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p-Dirac systems
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Abstract. In this study, we introduce a g-Dirac system. Some spectral properties of this system are studied
in detail.

1. Introduction

Nowadays, quantum calculus plays an important role in many areas of mathematics such as the calculus
of variations, quantum mechanics, economical problems with a dynamic nature, orthogonal polynomials,
and the theory of scale relativity ([8]). In 2015, Hamza et al. ([11]) defined the general quantum difference
operator Dg by the formula

z(B(x) —z(x)

DﬁZ (x) = ﬁ(x)——x (1)

This operator generalizes two important operators. If we take f(x) = gx, then we obtain the quantum
difference operator ([14]) defined as

z(gx) = z(x)

Dyz (x) := (@) —x

,x#0.

If we take  (x) = qx + w, then we obtain the Hahn quantum difference operator ([13]) defined as

y(w+gx)—y )
w+@-1x

Dm,qy (X) =

In [12], Hamza and Shehata have studied some inequalities based on a general quantum difference operator.
In [7], Cardoso has studied the S-integral. Later, a -Sturm-Liouville eigenvalue problem was studied in
[6]. The Dirac system defined as

0 -1 z! q(x) 0 7 _ Z
(0 (3) (79 9 )(2 )4 2) asren o
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isimportant in physics because its equation gives a description of the electron spin and predicts the existence
of antimatter. These systems have interesting spectral properties (see [1, 4, 5, 9, 10, 16, 17, 25, 26] and the
references therein). On the other hand, if the differential operator is replaced with Dy in Eq. (2), then we
obtain a -Dirac system. In this paper, we introduce the g-Dirac system

0 -Dgp'Dg1 \[ z gx) 0 z1\_ [z
o 2 287 o J(2)=2(%) ®

21

where A € C, z = ,and sp < x < b < co. We shall study some spectral properties of this system. The

authors [2, 3] have studied Eq. (3) when (x) = gx and 8 (x) = qx + w. Similar problems was investigated
for various classes of differential equations in [1, 4, 5, 9, 10, 16-26]. Now, we state a few definitions which
are basic to f-calculus. Let I € R be an interval and 8 : I — I a strictly increasing and continuous function
with a unique fixed point sy € I that satisfies

(So—x)(B(x)—x)=0

for all x € I, where the equality holds only when x = sp. For z : I — C, the general difference operator Dy is
defined as

2(B())~2(x)

Dgz(x) = B)—x if x # 5o,
Z' (sg)  ifx = s,

provided that z’ (s) exists ([11]). Now, we present some properties of the f-derivative ([11]). Let f, g be f—
differentiable at x € I, then

Dg(af +bg) (x) = aDgf (x) + bDgg (x) ,a,b €I,

Dg (fg) (x) = Dg (f (x)) g (x) + f (B (x)) Dpg (x)
= Dg(f (x)) g (B(x)) + f (x) Dgg (x),

J_f) Dy(F )9 - (@) Dy ()
e e e
where g(x) g (B (x)) # 0, x € I. The p-integration ([11]), with a,b € I is given by

b b
fz(x)dﬁx:fz(x)dﬁx—faz(x)d;;x,

where
f z(t)dgt = i /3 (x) - g™+ (x))z (B" ().
S0 n=0
The fundamental theorem of f-calculus given in ([11]) states that if z : I — C is continuous at sy, and
Z(x) = fxz(t)dﬁt, x€l,
50

then Z is continuous at sy, DgZ (x) exists for all x € I and DgZ (x) = z(x). Let L;[So, b] be the space of all
complex-valued functions on [sy, b] such that

b 1/2
llz]] == (f |z dﬁx) < 0.
So
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The space Lé [so, b] is a Hilbert space with the inner product
b
(z,y) = f zydgx,
So
where z,y € L;[So, b] ([7]).

Lemma 1.1 ([6]). Letz,y € L,%[so, b] be both continuous at sq. Then we have

(~Dgp™' Dgz,y) = (z, Dgy) = z(50) y (s0) =2 (B~ (1) y ().

2. Self-adjoint system

In this part, we introduce a self-adjoint f-Dirac system. Now, we can construct the Hilbert space
Lé([so, b]; C?) with the inner product

b
()= [ e

Consider the following g-Dirac system
Yz = Az, 4)

with boundary conditions

$1(2) = sz (s0) + 51072 (7 (50)) = 0, 5)
$3(2) = smz (b) + 5022 (B (1)) = O, (6)
where

z
/\E([Z,z:(z1 ),SonSb<oo,
2

_ | ~Dgp ' Dg1zz +q(x) 21
Yz:= { Dgzy + w (x) 2, )

g(.) and w(.) are real-valued continuous functions on [so, b], 4 (.), w (.) € L;[SO, b] and {sij} are arbitrary

ij=12
real numbers such that the rank of the matrix (sij) is 2.

