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Extensions of Fejér type inequalities for GA-convex functions and
related results
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“Department of Basic Sciences, Deanship of Preparatory Year, King Faisal University, Hofuf 31982, Al-Hasa,Saudi Arabia

Abstract. In this paper, new Fejér-type inequalities for GA-convex functions are obtained. Some mappings
related to the Fejér-type inequalities for GA-convex are defined. The properties of these mappings are
explored, and as a result, certain known results are refined.

1. Introduction

For convex functions the following double inequality has great significance in literature and is known
as Hermite-Hadamard’s inequality [20, 21]:

V2

1 Alwr) + A
A(Vl ;’VZ) S f)\(K)dK < M (1)

where A : X — R, 0 # X C R, v1,v2 € X with v; < v, is a convex function. If A is concave, the inequality
holds in the other direction.Dragomir [12] defined the following mappings H, F : [0,1] — R

o= b [ oo (252

and

F(x) = %fvz fvz)\(}m+(l — n)o)dxdo,
(va=v1)" Jn In

for a convex function A : [v1,12] — R and the first inequality in (1) have been refined in [12].

Theorem 1.1. [12] Let A : [vy,v2] — R be a convex function on [v1,v,]. Then

(i) H is convex on [0,1].
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(ii) The following hold:

. _ _ 41tV
Jinf 10 =H©) =1 (452)

1 V2
sup H(») =H(1) = f A (k) dx.
#e[0,1] V2 = V1 Uy,
(ii1) H is monotonically increasing on [0, 1].
Theorem 1.2. [12] Let A : [vy,v2] — R be a convex function on [v1,v,]. Then

(i) IF(% + %) = IF(% - %)forull% € [O,%]
(ii) T is convex convex on [v1,v>].
(iii) The following hold:

sup F(x) =F(1)=F(@0) = vziv fvz/\(K)dK

#el0,1]

1 Ju
1%) 1%
inf IF (%) = IF(l) = %f f A(Kw)d"d“‘
#el0,1] 2 (1/2 — Vl) v 1 2
(iv) The inequality
v1+ Vo 1)
MH52) <R (3

holds.
(v) T is increasing monotonically on [%, 1].

(vi) F is decreasing monotonically on [O, %] .
(vii) We have the inequality H (») < IF () for all x € [0, 1].

8042

Yang and Hong [45] improved the relationship between the middle and rightmost terms in (1) by

constructing the following mapping IP : [0,1] — R

P09= s [, M) () A ((2)

for a convex function A : [v1,1»] = R.

Theorem 1.3. [45] Let A : [vy,v2] — R be a convex function on [v1,v,]. Then

(i) P is convex on [0, 1].
(ii) IP increases monotonically on [0, 1].
(iii) The following hold

V2
inf P(x) =P (0) = ! f A (k) dx
n€[0,1] Vo —vi

and

sup P(x)=1P(1) = w
#el0,1]

1-—xn

2

s
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As a weighted generalization of (1), Fejér [19] established the following double inequality:

Let A : X — R, 0% X CR, v, € X with v; < v, be a convex function and C : [v1,v2] = R is
non-negative integrable symmetric about x = X322

(&ag f Ry < - f Az < X220 [ @

These inequalities have many extensions and generalizations, see [14]-[22] and [23]-[43].
Teseng et al. [40] refined inequalities (2) by defining the following mappings on [0, 1]:

V2

I(x) = %I[A(%K-;vl +(1—1«t)1%)+)\(x1<+v2

V1

+(1-20 2 222)| co,

V2

o035 1 ) a2 0 2

V1

f[A(%V1+(1—%)KEV1)+/\(%V1;V2+(1—%)K+V2)]C()

22| co

+1f[)\(%u+(1_%)1<2v)+/\(%V2+(1 )=

and

V2

NG = %f[/\(%m%-(l—%)

Vi

K+ 1

)+A(%v2+(1 % X )]c( )k,

for a convex function A : [v1,v2] — R a and non-negative integrable symmetric function C : [v1,v2] = R
about k = 422,
By applying the result given below:

Lemma 1.4. [40] Let A : [v1,v2] = R be a convex function and let vi < 01 < k1 < K2 < 02 < Vo with
K1 + Ky = 01 + 02. Then

A1) + A (k) < A(o1) + A(02).

Teseng et al. obtained the following important refinement inequalities.

