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Abstract. Let (X, F, g) be an almost anti-paraHermitian manifold with an almost paracomplex structure
F and a Riemannian metric g and let TX be its tangent bundle with the ciconia metric §. The purpose of
this paper is divided into two folds. The first one is to examine the curvature properties of the tangent
bundle TX with the ciconia metric §. The second one is to study conformal vector fields and almost Ricci
and Yamabe solitons on the tangent bundle TX according to the ciconia metric 4.

1. Introduction

Let us start with a 2k—dimensional Riemannian manifold X with a Riemannian metric g. In mathematical
terms, a paracomplex manifold on a Riemannian manifold is an almost product manifold (Xu, F), F2=id,
such that the two eigenbundles T*X and T~ X linked to the two eigenvalues +1 and —1 of F are of the same
rank. The fact that the Nijenhuis tensor specified by

Nr(A,B) =[FA,FB] - F[FA,B] - F[A,FB] +[A, B]

is zero means that an almost para complex structure is integrable. If an almost paracomplex structure is
integrable, then it becomes a paracomplex structure. In the context of Xy, an anti-paraHermitian metric is
a Riemannian metric satisfying the following expression

g(FA,FB) =g(A,B)
or equivalent to this equation,

g(FA,B) = g(A,FB) (purity condition)

for any vector fields A, B. The manifold Xy equipped with an almost paracomplex structure and an anti-
paraHermitian metric g is called an almost anti-paraHermitian manifold. It is also called anti-paraKdhler if
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the paracomplex structure F is parallel with regard to the Levi-Civita connection V9 (VIF = 0). Recall that
the condition V/F = 0 is equivalent to the paraholomorphicity of the Riemannian metric g, that is, Trg = 0,
where TF is the Tachibana operator applied to the Riemannian metric g [6, 8].

The paper [3] that we will talk about a little later is the most important motivation paper for this
paper. The paper brings to light a new class of invariant metrics on the tangent bundle of any given
almost Hermitian manifold. In here, the metric is called as a ciconia metric by author. Note that this
metric generalises both the Sasaki and the Yano metrics with weights. Each ciconia metric is itself almost
Hermitian. The present study focuses on the case of Riemannian surfaces, for which the equations of
ciconia metrics are obtained. The next development concerns Kéhlerian and pseudo-Kéhlerian ciconia
metrics, which yield new examples of Kihlerian Ricci-flat manifolds in four real dimensions. Inspired by
this paper, we construct a new metric on the tangent bundle over any anti-paraKéhler manifold and study
its geometry. We use the twin metric when defining this metric and call this metric as a ciconia metric.
Because, the metric we are constructing is in the form of the ciconia metric given in [3].

1.1. The ciconia metric on tangent bundle

Let X,, be an n-dimensional Riemannian manifold having a Riemannian metric g and TX its tangent
bundle. This article uses C*-category to explain everything, connected manifolds with dimension of n > 1
are provided in this study. Let m : TX — X, be the natural projection. A system of local coordinates (U, xi)

in X, induces on TX a system of local coordinates (n‘l ), x,x' = ui) ,i=n+i=n+1,..2n Here, (ui) are
the cartesian coordinates in each tangent space TpX of Vp € U. Also, p is an arbitrary point on U

Let the Levi-Civita connection of the Riemannian metric g be represented by V. In the horizontal
distribution determined by V and the vertical distribution defined by ker 7., the local frame is given as
respectively

0 .
ni ﬁ_ sl"f’sﬂ;z—l, N,
and
J
1; ﬁ,l—l’l+1, ,2n,
u

where I denote the Christoffel’s symbols of g. The local frame {Tlﬁ} = (17,-, 17;) is called the adapted frame.

LetA = Ai% € x (X,,) be a vector field. The horizontal and vertical lifts of A are obtained, with respect to
the adapted frame, as follows: [7]

Aniex (Ti_l (U))
A’ﬁ; €X (n_l (U)).

In TX, the local 1-form system (dxi, 6u7) is the dual frame of the adapted frame {nﬁ}, where

Hp

VA

out = H (dxi) =du' + usl“;;sdxh.

