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On characteristic functions of generalized resolvents generated by
integral equations with operator measures

Vladislav M. Bruk?®

*Saratov State Technical University, Saratov, Russia

Abstract. We consider a symmetric minimal relation Ly generated by an integral equation with operators
measures. We describe the generalized resolvents of Ly using the characteristic function M(A) (A € C), i.e,,
a function that has the property (ImA)'ImM(A) > 0. We obtain a necessary and sufficient condition for a
holomorphic function M(A) to be a characteristic function of a generalized resolvent. We give a detailed
example of finding the characteristic function.

1. Introduction

Generalized resolvents of symmetric operators were introduced by M.A. Naimark in 1940 (see, for
example, [1]). In the article [24], A.V. Straus described the generalized resolvents of a symmetric operator
generated by a formally self-adjoint differential expression of even order in the scalar case. In such a de-
scription, a function M(A) (A € C) plays an essential role. This function has the property (ImA)~ImM(A) > 0.
In [24], the function M(A) is called the characteristic function of the generalized resolvent. The characteristic
function is used in solving many problems associated with the generalized resolvents (see [24]).

In [5], these results from [24] were extended to the operator case, and in [7], to the case of a differential-
operator expression with a non-negative weight operator function. Further, the generalized resolvents
of differential operators were studied in many works (a detailed bibliography is available, for example,
in [22], [20]).

In this paper, we consider the integral equation

t f
y() = 30— 1] f dp(s)y(s) — i] f dm()f(), M

where y is an unknown function, a2 < t < b; ] is an operator in a separable Hilbert space H, | = [, J*=E(Eis
the identical operator); p, m are operator-valued measures defined on Borel sets A C[a, b] and taking values
in the set of linear bounded operators acting in H; xo € H, f € Lo(H,dm;a, b). We assume that the measures
p, m have bounded variations and p is self-adjoint, m is non-negative.

If the measures p, m are absolutely continuous (i.e., p(A) = pr(t)dt, m(A) = fAm(t)dt for all Borel

sets A C [a,b], where p(t), m(t) are bounded operators for fixed t and the functions ||p(t) , Im(t)]| belong
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to Li(a, b)), then integral equation (1) is transformed to a differential equation with a non-negative weight
operator function. Linear relations and operators generated by such differential equations were considered
in many works (see [21], [6], [7], further detailed bibliography can be found, for example, in [20], [3]).

The study of integral equation (1) differs essentially from the study of differential equations by the
presence of the following features: i) a representation of a solution of equation (1) using an evolutional
family of operators is possible if the measures p, m have not common single-point atoms (see [10]); ii) the
Lagrange formula contains summands relating to single-point atoms of the measures p, m (see [11]).

We consider a symmetric minimal relation Ly generated by equation (1). We obtain a form of generalized
resolvents of Ly. This form contains the characteristic function. The proposed article is a continuation of the
works [15], [16]. In [15], continuously invertible relations T(A) with the property Lo — AE C T(A) C Lj — AE
are described. In this description, a function M(A) plays an important role. The function M(A) is determined
by the relation T(A) and the choice of a system of functions v, where vy € ker(L; — AE) and the linear span of
the set {vy} is dense in ker(L{, — AE). In [16], the generalized resolvents of the relation L, are described using
the function M(A) from [15]. However, this function M(A) is not characteristic (see the example in [16]).

In this article, we construct a system of functions 9; different from the system {v;} in [15], [16], but
having the same properties: 9; € ker(L; — AE) and the linear span of the set {;} is dense in ker(Lj — AE).
We describe generalized resolvents using the system of functions 9. The corresponding function M(A)
is characteristic. We obtain a necessary and sufficient condition for a holomorphic function M(A) to be a
characteristic function of a generalized resolvent. We give a detailed example of finding the characteristic
function.

We note that this article partially corrects the errors made in the work [9]. Also note that some special
cases of the describing of generalized resolvents and related problems for equation (1) are considered in
[12], [13], [14].

2. Designations and preliminary assertions

Let B be a Hilbert space. A linear relation T is understood as any linear manifold T ¢ B x B. The
terminology on the linear relations can be found, for example, in [18], [22], [2]. In what follows we make
use of the following notations: {-,-} is an ordered pair; (T) is the domain of T; R(T) is the range of T; ker T
is a set of elements x € B such that {x, 0} € T; T~! is the relation inverse for T, i.e., the relation formed by the
pairs {x’, x}, where {x,x’} € T. A relation T is called surjective if R(T) = B. A relation T is called invertible or
injective if ker T = {0} (i.e., the relation T~! is an operator); it is called continuously invertible if it is closed,
invertible, and surjective (i.e., T~! is a bounded everywhere defined operator). A relation T* is called adjoint
for T if T* consists of all pairs {y1, 2} such that the equality (x, y1) = (x1, y2) holds for all pairs {x;,x} € T.
A relation T is called symmetric if T C T* and self-adjoint if T = T*.

It is known (see, for example, [19, ch.3], [18, ch.1]) that the graph of an operator T:D(T) — B is the set
of pairs {x, Tx} € B X B, where x € D(T) C B. Consequently, the linear operators can be treated as linear
relations; this is why the notation {x;, x2} € T is used also for the operator T. Since all considered relations
are linear, we shall often omit the word “linear”. _ _ _

Let T be a closed symmetric relation, T € B x B, and let T be a self-adjoint extension of T to B, where B is
a Hilbert space, B > B, and scalar products coincide in B and B. By P denote an orthogonal projection of B
onto B. The function A — R, defined by the formula R) = P(T - AE)7 g, ImA # 0, is called the generalized
resolvent of the relation T (see, for example, [1, ch.9], [17]).

A.V. Straus (see [23]) obtained a formula for all generalized resolvents of a symmetric operator. It is
shown in [17] that this formula remains true for symmetric relations also. By %t, denote a defect subspace of
the closed symmetric relation T, i.e., the orthogonal complement in B of the range of the relation T — AE. We
fix some number A (ImAg # 0). Let A — % (1) be a holomorphic operator function, where # (1) :9t), =9t is
a bounded operator, [|F (A)|| < 1, ImA - ImAg > 0. Let T#(, be the relation consisting of all pairs of the form
Yo + F(A)z =z, y1 + AoF (A)z — Aoz}, where {yo, y1} € T, z € Ny,. Then (see [23], [17]) the family of operators
R, is a generalized resolvent of T if and only if Ry can be represented in the form

Ry = (Tgpy — AE)™!, ImA-ImAg > 0. ()
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In what follows, we use the following notions from measure theory. Let H be a separable Hilbert space
with a scalar product (-,-) and a norm ||-||. By 8 denote a set of Borel subsets A C [a,b]. We consider a
function A — P(A) defined on 8 and taking values in the set of linear bounded operators acting in H. The
function P is called an operator measure on [g, b] (see, for example, [4, ch.5]) if it is zero on the empty set
and the equality P (U, Ay) =X.,— P(A,) holds for disjoint Borel sets A, where the series converges weakly.
Further, we extend any measure P on [g, b] to a segment [a, by] (b > b) letting P(A) = 0 for each Borel sets
Ac (b, bg].

By Va(P) we denote VA(P) = pp(A) =sup ), [IP(A)|l, where the supremum is taken over finite sums of
disjoint Borel sets A, C A. The number VA(P) is called the variation of the measure P on the Borel set A.
Suppose that the measure P has the bounded variation on [4, b]. Then for pp-almost all £ € [a, b] there exists
an operator function £ — Wp(&) such that Wp possesses the values in the set of linear bounded operators
acting in H, |[Wp(&)||=1, and the equality

P(A) = fA Wp(s)dpr )

holds for each set A € 8. The function Wp is uniquely determined up to values on a set of zero pp-measure.
Integral (3) converges in the sense of usual operator norm ([4, ch. 5]).