Vitvo
2

Theorem 1.5. [40] For a non-negative integrable symmetric function C : [v1,v2] — R about x = and a convex

function A : [vi,v2] = R, the mapping 1 is convex, increasing on [0, 1] and the Fejér-type inequalities

V2

A(”zﬁ)fqu ~10) <160 <1 = [ [ (“55) + 4 (52 ctote

V1

hold for all »x € [0,1]
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Theorem 1.6. [40] The mapping || is convex, increasing on [0, 1] and the Fejér-type inequalities

A(SV%);A(%) (e =10 <360 <30 - %f[A(w;K)”(K;VZ)]C(KW

hold for all »x € [0, 1], where A : [v1,v2] — Ris convex and C : [v1,v2] — R is non-negative integrable symmetric
about x = 12,
2

Theorem 1.7. [40] Let A : [v1,v2] = Rand C: [v1,v2] — R be defined as in Theorem 1.5, then 1 () < J (%) for all
[0,1].

Theorem 1.8. [40] The mapping M is convex, increasing on [0, 1] and the Fejér-type inequalities

%f[A(V1;K)+/\(K-;v2)] ((x)dx =M (0) < M (%) <M(1) = %f[A(Vl ;V2)+ A(Vl);A(VZ)]C(K)dK.

hold for all » € [0,1] for a convex function A : [v1,v2] — R and a non-negative integrable symmetric mapping
C: [v1,v2] = Rabout x = 232,

Theorem 1.9. [40] The mapping IN is convex, increasing on [0, 1] and the Fejér-type inequalities

V2

lf[)\(vl+K)+A(K+V2)]C(K)dK=JN(0)S]N(%)S]N(l)ﬁ Mfc@c)dk.

2 2 2

V1

hold for all »x € [0,1], where A : [v1,v2] = R is a convex function and C : [vi,v,] — R is non-negative integrable
symmetric about x = "2,

Theorem 1.10. [40] Let A : [v1,v2] — Rand C: [v1,v2] = R be defined as in Theorem 1.5, then M (%) < IN ()
forall x €[0,1].

One of the generalizations of the convex functions is GA-convex functions:

Definition 1.11. [24] Let X C (0, 00) as an interval. A function A : X — R is considered to be GA-convex (concave),

if
A (Kl—%a%) <) 1= %) AK) + %A (0) 3)

forall x,0 € Xand » € [0,1].
Since the condition (3) can be written as

Aoexp((1—=x»)Ink +xIno) < (2)(1-x)Aoexp(Ink) + xA oexp(Ino),

then we observe that A : X — R is GA-convex (concave) on X if and only if A o exp is convex (concave) on
InX = {Inx : x € X}. We note that if X = [v1,v2], then In X = [Invy, Inv,].

Remark 1.12. If function g : [Invy,Invy] is convex (concave) on [Invy, Invy], then A : [v1,v2] € (0,00) = R,
A (%) = g(Inx) is GA-convex (concave) on [v1,V2].

Using GA-convexity, the Hermite-Hadamard type were obtained by Iscan in the following result.

Theorem 1.13. [24]Let A : X C (0, 00) — R bea GA-convex function and v, v, € Xwithvy <vy. If A € L([vq,v2])
then the following inequalities hold:

/\( ’_Vﬂ/z) 1 fvl /\(K)dK < A (v1) +/\(V2)‘ @)

<
Inv, —=Invi J,, « 2
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Let A : [v1,12] € (0,00) = R be a GA-convex mapping and let S, U, V : [0,1] — R be defined by

SG0=—+ f VZ—/\( (W)l_%)dK, 5)

Invy, —In1y
1% 1
Ux)=— f f 10" ) dicdo (6)
(lnvz—lnvl) v
and
v 1 Vzl 1 i gy, A Lix d 7
- - - 2 7 2 e
(9 2(1nv2—lnv1)L K[ (VZ * )+ ( )] * @)

The following refinement inequalities for (4) mappings were obtained by the author:

Theorem 1.14. [26] Let A : [v1,v2] € (0, 00) — R be a GA-convex function on [vq,v2]. Then

(i) Sis GA-convex on [0, 1].
(ii) The following hold:

%g[gus (%) =50)=A ( \/_vm)

sup S () = S (1) = — f FA

%e[01] Inv, —Inwy K

(ii1) S monotonically increasing on [0, 1].
Theorem 1.15. [26] Let A : [v1,v2] € (0, 00) — R be a GA-convex function on [vq,v2]. Then
(i) The identity

1 1 1
U(% + E) = U(E - %) holds for all » € [O, E]'
(ii) U is GA-convex on [v1,v2].
(iii) The identities

inf U(x) = (1) f f KU deG
#€[0,1] 2 (Inv, —lnvl)
and
1%)
sup U(x) =U(0) = U(1) = 11 f AW g
%e[0,1] nvy K
hold.
(iv) The inequality
1
AVro) < U (E)
is valid.