Definition 1.1. Let (X, F, g) be an almost anti-paraHermitian manifold with an almost paracomplex structure F
and a Riemannian metric g and let TX be its tangent bundle. The ciconia metric § on the tangent bundle TX is defined
as follows:

Ng("A"B) = V(bg(AB),
i) §(YAMB) = Y(G@,B) = "(g(FA,B)), (1)
i) §("AMB) = V(ag(A,B))

for all vector fields A, B on Xor, where G(A, B) = g(FA, B) is the twin metric and a, b are positive constants.
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From the manifold (X, g) to its tangent bundle TX, various Riemannian or pseudo-Riemannian metrics
have been defined using the natural lifts of the Riemannian metric . When used in this manner, these
metrics are referred to as g-natural metrics. In [1], authors have obtained the family of all Riemannian
g-natural metrics which depends on six arbitrary functions of the norm of a vector u € TX. The Ciconia
metric is also obtained by the lifts of the Riemannian metric and the twin metric in the base manifold. In the
perspective, the ciconia metric is a natural metric. But the ciconia metric is never a subclass of g—natural
metrics given in [1]. Thus, we present a new class for Riemannian geometries. In the adapted frame {Uﬁ}/
the ciconia metric and its inverse are as follows:

. i Giji

(54) :( G bgjﬁ)
and

[ bgk Gk

)= 1)

where @ = a.b — 1 # 0, the twin metric G(A, B) = g(FA, B) is locally expressed as Gj; = gthf?.

Let us start a linear connection V on a Riemannian manifold (X, g). The linear connection V is called a
metric connection if Vg = 0. Otherwise, it is called a non-metric connection. As it is known, if the metric
connection V is a torsion-free connection, then it becomes the Levi-Civita connection of g. We will search
whether the horizontal lift 'V of the Levi-Civita connection of g is a metric connection of the ciconia metric
7 or not. We know that the horizontal lift connection 'V is a linear connection with torsion on TX even if
the connection V on the base manifold is a torsion-free connection [7]. The horizontal lift of any torsion free
connection V to the tangent bundle TX is defined by the following relations:

Hyy,VB =0, 1Yy, HB = 0, )
HYu\VB="(VaB),  HVu,"B="H(V,B) @

for all vector fields A, B on (X, g).

Theorem 1.2. Let (Xu, F, g) be an anti-paraKihler manifold and TX be its tangent bundle with the ciconia metric
. The horizontal lift connection "V of the Levi-Civita connection of g becomes a metric connection with torsion of
the ciconia metric .

Proof. It is known that
(VAH) (Br C) = Ag (Bl C) -g (VABr C) -9 (B/ VAC) .

Using the above formula and (2) we will show that the horizontal lift connection #V of the Levi-Civita
connection of g is a metric connection of the ciconia metric §. For this we have to show that "V = 0. The
following equations are obtained

(). ("Viag)("BHC) = HAG(MBM C) - g("Vua "B C)— "B Vun HO)
HA("(ag(B,C))) = g("(VaB)," C) = g("B (VAC))
V(Aag(B,C)) - V(ag(VaB,C)) - V(ag(B, V4C))
a"[Ag(B,C) - g(VB,C) - (B, VaO)l
a"[(V4g)(B,0)] =0,
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HAG(VBH C) - §("'Vu, YBHC) - 6(VBH Vi, HO)
= HAV(g(FB,C) - §("(VaB)," C) - 4(BH (VA0))
= HAV(g(FB,C)) - V(g(F(VaB),C)) — Y(g(B,FVAC)
= Y(Ag(FB,C)) - Y(g(F(VaB),C)) - V(9(B,FV4C))
= V[Ag(FB,C) — g(F(V4B),C) — g(B,FVAC)]

= V[(Vag)FB,C)] = 0,

(i). ('Visg) (VB C)

(ii)). ("Vuag)(VB,YC) = HAG(B,” C)- §("'Vuy VB," C) - (VB Vu, VC)
= HMAY(bg(B,C) - d("(VaB),” C) - 4(VB,” (VaC))
= V[Abg(B,C) — bg(VaB,C) — bg(B,V aC)]
= "[b(Vag)(B,O)] =0,

(). ("Vap"BFC) = VAg""BMC) - g("Vvy "B C) = §("B," Vv, HO)
= VAGHBHC)= VAV (ag(B,C) =0,

@). *Vvvag)('BHC) = VA§(BMC)-g(*Vv, VBHC)-4(VBH Vv, TC)
VAG("BH C)= YAV(9(FB,C)) =0,

@i). (Vvag)(BYC) = VA§"B,YC)-§("VvyVB,Y C)-5(VBH Vv, V0)
YA V(bg(B,C)) = 0.