Further, j;; stands for f[to y if tp < t, for — f[t,to) if ty > t, and for 0 if tx = t. This implies that y(a) = xo
in equation (1). A function h is integrable with respect to the measure P on a set A € 8 if there exists the
Bochner integral fA‘I’p(t)h(t)dpp = fA(dP)h(t). Then the function y(t) = fts(dP)h(s) is continuous from the left.

By Sp denote a set of single-point atoms of the measure P (i.e., a set t € [g,b] such that P({t}) # 0). The
set Sp is at most countable. The measure P is continuous if Sp = @, it is self-adjoint if (P(A))* =P(A) for each
Borel set A € 8, it is non-negative if (P(A)x, x) > 0 for all Borel sets A € 8 and for all elements x € H.

In addition, we use the following notation. We construct a continuous measure Py from the measure
P in the following way. We set Py({tx}) = 0 for tx € Sp and we set Py(A) = P(A) for all Borel sets such that

ANSp =3. We denoteP = P — Py. Then F({tk}) = P({t}) for all t € Sp and i’\(A) = 0 for all Borel sets A such
that AN Sp = @.

In following Lemma 2.1, p1, p2, q are operator measures having bounded variations and taking values
in the set of linear bounded operators acting in H. Suppose that the measure q is self-adjoint and assume
that these measures are extended on the segment [a, bg] D [a, bp) D [a, b] in the manner described above.

Lemma 2.1. [11] Let f, g be functions integrable on [a, by] with respect to the measure q and yo,zo € H. Then any
functions

t t t t
y(t):yo—i]jt‘ dpl(s)y(s)—i]I dq(s)f(s), z(t):zo—i]ft dPZ(S)Z(S)_i]‘ft dq(s)g(s) (a <to< by, to<t < by)

satisfy the following formula (analogous to the Lagrange one):
| a070,200 - [ )datyg) = Graten), 2 - v, e + [ (o, dpa0z0)-

- f Oy - Y @py®, ez - Y, (A, pathz(e) -

tESPl mSPZ N[ey,c2) tESq QSPZ N[ey,c2)

- ), mUyO,adthe®) — Y B, ag®), to<c <c <bo. @)

tESPl ﬂSqﬁ[ﬁ ,C2) tESqﬂ[Cl,Cz)

Further we assume that measures p, m have bounded variations and p is self-adjoint, m is non-negative.
We consider equation (1), where xy € H, f is integrable with respect to the measure m on [a,b], a < t < by.
We replace p by pp and m by my in (1). Then we obtain the equation

t t
Y = x0— 1] f dpo(&)y(s) — i] f dmo($)f(). )



V. M. Bruk / Filomat 37:23 (2023), 7699-7718 7702

Equations (1), (5) have unique solutions (see [10]).
By W(t, A) denote an operator solution of the equation

t t
Wt Ao = 0= ] [ dpu(@W(s Ao = 72 [ dina(oWGs, Ao ©
where xg € H, A € C (C is the set of complex numbers). It follows from Lemma 2.1 that W*(t, MWt A) = ].

The functions t— W(t, A) and t— WL(t, 1) = JW*(t, A)] are continuous with respect to the uniform operator
topology. Consequently, there exist constants €; > 0, €, > 0 such that the inequality

er Il < IIW(E, Al < ea |lxl? )
holds forall x € H, t € [a,by], A € C  C (C is a compact set).

Lemma 2.2. [15]. Suppose that a function f is integrable with respect to the measure m. A function y is a solution
of the equation

t t ¢
y(t) = x0 — i]f dpo(s)y(s) — i]/\f dmy(s)y(s) — i]f dm(s)f(s), xo€H, a<t<by,
if and only if y has the form

t
y(®) = Wit Do - Wt A)i] f W(E Ddm(©) (&),

3. Linear relations generated by the integral equation

This article substantially uses the results of [15], [16]. In this section, we provide definitions and
statements from [15], [16] that are used in this article. Moreover, in this section, we construct a system of
functions {8} whose the linear span is dense in ker(L], — AE) (see below). This system is different from the
system {vi} introduced in [15], [16]. In the next section, we use the system {9} to find the characteristic
function M(A).

Let m is a non-negative operator measure defined on Borel sets A C [g, b] and taking values in the set of

linear bounded operators acting in the space H. The measure m is assumed to have a bounded variation
bo

on [a,b]. We introduce the quasi-scalar product (x, y)m = ((dm)x(t), y(t)) on a set of step-like functions

with values in H defined on the segment [a, bo]. Identifyinga with zero functions y obeying (v, ¥)m =0 and
making the completion, we arrive at the Hilbert space denoted by L,(H, dm;a,b)=$. The elements of  are
the classes of functions identified with respect to the norm ” yHm =(y, y)u%. In order not to complicate the
terminology, the class of functions with a representative y is indicated by the same symbol and we write
y € 9. The equality of functions in $ is understood as the equality for associated equivalence classes. We
denote the scalar product in the space $ by the symbols (-, -)g or (-, -)m. The scalar product generated by the
measure my is denoted by (-, )m,-

Let us define a minimal relation Ly in the following way. The relation Ly consists of all pairs {y, ﬁ;} EHXHD

satisfying the condition: for each pair {y, fo} there exists a pair {y, fo} such that the pairs {y, fo}, {y, fo} are
identical in $ x $ and {y, fo} satisfies equation (1) and the equalities

y@ =ybo) = y(@) =0, aeSy; m({Bhfo(f) =0, P € Sm. (8)

Further, without loss of generality it can be assumed that if {y, fo} € Lo, then equalities (1), (8) hold for this
pair. In general, the relation Ly is not an operator since a function y can happen to be identified with zero
in $, while f is non-zero. The relation Ly is symmetric and closed. We note that if y € D(Ly), then v is
continuous and y(b) = 0 (see[14], [15]).

By S, denote the closure of the set Sp. Let Sy be the set t € [a, b] such that y(t) =0 for all y € D(Ly). The
set Sp is closed and S, U {a} U {b} C Sy (see[15]).
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Lemma 3.1. [15]. Suppose {y, f} € Ly. Then f(t) = 0 for m-almost all t € Sy.

By 9o (by 91) denote a subspace of functions that vanish on [a, b] \ Sy (on Sy, respectively) with respect
to the norm in $. The subspaces 9o, $1 are orthogonal and $ = Ho & H1. We note that o = {0} if and only
if m(Sy) = 0. We denote Lig = Lo N (D1 X H1). It follows from Lemma 3.1 that D(L19) C D1, R(L1p) € H1 and
Lo N o X O = {0,0}. Hence,

Ly = (H0 X Ho) & L}, ©)

*

i.e., the relation Lj consists of all pairs {y, f} € 9 of the form {y, f} = {u,v} + {z,9} = {u + z,0 + g}, where
u,v € Ho,{z, g9} € L},

Consequently, any generalized resolvent R, of the relation Ly has the form R = Rgp®R,, where R, is some
generalized resolvent of Lig and Ry, is a generalized resolvent of the relation {0, 0}, i.e., Rox = (To1) — AE)™
(see (2)), Tz (n) is the relation consisting of pairs of the form {Fo(A)z —z, A¢Fo(A)z — Aoz). Here Fo(A): 99— Ho
is a bounded operator, [|Fo(A)|l < 1, z € $o, the operator function A — Fy(A) is holomorphic, ImA - ImAg > 0.
Therefore, to find the characteristic function of the generalized resolvent, we consider the relation L1.

Theset 7, = (a,b)\ Sp is open and it is the union of at most a countable number of disjoint open intervals
Tk ie, Tp = Ugil Jrand N J; = @ for k # j, where k; is a natural number (equal to the number of
intervals if this number is finite) or the symbol o (if the number of intervals is infinite). By J denote the set
of these intervals .

