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Abstract. In this paper, the iterates of («, q)-Bernstein operators are considered. Given fixed n € IN and
g > 0, it is shown that for f € C[0, 1] the k-th iterate Tﬁ,w (f; x) converges uniformly on [0, 1] to the linear
function L f(x) passing through the points (0, f(0)) and (1, f(1)). Moreover, it is proved that, when g € (0, 1),
the iterates Tf;fm (f;x), in which {j,} — coasn — oo, also converge to L((x). Further, when g € (1, o) and {j,,}
is a sequence of positive integers such that j,/[n], — t as n — oo, where 0 < t < oo, the convergence of the
iterates Ti,’fq,a(p; x) for p being a polynomial is studied.

1. Introduction

Bernstein polynomials and their generalizations based on g-integers are widely used in many branches
of mathematics, especially in approximation theory and probability theory. The fundamental property of
Bernstein operator is that B,(f; .) transforms every continuous function f defined on [0, 1] into a polynomial
of degree n, called Bernstein polynomial. Researchers asked themselves naturally what happens as the
Bernstein operator is applied to such f repeatedly and then iterations of Bernstein operators have began to
be investigated by researchers. The first study on this subject is done by R.P. Kelinsky and T.J. Rivlin in 1967
[9]. After this date, many researchers get many results related to iterations of Bernstein operators. See, for
example, [5-8, 11, 16]. Itis known that the iterates of Bernstein operators converge. One of the famous proof
is based on the contraction mappings for Banach fixed point theorem used by I.A. Rus at 2004. Moreover, it
is shown that Bernstein operators are weakly Picard operators [15]. Another proof is conducted by U.Abel
and M. Ivan in 2009, in which the basic properties of Bernstein polynomials and positive linear operators
are used [1].

In addition, the iterates of g-Bernstein operators have been considered. In 2002, it is proved that B% (f;x)
converges to the linear interpolating polynomial of f at the endpoints of [0, 1] for any fixed g > 0 when
M — oo [12]. The rate of convergence of B, ;(f, x) to an analytic function of f in the norm of C[0, 1] has
the order 47" was proved by S. Ostrovska in 2003. Moreover, when {j,} is a sequence of positive integers

such that j, — o0 as n — oo, the convergence of Bﬂ,”,q( f,x) is investigated as n — oo. It is shown that for
g € (0,1) the asymptotic behavior of such iterates is quite different from the classical case [13]. There are
many research papers related to iterates of generalized Bernstein operators and some of them are shown in
the references [2, 14, 17].
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In this study, the iterates of («, g)-Bernstein operators, introduced by Qing-Bo Cai and Xiao-Wei Xu in
[4], are investigated.
2. Preliminaries

The definitions and notations used in this article are adopted from [3, Ch.10]. Let g > 0. The g-integer is
defined by

[n]q::l+q+q2+---+q”_1, [0];:=0 n=1,2,...),
the g-factorial of n by
[n],! = [1]4[2];...[n];, [0];!:=1 n=12...).

For integers k and n with 0 < k < n, the g-binomial coefficient is

[n] o [nly!
klg  [klg!n —klg!
The g-shifted product is defined by

k-1 00
@Do=1, @ax=]]A-ag), @ae=]]0-ap).
s=0 s=0

The g-analogue of a-Bernstein operators, called («, 4)-Bernstein operators, are defined in [4] as follows:

Definition 2.1. [4] Given q > 0and a € R. Forn € Nand f : [0,1] — R, the (@, q)-Bernstein operator is given by
T”,M : f - Tn,q,a(f; ) such that

nwmm:ZfG%ﬁ%m, (1)
i=0

(a)
14,

()

where pff;,l.(x) are the basis (, q)-Bernstein polynomials of degree n given by py ' (x) =1 -x, plqul(x) = x and for

nx2,
a -2 -2 n—i n—i— n—i— i—
pﬁxm=(rli]Jl—an+{?_2]ﬁl—am (1-q 1@+{?Lam1—q 1m)x1um»44.

It can be shown, as it is done in [13], that for f € C[0,1] and q € (0, 1),
lim T, ,a(f, X) = Boog(f, %)

n—oo

where B, is the limit g-Bernstein operator given by

s = { FRS g yE D

in which

X5 oo
00,qi(X) = ’
Peoai0) = =00y

By Euler’s identity, see [3, Ch.10, Section 10.2, Corollary 10.2.2],

i=0,12,...

