..., Vi) : (B; Vi, ..., V) € jn}. By Lemma 1.2, we have that for each n € IN, %, is an open cover
of (A, 7}). Applying (1) to the sequence (%, : n € IN), there exists A, € A, for any n € IN, such that
ca (U{SHA,, %) :neN}) = A, As F = U {St(A,, %,) : n € N} is dense in A, then by Lemma 1.4, ¥° is a
ca(A)-cover of X. We claim that F°¢ is the same U as in Definition 2.1. Indeed, ¢ = |J {St(A,, %,)" : n € N}.
Furthermore, U € St(A,, %,) if and only if there exists (B; V1, ..., Viy) € I, such that A, U € (V4,..., Vi)g-
The last assertion means that there is F € [X]<“ such that A, " V; # 0, A,NB=0,BC U FNV; # 0and
F N U = 0. Hence, the claim follows.

(2) = (1): Consider (%, : n € IN) a sequence of open covers of (A, 1)), consisting in basic open sets.
For eachn € N, let J, = {(B;V1,...,Vy) : (V1,...,Vm)§ € %,}. Then, by Lemma 1.2, 7, is a mta(A)-
network of X. Applying (2) to the sequence (7, : n € IN), there is a sequence (A, : n € IN) in A such that
U € Ca(A), where U is given as in Definition 2.1. Note that, as above, St(A,, %,) = U}, which implies that
U = UJ{St(A,, %,) : n € N}. So, by Lemma 1.4, U° is dense in A, and the proof follows. [

As an immediate consequence of Theorem 2.2, we obtain the following corollaries.

Corollary 2.3. Let (X, 7) be a topological space. If A is any of the hyperspaces CL(X), K(X), F(X) or CS(X), then
(A, T)) is weakly strong star-Rothberger if and only if X satisfies the principle wSS;(ITx(A), Ca(A)).

Corollary 2.4. Let (X, 7) be a topological space. Suppose that A is some of the spaces K(X), F(X), C5(X), we have:

(a) If A = K(X), then (A, tr) is weakly strong star-Rothberger if and only if X satisfies the selection principle
wSS; (ko (A), Cx) (A)).

(b) If A = CL(X), then (A, ty) is weakly strong star-Rothberger if and only if X satisfies the selection principle
wSS] (chx)(/\)/ Corx (A))'

Remember that Ik x) (CL(X)) = ITr and Icrx) (CL(X)) = Iy, (see [5, Remark 2.2] and [19]). Furthermore,
Cx(x)(CL(X)) = Kr and Ccrx)(CL(X)) = Cy (see [5, Remark 2.21] and [19]).
Corollary 2.5. Let (X, T) be a topological space, we have:
(a) (CL(X), tr) is weakly strong star-Rothberger if and only if X satisfies the principle wSS] (Ig, Kp).
(b) (CL(X), Tv) is weakly strong star-Rothberger if and only if X satisfies the principle wSS](ITy, Cy).

Similarly, we can define the principle wSS;, (ITA(A), Ca(A)) to obtain a characterization of the weakly
strong star-Menger property in (A, 7}).
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Definition 2.6. We say that the topological space (X, 1) satisfies the selection principle wSS; (ITx(A), Ca(A))
if for every sequence (J, : n € IN) in ITx(A), there is a sequence V, € [A]*” such that U € Ca(A), where
U = U{U, : n € N} and U, is the collection of every U € A for which there exist A € V,, (B; V1,..., V) €
Jrand F € [X]*® suchthat ANV; #0,ANB=0,BCUFNV;#0and FNU = 0.

The proof of the next theorem follows the same structure as Theorem 2.2.

Theorem 2.7. Let (X, 7) be a topological space. The following conditions are equivalent:

(1) (A, T}) is weakly strong star-Menger;
(2) (X, 7) satisfies the principle wSS, (TTo(A), Ca(A)).
From Theorem 2.7, we obtain the following.

Corollary 2.8. Let (X, 7) be a topological space. If A is any of the hyperspaces CL(X), K(X), F(X) or C5(X), then
(A, T)) is weakly strong star-Menger if and only if X satisfies the principle wSSy, (TTA(A), Ca(A)).