Remark 3.2. The boundaries oy, B of any interval Ji = (i, Br) € J belong to So. This follows from the closedness
of So and the continuity of functions y€ D(Lo) (see [15]).

Let X4 = X4(t) be an operator characteristic function of a set A, i.e., X4(t) = Eif t € A and X4(t) = 0 if
t ¢ A. We will often omit the argument ¢ in the notation X4. We denote

wk(t/ /\) = %[ak,ﬁk)w(t/ A)W_l(ak/ A)/ (10)
where (ay, fr) = Jk € J. Then (see[15])

w’i(t,x)]ZUk(t, A) = ]/ 273 <t< ﬁk- (11)

By $10 (by 911) denote a subspace of functions that belong to $; and vanish on Sy, (on [4,b] \ Sm,

respectively) with respect to the norm in $. So, H10 (911) consists of functions of the form X, ;)\(s,us,)/t (of

the form X, \s,h, respectively), where h € § is an arbitrary function. Therefore,

D1=9100D11, H= 90D D10 ® Hiu1-

Obviously, the space 911 is the closure in $ of the linear span of functions that have the form X;j(-)x, where
x € H, 7€ 8n\So. By (8), it follows that $1; C ker L.
Let u(-, A, t): H— $1 be an operator acting by the formula

t
Uty A, T = — X skt Vil f (s, Ddm(s)A Xio (5)x, (12)

where x € H, T € (a, fx) N Sm, (k, Pr) = T € J. Then (see[15]) for any x € H the function
ur(-, A, O)x + X (-)x € ker(L}, — AE).
Lemma 3.3. [15]. The linear span of functions of the form X, p)\(s,,uso) Wk (-, A)xo and ux(-, A, T)B:x; + X1)()Bx; is

dense in ker(L}, — AE). Here x;,x0 € H; T€(ax, fx) N Sm; B:: H— H is a bounded continuously invertible operator;
k=1,..,k ifk is finite and k € IN if k; is infinite (N is the set of natural numbers).
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Let M be a set consisting of intervals J € J and single-point sets {7}, where 7 € Sy, \ Sp. The set M is
at most countable. Let k be the number of elements in IM. We arrange the elements of IM in the form of a
finite or infinite sequence and denote these elements by &, where k is any natural number if the number of
elements in IM is infinite, and 1 < k < k if the number of elements in IM is finite.

To each element & € M assign the operator function 9 in the following way. If & is the interval,
8k = jk = (ak/ﬁk) € ]I/ then

ilt, A) = Xpa porsa Wik (t, A) = X o8, Wk(E, A)- (13)
If & is a single-point set, & = {1y}, then

Skt A)= Ay (t, A, ) + A Xy (1) if A #0 and 8x(f,0) = X,y () if A =0, (14)
where ¢ € (Sm \ So) N T, Tn =(an, ) €], n =1,..., Kkq if k; is finite and n € N if k; is infinite. In case (14),
using (12), we get

t
94(t, A)x = =Xy 1\ Smus Wnlt, V)] f W, (s, DAm(s) e (5)x + A~ Xy (Bx if A #0 (x € H). (15)
a

Lemma 3.4. The linear span of functions t — 9x(t, A)&; is dense in ker(L}, — AE). (Here &; € H, k € N if k = oo,
and 1 < k < kif k is finite.)

Proof. The required statement follows from Lemma 3.3 immediately. [J

Corollary 3.5. A function f € $; belongs to the range R(Lio — AE) if and only if the equality (f, Sx(-, A)& =0
holds for all k and all §; € H. (Here k € N if k = oo, and 1 < k < kif k is finite.)

Proof. The proof follows from the equality R(Lio — AE) & ker(L}, — AE) = $; and Lemma 3.4. [

Remark 3.6. In [15], [16], to each element & €M was assigned the operator function vy in the following way. If &
is the interval, Ex = Tk = (ax, Pr) €], then vi(t, A) = Sk(t, A) = Xjapps, . Wik(t, A). If E is a single-point set, Ex = {1y},
then

Ok(t, A) = tn(t, A, T) Xy ()wn(Tr, A) + Xy (D0n(Ti, A), (16)

where Tx € (Sm\So) N T, Tn = (@n,Bu) € J. The linear span of functions t — vi(t,A)&; (§; € H) is dense
in ker(L],— AE). There exist constants yix = y1i(A), Yax = Yyax(A) such that the inequality yix |[ox(, 0)xllg <
[ox (-, A)xllg < pax [lox(-, 0)xllg holds for all x € H (see [15]).

Lemma 3.7. There exist constants y1 = y1x(A1, A2), V2 = Yax(A1, A2) > 0 such that the inequality

Y1k 19k C, ADxllg < II9k(, A2)xllg < yar 19, A)xllg (17)
holds for all x € H.

Proof. Using Lemma 2.2 and (6), we obtain
¢
W(t, Mxg = W(t,0)xg — W(t,0)i] f W*(s, 0)dmg(s)AW(s, A)xg, xo € H, (18)
a
t p—
W(t,0)xg = W(t, A)xo + W(t, )\)i]f W*(&, A)dmg(s)AW(s,0)xg, xo € H. (19)
a
Suppose that 9 has form (13). Using (10), (18), (19), we get

t
Skt A)xo = Sk(t, 0)xo — x(t, 0)i] f 915, 0)dmy(s)ABk(s, A)xo, x0 € H, (20)
i
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Sk(t, 0)xg = Sk (t, A)xo + (t, /\)i]ftsl*((é,X)dmo(s)/\Sk(s, 0)xo, xo € H. (21)
ax
It follows from (3), (7), (20), (21) that there exist constants y3 > 0, y4 > 0 such that
V3 [ )9kt 0)x|| < [[Wai (B9t A)x|| < ya || Wha? () 9x(t, 0)x||
forallx € H,allt € [a,bp], and all A € C c C (C is a compact set). Equalities (3), (20), (21) imply (17) in the

case when 9y has form (13).
Suppose that 9 has form (14). Using (14), (15), (12), we get

194, el = [ A, 0A X O]l 1A X O 2 A7 X O] > 75 % O]

2
o Vs=Ys(0)>0. (22)
On the other hand, using (12), we obtain

19, A)xllg < [Jin A, TIAT X OOl + (|47 % ]| < 6 [[¥ien (]

g V6= V6(A) >0, (23)

forall x € H, all t € [a, bo], and all A # 0. Inequalities (22), (23) imply (17) in the case when 9 has form (14).
The lemma is proved. [

Lemma 3.8. There exist constants 61x = 61x(A), 2k = Ok (A) > 0 such that the inequality

011 19 (-, Mxllg < llow(:, A)xllg < Ok 19k (-, A)xllg (24)
holds for all x € H.
Proof. According to Remark 3.6, vy = 9 if & is the interval, & = Ji = (ax, i) € J. Obviously, inequality

(24) holds in this case. Suppose that vy, 9 have form (16), (14), respectively. Using (16), (12), (7), (10), we
obtain

Mo, A = (a4, 00X O (i, D[+ [ X Oon(ei Dl > 03¢ | X1 (2

2
5 O3 = 03(1) > 0. (25)
On the other hand, using (12), we get

[0 (c, A)xtllg < [t A, )X ey (Yo (i, A ot (1% (i, A o< Ou (| % ()]

o Ox=0u(1) >0, (26)
for all x € H. Inequalities (25), (26), and (22), (23) imply (24) in the case when vy, 9 have form (16), (14),
respectively. The lemma is proved. [

We fix some point Ap € C and by Qo denote a set x € H such that the functions t — 9x(t, A¢)x are identical
with zero in $. We put Qr = H © Qkp. On the linear space Qx we introduce a norm ||-||_ by the equality

k- = 19(, Ao)erllg , &k € Q- (27)

By Q. denote the completion of Qk with respect to norm (27). Using (7), (13), (14), we get the inequality
IEkll- < Y 1IEkll, where v > 0. Hence the space Q, can be treated as a space with a negative norm with
respect to Qk ([4, ch. 1], [18, ch.2]). By Q;g denote the associated space with a positive norm. The definition
of spaces with positive and negative norms implies that Q] ¢ Qx € Q,. By (;,-)+ and |||, we denote the
scalar product and the norm in Q, respectively.

