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Abstract. We consider differences coming from Popoviciu’s inequality and give upper and lower bounds
by employing weighted Hermite-Hadamard inequality along with the approximations of Montgomery two
point formula. We also give bounds for Popoviciu’s inequality by employing weighted Hermite-Hadamard
inequality along with the approximations of Montgomery one point formula. We testify this scenario by
utilizing the theory of n-times differentiable convex functions. Our results hold for all # > 2 and we provide
explicit examples to show the correctness of the bounds obtained for special cases. Last but not least,
we provide applications in information theory by providing new uniform estimations of the generalized
Csiszar divergence, Rényi-divergence, Shannon-entropy, Kullback-Leibler divergence, Zipf and Hybrid
Zipf-Mandelbrot entropies.

1. Introduction

Convex functions (see [1, 2]) show a vital role in several areas of mathematics. There is a nice connection
between mathematical inequalities and the theory of convex functions. Like Jensen’s inequality, Popoviciu’s
inequality also characterizes convex functions. Nowadays, Popoviciu’s inequality is also a topic of interest
for many mathematicians since last fifty years.

In (1965), Tiberiu Popoviciu (see [3]) gave the following characterization of convex function.

Theorem 1.1. Let f: [p1, 02] — R is convex. Then, for each z1,25,23 € [01, 02] and all q1, a2, a3 > 0, the following
result holds

0121 + OpZp + CI323)
g1+ a2+ a3
O2Z + 43Z3

G2 + a3

(a1 + a2 + %)f(

0323 + 0171
a3+ 01

- (o2 + i )= G+ an( )= G + )

G121 + CIzzz)
g1+ g2
+ a1f(z1) + a2f(z2) + a3f(z3) = 0.
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The ability to maximise and/or minimise a particular function (or specific real numbers) without requiring
derivatives is one of Popoviciu inequality’s most useful applications, making this kind of inequality a
crucial tool in approximations and optimizations. Another important application is the generalization of
several well-known classical inequalities. For instance, Popoviciu’s inequality is a beautiful generalization
of Hlawka'’s inequality [4] that makes use of the geometry concept of convexity.

Without the aid of Hlawka's inequality, Popoviciu’s inequality could not have been extended to many
variables since the authors were motivated to create a higher dimensional [5] counterpart of Popoviciu’s
inequality based on his characterization. Popoviciu’s inequality has several intriguing generalizations and
analogues with some ramifications, which may be found in [6].

Nowadays, a convex function axiom that T. Popoviciu proved in [3] is the subject of extensive research
(see [1] and references with in). Recent developments in Popoviciu’s inequality are introduced by M. V.
Mihai in 2016 (see [7]). Popoviciu’s inequality for functions of several variables was provided by M. Bencze
et al. in [8] in 2010. The integral form of Popoviciu’s inequality was presented by C. P. Niculescu in 2009
(see [9]). Popoviciu’s inequality in [10] was further developed by C. P. Niculescu in 2006. Recently, Butt et
al. provide a few recent updates and enhancements to Popoviciu’s inequality in [11-14].

The following is Vasi¢ and Stankovié¢ shape of Popoviciu’s inequality given in [15] (see also [1] page
173).

Theorem 1.2. Consider m,v € IN where m > 3and 2 <r <m—1also [0, 2] C R, z = (21, ...,Zw) € [01,02]™,

m

q = (q1, ..., m) be positive m-tuple in such a way that Y, q; = 1. If i : [o1, 02] = R is convex function, then
i=1

r
1 b 0i; Zi;
j=1
cm-1 Z {Z‘ ql]] T 1 Z‘ aif () + [Z quz] ’
-1 1< <..<ip<m | j=1 Z ai
=
or
n m-xr_ . n
Pl‘ (qu;f) < m—1P1 (qu;f)+ Pm(Z be) (1)

where

1 T ; Qi; Zi;
PLH(Z, 7 f) - P;"(Z, W f(Z)) = cm- 1 Z [Z qi/]f ]_‘— i

=1 1<i<..<ip<m\ j=1 Z q;:
=
is the linear w.r.t. {.
From inequality (1) we can write
m- -1 m m
F(z,q;f) = — 1(Z,q;f)+ P Wz, a;1) — P{(z, ;7). (2)

The following is the generalized Montgomery identity:

Theorem 1.3. Let n € N, { : I — R be such that i is absolutely continuous, I C R an open interval, g1, 02 € 1,
01 < 02. Then, the following identity holds

v () z-a)"? Z i (02) (2~ 2)""

02
t)dt +
, f(®) %w!(w+2) 0 -0 zow!(w+2) 02— 01

f(z) =
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1

02
T fm Ry (z,7) " (r)dr, (3)

where

_ (z—r)" z— ()1 o\ 1 <r<
+ 2 (Z 7) 01 <r<g,
R, (z,1) = (4)
(= Z—0 _ -1
n(@Z—Ql) * 02—01 ( 7’) ; ZSTS 0