Corollary 2.9. Let (X, 7) be a topological space. Suppose that A is some of the spaces K(X), IF(X), C5(X), we have:

(a) If A = K(X), then (A, tr) is weakly strong star-Menger if and only if X satisfies the selection principle
Wss}m(HlK(X) (A), Crx) (A))-

(b) If A = CL(X), then (A, Tv) is weakly strong star-Menger if and only if X satisfies the selection principle
wss;in(HCL(X) (A), Cerx (/\))'

Corollary 2.10. Let (X, 7) be a topological space, we have:
(a) (CL(X), tr) is weakly strong star-Menger if and only if X satisfies the principle wSS}, (ITg, Kr).

fin

(b) (CL(X), tv) is weakly strong star-Menger if and only if X satisfies the principle wSS%, (ITy, Cy).

fin

3. Weakly star-Rothberger and weakly star-Menger properties

In this section we define two selection principles for 7a(A)-networks and ca(A)-covers, in order to
characterize the weakly star-Rothberger and weakly star-Menger properties in the hyperspace (A, 77).

Definition 3.1. We say that the topological space (X, 7) satisfies the selection principle wS](ITa(A), Ca(A))
if for every sequence (J, : n € IN) in TTx(A), we can choose (B"; V7, ..., V}, ) € b, for each n € IN, such that
the family W turns out to be a ca(A)-cover of X, where W = (J{W, : n € N} and ‘W, is the collection of
all W € A€ for which there exist (B;V1,...,V)) € J,and H € Asuchthat WNV; #0,BCW,HNV; # 0,
BﬂHz(Z),HﬂV;?i(Z)andB”ﬁH:(Z),forlsiSlandlSjSmn.

Theorem 3.2. Let (X, T) be a topological space. The following conditions are equivalent:

(1) (A, Ty) is weakly star-Rothberger;
(2) (X, 1) satisfies the principle wS; (ITo(A), Ca(A)).

Proof. (1) = (2) Let (J, : n € N) be a sequence of ma(A)-networks of X. Denote, for any n € N, %, =
{(Vl, e Vg i (B Ve, V) € jn}. By Lemma 1.2, we have that for each n € IN, % is an open cover of
(A, T3)- Applying (1) to the sequence (%, : n € IN), there exists (VY,..., V} )3, € %,, for any n € N, such

that cla (U{SH(Vf,., Vi, )y, %) s e NJ) = A
As (B”;V;l, . ..,Vﬁ,ﬂ) € J, for any n € IN, we define W, as in Definition 3.1. To prove that ‘W is a
ca(A)-cover, in view of Lemma 1.4, we will show that W* is dense in A. Indeed, it follows from the fact
c
that for eachn € N, W, = (St((V{’, ..., v )+ %n)) .

My Jgn ’
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(2) = (1) Let (U, : n € IN) be a sequence of open covers of (A, T}), consisting in basic open sets. For each
neN,letJ, ={B V..., Vi) : (V1,..., V)i € Uy} Then, by Lemma 1.2, 7, is a ma(A)-network of X.
Applying (2) to the sequence (J; : n € IN), there is (B"; VT, e, ng) € Jy, for every n € N and ‘W, given as
in Definition 3.1, such that ‘W € CA(A). Hence, ‘W* is a dense subset of A.

AsWe =/ {(St(V?, ..., v )+ %) ‘N e ]N}, the result follows. [

my B 4
As a consequence of Theorem 3.2, we obtain the next results.

Corollary 3.3. Let (X, 7) be a topological space. If A is any of the hyperspaces CL(X), K(X), F(X) or C5(X), then
(A, T)) is weakly star-Rothberger if and only if X satisfies the principle wS} (ITa(A), Ca(A)).

Corollary 3.4. Let (X, 7) be a topological space. Suppose that A is some of the spaces K(X), F(X), CS(X), we have:

(a) Suppose that A = K(X). Then (A, tr) is weakly star-Rothberger if and only if X satisfies the selection principle
wS] (H]K(X) (A), Ckxy (A))~

(b) If A = CL(X), then (A,ty) is weakly star-Rothberger if and only if X satisfies the selection principle
w8} (Tero(A), Cer(A)).

We have said that H]K(X)(CL(X)) =TT, HCL(X)(CL(X)) =TIy, C]K(X)(CL(X)) = Kr and Ccpx)(CL(X)) = Cy,
so we have the following.

Corollary 3.5. Let (X, 7) be a topological space, we have:

(a) (CL(X), tr) is weakly star-Rothberger if and only if X satisfies the principle wS](I1g, Kr).
(b) (CL(X), Tv) is weakly star-Rothberger if and only if X satisfies the principle wS](Ily, Cy).

*

Now, we define the principle wS;|

Menger property in (A, 73).