Remark 3.9. It follows from Remark 3.6, Lemmas 3.7, 3.8 that the set Qi o will not change if the function (-, Ao)
is replaced by S(-, A) or by v(-, A) in the definition of Qx0. Moreover, with such replacement, the space Q will not
change in the following sense: the set Q,” will not change, and the norm in it will be replaced by the equivalent one.
The similar statement holds for the space Q.
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Suppose that a sequence {xx,}, X, € Qk, converges in the space Q, to xo € Q; as n — co. Then the
sequence {9k(, A)xx,} is fundamental in $;. Therefore this sequence converges to some element in $;. By
Ik (-, A)xo we denote this element.

Let Qy=Q X ... X Qy (QF =Q7 X ... XQ})) be the Cartesian product of the first N sets Q; (Q;, respectively)
and let Vn(t, A)=(91(t, A), ..., On(t, A)) be the operator one-row matrix. Itis convenient to treat elements from
Qy as one-column matrices, and to assume that Vi (f, 1)én = Zszl Si(t, A)&k, where &y = col(&y, ..., En) € Q,
&k € Q- Let ker(A) be a linear space of functions t — 9k(t, 1)&, &k € Q, - The space kerg(A) is closed in $.
We denote Kn(A) = keri(A)+...4 kery(A). Obviously, Ky, (A1) € Kin,(A) for N; < Np. By Vy(A) denote the
operator &y — V(+, A)En, where En € Qg The operator Vy(A) maps continuously and one-to-one Qy onto
Kn(d) cH1C 9. N

Let Q-, Q:, Q be linear spaces of sequences, respectively, 1 = {n¢}, ¢ = {pk}, & = {&), where ;. € QL
Ok € Q;, Er € QrkeINifk = o0, and 1 < k < k if k is finite; k is the number of elements in IM. We assume

) 2 ) 2 ) . . .
that the series )~ ||17k Y ”(pk ) llE]* converge if k = co. These spaces become Hilbert spaces if
we introduce the scalar products by the formulas

Kk k k
@0-=) (0 RCeQ; @P)i=) (o). PYeQ; (E7)=) (Eno), £T€Q.
k=1 k=1 k=1

The spaces Q..,Q_can be treated as spaces with positive and negative norms with respect to Q ([4, ch. 1],
[18, ch.2]). So, Q; € Q c Q- and 4 ||(?5H_ < “(ﬁ” <2 ”(ﬁ] ,» Where @ € Q:, 1,72 > 0. The "scalar product”
(17, @) is defined for all p € Q,, 7 € Q_. If ] € Q, then (77, ) coincides with the scalar product in Q.

Let M C Q_ be a set of sequences vanishing starting from a certain number (its own for each sequence).
The set M is dense in the space Q-. The operator Vn(A) is the restriction of Vy,i1(A) to é;]. By V’(A)
denote an operator in M such that V/(A)n = Vy(A)ny for all N € N, where 1 = (1,0, ...), In € é;,. The
operator V’(A) admits an extension by continuity to the space Q_. By V(1) denote the extended operator.
This operator maps continuously and one-to-one Q_ onto ker(L’i0 — AE) C 91 C H. Moreover, we denote

V(t, M) = (VA)(), where 7 = (i} € Q..

Remark 3.10. The operator V(A) is constructed by the functions 9y (13), (14) in the same way that an operator
V(A) is constructed by the functions vy in [15] (see Remark 3.6). The operators V(A), V(A) have the same properties
formulated in Lemma 3.11.

Lemma 3.11. The operator V(A) maps Q- onto ker(L], — AE) continuously and one to one. A function z belongs to

ker(Ly, — AE) if and only if there exists an element 1= {n} € Q- such that z(t) = (V(A)n)(t) = V(t, A)n. The adjoint
operator V*(A) maps $ onto Q.. continuously, and acts by the formula

ho_
V() = f V- (¢, A)dm(b) £ (1), 8)

and ker V*(A) =9y @ R(L1g — AE). Moreover, V*(A) maps ker(L}, — AE) onto @, one to one.

Proof. The proof repeats verbatim the corresponding proof from [15] with the change of V(A) to V(1). O

4. The description of generalized resolvents

Following Theorems 4.1 and 4.2 are proved in [15] for functions vy (see Remark 3.6). For functions 9
(13), (14), the proof is the same. We have changed some designations from [15] to shorten the record.



V. M. Bruk / Filomat 37:23 (2023), 7699-7718 7707

Theorem 4.1. A pair {y, f} € $ x $ belongs to L — AE if and only if there exist a pair {y, f} € X 9, functions
Yo, Yy € D0, Y, f € H1and an element 7 € Q_ such that the pairs {y, f }, {y, f } are identical in $x $ and the equalities

—

y=vo+y f=y+f

V0=V, - Y Fi st Vi [ w16, Dimo) 1 9)
k=1 @k

hold, where the series in (29) converges in 1, k; is the number of intervals J € J.

Theorem 4.2. Let T(A) be a linear relation such that Lig — AECT(A) € L}, — AE and A # 0. The relation T(A) is
continuously invertible in the space 91 if and only if there exists a bounded operator M(A): Q. — Q- such that the
following equality holds for any pair {y, f} € T(A) and for any A

b~ —_— —
y() = y(t, A) = f Vt, OMOAYV* (s, Ddm(s) f(s)+

ks b S|
+271y° f oo S (D0c(, A)sgn(s = )i (5, DAm($)X(a, g5, 6) ) = A7) Xsiapo OF )
k=1 Y4 k=1
(30)

Lemma 4.3. In Theorem 4.2, the function A — T~Y(A)f is holomorphic for any f € $1 at a point A1 (A1 # 0) if and
only if the function A — M(A)X is holomorphic for any element x € Q.. at the same point A;.

Proof. First we assume that the function A — M(A)x is holomorphic. Then all functions on the right side of
equality (30) are holomorphic. Consequently, the function y =T7(A)f is holomorphic for any f € ;.

Now suppose that y = T"}(A)f is a holomorphic function for any f € $;. Let us prove that the
function A — M(A)x is holomorphic for any ¥ € Q.. We use the notation from Theorem 4.2. Moreover,
we denote S(1) = M(A)V*(A). According to Lemma 3.11, V(1) f is defined by equality (28). It follows
from the holomorphicity of the function A — T~1(A) that the function A — V(1)S(A)f is holomorphic. Using
Lemma 3.11, we obtain that the function A — S(A) f is holomorphic. Now the holomorphicity of the function
A— M(A) follows from Lemma 4.4 that is formulated after the proof of this lemma. In Lemma 4.4 it should
be taken that B; = 91, B = Q,, B3 = Q_, Ti(A) = V*(A), To(A) = M(A), T3(A) = S(A). The lemma is
proved. [

Lemma 4.4.[8]. Let By, B,, B3 be Banach spaces. Suppose bounded operators T3(A): By — Bz, T1(A): B1 — By,
To(A): By — Bs satisfy the equality T3(A) = To(A)T1(A) for every fixed A belonging to some neighborhood of a point
A1 and suppose the range of operator T1(A1) coincides with B,. If the functions T1(A), T3(A) are strongly differentiable
at the point Ay, then the function T»(A) is are strongly differentiable at A;.