1 =
= , xl<1, gl <1.
(6 @)oo Z (@ 1
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Thus, it is evident that
Byl = 1.
From the definition it is obvious that T}, 4, satisfy

Tn,q,a(f; 0) = f(o)r Tn,q,a(f; 1) = f(l) (2)

for all n which is known as the end-point interpolation. Also, the operators T}, 4, leave the linear functions
invariant:

Ty qalat +b;x) = ax +b. (3)
If we takea =0, b = 1 we get

Zp(a) (x)=1 forall n=1,2,.

n,q,i
Therefore,

”Tn,q,a” =1 4)

The eigenvalues and corresponding eigenvectors of T, 4, are studied in [10] where the following results
are presented.

Lemma 2.2. [10] For all ¢ > 0 and « € [0, 1], the operator T, 4. has n + 1 linearly independent monic eigenvectors
(“ ")(x) of degreek = 0,1,...,n corresponding to the eigenvalues /\g“c;”) = )\g"é”) =1land

Kkk=1)

2 -2,
q-
fork=2,3,...

Lemma 2.3. [10] The following equality holds:

kk=1)/2  :
. a@m _ g if q€(0,1)
lim A ‘{ 1 if gell, o)

It has been shown in [10] that
Tuga(t”;x) = ALy 4 pt) ()
nq,x 7 m,q m—1
where )\f{‘;n) is given by Lemma 2.2 and Pis)_l is a polynomial of degree at most m — 1.
Definition 2.4. Let f : [0,1] — R. The k-th iterate of T}, 4 is defined by
Trgafi®) = Tuga(Th W (f%), k=2,3,..

where Ty, o (%) = Tuga(f; ).
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3. Main Results

In the sequel, 7, stands for the set of polynomials of degree at most 7, and Ly € 7; denotes the linear
function passing through the (0, f(0)) and (1, f(1)). That is,

Li(®) = fO)(1 - ) + f(Dx.
The next result states the convergence of the iterates.

Theorem 3.1. Let g > 0and f € C[0,1]. Then, for fixed n € IN,
lim T, (f3%) = Ly(x)
and the convergence is uniform on [0, 1].

Proof. As Ty44(f;x) € , for any function f : [0,1] — R, it is enough to deal with only the case f € 7. For
n =1, using (1), one gets

T1ga(f,%) = FOPY) (0 + FDPL) | ()
= fO)A ) + f(L)x
= Lf(x).

For n > 2, by the help of (3), one can see that the statement is true if f € ;. Now, we will apply induction
only for a monomial x™ where m < n using again the linearity property of T}, ;.. Assume that the statement
is true for f(x) =1,x,...,x""1. From (5), one has

Tn,q,a(tm;x) = nxm + P(x) (6)
where 1 € (0,1) and P € m,,_1. By the induction assumption,
gg T 5a(P;X) = Ly(x)
Write (6) as
T qa(t™;x) = nx™ + p(x) + Ly(x) )
where p(x) = P(x) — L,(x). Applying the operator on both sides of (7), as L, € 71, we get
Tﬁ,q,a(tm;x) = nTn,q,a(tm}x) + Tn,q,a(.o; x) + Lp(x)
= nzxm +1p(x) + NLy(x) + Ty g,0(p; X) + Ly(x)
= 122" + (N + Tug,0)p() + (1 + )Ly (x)

where I denotes the identity operator. If we continue applying the operator successively, we get

T’,‘llqra(t’”;x) = nfx" + [nk_ll + 1 P T+ + T ]p(x) + (1 +n+-+ 0 HLp).

n,q,0

Now, because 1 € (0, 1), for k = oo, one has nkxm —0and (14+n+---+ T]k_l)Lp(X) - Ll”T(xq) uniformly on [0, 1].
To show the limit of the term in brackets, choose ¢ > 0. Clearly, by the linearity of the operator we have

lim T4 (p3 %) = 0.

Thus, for €1 = 5(12_ q), one can find K € IN such that

IT) (o, 0l < 1, 2K
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Then,
7 @) + -+ T (0l < Ml p() + - + 0T L (o; )l
+ T (s x) + 0 ZTm(p;ao ++ TE ()]
<er+ e+ + e+ K p) + -+ T (p(2), D).