(ITA(A), CA(A)) in order to obtain a characterization of weakly star-

Definition 3.6. We say that the topological space (X, 7) satisfies the selection principle wS; (ITx(A), Ca(A))
if for every sequence (J,, : n € IN) inTIx(A), we can choose 1, € [J,]°¢ for each n € IN such that W € Ca(A),
where W = J{W, : n € N}, and ‘W, is the collection of all W € A° for which there exist (K; U+, ..., U,;,) € 1,
B;Vy,...,V)e Jyand H € Asuchthat WnV; #0,BCW,HNV; #0,BNH =0,HNU; # Pand KNH = 0,

forl<i<land1<j<m.
The proof of the next theorem is similar to the proof of Theorem 3.2.

Theorem 3.7. Let (X, T) be a topological space. The following conditions are equivalent:
(1) (A, T)) is weakly star-Menger;
(2) (X, 7) satisfies the principle wS}, (ITo(A), Ca(A)).
We obtain the next corollaries from Theorem 3.7.

Corollary 3.8. Let (X, T) be a topological space. If A is any of the hyperspaces CL(X), K(X), F(X) or C5(X), then
(A, T}) is weakly star-Menger if and only if X satisfies the selection principle wSj;, (ITa(A), Ca(A)).
Corollary 3.9. Let (X, 7) be a topological space. Suppose that A is some of the spaces K(X), IF(X), C5(X), we have:
(a) Suppose that A = K(X). Then (A, tr) is weakly star-Menger if and only if X satisfies the selection principle
WS}, (koo (A), Cxpo (M),
(b) Suppose that A = CL(X). Then (A, tv) is weakly star-Menger if and only if X satisfies the selection principle

w8 (TeLeo(A), CeLo (A)).

Corollary 3.10. Let (X, T) be a topological space, we have:
(a) (CL(X), tr) is weakly star-Menger if and only if X satisfies the selection principle wSy, (ITr, Kr).

fin

(b) (CL(X), tv) is weakly star-Menger if and only if X satisfies the selection principle wS;, (Iy, Cy).

fin
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4. H-separable like properties

The definitions of R-separable, M-separable and H-separable spaces were considered in [2, 3, 26]. Char-
acterizations of R-separability and M-separability for the hyperspace (CL(X), T} ) were given respectively in
[5, 6]. Now, following similar ideas, we provide a characterization for H-separable hyperspaces endowed
with the hit-and-miss topology by means of cx(A)-covers.

Remember that a topological space (X, 1) is H-separable if for every sequence (D, : n € IN) of dense
subsets of X, one can pick finite F, C D, such that for every nonempty open set U C X, the intersection
U N F, is nonempty for all but finitely many n.

Definition 4.1. A topological space (X, 7) satisfies the property H(Ca(A)) if for any sequence (U, : n € IN)
in Ca(A), there exists a sequence (V, : n € IN) such that V,, € [U,]*” and for any B € A and open subsets
Vi,...,Vpof X, with BN V; # 0 forany i € {1,...,m]}, there exist U, € V, and F, € [X]*“ such that B C U,
F,NU, =0and foreachi € {l1,...,m}, F, N V; # 0 for every but finitely many #.

Theorem 4.2. Let (X, T) be a topological space. The following conditions are equivalent:

(1) (A, t}) is H-separable;
(2) (X, 1) satisfies the property H(Ca(A)).

Proof. (1) = (2) Let (U, : n € N) be a sequence of ca(A)-covers of X. For any n € N, we put D, = U,
By Lemma 1.4, we obtain that, for any n € N, D, is a dense subset of (A, 7}). Hence, applying (1) to the
sequence (D, : n € N), we obtain, for eachn € N, ¥, € [D,]<“ which witnesses the H-separability of A. Put
V,={U:U°eFylandlet Be Aand Vy,...,V,, open subsets of X, with B°NV; # 0, forany i € {1,...,m}.
Consider the basic set (V1,...,V,)s, then, there is D, € F, N (V1,...,V,,); for all but finitely many n. For
those n choose an element x” € V;N D, (fori € {1,...,m}) and let F,, = {x!,...,x,,}. As U, = Dj, € V,, the
result follows.

(2) = (1) Let (D, : n € N) be a sequence of dense subsets of (A, 7}). For each n € N, we put U,, = D,.
By Lemma 1.4, we have that, for each n € IN, U, is a ca(A)-cover of X. Hence, applying (2) to the
sequence (U, : n € IN), there exists V, € [U,]*“, for each n € IN, which witnesses the property in (2). Let
Fun =1{D : D° € V,} and take a nonempty basicset (V, ..., V). So, since B € A and the opensets V1,..., Vy
satisfy BN V; # 0 (for i € {1,...,m}), there exist U, € V, and F, € [X]* such that B C U,, F, N U, = 0
and for each i € {1,...,m}, F, N V; # 0, for every but finitely many n. It can be shown that for those 7,
U € (V1,..., Vi) N Fu. We conclude that (A, 7}) is H-separable. [

From Theorem 4.2, we obtain the following particular cases.