It follows from Lemma 3.11 that for any element x € Q. there exists a function f € $; such that
V*(1)f = x. We denote

— LS B _
z(t) = z(t, f, A) = V(t, AM(A)x — Z 27 X (o, po\Sn (DWa(t, A)i] f wy,(s, A)dmy(s)f(s), (31)
n=1 Qn

where ¥ = V*(1) f. It follows from Lemmas 3.4, 3.11 that z € ker(L], — AE).

Theorem 4.5. Suppose that the relation T(A) satisfy the conditions of Theorem 4.2, and T(A) is continuously
invertible, and R(A) = TY(A), and ImA #0. Then the equality

(ImA) " ImMA), X) = (2, 2)m = (ImA) TMRA), flm = (R(A) £, RO fm (32)
holds for all f € $1 andx = V*(A)f € Q..
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Proof. Using (30), we get
h~ —_—
y(t) = (R)F)(E) = V(E, YM(A) f Vi(s, A)dm(s) f(s)+

k; t _ B —
+Z(—2_1%[%&,)\%(t)w,,(t,/\)i]fw;(s,)\)dmo(s)f(s)+2_1%[amﬁ”)\sm(t)wn(t,/\)i]f wy (s, A)dmo(s) f(s) | -
n=1 Qn t

ki
- Al Z %Smr\(a,,,,gn)(t)f(t)_ (33)
n=1
By standard transformations, equality (33) is reduced to the form

_ b S| t _
V0=V, M) [ V6 DmES) = Y Fo s Ot 0 [ i Dema(o16)+
a n=1 Qn

St B _ ST
) 27 X, g (B0t AT f W,(5, Dedmo()f(5) = A7 Y Xsiwn s (OF(E). (34)
n=1 An n=1

We fix an interval (a;, 8,) € J and denote f, = X[4,4,)f- Let M,, C M be a set consisting of the interval
(an, Bn) €] and single-point sets {7}, where T € SN (ay, Bu). Suppose k, is a natural number equal to the

number of elements in M, if this number is finite or k, is the symbol oo if the number of elements in IM,, is
infinite.
We arrange the elements of IM,, in the form of a finite or infinite sequence and denote these elements by

&k, where k is any natural number if the number of elements in M, is infinite, and 1 < k < En if the number
of elements in M, is finite; &, is the interval (a, B), Enk (k > 2) is the single-point set {Tx}, Tk € Sm N (&, Br)-

To each element &, € M, assign the operator function 9, in the following way (see also (10), (13), (14)).
If k=1, then

91t A) = Xpnsa@Wn(t, A) = Xg, porsa@n(t, A), - wat, A) = X, gy W(E W (ay, A); (35)
if k > 2, then

t
Skt )= A" uu(t, A, T) + A7 ¥y (1) = —Xp, o\ W, A)i]f w (s, A)dm(s) X (s) + A7 ¥y () =

0 for t< Ty,
= A‘lxlTk](t) for t =1y, (36)
—X[a, p0\Sm Wi (t, V)iJw) (T, AYm({T1}) for t > 1.

Using (35), (36), we get

0 for t <1y,
Ot A) = X, porsmWy (8 A); 9, (EA) = A Xy (t) for t =1, B
m({ i )wn (i, A)i] X r, b1 X[, p\Sa Wi(E, A) for t > Ty,

We denote V*(A)f, = X, and

Bn _ B _
X = f 851(s, A)dm(s) fu(s) = f w,(s, A)dmo(s) fu(s), (37)

B _
o = f 9 (s, Mdm(s)f(s) =

ay

b
e f{ 4 )50 + oo ] f (s, Ddmo(E)fu(s), k> 2. (38)
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It follows from (28) and Lemma 3.11 that x, € Q. C Q C Q- is a sequence ¥, = {x;} with elements x,, X,k
and zeros. Suppose p;: Q- — Q]T is an operator defined by the formula p;n = n;, where n={n;} €Q_. Let

Xj, = Xn1, Xj, = Xm- Thenby p; . (by p;, for k > 2) we denote the operator such that

Pinl1 =1 (Pj,N = Nux for k > 2, respectively). (39)
Hence pj, X, = X and pj, X, = xu for k > 2. Let gy = p;, M(A)x, and pu = p;, M(A)x, for k > 2. So,

(MY, %) = Ty (i o)
Let y, = R(A) f,,. It follows from (34) that the equality

—_— t p—
Y=Vt VM) = Xpq, g0\ (Dwn(t, A)i] f wj(s, A)dmo(s) fu(s)+

B _
+ 27 X, porSm (Dwa(t, A)i] f W} (s, A)dmg(s) fu(s) = A7 X g nn s (O fu(t)  (40)

holds. Using (35), (36), (40), and the equality
V(t, YMAF = X b Sotan s DV (E DM, + Xpa, 5y (OV(E DHMA)T,, (41)

we get

Ya(t) = X\ (sottan ) OV E DMANT, + Xpa, 5.0\50 (OWa(t, At +

K, ¢
+ 2 (_x[a,,,ﬁ,,)\Smwn(t/ A)i] f w), (s, A)dm(s) X, (s) uk + A_lf{rk}(t)unk) -
k=2 n

t Ly,
= X{a, p\Sm B (t, A)i] f wiy(s, A)dmo(s) fu(s) + 27 X o, oS (W (t, A)if X1 — Z AT Xy (O (D, (42)
ay k=2

where 7 € Sm N (2, fr). We denote
_ B B
zu(t) = V(t, AMA)X, = 27 X, g8 (D0, D] f Wy, (s, A)dmo(s) fu(s).
ay
By (31), so that z(t) = Z]::;l zy(t). It follows from (37), (41) that

zu(t) = %[a,b]\(sgu[an,ﬁ”))(t)v(t/ MMA)X, + Xa, p\Sn Wn(t, A)iln1+

Kk, t
+Z(—x[a,,,ﬁn)\smwn(h A)i] f W), (5, A)Am(8) X ) (5) bk + Wl%{m(t)#nk)—z_lf[amﬁn)\sm(f)wn(f/A)ifxnlf (43)
k=2 o

where 7 € Sm N (@, fn)- We note that z, € ker(L}, — AE).
Using (42), (43), we obtain

t _ Ky
Yn(t) = zu(8) == X[, g 0\Sn (D)Wn (£, A)i] f Wy (s, A)dmo(s) fu(5) + Xia, p\Sm (W (t, /\)ifxm—z A X ) (B fulD);
Qn k=2

Yu(t) + zu(t) = 2£[a,b]\(SoU[a,,,ﬁn))(t)v(tr MM(A)X, + 2X (4, g0\ S Wi, A) a1+

k, t
+2 Z (_%[an,ﬁn)\smwn(t’ A)l]f w;(s’ A)dm(s)i{'fk]n(amﬁn)(s)ynk + A_lf{'fk}n(amﬁu)(t)[’lnk) -
k=2 n

t in
= X, pu)\Sm (Wi (t, A)i] f wy(s, A)dmo(s) fu(s) — Z AT X g ) (O fu(H)-
@n k=2
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We decompose the functions v, — z,, ¥, + z, into terms to which Lagrange formula (4) is applicable. Let
us introduce the following designations:

t
P1(t) = —X[a, p\Sm (Dwn(t, 1)i] f w, (s, A)dmg(s) fu(8) + X{a, p\Sm E)Wn(t, A)i]xn1;
in
P20) = = Y A g p) (O Fu() (44)
k=2

t —
P1(8) = 2X(a,, p,)\Sm (OWn (E, D i1 = X, g\ Sm (D0n(E, A)i] f w,(s, A)dmo(s) fu(s);