(v) U is monotonically increasing on [%, 1] and monotonically decreasing on [0, %]
(vi) S(x) <U () forall »x € [0,1].

Theorem 1.16. [26] Let A : [v1,v2] € (0, 00) = R be a GA-convex function on [vq,v2]. Then
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(1) V is GA-convex on [v1,v2].
(ii) The equalities

. _ _ 1 A ()
Y 00 =V 0= Inv; —Inwy fvl o
and
sup V() =V(1) = M
«el0,1]
hold.

(iii) 'V is monotonically increasing on [0, 1].
Geometrically symmetric functions are defined in the definition below.

Definition 1.17. [27] A function C : [v1,v2] € (0, 00) — R is geometrically symmetric with respect to \fviv, if
128%
C (i) = C(ﬁ)
K

holds for all x € [v1,v,].

Fejér type inequalities using GA-convexity and the notion of geometrical symmetricity were proven by
the author in [27].

Theorem 1.18. [27] If A € L([vy,v2]) and C : [vy,v2] — R is non-negative, integrable geometrically symmetric
with respect to \v1Vvy, then

() [ W [ 2O A0 [0, 0

V2

where A : X C (0, 00) — R is a GA-convex function for v1,v, € X with vy < vs.

Inspired by the research in [14, 26, 40, 45], we establish some novel mappings in relation to (8) and show
new Féjer type inequalities that offer refinement inequalities.

2. Main Results
We start this section by stating the Jensen’s inequality for GA-convex and convex functions.

Theorem 2.1. [10, 11] Let A : X C (0, 00) = R be a GA-convex function and [v1,v2] € X°. If C(%) = 0 a.e. on
[v1, val with [[* C(x)dx > 0, then

fVTZC(x)ln%d%
P [Fceodx |

f A (%) T (%) dx
7o dx

> Aoex

Let us now define some mappings on [0, 1] related to (8) and prove some refinement inequalities.

V2

Ti(x) = %f[)\ (K%V; W) + A (K%VI% W)] %dm

V1

X
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V2

=3 oo 2| L,

X

11\/[1(%)=% [A(VFK%) (2 17 C(K)dK-f-— f [/\ vivf +/\( X %)]C(K)dx

1 V1V2

and

V2

=L [ )|

V1

where A : [v1,12] € (0,00) = Ris a GA-convex function and C : [v1,v2] — R is non-negative integrable and
symmetric about x = \v1v,.

Lemma 2.2. Let A : [v1,v2] = R be a GA-convex function and let v1 < 01 < k1 < kp < 07 < Vo with K1k = 0107.
Then

A1) + A (k) < A(o1) + A(02).

Proof. For 01 = 0, the result is obvious. We observe that

Inop—Iniy Inxy-Inoy

K1 = (Gl)l.nuz—lnal (oz)lnaz—lnol
and
Ingp-Inky Inky-Inoy

K2 = (1) P (02) M

are in the interval [v1,v»], and k1%, = 010>.
By applying the GA-convexity, we obtain

1 -1 1 -1 1 -1 1 -1
A1) + A (1) < (M))\(ol) " (M)/\ (02) + (M)/\ (01) + (M)A(oz)
Ino, —Ino; Ino, —Ino; Ino, —Ino; Ino, —Ino;
=A(o1) + A(02).
O

Theorem 2.3. Let A, C, I be defined as above. Then 11y is GA-convex, increasing on [0, 1] and Fejér-type inequalities

A(vim) [ %% e <60 < B @y =2 [T (Vi) + A (vis)] S ©)
I 2 v K

hold for all » € [0,1].
Proof. The mapping I; : [0,1] — R is GA-convex if and only of the mapping I; : [0,1] — R defined by

Invq

I (%) = %f[goexp(%ln(\/g)+ln<m))

Invy

+g o exp (}t ln( \/VE) + ln( \/vlvz))} Coexp (x)dx
1



M. A. Latif / Filomat 37:24 (2023), 8041-8055 8048

is convex for a convex mapping g : [Invy, Inv,] — R. Let 21, %, € [0,1], @, p € [0,1] witha + =1, then

Invy
L (a + 2B) = %f |g o exp ((}tla + %2P) ln(\/g) +(a+p) ln(m))