Hence, 'V§ = 0. The horizontal lift connection 'V of the Levi-Civita connection V of g becomes a metric
connection with torsion of the ciconia metric §. [

Remark 1.3. Let (Xo, F, g) be an anti-paraKihler manifold and TX be its tangent bundle with the ciconia metric §.
The horizontal lift connection 'V of the Levi-Civita connection of g coincides with the Levi-Civita connection of the
ciconia metric if and only if (Xo, F, g) is a flat manifold.

Now, we will calculate the Levi-Civita connection V of the ciconia metric §. The coefficients of the
Levi-Civita connection can be found with

- 1. 5 5 ~ 1 .
Up = 50% 0 Gep + Mpdre = Nefyp) + 5(Qy5 + QA + Q)
where

Q) = §Gop Qs
h— h— h
Q;f =-Q,7 = AT
Q'=-0"r=1"
ji ij J
anditwillbeusedasy = j;j B=ii a=h e =kk 6 =m;m.
For the Levi-Civita connection V of the ciconia metric §, we give the following proposition.
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Proposition 1.4. Let (Xa, F, g) be an anti-paraKihler manifold and (TX, §) be its tangent bundle with the ciconia
metric. The Levi-Civita connection V of the ciconia metric § on TX is locally given by:

V, b s s 1 s
Vi = (F’]z ~ 5 Ft( Rtst Riis )) m + (—u R+ 2—u R ]’1 _ Eu R]zsh)ﬂﬁ/
IR L r bR s
0l = ﬂu sij M + + Z_u i Nist Mhs
v, bz s b s
V,]]TT]IV = (ﬂu R )nh + ( Fthsih) Nhs
vflﬁﬂ? =0

where R is the Riemannian curvature tensor of g.

1.2. Some curvature properties of the ciconia metric on tangent bundle

The Riemannian curvature tensors are found with

Réyﬁ“ = nbf;/ﬁ nyl"“ +1% 1";}9 F;“gl"gﬁ Qéyrgﬁ

Here it willbe used as y = i;i B =j;j a=kk e=hh 6=m;m. In the following proposition we give
some components of the Riemannian curvature tensor of the ciconia metric which will use the Ricci tensor.

Proposition 1.5. Let (X, F, g) be an anti-paraKihler manifold and (TX, §) be its tangent bundle with the ciconia
metric. Then the corresponding Riemannian curvature tensor R is locally given by:

R,E = Rm+b—uup(7e R+ R AR —R IR R IR

I 4q2 shm” Yipj shm” *jpi shi” “mpj shi” ~jpm
bz h kqp h k
__ P R R.P_R R —2R R
4a wu ( shm” Yijp shi” “mjp 2 phj mzs)

b S
54 F Fl (V Ry + ViR, + VtR]SI)

— b3
ko _ 2 s.op(Et h _ t k
mij N 4a2u u (F RSlh (ZRW’] Rf]ﬁ) F RSU (ZRfPh thp) + RshmRtp])
b k k b s k
_za (2th] Rtji ) 2 wv Rsu
= % b
kK _ = k " o sgh k
Rﬁij - R]lm (Rzrn] + ijz) + u F Vi Rsh]
v? s h h
+mu uP (anu (Zhas + Rhst ) + ﬂmph (ZRisj - Rijs )) ’
o k v k b k h
= — [ P
R,,,Tj - 20( Rjim 402 M u Rszh Rp]m’
—_ - b3
Kk _ k o k 1 h ! h
RoE = F R i + W) (R Ry = Ry R0,
R F = o0
mij

Next, we consider the Ricci and scalar curvature tensors. With the help of Proposition 1.5 and standard
calculations give the following results.
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Proposition 1.6. Let (X, F, g) be an anti-paraKihler manifold and (TX, §) be its tangent bundle with the ciconia
metric. Then the corresponding Ricci curvature tensor is given locally by:

~ a-1 b
Rij = —Rij+ o 6 (FIVRyj = FIViRyj + Fl ViR ")

b m
b (Rs,ﬂ Ry + 2R, R 1)

+4b—2u W (2R, R = Rl Ry + R (2R, = Ry)).

pmj ipj 1jp
~ b, 2
Rfj = EFJ le’ + ﬂu (Vs Ri]' - VI'RSJ')
b3 ™m h
+ia W] (2RonR,, " + 3Ry "R,k = Ry "R,
> b v
Ri} = _Fi ij + —1/[ (Vs Rﬁ - VjRS,')
b ™m h
+ 0w, (2RwR," +3 R "Rk = R R,,01),
— b* .
Rﬂ = 4?1/! u’”Rlsh Rp]m

Proposition 1.7. Let (X, F, g) be an anti-paraKihler manifold and (TX, §) be its tangent bundle with the ciconia
metric. Then the corresponding scalar curvature tensor ¥ is locally given by:

~ b(a- 2) b?(ab* - 2a) hjn
= CK2 40(3 usu”ﬂphmﬂs
b3 n hi
U (RopinR™ + Ry R™),

where 1 is the scalar curvature of g and R,"™ = g g giR .

2. Main results

2.1. Conformal vector field with respect to the ciconia metric

Let L7 be the Lie derivation with respect to the vector field A. A vector field A with components (¢, )

is fibre-preserving if and only if v depend only on the variables (x"). We shall first state following lemma
which are needed later on.

Lemma 2.1. Let (Xx, F, g) be an anti-paraKihler manifold and TX its tangent bundle with the ciconia metric g. The
Lie derivative of the ciconia metric § with respect to the fibre-preserving vector field A is given as follows

Lzg = [angij+2Gih( so"RE+ T "+ o )] dx'dx!

mjs mj
+2 [LVGU — Gy Vo' — Gy (n;vh)
+2b [gh i (n;vﬁ)] ou'du/,

where Lyg;; and LyG;; denote the components of the Lie derivative Ly g and Ly G.

+bgn; (”svasz + T o™ + ;v )] dx'ou!
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Let A be an infinitesimal fibre-preserving conformal transformation on TX such that L7 = 2Q4. From
Lemma 2.1, we have

LvG,‘]‘ - 2QG1‘]‘ = Gith?Jh + G,‘h (17]0%)
—bgy; (usv’”Rmii’ +T ':m.vﬁ + nivﬁ) , 3)
Lygij—2Qg;; = —%Gih (usvamj’; + l“lr“n].vm + njvﬁ), 4)
Qgij = gnj (nﬂﬁ)- (5)

Proposition 2.2. Let (X, F, g) be an anti-paraKihler manifold and TX its tangent bundle with the ciconia metric
g. The scalar function Q) on TX, depends only on the variables (xh> with respect to the induced coordinates (xh, uh) .

Proof. Applying n; to both sides of the equation (5), we have

Inj (W?;Uh) = (1) g5 6)
Interchanging i by k in the equation (6) we get
me () = () s

(1:Q) 915

i (ﬂﬁvﬁ) Inj
and

(mQ) 93 = (1) 9.
Contracting with g7/ in the above equation we get

2k (17Q2) = (172) = (nzQ2) = 0. 7)
This shows that the scalar function Q on TX depends only on the variables (xh) with respect to the induced

coordinates (xh, uh), thus we can think Q) as a function on Xy. Substituting (7) into (6) we have
i (n;.vﬁ) =0= v =l + B, ®)
where ¢! and B" are certain functions which depend only on the variables (xh ) O

Theorem 2.3. Let (Xo, F, g) be an anti-paraKihler manifold and TX its tangent bundle with the ciconia metric g.
The fibre-preserving vector field A is an infinitesimal fibre-preserving conformal vector field on (TX, g) if and only if
the vector field A is defined by

A

o"Ep + ('l + BY)E;
By + VB+y¢

and the following conditions are satisfied

) Q= 5(4),

Zl) LVgij = ZQ%; - %GihV]'Bh,

iii) 0"R ! + V) = 0,

iv) LVG{]’ = ZQG,']' + GithUh + Gihqbl; - bgthiBh,
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where V;B" and V¢! denote the components of the covariant derivative of the vector field B = (Bh) and the
(1,1) —tensor field ¢ = (¢7) on Xok.