Set 1N~ p(x) + N*Tga(p;x) + - + Tho 1 (p; %)l = M and choose ky > K such that MnK < £ for all k > ko.
Then, we get

K < g

I p + -+ T s

So,

Lp(x)
1-7
uniformly on [0, 1]. Using (2), together with the last result, we get

hm Tk (#"x) =

nga

lim T"M(t"’ x) = x

Now, suppose that

gy Apx + Ag.

Tn,q,a(f; x) = Anxn + An—lx
Then,
lim T"qa(f x) = lim [A K paE52) + o+ A TS (3) + Ao
= (An + 4+ Apx + Ao.

Using (2) once more, one finds Ag = f(0) and Ag + A1 +--- + A, = f(1). Therefore,
hm Tﬁqa (f;x) =[f(1) = f(O)I(x) + f(0) = L¢(x)
and convergence is uniform on [0,1]. O

Example 3.2. For f(x) = 2x + sin(97x/2) one has Ly(x) = 3x. The first, third and the fifth iterates of Ty g,.(f; X)
whenn =3, q = 0.9 and a = 0.5 are depicted in Figure 1. As it can be observed, T% | | (f;x) converges to Ly.

In the previous theorem, 7 is fixed. Next, we consider the case when 7 is not fixed. More precisely,
when g € (0, 1), we have the following result:

Theorem 3.3. Let q € (0,1) and {j,} be a sequence of positive integers such that j, — oo as n — oco. Then, for
feC[o,1]

hm Ti,”qa (f;x) = L¢(x)
uniformly on [0, 1].

Proof. Because of end-point interpolation, it suffices to prove that r}l_r};o Tz,’jq,a (f;x) =ax +bforsomea,b € R.

The theorem is proved in two parts.
1) First, consider the case f(x) = x™ and use induction on m. For m = 0, 1 the statement is obvious due

to (3). Assume that ’}1_1)130 Tz,’fq,a(ts;x) =ax+bs€myfors=0,1,...,m—1. Then, by (5)

Toga(t";x) = AV + [(AS Y+ AV 2 Tog + -+ + Thiga| PO (x
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3 T T T T
f(z)
25F|7—- 'TT?L’,q,w(f;x) y
e Trgq,a(f;x)
] — 75, (f;7) |
15 7
l - -
05 5\ .
v
2
O .
_0.5 1 1 1 1
0 0.2 0.4 0.6 0.8 1

Figure 1: Some iterates of Ty, 5, (f;x) forn =3, =09 and @ = 0.5.

where I denotes the identity operator Pf::il € Ty-1. It follows from Lemma 2.3 that
; @myj, _
lim (A7) = 0. (8)

The expression in the brackets is a linear operator on the space 1.
Consider the sequence of polynomials in 7,,—1,

ys:nl) [(A “’n))]”_ll T (A 0(,71))],1—2'1-' g +- T];:q/l] (P(’Vl)

Then, )
AT = T g )y " = AP =T, PO

It follows from (4) and (5) that [[P"”. || < 2. Since (8) holds, we have
@y, pin)
lim (A VP, =0.
It can be readily seen from (5) and Lemma 2.3 that
lim PY () = Buo(#5) = 4" /2%" = Q1 (¥) € Ty

In other words,
P (x) = Que1(x) + 64(x)
where lim 6,,(x) = 0. Thus,
n—o00

Thy o (P 5 5%) = Tty o(Quiets X) + Ty o (O ).

m-1’
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Due to (4), IIT,];’qua(én ;0| < 116,]| which means that ,}Eﬂ, T{'[‘,q,a(én) = (. By induction assumption

lim Ty o(Qut;%) = cx +d € .

Therefore,
lim (AT = T o)y = cx +d

e m-1
or

ASPT = Ty g )y = cx +d + wy(x)
where 31_1}1010 wy(x) = 0 uniformly on [0, 1]. As stated in Lemma 2.2, the eigenvector of T, 5, corresponding to
the eigenvalue )\fff, 0 Vis a polynomial of degree m. Therefore, the operators )\,(ff; - T}40 are invertible on
Tim_1 forn > m and

Hm (AT = Ty ga) = 7" D21 = Buog =t Awg

n—o0

is also invertible on 7t,,—1. Hence,
lim (AT = Ty 00) ™" = AL,

n—oo

and it follows that
AT = T g0) Il <M for some M > 0.