In V2

+g o exp ((%wz + %2P) ln( \/E) +(a+p) ln(m))] Coexp (k) dx
Inwy

:%mf[goexp(a(m(\/g)ﬂn(m))w(%zm(\/g)ﬂn(m)))

[x
+goexp(a(%1ln( V—)+ln vlvz)
+ﬁ(%21n(‘/§)+ln 1/11/ )]Coexp(K)dK
1

anl
1 [
Saif[goexp(mln( +1n V1V )

Invy

+goexp(%11n(\/7)+ln vlvz)]Coexp(K
Inwy
+ﬁlf[goexp(kzln(\/7)+ln V1V2)
2 2

Inv,

+g o exp (%2 ln( \/E) + ln( \/V1V2))} Coexp (k) dx = aly (1) + L (%2) .

<|?§

<|X

This proves the GA-convexity of I; : [0,1] — R.
Using integration techniques and under the assumptions on (, the following identity holds on [0, 1]:

MRS 2
Ii(x) = f [)\ (K“ (1/11/2)1_7%) +A (K_% (1/11/2)“7%)] C (K—) dx. (10)

V1
Vi

Let 21, %, € [0, 1] with 2#; < #,. Choosing
1-x9
K1 =K (v2) 2
T+xy
K =K 2 (v1v2) T
o1 =Kk (Vlvz)T

and

1+x1
0y = K (V1) 2

We observe that

1 e 1o Lok
(KV‘Z (r1v2) 2 )(K’“Z (r1v2) 2 )=(K’“ (r1v) 2 )( (i) T )—vm.
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Applying Lemma 2.2 to get the following inequality holds for all x € [vl, \/vlvz]:

A (K"l (vlvz)%) +A (K_}‘l (vlvz)l%) <A (KKZ (vlvz)%) +A (K”‘Z (1/11/2)]?2 )

Multiplying the inequality (10) by C(%), integrating both sides over x on [vl, \/vlvz] and using identity
(10), we derive II; (%1) < I; (%2). Thus II; is increasing on [0, 1] and then the inequality (9) holds. O

Remark 2.4. Let (k) = —L—, x € [v1,v2] in Theorem 2.3. Then T; (%) = S(x), » € [0,1] and the inequality

Invy—Invy”/

(9) reduces to the inequality

A(V72) =S(0) <860 <5 (1) = —— f A0

Invy —Invy J,,

where S is defined by (5).
Theorem 2.5. Let A, C, ] be defined as above. Then J; is GA-convex, increasing on [0, 1] and Fejér-type inequalities
3 1 1 3
/\(vlivg)+/\(va21) " v
SO _1 (= C(x)
5 S de=JiO) <N ) <h() =5 f [A (VoK) + A (Vi) —=dx (11)

hold for all »x € [0,1]

Proof. The GA-convexity of J; on [0, 1] can be proved similarly as in proving the GA-convexity of II; on [0, 1].
The following identity holds on [0, 1]:

3

]Il(%)=fl

Let 21, %7 € [0, 1] with 2#; < ;. Choosing

N

K

2
30=x)  1=x 3(1+2) 14k 1-3x  3-x 3u+l 43 C
_ _ 1
[)\ (K“vl vyt )+/\(K vt vt ) +A (K“v14 vt )+/\(K vt vt )] TdK. (12)

3(1-%p)  1-%

— A2 i 1
K1 =K Vl V2 ’
3(1+x9) 142y

K=Kkt vt
3(1-x1)  1-x4
or=x"v, v’
and
3(14x1)  l4xq
oy =Kk, vt

Application of Lemma 2.2 leads to the following inequality:

“ 3(1;;41) 1-;1 o 3(1:;41) 1+:1 o 3(1;)42) 17:2 0 3(1;»12) H%
Ay, v + A [y % < Ak v, + ATy v, (13)

2 2

3 1
forall x € [vl,vag].

In a similar way, with the choices

134 3-xp
K =12y vt

3xp+1 ;(274-3
K=Kk v,

1-3%1  3-xg
o1 =k, v
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and

3x9+1 %1 +3

4 1
Vl V2

oy =k

for »1, %, € [0,1], where »#; < %, and using Lemma 2.2, we obtain

1-3%1  3-x4 3%+l xq+3 1-8%9  3-x5 3xp+1  up+3
/\(K%lvl 4 Vz 4 )+ A(K*J'tlvl 4 vz 4 ) S A(K}Qvl 4 vz 4 )+ A (K*%Zvl 4 V2 4 ), (14)

31
where for all x € [vl,vi‘ v, ]

£2)

%2

Adding (13) and (14), multiplying both sides by P

J1 (1) < J1 (x2) for #1, x5 € [0,1], where 21 < x,. It is proved that JJ; is increasing on [0, 1] and hence the
inequality (11) is proved because of the fact that J; (0) < J; (%) <J:(1). O

3 1
and then integrating over [vl,v4v4] we get that

A comparison between I; and JJ; is given in the theorem below:

Theorem 2.6. Let A, C, Iy, J; be defined as above. Then I; (%) < T () on [0, 1].