Proof. Substituting the equation (8) into the equation (5), we have

h_
gnjb; = Qgij.
Contracting with ¢/ in the above equation, we get

1/
Q:ﬂ(q)i)'

From the equations (8) and (4), we get the following results
aLVg,-]- + ZGihV]'Bm = Zanij,

mph
v ijs

+ V] ;" =0.
Similarly, substituting the equation (8) into the equation (3) we have

ch,']' - ZQGU - Githvh - Gihqb? + bgthth =0.

Conversely, it is easy to see that A=HV4+ VB4 y¢ is an infinitesimal fibre-preserving conformal vector
field on (TX, §) under which of the conditions (i) — (iv). O

2.2. Almost Ricci soliton on the tangent bundle according to the ciconia metric

Let X (k > 1) be a smooth manifold. A Ricci soliton on Xy is a triple (g, V, 1), where g is a pseudo-
Riemannian metric on Xy, Ric is the associated Ricci tensor, V is a vector field and A is a real constant,
satisfying the equation

Ric + %ng = Ag,

where Ly is the Lie derivative with respect to V. The Ricci soliton is said to be either shrinking, steady,
or expanding, according as A is positive, zero, or negative, respectively. The importance of Ricci solitons
comes from the fact that they correspond to self-similar solutions of the Ricci flow [4] and at the same time
they are natural generalizations of Einstein metrics. Recently, Pigola et al. [5] introduced the notion of
almost Ricci soliton. Here, the soliton constant A in Ricci soliton is a smooth function. An almost Ricci
soliton is said to be expanding, steady or shrinking according as A < 0,A = 0 or A > 0, respectively.

An almost Ricci soliton on the tangent bundle TX with the ciconia metric g over an anti-paraKéhler
manifold (Xo, F, g) (k > 1) is defined by

~ 1 - ~—
Ric+ 5Lz = Ag, )
where Ric is the Ricci tensor of g, Ais a vector field on TX and A is a smooth function on TX.

Theorem 2.4. Let (Xy, F,g) (k > 1) be an anti-paraKi hler manifold and TX its tangent bundle with the ciconia
metric g. The (TX,?,A,V )\) is an almost Ricci soliton if and only if the base manifold Xy is flat and the following
conditions are satisfied:

i) A=g¢),

ii) 3Vl + 2F)V;B" = 0,
iii) ¢} = 52F,V;B",

iv) V; (ViB") = 0,
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where a = ab—1, Y A is the vertical lift of a smooth function A to TX defined by VA = Aom, A = o'y, + (usqb’; + Bh) i
is a fibre-preserving vector field on TX, ¢! and B" are the components of a certain (1,1) —tensor field and a certain

contravariant vector field on Xoy, respectively.

Proof. We will show that the existence of the smooth fuction A. If the expression of L7 in Lemma 2.1 is

used in the equation (9), we have

1
Aagij = Eangi]-+Gi;1 (usv ﬂm15+l"h "+ v )
200+ 1 b
3 R+ 55t (FIViR; ~FiViRy)
b h h
+4—Ll “u” (3Rphn]1Rszm 37zphnj smi "t RshlzﬂRpmj Rp]mRshr )
bz h h
+4(X2 wur (Rszlanp]m + ﬂshlanpm] - Rshranp]m ZRpm]Rmh )’
AG;; = LyGjj—GuVi' -Gy (nfvh)
v [
S m S
ol (VSRI-]-—V-RSI-) F Ruj + 31 F{R R,

+bgh]-( s ’”Rm +v’"Fh + 10 )

and
b3
Ag’] ik upRlS;lnR}?jm * Ihj (171 )
Substituting vﬁ = u5¢!' + B into the equation (12), we get
b3
m
/\!71] 4o 2” upsth R pjm + gh]¢
Contraction with g/ into the last equation gives
1 b 1
P gii — &’
2k4 M uy sth p]m 2k¢j'

from which we get

_ 1
B 2kq5f
and

_djp mg h _
g 7zszh Rp]m =0.