Theorem 2.1. The B-Dirac system defined as (4)-(6) is formally self-adjoint on L;([so, bl; C?).



B. P. Allahverdiev, H. Tuna / Filomat 37:23 (2023), 7839-7848

Proof. Letz(.),y (.)€ Lé([so, b]; C?). Then, we see that

b
Yz,y) - (z,Yy) = f (—Dﬁﬁ‘lDﬁqzz +4(x) zl)%dﬁx

b
+f (D[;zl +w(x)zz)%dﬁx

So

b
—f z1<—Dﬁﬁ‘1Dﬁ-1y2+q(x)y1)dﬁx
So

y o
_f zz<Dﬁy1+w(x)y2)dﬁx

b
Sy —

S0

+ fb [(Dﬁzl)% + Zl(D‘[;ﬁ_lDﬁ—l yz)] dpx

S0

From Lemma 1.1, we see that

b JR—
f [(—Dﬁ ' Dyrz2) 1 - zz(Dﬁyl)] dpx

= 11 G0z (B7 60) - 11 0= (87 ()
and

b -
f [(Dﬁzl) Y2 + Zl(Dﬁﬂ_lDﬁ—l yz)] dpx

S0

=21 (0)y2 (B (1)) — 21 (50) y2 (B~ (50))-
Thus we obtain
Yz, y) - @Yy =[zyl, - [z Y],
where
[z, y], =21 () y2 (B () — y1 W)z (B! ().
It follows from (5) and (6) that
(Yz,y) = (z, Yy).

O

From Theorem 2.1, we obtain the following corollary.

7842

Corollary 2.2. All eigenvalues of the problem defined by (4)-(6) are real and simple. Eigenfunctions corresponding

to distinct eigenvalues are orthogonal.
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3. Green’s function

Consider a solution of the following system

_Dﬁﬁ_lDﬁflzz H{-A+q@)z = (), (10)
Dgzi + {=A +w (x)} z2 = h2 (x), (11)
with the boundary conditions
s1121 (S0) + 51222 (,3_1 (So)) =0, (12)
sn1z1 (b) + 52072 (87 (1) = 0, (13)

where s) < x < b < o0, and
_ Q) 2 2
h()= ( () ) € Lﬁ([So, b]; C*).
Denote by

o =( 100 )

and

e =( G2t )

two basic solutions of the system (4)-(6) which satisfy the following initial conditions

CDH (b/ A) = 512, (D12 (ﬁ_l (b), A) = —S11
and

D1 (50, A) = 522, Dop (,5_1(50), )\) = —89)1.

n-{ 2028

and z,y € Lé([so, b]; C?). Then, the f-Wronskian of y (x) and z (x) is defined by the formula

Let

Wi (zy) () =21 12 (7 () - 11 ) 22 (87 ().

It is clear that the Wronskian of any solution of Eq. (4) is independent of x. In fact, from (8), we see that
(Yz,y) - @ Yy) =z y], - [z v,

where z (x) and y (x) are two solutions of Eq. (4). Since Yz = Az and Yy = Ay, we get

(Az,y) = (z, A\y) = [z, y], — [z Y],

(A -Gy = [z v, - [,

Then we obtain [z, y], = [z, y],, = W (z,¥) (s0) because A € R. The function D (1) := Wy (@1, D) is called the
characteristic function associated with the boundary-value problem (4)-(6). The zeros of D (1) are exactly
the eigenvalues of the problem. Then we have the following theorem.
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Theorem 3.1. If D (A) # 0, then the non-homogeneous boundary value problem (10)-(13) has a unique solution

z(t, A) defined as
z(x,A) = (G(x, ., A),m), x € [so,b],
where

G(x,t,A) =

1 [ @, )OT(HA), so<t<x
DY) q>1(x)\)c1>]f(m), x<t<b.

Proof. From (14) and (15), we obtain

1 Dy (A I (¢
215, 1) = 5@ (o) f ( +q;12((t, A)) }12((2) )dﬁt

Dy (t, A) by (t)
D(A)(DH (x, /\)f ( +Dy (t, A) o (1) )dﬁt,

1 ¥ Dy (A By (t
)= gy (B0 o

1 'O (kA (1)
o e A’fx ( sy (1 1)z (1) )dﬁt'
By (16), we see that

1 Dy (A Iy (¢
D21 (v, ) = 5535051 (x4) f ( Ot AV e )dﬁt

1 Doy (£, A) g (t)
+mDﬁq’“ ( A)f ( s (5 1)z (1) )dﬁt

+5 ()\) = W5 (D1, P2) 12 (x)

1 Py (5 A) Iy (£)
=50 (A +w (x)) D (x, /\)f ( +q;12(t A)ﬁz(t) )dﬁt

1 @y1 (£, A) Iy (£)
_m{—)\+w(x)}(b12 (x,A)fx ( +q§;(t,A)ﬁz(t) )dﬁt+h2 (x)

—{=A +w(x)) ﬁq)zz (x,A) js; ( -%iz(z,AA))h;lz(Z) )dﬁt

b
—{-A +w ()} Db)q’lz (x,A) fx ( +%iz(€;ﬁ)hﬁz(2) )dﬁt

+hy (x) = = {-A+w(x)} z2 (x, A) + ha (x) .