‘H‘;Vl ]l(n
Pa(t) =217 Z X (0@ o) Otine — A7 Z Xiegn(an ) (O fu(T0); (45)
k=2 k=2
irz t _ irz
P3(0) = =2 ) Ko 5w nlt A)i] f W} (5, A)elm ()X g, ) )tk = Y, Uk(H),
k=2 n k=2

where

0 for t< 1y,

t
H=—2%[, W8, )T [ (s, A)dm(s) X = , -
Yx(t) [ B)\Sm Wi (t, A)i] fa w (s, A)dm(s)Xyq,)(s) tnk {_235[%[5”)\&% (&, A)iJewr (re, Tym((eal) o for £5 T

Then

Yn—Zn=Q1+ @2, Yn+zZu=UY1+Y2+yY3+ Zf[a,b]\(sou[an,ﬁn))(fﬁ(t, MM(A)x,. (46)

Since z,, € ker(L], — AE), {Yu, fu) € L}, — AE, it follows that {y, — Zn, fu} € Ly —AE, {yn + Zn, fn} € Li, — AE.
Theorem 4.1 implies that {¢1, X{a, g, \Sufn} € L]y —AE, {1, X(a, po\Sufu} € L]y —AE. By (8), so that ¢, € ker L,
Yy € ker L},. Therefore,

{yn — Zn, /\(}/n —z,) + fn} € L;()r {]/n + Zp, /\(yn +z,) + fn} € L;(y

(o1, A1 + Xjo, pnSufu} € Lig, {1, A1 + Xja, g\ fu} € L
We denote

U_ = AYn — 2Zn) + fu, Us = AYn + 2Zn) + fa (47)

Then {y,—zy, u-} € L}y, {yn+2zn, u+} €L],. Moreover, (A@1+X(a, g )\Sn 1, P2)m = 0, (02, A1+ X4, g )\Sp fr)m =0.
We note that for all functions g, 1 € $ the equalities

X 1\Snr X5:Wm =0, (X pp\Su Mm = X0 0\Su s X@b\SuMm = (7, Wme; (X, 9, Mm = (Xs,9, X5,M)m
hold. Moreover,

(X bnolan ) Y DMT, Yo = Zum = 0, (Xab\(Sytan i) Vo DM, fidm = 0.
Therefore by (46), (47), we get

(U=, Yn + Z)m — (Yn — Zn, ) m = (AM@1 + @2) + fu, Y1+ P2 + P3)m— (@1 + P2, A1 + Y2 + P3) + fu)m=

= (A(Plz l,bl)mo + (fn/ l,bl)mo + (/\(PZ/ 1,DZ)m + (fn/ EbZ)m + (/\(Plr 1,03);110 + (fnr 1P?:)mo_
— (1, AY1)my = (@1, AP3)me — (@1, fudmy = (@2, AP2)m = (P2, fa)m-  (48)
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It follows from (44), (45) that

]kn
(A2, P2)m= Y (Xt p fo (T A X ) itk = FulTi)) e (49)
k=2
’]12)1
(o 92)m= Y Frentan i T A Erenan ) ik = fo0))mi (50)
k=2
i)l
(2, A02)m = YA panan i fo T8, X Chtnk = fol @) (51)
k=2
’ﬂl:”
~(P2, fidm = Y AT Xt o0, Eienan o0 fo (T (52)
k=2

Summing (49), (50), (51), (52), we get

(A2, Y2)m + (fu, P2)m — (P2, AY2)m — (P2, fu)m =

Kk, K,
=2 ) (A Eie fult), R ttaddm = 2 ) (A fu(m), mi{rid) ), T € (@, o). (53)
k=2 k=2

Taking into account (53), we continue equality (48)

(M—,y +Z)m — (y —Z,Up)m = [(A§01 + fn/ 1/)1)mg - ((Pl/ Al]bl + fn)mO] + [(/\(Pl + fn/ 1P3)mo - ((Plz /\EbS)mg]"'

Ty
+2 )" A fu@) m{rdp), T € (@) (54)
k=2

We denote
t
P1(t) = walt, A)iJxm — walt, /\)i]f wy,(s, X)dmo(s)f,,(s); (55)
—_— t p—
Y1(t) = 2wy (t, A um — wa(t, A)i] f w,,(s, A)dmy(s) f,(s); (56)
~ )0 for t <1y, o~ _E"A,
Yald) = {—an(t, A)iJw, (T, Mm({Teh) e for t> 7 P(t) = kz;‘ (),

where 7 € Sm N (a0, Bu). Then

1= P1(D) = X(a, pynsa OP1D), Y1) =11(D) = X(a, gnsa OP1(D), Pax()=Pae(t) = Xio (DP3().
This implies that

(@1, P1)my = @1,V )mgs @1, Fidmo = @1, fidmos (o ¥y = (o U)oy (@1, P30my = (@1, P30me- (57)
By (37), it follows that limy_,g, o @1(t) = ¢1(B,) = 0. Using (57), we continue equality (54)

(W) Y + Zn)m = (Y = Zn, )m =LA@ + fo, P1)my — (@1, AV1 + )y 1+

Kk, K,
+ Y AP+ fo, p3dmo = @1, AP30m,] + 247 Y (Fulmi), mU{Tdptns), Tk € S (59)
k=2 k=2
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Let us transform the formula (A@; + f;,, z,?l)mo —(¢1, /\151 + fu)m,- It follows from Lemma 2.2 and equalities
(55), (56) that

f t f
716 = ifxm — ] f dpo(9)P(s) — iJA f dmo($) ) - i] f dmo(s)f,(s), (59)
. t . f _ f
wl(t):Zynl—i]fdpo(s)gbl(s)—i]/\f dmo(s)wl(s)—i]f dmy(s) f(s)- (60)

We denote @; = Ap1 + fu, v, = /\Jl + fu. Then

AP1 + fu, U)mo — @1, AV1 + Fi)mg = (D1, V1) my — (D1, W1 )imy-

Using (59), (60), we obtain that the pairs {651,51}, {%,@1} satisfy equations (61), (62), respectively (see
below)

t t _
P1(t) = iJxm — ] f dpo(s)p1(s) —i] f dmo(s)®1(s), (61)
Y1) = 2m — 1] f dpo(s)Pa(s) — if f dmy(s)W1(s)- (62)

Therefore we can apply Lagrange formula (4) to the functions @1, 51, {ﬁl, ‘I’l forci = an, c2 = By, q = my,
p1 = p2 = po. Using (4) and the equality lim;_z,_o @1(t) = ¢1(B,) = 0, we get

n

— — Bn —
(dmo(): (), §1 (1) — f (dmo()7 (1), T (1)) =
= ({P1(B), 1(B)) — (] P1(tn), Y1(an)) = —(iif2n1, 2ttm) = 2(Xt, 1) (63)

(A@ + fn/ 1?)il)mo - @1//\':;1 + fn)mo = f

Now let us transform the formula (A@; + f,, 1;[73]()]“0 — (1, /\1}3;()1110. For this we denote

0 for t <y,

W, (t, A)iJwt, (te, Vm({T e for t> 1y, (64)

Parlt) = =27 Pa(t) = {
where 1 € S;; N (a0, ). It follows from Lemma 2.2, equalities (55), (64), and (10), (11) that the equality

Pa®) = iFm({ve)) e — i] f dpo(&)Pax(s) — i f dmo($)Da(s)

Tk

holds. We denote ‘T&;k = )\12;4;(. Then the pair {1?;4;(, @4k} satisfies the equation
t t
Yur(t) = ijm({tie}) i — i] f dpo(s)Yax(s) —i] f dm ()W 4k (s)-
Tk Tk

We can apply Lagrange formula (4) to the functions ¢4, 51, {;74,(, ‘174;( forci = 1, ¢2 = Br, q = My, P1 = P2 = Po-
We first note that equalities (55), (37) imply

F1(00) = —wa (i, A)iJ f 0 s, Mdmos)fo(6)+

n

+ (2 )] f "0, Ddmo() £o(s) = wn (2, A)i] f 05, D)dmo(s) ().