Proof. We observe that the following identities hold for all % € [0,1] and k € [vl, \/vlvz]:

W 3(1-%)  1-x 3x+l  x+3 C(%)
J1 () =f [)\ (K%Vl foyt )+)\(1<"4v14 v, )] " dx (15)
V1
and
Vv N ,
1—x Lix K
I = I = Afx* 2 Al 2 — |dx. 16
o= [mea= [ [0 ®) e Al o )] S)ax (16)
A% V1
Let
K = K" (V1V2)1_T% ’
Ko = K (o) E,
RE
o1 = 1<"v1 fyt
and
3xu+l 43
0y = K‘“vl f,t

forall x € [0,1] and k € [vl, \/1/11/2]. Then
K1Kp = 0102 = V1V3.

Lemma 2.2 leads to the inequality

3(1-%)  1-x

/\(K“ (vlvz)%) + )\(K‘“ (vwz)l%) < /\(K%Vl Tyt )+ )\(K_%VTVT)

2

forall x € [0,1] and k € [vl, \/1/11/2].

s
Multiplying both sides by Q and then integrating over [1/1, \/vlvz], we get that II; (%) < J1 (%) for » €
[0,1]. O
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The following result demonstrates how the function attributes of IM; are incorporated:

Theorem 2.7. Let A, C,M; be defined as above. Then M is GA-convex, increasing on [0,1] , and for all » € [0,1],
we have the following Fejér-type inequality

3 [ () (vem) S = w0

A(v1) +/\(V2)] " C(K)dx.

> " (17)

1
<M; (%) <M; (1) = E [/\ ( \/Vﬂ/z) +
1
Proof. We can prove the GA-convexity of M; on [0, 1] by following the same method as that of proving the
GA-convexity of I; on [0, 1] in Theorem 2.3.
The identity

N}
N

V.

3y 1 _1
M () = f [/\ (Kl_“v?) +A (K_(l_”)vlz kvzz) +A (Kl‘”v;‘ 2y

V1

V.

N Toim

holds for all x € [0,1] and k € [vl,vlgvzi].

According to Lemma 2.2, the following inequalities are valid for all 1, %, € [0,1] with %1 < X, and

3 1
K € [vl,v4v4]:

172
3_ 1 3_ 1
/\(Kl_’“vi‘l) + A(K_(l_’“)vlz %11/22) < /\(Kl_xzvi‘z) + )\(Kl_"zvlz kzvzz) (18)
T-x1, %1—3 3 —(1=1), 1-%1 1=, %23 3 —(1-32), 1=
Al 2vg f+ Ak vy ) S ATV g 4+ A (ke v (19)

since

and

)

K

Adding (18) and (19) and multiplying both sides of the resulting inequality by and then integrating

31
over vl,vi*v;], we get that M (3¢1) < M (%) for #1, %, € [0, 1] with 2 < %,. Hence M; is increasing on
[0, 1] and thus the inequalities (17) follow. [

The properties of the mapping IN; are presented in the given result:

Theorem 2.8. Let A, C,IN1 be defined as above. Then IN; is GA-convex, increasing on [0,1] , and for all x € [0,1],
then Fejér-type inequalities

¢ (x)

K

M) +A@) (00,
K

dK=N1(O)SN1(%)SN1(1)= >

3 [ IR 4 (v )

V1

holds.
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Proof. We can prove the GA-convexity of IN; on [0, 1] by following the same method as that of proving the
GA-convexity of I; on [0, 1] in Theorem 2.3.
The identity

V2 C(KZ)
Ni(0) = f [A (=) 4 A (v 070) ] 222

V1

holds for all x € [0,1] and k € [vl, \/vlvz].
As an application of Lemma 2.2, the following inequality holds:

A(VmKl x1)+)\( -1, —(1—%1)) < )\( o 1= %2)+/\< 1= 2K—(1—%2)) (21)

for all 1, x5 € [0,1] with x4 < xy and x € [1/1, \/vlvz]
since

(v’l‘lkl‘”l) (v}_“l sz_(l_"‘)) (v 241 ”2) (vi‘“zvzx‘(l"‘z)) = V1.