The validity of (10) is proved similarly. One proves that (14) satisfies the conditions (12)-(13).

(14)

(15)

(16)

(17)
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4. Eigenfunction Expansions

In this section, we will obtain an eigenfunction expansion. Firstly, we will give the following definition
and theorem.

Definition 4.1. A function M (x, t) of two variables with sy < x and t < b is called a B-Hilbert—Schmidt kernel if

b b
f f IM (x, ) dpxdgt < +oo.
So S0

Theorem 4.2 ([23]). The operator A defined by the formula

Alxi} = {yi},
where
yi= Zﬂikxk (e N:=1{1,23,..) o
k=1

is compact in I?, if
i lag* < +oo. (19)
ik=1

Let us define the operator L by the formula
Ly=Yy, ye Dy,

where Y is defined by (7) and

Dgz and Dg-1z are continuous
_ 2 . B B
Dr= {Z € Lylso P12 o [so,b], and 81 (2) = 0, 8, (2) = 0. }

Without loss of generality, we can assume that A = 0 is not an eigenvalue. Then, kerL = {0}. Thus the
solution of the problem

(L2) (x) = h (x), h () € L([s0, b];€?)
is given by
2(x) = (G(x, ), h()),

where

G(x,t)=G(x,t0) =

1 { Oy (x) DI (£), so<t<x (20)

W (@, @) | P10 DI (H), x<t<b.
Theorem 4.3. G (x, ) defined by (20) is a Hilbert-Schmidt kernel.
Proof. It follows from (20) that

b X
fdﬁxf IG (x, HII* dgt < +o0,
So So
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b b
fdﬁxf IG (x, I dgt < +o0
So X

since @y; (x) o (t) (i,j = 1,2) belong to L;([so, b]; C) x Lé([so, b]; C) because each of the factors belongs to
Lg([so, b]; C). Hence,

b b
f f IG (x, )]* dgxdgt < +o0. (21)
O

and

Theorem 4.4. The operator K defined as

(Kh) (x) = (G(x, ), ()
is compact and self-adjoint.

Proof. Let ®; = ®;(t) (i € IN) be a complete, orthonormal basis of Lg([so, b]; C?). By Theorem 4.2, one can
define

b
n=m@hjwmm@mw@n

b
w=@@h]¥ﬂm@wm@n

b b
ay = f f (G (x, ) D (x), Dy (1)) = dpxdst (i, k € N).

Therefore, les([so, b]; C?) is mapped isometrically to [>. Consequently, our -integral operator K transforms

into the operator A defined by the formula (18) in the space [? by the operator A, and the condition (21) is
translated into the condition (19). By Theorem 4.2, this operator is compact. Therefore, the original operator
is compact. Let¢, 7 € L;([so, b];C?). As G (x,t) = GT (t,x) and G (x, t) is a real matrix-valued function defined

on [sg, b] X [so, b], we have

b
(Kg, 1) = f (Ke) (x), T (x))c2 dpx

b b
= f (f G(x,t)c(t)dgt, T (x)) dpx
So So C

b b
:f (g (t),f G(t,x) T (x) dﬁx) dgt = (¢, K1),
S0 50 C2

i.e., Kis self-adjoint. [
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Theorem 4.5. The eigenvalues of the operator L form an infinite sequence {A,},., of real numbers which can be
ordered so that

Ml <Al <o <Al <y AR — 00

as n — oo. The set of all normalized eigenfunctions of L forms an orthonormal basis for Lz [s0, b] and for z € Lz [s0, 0],
Kz =h,Lh =z, L&, = 1,D, (n € IN) the eigenfunction expansion formula

Lh = Z An(h, @)D,
n=1

is valid.

Proof. By the Hilbert-Schmidt theorem [15] and Theorem 4.4, K has an infinite sequence of non-zero real
eigenvalues {&,},, with

Iim &, = 0.

n—oo

Then,

Anl = 77 —

|Enl

as n — oo. Furthermore, let {®,};”; denote an orthonormal set of eigenfunctions corresponding to {&,},; .
Then, for z € H,we have Kz = h, Lh = z, L®,, = 1,®,, (n € N) and

Lh=z=) (&®)®, =) ([Lhe,)P,
n=1 n=1

= i (h,LD,) D, = i (z, Ay @) @, = i An (z, D) Dy,
n=1 n=1 n=1

O
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