Corollary 4.3. Let (X, 7) be a topological space. If A is any of the hyperspaces CL(X), K(X), F(X) or C5(X), then
(A, T)) is H-separable if and only if X satisfies the property H(Ca(A)).
Corollary 4.4. Let (X, 7) be a topological space. Suppose that A is some of the spaces IK(X), F(X), CS(X), we have:
(a) If A = K(X), then (A, tr) is H-separable if and only if X satisfies the property H(Cyx)(/)).
(b) If A = CL(X), then (A, tv) is H-separable if and only if X satisfies the property H(Ccrxy(A)).

We will denote the property H(Ca(A)) by H(Kr), when A = K(X) and A = CL(X). Also, we will write
H(Cy),if A = A = CL(X) (see [5, Remark 2.21]).

Corollary 4.5. Let (X, 7) be a topological space, we have:
(a) (CL(X), tr) is H-separable if and only if X satisfies the property H(Kg).
(b) (CL(X), tv) is H-separable if and only if X satisfies the property H(Cy).

Note that, in general, the selection principle Usn(D, D) does not makes sense, where D is the family of
dense subsets of a space X. However, it makes sense to consider this principle in hyperspaces A which are
closed under finite unions. In this case we obtain the following characterization.
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Theorem 4.6. Let (X, T) be a topological space and 2 = {A C A : cIxy(A) = A}. The following conditions are
equivalent:

(1) (A, ) satisfies Usin(2, 2);
(2) (X, 1) satisfies Iin(Ca(A), Ca(A)).

Proof. (1) = (2) Let (U, : n € IN) be a sequence of ca(A)-covers of X. We put, for each n € N, A, = U,
From Lemma 1.4, we obtain that, for each n € IN, A, is a dense subset of (A, 7}). Thus, applying (1) to
the sequence (A, : n € IN), we obtain, for any n € IN, B, € [A,]** such that the family {{JB, : n € N}
is a dense subset of (A, 7). Hence, from Lemma 1.4, we have that {(U8,)" : n € N} € Ca(A), that is,
{(NB) : n e N} € CA(A). Since B is a finite subset of U, Iin(Ca(A), Ca(A)) holds.

(2) = (1) Let (D, : n € IN) be a sequence of dense subsets of (A, 7}). For any n € N, let U, = D. It
follows from Lemma 1.4 that, for each n € N, U, is a ca(A)-cover of X. Hence, applying (2) to the sequence
(U, : n € N), for each n € N, there exists V,, € [U,,] such that {(V,, : n € N} is a ca(A)-cover of X. Then,
from Lemma 1.4, we have that {7V}, : n € N} is a dense subset of (A, 7). Therefore, Usin(Z, Z) holds. O

As a consequence of Theorem 4.6, we have the next particular cases.

Corollary 4.7. Let (X, T) be a topological space. If A is any of the hyperspaces CL(X), K(X), F(X) or CS(X), then
(A, Ty) satisfies Usin(2, 2) if and only if X satisfies the principle Lsin(Ca(A), Ca(A)).

Corollary 4.8. Let (X, 7) be a topological space. Suppose that A is some of the spaces K(X), F(X), C5(X), we have:

(a) If A = K(X), then (A, tF) satisfies Usn(2, ) if and only if X satisfies the principle Iﬁn(CIK(X)(A), CIK(X)(A)).
(b) If A = CL(X), then (A, tv) satisfies Usin(2, 2) if and only if X satisfies the principle Iﬁn(C]K(X)(A), C]K(X)(A)),

From [5, Remark 2.21], we obtain the characterizations.

Corollary 4.9. Let (X, 7) be a topological space, we have:

(a) (CL(X), r) satisfies Usin(Z, 2) if and only if X satisfies the property Isn(Kr, Kr).
(b) (CL(X), tv) satisfies Usn(2, 2) if and only if X satisfies the property Isn(Cy, Cy).

Acknowledgement

The authors are very grateful to the referees for careful reading and remarks that helped to improve the

paper.