(=
Multiplying both sides of (21) by —= ( ) and then integrating over [vl, \/V1V2], we get that IN7 (1) <INy (2)
for x1, x5 € [0, 1] with »71 < 5. Hence IN; is increasing on [0, 1] and thus the inequalities (20) are proved. [

Remark 2.9. Let C(x) = YT
(9) reduces to the inequality

K € [vy,v2] in Theorem 2.3. Then N7 (%) = V (%), » € [0, 1] and the inequality

A(v1) + A (v2)
—

! fVZA(K) —VO) <V <V()=
K

Invy, —In1y
where S is defined by (7).
Theorem 2.10. Let A, C, My, Ny be defined as above. Then M (%) < INj () on [0, 1].

Proof. The identities:

1k i1 (e
Ny () = f [A(vgfxl—“)m(vwzz K_(l_%)) Y e ) /\( : ;“‘KH)] de. 22)

and
M, () = f [/\( 1= ”)+)\( V3 ‘(1"‘))+)\( -1 Z%Kl_%)+/\(v%_%v21<_(l_%))] @dk 23)

hold for all x € [0,1] and x € [V1,Vf vé]
Let

K1 = vfkl %,

%3 —(1-x
12 zK( ),

o] = vfkl #

Ky =V
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and

3= 1-x
2 2

O =V V2

—(1=39)
1 K

forall x € [0,1] and x € [vl,vl%vzi]. Then

3
K1K2 = 0102 = V] V2.

Lemma 2.2 gives the inequality:

3_ 1 3=x  1=x
A (vi"xl"‘) +A (1/12 %sz K_(l_%)) <A (vi‘Kl_}‘) +A (v12 v’ K‘(l_")) (24)

forall x € [0,1] and « € [vl,vlgvzi].

Similarly with the choices

-1 1 4
K1 =V 21/221{1 ,
Ky = vi_“v K1)
o1 = v%f”v K170
and
R
— 2 2 —-XU
02 V1 V2 K

and using Lemma 2.2, we get

11 _lx 1
A (v% v, Kl_") +A (V%_kVZK_(l_%)) <A (V%_KV2K_(1_%)) +A (v v, K ) (25)

1
45)

K

Adding (24) and (25) and multiplying both sides of the resulting inequality by and then integrating

over [1/1,1/1%1/2i ], we get that M (%) <INy (%) for x € [0,1]. O
Theorems 2.5-2.10 naturally lead to the following Fejér-type inequalities.

Corollary 2.11. Let A, C be defined as above. Then we have

v, )\(1/1%1/2%)+/\(v1%v2‘§‘)
A ( \/Vﬂ/z) C f{K) dx < >

V1 V1

[A(W) LA er A(Vz)] Cch)dK < A0 ; A(a) [ Cff)dk. (26)

1 V1

T, o %f A (virw) + 4 (vies)] S

K

<

1
2

Corollary 2.12. Let C(x) = —L—, x € [v1,v2] in Corollary 2.11. Then the inequality (26) reduces to

Invy—Invy/

=
N i

A(Vim) < =2 ”)S%( ! )f”%[;\(m)m(m)]dk

Invo —Invi/ J,

< %[/\(W)+ /\(Vl)';‘/\(vz)]S /\(Vl)';/\(Vﬁ'

A(V%vé) + /\(v

(27)
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3. Conclusions

The topic of mathematical inequalities has been an emerging topic since the last century and considerable

research has been conducted by a number of mathematicians. Towards the development of this topic, a
number of researchers have tried to generalized the concept of convex sets and convex functions. One of
the generalizations of convex functions is GA-convex functions. The research in this paper discusses some
new Fejér-type inequalities for GA-convex functions. In this study, we considered some mappings related
to the Fejér-type inequalities for GA-convex and discussed properties of these mappings. As a result of
discussions of the properties, we get refinements of some known results. The research of this paper could
be a source of inspiration for young researchers to explore the topic of generalization of convex functions
especially related to GA-convex functions and to prove new Hermite-Hadamard and Fejér-type inequalities
for GA-convex functions.

References

(1]

[2]
3]

[4]
5

[6]
[7]
(8]

[9

[10]
[11]
[12]
[13]

[14]
[15]

[16]
[17]

[18]
[19]
[20]

[21]
[22]
[23]

[24]
[25]
[26]
[27]

[28]
[29]

M.A. Ardic, A.O. Akdemir, E. Set, New Ostrowski like inequalities for GG-convex and GA-convex functions Math. Ineq. Appl. 19 (2016),
1159-1168.