V. M. Bruk / Filomat 37:23 (2023), 7699-7718

Now using (4) and the equality lim;_g, o 1(t) = @1(B.) = 0, we get

AP+ fro U3)me — (@1, AD30)m, = —2L(P1, Yar)m — (@1, Var)mo] =

7713

B _ _ Bn — - —
=-2 [ (dmo () D1 (1), Par(t)) —f (dmo(Hep1(t), ‘I’4k(t))] ==2[({J1(Bn), Yax(Bn)) — ([ P1(Tk), Yar(Ti))] =

Bu _
= o ifwn(re, A)i] f 0, (5, Ddmo(s) £ (6), iFm({e) i) =

B _
= 2wn(ti V)] f (s, T)dmo(s) £(s), m((2el )

Using (37), (38), (63), (65), and the equality m({zx}) = m*({7x}), we continue equality (58):

(u_, Yn + Zn)m — (yn = Zn, Us)m = 2(Xn1, Hnl)"'

K, B —
+2)" ((A—1 fol, m({ Tl + (e, A)i] f (5, Ddmo(9) (), m({n}uno):zgn,M(A)@).
k=2 Tk

On the other hand, using (47), we get

(fo Yn +2n)s = Wn = 2, fr)s = (= = AWYn = Z0), Yn + Zu)s — (Yn — Zn, s — A(Yn + 2))g =
= (Ll_, yn + Zn)i') - (yn — Zp, u+)$5 - (Aynr ]/n)sj + (/\an ]/n)sj - (/\]/n/ Zn)sj"'

+ (Azn, Zn)g + Y, AYn)s = (Zn, AYn)s + (Yn, AZn)g — (Zu, AZn)s-

Combining (66) and (67), we obtain

(fn/ Yn + Zn)g — (]/n — Zp, fn)sf) = Z(fn/M(A)zn) - (Aynz yn)b + (Azy, ]/n)E)_

(65)

(66)

(67)

- (/\]/n, Zn)&} + (Azy, Zn)sﬁ + (]/n, /\yn).{) = (zn, Ayn).{) + (ynr /\Zn)&} — (24, Azn)sb-

This implies
Im(f, yn)s = Im(x, M(A)x ) = IMA) (Y, Yn)s — (20, Zn)3]-
Using (68), we get
Im(f, y) = Im(x, M(A)x) - AMA)[(y, y)s — (z,2)s]-
Since y = R(A)f, we obtain
Im(M(A)x,x) = (IMA)(Z, 2)m = (RA)f, Hm — AMA)RA) £, R(A) f)im-
Equality (69) implies (32). The theorem is proved. [
Corollary 4.6. If
(ImA) " In(R(A)f, flm = (R(A)f, R(A) flm >0
forall f € §, then
(ImA)  ImM(A)x,x) = 0

forallx € Q..

(68)

(69)

(70)

(71)
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Theorem 4.7. Let R(A) (ImA # 0) be a generalized resolvent of the relation Lig and y = R(A) f. Then y has the form
(30), where M(M): Q. — Q_ is the bounded operator such that M(A)=M*(A), ImA # 0. The function A — M(A)x is
holomorphic for every x € Q, on the half-planes ImA # 0 and inequality (71) holds for every A (ImA # 0) and for
every x € Q..

Proof. Equality (30) follows from (2) and Theorem 4.2. The equality R*(A) = R(A) implies M) = M*(A).
The generalized resolvent is holomorphic. Then it follows from Lemma 4.3 that the function M(A) is
holomorphic. Inequality (70) holds for the generalized resolvent R(A) (see, for example, [17]). Using
Corollary 4.6, we obtain that inequality (71) holds for the function M(A). The theorem is proved. [

Theorem 4.8. Suppose that the relation T(A) satisfies the conditions of Theorem 4.2, and T(A) is continuously
invertible, and R(A) = T~Y(A), and M(A) is the operator from Theorem 4.2. Assume that the function A — M(A) is

holomorphic on the half-planes ImA # 0 and M(A) = M*(A). Then the function A — R(A) is a generalized resolvent
of the relation Ly if and only if the inequality

(ImA) " ImM(A)—-

H(l Ikl
— | MMV (A) +27" Z P ¥ )\ Sn Wi (- A)] [V(A)M(A) - 2-11'2 X p\Sa Wi, Dpjn | =0 (72)

n=1 n=1

holds, i.e., the operator on the left side of inequality (72) is non-negative.

Proof. By A denote the operator on the left side (72). Then (A%, %) = (ImA) ' Im(M(A)x,X) — (2, 2)m, where
x=V'1)f e Q. cQ., f € 91, zisdefined by equality (31), pj. is the operator such that pjmvaz X1 (see (39)),
and x, is defined by equality (37). Using (32), we get

(AX, %) = ImA) " IMRA)S, Him = RA) £, RA) .
Thus, inequality (72) is equivalent to the following
(ImA) MR, Hm = (RA)f, R(A) f)m > 0. (73)

It follows from Lemma 4.3 that the function A — R(A) is holomorphic on the half-planes ImA # 0. The
equality M(A) = M"(X) is equivalent to the equality R(A) = R*(X). Now the desired assertion follows
from [17], where it was established that a function A — R(A) is a generalized resolvent if and only if this
function is holomorphic on the half-planes ImA # 0, R(A) = R*(A), and inequality (73) holds. The theorem
is proved. O

5. The example

We consider equation (1) on a segment [0,b] and assume that H=C,J=E=1,p=0, m = mg + m,
where my is the usual Lebesque measure (i.e., m([a,8)) = f — a for 0 < a < B < b; we write ds instead of
dmg(s)), 0 < 7 < b, m({7}) = 1 and m(A) = O for all Borel sets such that 7 ¢ A. So, Sm = {t}. Thus equation
(1) has the form

t
y(t) = xo—1i fo dm(s) f(s). (74)

In this example, we consider the minimal operator Ly generated by equation (74). We find a function
M(A) corresponding to the resolvent of a self-adjoint extension of the operator Ly and use the system of
functions {9} (13), (14) to find M(A). This function M(A) has the property (ImA)'ImM(A) > 0. In the
example from [16], a function M(A) was found using the system of functions {vy} (see (16) and Remark 3.6).
This function from [16] does not have the property (ImA) ImM(A) > 0 (see [16]).
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It follows from the definition of Ly and (8), (74) that Ly is an operator and if y = Ly f, then

y(f)=—if0f(5)dS/ y)=0, f(=0 & Yyt =-if(), y0) =y®) =0, f(r)=0.

Since Sp = {0, b} and m(Sp) = 0, we have o = {0} and L], = L; in equality (9).
Equation (6) (for xo = 1) takes the form

t
W(t,A) =1-id f W(s, A)ds, AeC.
0

Therefore, W(t,A) = e='M. Obviously, if A = 0, then W(t,0) = 1. The number of intervals Jj € J is k; = 1.
We write w(t, A) instead of w;(t, A). Then w(t, A) = X[o5W(t, A). Without loss of generality it can be assumed
that w(t, A) = W(t, A) = e7 ™M,

The set M consists of the interval (0, b) and the single-point set {t}. Hence the number of elements of M
is k = 2. By (27), it follows that Q10 = Q0 = {0} and Q1 = Q] = Q] = Q2 = Q; = Q5 = H = C. Therefore,
Q = Q, = Q+ = CZ.