From (14), we can write
_l]l]ghl nmRszhan]lm =0
lIRIl
R = 0.

Il
o

So the base manifold is flat.

(10)

(11)

(12)

(13)

(14)

Because of the base manifold is flat, the equations (10), (11) and (12) turn into the following equations

1
Aagi; = EaLV‘% + Gy, (usvam]s + Fh v +1njv )

(15)
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/\G,’j = LVGij - G,‘hV]'Uh - G,‘h (T]]”Uh),

Agij = gij (n")
Substituting o" = u*¢!" + B into the equation (15) we obtain
gLVgij +GyV;B" = Aag;;
and
Vg =0.
Contracting with g/ in the equation (17), we have
A= ]%(av]-vf +FV;B").
If we use (13) into the last equation, we have

2

J_ i j It
qb]. =2Vo/ + EFhV,-B .

Substitution v = u*¢!" + B into the equation (16) gives that

LvGij = GaV 0" = Gt = AGij.

Contracting with G the last equation and using (13), we find
¢ = %v,-vf.

From (19) and (21) we obtain
gvjvf + %F,ivah =0

and
0= FIV;B"

also because of V;¢!" = 0, the following result is obtained
vi(V;B") = 0.

Also, it is easy to see that the equation (18) is verified by means of (20).

8202

(16)

(17)

(18)

(19)

(20)

(21)

Conversely by a routine calculation, the accuracy of the theorem can be easily checked under conditions

the base manifold being flat and (i) — (iv). O

2.3. Almost Yamabe soliton on tangent bundle according to the ciconia metric

On a complete Riemannian manifold (X, g), the Riemannian metric g admits a Yamabe soliton if the

satisfies

%ng =(r-AN)g,
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where A is a scalar constant and V known as soliton vector field is a differentiable vector field and r is the
scalar curvature of (X, g). If A is a smooth function, then the Riemannian metric g admits an almost Yamabe
soliton [2]. Almost Yamabe solitons are the natural generalization of Yamabe solitons. Moreover, we say
that an almost Yamabe soliton is steady, expanding or shrinking if A = 0, A < 0 or A > 0, respectively. It
is obvious that Einstein manifolds are almost Yamabe solitons. On the tangent bundle TX with the ciconia
metric ?f, an almost Yamabe soliton satisfies the following equation:

2 Lyg= (r—jg, (22)
where A and A is a vector field and a smooth function on TX, respectively.

Theorem 2.5. Let (Xo, F,g) (k > 1) be an anti-paraKihler manifold and TX its tangent bundle with the ciconia
metric g. The (TX, ?,A,;\') is an almost Yamabe soliton if and only if

i) A= (@) = (", sl + BY,
ii) "R h+quh—

mis

A =7 - % (Vit" - (PZ - bFiVB"),
where A = o'y + Uﬁrm is a fibre-preserving vector field on TX and A is a smooth function on TX.

Proof. We will show that the existence of the smooth function A on TX. If the expression of Lyg in Lemma
2.1is used in the equation (22), we get

1 S ~
E [angij + ZGih( Rhm]s + Fh Z) + n;v )] = (1’ - X)ngi]', (23)

(17 - ;\') Gij = LVG,‘j - GihV]‘Z)h - Gih (n;vﬁ)

+bayi (u ( ORI 4T 4 ) (24)
Inj (ﬂf”h) = 9ij- @)
Applying 7; to both sides of the equation (25), we get
U (T?;Uh) =0
o= u¢l + B, (26)

where B = (Bh) and A = ((7571 ) are (1,0) and (1,1) — tensor fields on Xy, respectively, and 7 is the scalar
curvature of the ciconia metric §. Substituting the equation (26) into the equation (24), we have
ch,‘]' - Gl‘hV]'Uh - GihAl; + bgh]‘Vth = (77 - ’}I) Gi]' (27)
and
Rmzs + Vi(]b’; =
Contracting with G/ in the equation (27), we have
Vi — ¢t + bFLViB" = (F - 1) 2k,

from which, we get

— 1 ,
A =7 o (Vi — ), — bFViB").
Conversely, by routine calculations, we can check the accuracy of theorem under the conditions (i), (i7)

and (iii) of the theorem. O
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