M.A. Ardic, A.O. Akdemir, K. Yildiz, On some new inequalities via GG-convexity and GA-convexity, Filomat 32 (2018), 5707-5717.
H. Budak, On Fejér Type Inequalities for Convex Mappings Utilizing Fractional Integrals of a Function with Respect to Another Function,
Results in Mathematics 74 (2019), Article number: 29.

H. Budak, M. Z. Sarikya, On refinements of Hermite-Hadamard type inequalities with generalized fractional integral operators, Fractional
Differential Calculus 11 (1) (2021), 121-132. https://doi.org/10.7153/fdc-2021-11-08.

H. Budak, On refinements of Hermite-Hadamard type inequalities for Riemann-Liouville fractional integral operators, An International
Journal of Optimization and Control: Theories & Applications 9 (1)(2019), 41-48. http://doi.org/10.11121/ijocta.01.2019.00585.

H. Budak, H. Kara, M. Z. Sarikaya, M. E. Kiris, New extensions of the Hermite-Hadamard inequalities involving Riemann-Liouville
fractional integrals, Miskolc Mathematical Notes 21 (2) (2020), 665-678.

H. Budak, E. Pehlivan, P. Kosem, On new extensions of Hermite-Hadamard inequalities for generalized fractional integrals, Sahand
Communications in Mathematical Analysis (SCMA) 18 (1) (2021), 73-88.

J. Bari¢, Lj, Kvesi¢, ]. Pe¢ari¢, M. R. Penava, Fejér type inequalities for higher order convex functions and quadrature formulae, Aequationes
mathematicae 96 (2022), 417-430.

E. Chen, Extensions of the Hermite-Hadamard inequality for convex functions via fractional integrals, J. Math. Inequal. 10 (1) (2016),
75-81

S. S. Dragomir, Iequalities of Hermite-Hadamard type for GA-convex functions, Ann. Math. Silesianae 32 (2018), 145-168

S. S. Dragomir, Inequalities of Jensen type for GA-convex functions, RGMIA Res. Rep. Collect. 18 (2015), 1-26.

S. S. Dragomir, Two mappings in connection to Hadamardis inequalities, ]. Math. Anal. Appl. 167(1992), 49-56.

S.S. Dragomir, M. A. Latif, E. Momoniat, Fejér type integral inequalities related with geometrically-arithmetically convex functions with
applications, Acta Comment. Univ. Tartu. Math. 23 (2019), 51-64.

S. S. Dragomir, Some new inequalities of Hermite-Hadamard type for GA-convex functions, Ann. Univ. Mariae-Curie-Sklodowska
Lublin-Pol. LXXII (2018), 55-68.

S.S. Dragomir, D. S. Milosevic, J. Sandor, On some refinements of Hadamard’s inequalities and applications, Univ. Belgrad. Publ. Elek.
Fak. Sci. Math. 4 (1993), 3-10.

S. S. Dragomir, On Hadamard’s inequality for convex functions, Mat. Balk. 6 (1992), 215-222.

S. S. Dragomir, On Hadamard’s inequality for the convex mappings defined on a ball in the space and applications, Math. Ineq. Appl. 3
(2000), 177-187.

S. S. Dragomir, On some integral inequalities for convex functions, Zb.-Rad. (Kragujev.) 18 (1996), 21-25.

L. Fejér, Uber die Fourierreihen, I1, Math. Naturwiss, Anz Ungar. Akad. Wiss. 24 (1906), 369-390. (In Hungarian)

J. Hadamard, Etude sur les propriétés des fonctions entieres en particulier d’une function considérée par Riemann, J. Math. Pures and
Appl. 58 (1983), 171-215.

Ch. Hermite, Sur deux limites d’une integrale de’nie, Mathesis 3 (1883), 82.

M. -1. Ho, Fejér inequalities for Wright-convex functions. JIPAM. |. Inequal. Pure Appl. Math. 2007, 8 (1), article 9.

D. Y. Hwang, K. L. Tseng, G. S. Yang, Some Hadamard’s inequalities for co-ordinated convex functions in a rectangle from the plane,
Taiwanese J. Math. 11 (1) (2007), 63-73.

L. Iscan, Hermite-Hadamard type inequalities for GA-s-convex functions, Le.Matematiche 2014, 19, 129-146.

M. Kunt, 1. Iscan, Fractional Hermite-Hadamard-Fejér type inequalities for GA-convex functions, Turk. J. Ineq. 2 (2018), 1-20.