The domain D(Lo) of Ly is dense in $ = L»(C,dm;0,b). This yields that L{ is an operator. A function y
belongs to D(L;) if and only if there exist numbers 11, 1, € C such that

t
y(t) = Xjopp i (M + X (D2 — Xjopp o ()i fo dm(s)u(s), (75)

where u = Ljy (see [16]).
With each pair {y, u} € L we associate a pair of boundary values {Y, Y’} € C X C by the formulas

b b
0
Y:(m)—Z‘li f%dm(s)u(S) +2‘1i( 0 )+i( > )’ Y,:(fou(s)ds)’ (76)
P i dm(s)u(s) u(7) Jy dm(s)u(s) 1u(7)
where y has form (75), u = Ljy. Let £ be a restriction of L] to a set of functions satisfying the condition
Y = 0. Then L is the self-adjoint operator and Ly C £ C Lj (see [16]). Let us find the function

Mu(A)  Mi(A) 2 2
= : 77
M) (M21(/\) M2 (2) c-C @7)
that corresponds to the resolvent Ry = (£ — AE)™L.
Using (13), (14), and the equality m({z}) = 1, we get

, M for t# 1
81(t,A) = Xjopmw(t, A) = g e =40 " 78
1(t,A) = Fopmw(t, A) = Fopp e {0 for I 1 (78)
Sa(t, A) =up(t, A, AT + Xy (HA ! =
¢ 0 for t<T,
= — X\ e Mi f e dm(s)AX () (s)A s + Xy (DA ={ A7 for t =1, (79)
0

—ie” M for t >1; A # 0.
Therefore,

0 for t<T,
;o A ={A7t for t=r1,
eV X et fort>1; A #0.

eM for t# 1,

9t A) = X i =
164) b0 {0 for t=1
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We denote
b b
x1 = x1(f,A) = f 93 (s, A)dm(s)f(s) = f e f(s)ds, (80)
0 0
b _ b . .
x2=x2(f, A) = f 95(s, M)dm(s) f(s)= A~ f(t) + f ie5e™N £(s)ds. (81)
0 T
Using (34), we get

y(t) = 91(t, )(Ma1(A)x1 + Mia(A)x2) + S2(t, A)(Ma1(A)x1 + Mo (A)x2)—
t b
=X [ &0 + 2 Ko e i [ 6 fods - X (00, 6
0 0

By (78), (79), it follows that

91(t, )M (A)x1 + Miz(A)x2) = Xjoppyae” M (M1 (A)x1 + Mia(A)xz), (83)
0 for t<r7,
9a(t, A)Y(Ma21(A)x1 + Map(A)x2) = A7 (Ma1(A)x1 + Man(A)xp) for t =1, (84)

—ie‘i“ei“(le(A)xl + Mpn(A)xy) fort>1;, A#0.

To find Mi2(A), M2y (A), we take the function fi(f) = ¥;(t), ie., fi(t) =1ift =tand fi(t) = 0if t # 7 (by
{Y1,Y]} denote the corresponding pair of boundary values). It follows from (80), (81) that x; = 0, x, = AL
We denote y1 = R, f1. Using (82), (83), (84), we obtain

yi(H) = 91(t, M1 (MA™ + 9a(t, YMa(ADA™ = A7 Xy (1). (85)
We denote uy = Ljy1 = Ay1 + f1. Then using (85), (78), (79), we get
up(t) = 91(t, \Mia(A)+82(t, M) = X o) (e M Mia(A)+ X1 (DA™ Man(A) = Xy (Hie™ M e " Moo (A). (86)

Taking into account (75), (85), we obtain

t
yi(t) = X pp i (OM12(MA™ + Xy (DA™ (Mo (DA™ = 1) = Xjg oy ()i fo dm(s)uy(s). (87)

Using (86), by direct calculations, we get

b T
f dm(s)ur(s) = A7 (i€ — Mia(A) + e M My (M)); f dm(s)u(s) = iA~ (e = 1)M(A). (88)
0 0

By (76), (87), (88), so that

Y= Mip(A)A™! o-1; A7H(i(e™ = 1)Mip(A)+ e ei* My (M)
= AT M MAT = 1)) ™% H A1 (e = 1)Mip(A) + e M er M (A)) ) T

+271 0 +i 0
AT M (M) i (e =1)M12(A))

The equality Y1 = 0 is equivalent to two equalities

M)A+ 271471 (70 — 1)Mip(A) — ie *Peit ™My (1)) = 0,
Al (Mp (M)A~ - 1)+271/\71 ((efiAb—l)Mu(A)— ieii)\beiMMzz(/\)) +271A71iM22(/\)—/\71 (eiAT—l)M12(/\)= 0.
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Solving this system of equations, we get

2!l 2A(e7 A 1)
— . —; Mxn(l)=— ‘ — .
e (2 —iA) + (24 iA) e (2 —iA) + (2+iA)

Mip(A) =i (89)

To find M11(A), M21(A), we take the function fo(t) = X(o5)(t), ie., fo(t) = 1ift <Tand fo(t) = 0if t > T (by
{Y2, Y]} denote the corresponding pair of boundary values). It follows from (80), (81) that x; = iA7H(1 - €M),
x; = 0. We denote y, = R, f». Using (82), (83), (84), we obtain

t b
ya(t) = S1(t, )M (A)x1 + Sa(t, A)Mar (A)x1 — Xjopp ey~ i f e fo(s)ds + 27 X e Mi f ™ fy(s)ds. (90)
0 0
The equality fo(t) = X[o.r)(f) implies

, Al (e M —1) for t <7,
—X[o e Mi f e fr(s)ds =0 for t=r1, (91)
0 A7lemM(1 — AT for t > 1

b 1 idt
, . 274e "My, for t# T
271% . lﬂt'f iAs ds = 1 ’ 92
CONCE fle)ds =30 (92)
By (75), (90), (91), (92), it follows that

t
ya(t) = ¥popp o (M (A)xn +27"ixr) + X (DA™ Mar (A)xg — 35[0,;;]\“1(15)1'] dm(s)ux(s), (93)

0

where 1, = Layz = /\]/2 +f2. Equalities (78), (79), (90), (91), (92) 1rnp1y that us(t) = 1/l21(t) + Mzz(t) +uys(t)+ 1/l24(t),
where

0 for t<T1,
U (t) = Xjpp g Ae M Min(A)xs;  uz(H) = {Mar(A)x; for t =1, (94)
—Aie e MMy (A)x; for t > 1;

M for t<T ,
4 2—1/\' —iAt fi t .
() =10 for t=1, Uaa(f) = {0 foft o ter A (95)
e"M(1 - ) for t > T; -
Using (94), (95), and the equality x; = iA~1(1 — ¢}7), by direct calculations, we obtain
f dm(s)ua(s)=i(e™™" = )M (A)x1 + e e Moy (A)xy + 271 ™ + 1), (96)
0
f dm(s)us(s) = i(e™™* — 1)Mirx1 + 271 (e + 1)xy. 97)
0
By (76), (93), so that
b
M1 (A)x +2‘1ix1) _1, [ J dm(s)ua(s) —1-( 0 ) ( 0 )
Y, = Y -279 |9 +27% +i| ,
2 ( A™IMp (A)xy fobdm(s)uz(s) Mo1(A)x; Jy dm(s)uz(s)

where the integrals j(;bdm(s)ug(s), Edm(s)ug (s) are calculated by formulas (96), (97), respectively.
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The equality Y, = 0 is equivalent to two equalities

My (M)x; + 27y = 271 [ dm(s)us(s) = 0,
AT IMy(A)xy — 271 fobdm(s)uz(s) +27NiMo1 (A)xq + i f(fdm(s)uz(s) =0.

Solving this system of equations, we obtain

s —iAb _ . _ —iAT
e T
2((2 —id)e7iAb + (2 + iA)) (2 —iA)e™b + (2 +iA)

Mui(A) = (98)

Thus the matrix M(A) (77) is calculated by equalities (98), (89).
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