Therefore,

YO = (AT = Tyga) ex +d) + (AT = Tyga) ™ (@n)

Since [[(AS2"T = Tyg0) (@)l € Mll(@y)ll = 0as n — oo, and Him (A7"T = Ty50) ™! = Awg, We conclude that

n—oo

lim y") = A;},q(cx +d)=1ax+b

n—oo ¥ M=1

Thus, ‘
lim T, o(¢";x) = ax +b.
n—o0

The induction is completed and it follows that for any polynomial p,
1}1_{120 T,];’jq,a(p; x)=Ly(x) for xe€l0,1].

2) Let f € C[0,1], and let € > 0 be given. Then f(x) = p(x) + 6(x), where p is a polynomial and [|5(x)|| < €. We
have

T1]1’tq,a (f/ x) = Tﬁiq,a(p; x) + T}T,q,a (6; x)
Since lim Tﬂ:q,a(p; x) = L,(x), there exists 19 € IN such that IITZ’iq,a(p; x) = L,(x)|| < € for all n > ng. Obviously,
n—oo
ILs()Il < [16]] < €, and finally, as Lf = L, + Ls, we obtain
TS 4 (f320) = LI < T o) = Lyl + 1T 1(8:2) = Lo@)l

<IT) o3 2) = Ly(Oll + 1T oS 0l + 110l < 3¢ forall  n > ng.

Thus, )
lim T}, o(f3%) = L)

uniformly on [0,1]. O

In the case g > 1, the situation is different. For this purpose, we shall need the following two lemmas.
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Lemma 3.4. Let )\](Caq’”) be as in Lemma 2.2. Then, for q > 1,

k-1
lim [y In(A") = =(1 = )KLy (1= ') = ) [,

m=1
where an empty sum is taken to be 0.

Proof. As it is shown in [10], the eigenvalues /\f{"‘q’m can be expressed as

3 3 k-1
Ag;m:(mu_a)[” il + & 1”)1‘[(1_@)

[n]q[n - 1]q el [n]q
Thus,
n—klin+k-1],\ & [m]
(an)y _ _ q q _ _q
ln(/\k,q )=1In (a +(1-a) TRCES) ) + L In (1 ol )
~ g K- 1) O [m],
= 11'1(1 - (1 - a)—[n]q[n — 1]q ) + L 11'1(1 - W) .
AsIn(1+u) = u+ O®u?) as u — 0, we get
Pk =11, &
[n], In(A{"") = —(1 - a)[nj—l]qq - m;[m]q +0(1/[n],).
Taking the limit on both sides as n — oo, yields
k-1
lim [n]; In(A{%") = (1 = a)g' (g = DIkl Ik = 11, = ) ],
m=1
k-1
= —(1 - @)1 - g" K], = ) Iml,
m=1

as desired. O

Lemma 3.5. Let g > 1 and {j,} be a sequence of positive integers such that lim, e ju/[n]; = t. Then,

k-1
lim (A;‘Zm)fn = exp {— [(1 — a)[kly(1 - ') + Z[m]qJ t}, k=0,1,..., )
m=1
when 0 < t < oo, and
Hm (AP =0, k=2,3,... (10)
n—oo ’q
when t = oo.

Proof. Lety = (A](:Z"))]'n—[n]qt and z = (/\I(ca‘;n))[n]qt’ Then,

Jn
[n],

Iy = G~ ) = () a7
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As lim[n], ln()\](caén)) is finite by Lemma 3.4, we get lim Iny = 0, implying

lim (A](ca';"))]'n—[”]qt =1 (11)

n—oo

Also, since Inz = t[n], ln()\]((“q’n)), using Lemma 3.4, we get

n—oo ’q

k-1
lim (At = exp d—| (1 - @)Kk, (1 - 7') + Z[m]q ¢4 (12)
m=1

Using (11) and (12), we derive (9). To obtain (10), let t — co. [

Using Lemmas 3.4 and 3.5, one can state the following theorem, whose proof is omitted here since it is
similar to the case g = 1 considered in [5].

Theorem 3.6. Let q € (1, 00) and j, be a sequence of positive integers such that limy,_,« ju/[1]; = t. Then, for any
polynomial p and any 0 < t < oo, the sequence {T,]fq,a(p, x)} is uniformly convergent on [0, 1]. Specifically, for t = 0,

1}1_{{)10 Tﬁ’fq,a(p; x) = p(x) on x¢€l0,1]

and for t = oo,
31_1;1;10 Tﬂ,’iq,a(p; x) = Ly(x) on x€]l0,1].
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