M. A. Latif, H. Kalsoom, Z.A. Khan, A. A. Al-moneef, Refinement mappings related to Hermite-Hadamard type inequalities for
GA-convex sunction, Mathematics 10 (2022), 1398. https://doi.org/10.3390/math10091398.

M. A. Latif, S. S. Dragomir, E. Momoniat, Some Fejér type integral inequalities for geometrically-arithmetically-convex functions with
applications, Filomat 32 (2018), 2193-2206.

M. A. Latif, New Hermite-Hadamard type integral inequalities for GA-convex functions with applications, Analysis 34 (2014), 379-389.
M. A. Latif, S. S. Dragomir, E. Momoniat, Some estimates on the Hermite-Hadamard inequality through geometrically quasi-convex
functions, Miskolc Math. Notes 18 (2017), 933-946. https://doi.org/10.18514/MMN.2017.1819



[30]
[31]
[32]
[33]
[34]
[35]
[36]
[37]
[38]
[39]
[40]
[41]
[42]
[43]
[44]

[45]
[46]

[47]

M. A. Latif / Filomat 37:24 (2023), 8041-8055 8055

M. A. Latif, Hermite-Hadamard type inequalities for GA-convex functions on the co-ordinates with applications, Proceedings of the
Pakistan Academy of Sciences 52 (2015), 367-379.

M. A. Latif, Weighted Hermite-Hadamard type inequalities for differentiable GA-convex and geometrically quasi-convex mappings, Math-
ematics 2023, 11, 392. https://doi.org/10.3390/math11020392

M. A. Latif, Some Companions of Fejér type Inequalities Using GA-Convex Functions, Rocky Mountain J. Math. 51 (2022), 1899-1908.
C. P. Niculescu, Convexity according to the geometric mean, Math. Inequal. Appl. 3 (2000), 155-167.

M. A. Noor, A. L. Noor, M. U. Awan, Some inequalities for geometrically-arithmetically h-convex functions, Creat. Math. Inform. 23
(2014), 91-98.

S. O. Obeidat, M. A. Latif, Weighted version of Hermite-Hadamard type inequalities for geometrically quasi-convex functions and their
applications, ]. Inequal Appl. 2018 (2018), 307.

E. Qi, B.-Y. Xi, Some Hermite-Hadamard type inequalities for geometrically quasi-convex functions, Proc. Indian Acad. Sci. Math. Sci.
124 (2014), 333-342.

K.-L. Tseng, S. R. Hwang, S. S. Dragomir, On some new inequalities of Hermite-Hadamard- Fejér type involving convex functions,
Demonstr. Math. XL (2007), 51-64.

K.-L. Tseng, S. R. Hwang, S. S. Dragomir, Some companions of Fejér’s inequality for convex functions, RACSAM 109 (2015), 645-656.
K.-L. Tseng, S. R. Hwang, S. S. Dragomir, Fejér-type Inequalities (1I), Math. Slovaca 67 (2017), 109-120.

K.-L. Tseng, S. R. Hwang, S. S. Dragomir, Fejér-Type Inequalities (I), J. Inequal. Appl. 2010 (2010), 531976.

R. Xiang, Refinements of Hermite-Hadamard type inequalities for convex functions via fractional integrals, J. Appl. Math. Inform. 33
(2015), 119-125. http://dx.doi.org/10.14317/jami.2015.119.

G.S. Yang, K. L. Tseng, Inequalities of Hadamard's type for Lipschitzian mappings, ]. Math. Anal. Appl. 260 (2001), 230-238.

G.S. Yang, K. L. Tseng, On certain multiple integral inequalities related to Hermite-Hadamard inequalities, Util. Math. 62 (2002), 131-142.
G.S. Yang, K. L. Tseng, Inequalities of Hermite-Hadamard-Fejér type for convex functions and Lipschitzian functions, Taiwan. J. Math. 7
(2003), 433-440.

G.S. Yang, M. C. Hong, A note on Hadamard'’s inequality, Tamkang. J. Math. 28 (1) (1997), 33-37.

X.-M. Zhang, Y. -M. Chu, X. -H. Zhang, The Hermite-Hadamard type inequality of GA-convex functions and its application, J. Inequal.
Appl. 2010 (2010), 507560.

X.-X. You, M. A. Ali, H. Budak, Extensions of Hermite-Hadamard inequalities for harmonically convex functions via generalized fractional
integrals, J. Inequal. Appl. 2021, 102 (2021). https://doi.org/10.1186/s13660-021-02638-3