References

[1] P.Bal, S. Bhowmik, Some new star-selection principles in topology, Filomat 31 (2017), 4041-4050.
[2] A.Bella, M. Bonanzinga, M. Matveev, Variations of selective separability, Topol. Appl. 156 (2009), 1241-1252.
[3] A.Bella, M. Bonanzinga, M. V. Matveev, V. V. Tkachuk, Selective separability: General facts and behavior in countable spaces, Topol.
Proc. 32 (2008), 15-32.
[4] E.Borel, Sur la classification des ensembles de mesure nulle, Bull. Soc. Math. de France. 47 (1919), 97-125.
[5] R.Cruz-Castillo, A. Ramirez-Pdramo, J. F. Tenorio, Menger and Menger-type star selection principles for hit-and-miss topology, Topol.
Appl. 290 (2021), 107574.
[6] R.Cruz-Castillo, A. Ramirez-Pdramo, ]. F. Tenorio, Star and strong star-type versions of Rothberger and Menger principles for
hit-and-miss topology, Topol. Appl. 300 (2021), 107758.
[7] R. Cruz-Castillo, A. Ramirez-Pdramo, J. F. Tenorio, Hurewicz and Hurewicz-type star selection principles for hit-and-miss topology,
Filomat 37 (2023), 1143-1153.
[8] R.Cruz-Castillo, A. Ramirez-Péramo, J. F. Tenorio, Characterizations of weaker forms of the Rothberger and Menger properties
in hyperspaces, Filomat 37:15 (2023), 5053-5063.
[9] P. Daniels, Pixley-Roy spaces over subsets of the reals Topol. Appl. 29 (1988), 93-106.
[10] G. DiMaio, Lj.D.R. Kotinac, E. Meccariello, Selection principles and hyperspaces topologies, Topol. Appl. 153 (2005), 912-923.
[11] J. Diaz-Reyes, A. Ramirez-Paramo, J. F. Tenorio, Rothberger and Rothberger-type star selection principles on hyperspaces, Topol. Appl.
287 (2021), 107448.



R. Cruz-Castillo et al. / Filomat 37:24 (2023), 8237-8245 8245

[12] J. Fell, Hausdorff topology for the closed subsets of a locally compact non-Hausdorff spaces, Proc. Amer. Math. Soc. 13 (1962), 472-476.

[13] E Hausdorff, Grundzuge der Mengenlehre, Leipzig, 1914.

[14] W. Hurewicz, Uber eine Verallgemeinerung des Borelschen Theorems, Math. Z. 24 (1925), 401-421.

[15] D. Kocev, Almost Menger and related spaces, Mat. Vesnik 61 (2009), 173-180.

[16] Lj. D. R. Ko¢inac, On star selection principles theory, Axioms 12, 93 (2023), 1-15.

[17] Lj. D. R. Ko¢inac, Star-Menger and related spaces, Publ. Math. Debrecen 55 (1999), 421-431.

[18] G.Kumar, B. K. Tyagi, Weakly strongly star-Menger spaces, CUBO, A Mathematical Journal 32 (2021), 287-298.

[19] Z.Li, Selection principles of the Fell topology and the Vietoris topology, Topol. Appl. 212 (2016), 90-104.

[20] K.Menger, Einige Uberdeckungssiitze der Punltmengenlehre, Sitzungsberichte Abt. 2a, Mathematik, Astronomie, Physik, Meteorolo-
gie und Mechanik (Wiener Akademie, Wien) 133 (1924), 421-444.

[21] E. Michael, Topologies on spaces of subsets, Trans. Amer. Math. Soc. 71 (1951), 152-182.

[22] B. A. Pansera, Weaker forms of the Menger property, Quaest. Math. 35 (2012), 161-169.

[23] D.Pompeiu, Sur la continuité des fonctions de variables complexes, Ann. Fac. Sci. de Toulouse: Mathématiques, Sér. 2, Tome 7 (1905),
265-315.

[24] F.Rothberger, Eine Verschirfung der Eigenschaft C, Fund. Math. 30 (1938), 50-55.

[25] M. Scheepers, Combinatorics of open covers I: Ramsey theory, Topol. Appl. 69 (1996), 31-62.

[26] M. Scheepers, Combinatorics of open covers, V1. Selectors for sequences of dense sets, Quaest. Math. 22 (1999), 109-130.

[27] Y. K. Song, Remarks on almost Rothberger spaces and weakly Rothberger spaces, Quaest. Math. 38 (2015), 317-325.

[28] L. Vietoris, Bereiche Zweiter Ordnung, Monatshefte fiir Mathematik und Physik 33 (1923), 49-[-62.

[29] L. Zsilinszky, Baire spaces and hyperspace topologies, Proc. Amer. Math. Soc. 124 (1996), 3175-3184.