Butt et al. gave in [11] the following generalized identity for Popoviciu inequality under the effect of
Montgomery identity:

Theorem 1.4. Let all the assumptions of Theorem 1.3 be valid and let m,r e N, m>3,2<r<m-1, [Q1, el € R,
z=1(21,22,...,Zm) € [Q1,Qz] q = (a1, a2, .., m) be a real m-tuple such that 2] -1 i # Oforanyl1<ip <..<i;<m

and Y1 qi = 1. Also let = € [o1, 02] with R, (z, 1) be the same as defined in (4) then, we have the following

identity:

1 n-2 1
F(z, a T(Z)) RCE) wz:O (w!(w + 2))X

{f(w+l) (1) F(Z, 0 (z— o))" ) -1 e) F(Z’ % (- )" )}

1 @ )
T fm F(Z/q;Rn (z,r))f”(r)dr. (5)

The following is another version of Montgomery identity which gives approximations at single point:

Theorem 1.5. Let n € IN, f : [01, 2] — R be such that fr-1) s absolutely continuous, I C R an open interval,
01,02 €1, 01 < 2. Then the following identity holds

— 1 e v (w+1) (Ql - Z)w+2 — (@2 — Z)w+2
f(z) = % —o f(£) dt + Zf (2) (w +2) (g2 — 01)
1 (n)
T f R (2,0 1 (), ©

where

_ n(oz @ =" asr<z
Rn (Z, r) = (7)
(02 01)(02 -1, z<r<o.

Butt et al. in [11] formulate the following identity with help of generalized Montgomery identity (6).

Theorem 1.6. Let all the assumptions of Theorem 1.5 and Theorem 1.4 are valid with R, (z,7) be the same as defined
in (7). Then, we have the following identity:

n-2
Fe i)~ oy Z(<w+2>')

w=0
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Throughout the paper we will utilize the following weighted Hermite-Hadamard inequality [16] given
as:

Theorem 1.7. If{: [01,02] = R is convex and p : [01, 02] — R is of a constant sign on 1, 02], then we have

02

)< g | 0T < 2= f( o) +
where
02
= P(o) = f p(b)dt, ©)
4
and
! N d 10
= Do) fgl tp(t)dt. (10)
We can write above inequality as
0 -0
Pi() < f pont < P 22100 + 2. )

In this research article, we will formulate upper and lower bounds for Popoviciu’s difference by utilizing
Montgomery identity along with weighted Hermite Hadamard inequality. We will also give results for a
particular case when n = 2, then for obtained results we will give applications in information theory.

2. Main results
Theorem 2.1. Under the assumptions of Theorem 1.4, let for all n > 2, {*(-) (n-th derivative of ) is convex and
F(z ;R (z,7)) >0, re€lo, 0] (12)

then the following inequalities are valid

i) L
o 1_”;)!f( J(Mi(n)) < F(z, q;f(Z)) T (-o) ;) (w!(w + 2)) X
{f(w+1) (o) F(Z, a(z— Ql)w+2 ) _ f(w+1) (02) F(Z, 0z - 02)w+2 )}

Pi(n) (Qz — A1(n)
- (1’1 — 1)' 02 —

7(0) + 1() Qlf(”’( 2| (13)

where

ool ntl
Pi(n) = fgz F(Z, o R, (z,7) )dT = F(Z/ q, ( (Z (QT:)_+_ 1)(QZ(Z_ Qlé);) ] )/

o1
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or
z" 1 = n n-1
Pim) == 1)![1:(2’ v F) T 1o - on) Z:S ((w n 2))( w )X
{Ql(n_w_l)F(Z, @ (Z o )w+2 ) (n w— DF(Z, @ (Z _ Qz)w+2 )}]’ (14)
and
” vF(z, ; R, (z,v) )dr
A1(n) f ( )
N F(z a; R, (z,7) )dr
_F (Z ,(91(2 —0)" —;(z- )" (z-0)"? - (z- )" ))
L+ 102 — 01)Pi(n) n(n +2)(02 — o1)P1(n)
or

Mi(n) = (11131_(;))![1:(, ,(Zi*l),) TES Qz_@)z(zgz) . 12)))><
(o= S or(ei - 002 ) - Rz - 02|

Proof. Asf™ isassumed tobe convex foralln > 2, thus by applying weighted Hermite Hadamard inequality
(11) for the convex function {™ with positive weight p(r) = F(z, a; R, (z,7) ), we get

(m(nl))' . _11)' f F(z, 0 Ro (2,9 )® (1) dr

_ i) ( Al(mf(m( )+ M) @1f<n>( ))

(A (m)) <

-0\ ;- (15)

Thus, by substituting the value of

(n —1 1)! f ) F(z, ;R0 (1) )i (0 dr,

from (5) in (15), we get required result.

Now, we find the value of P;(n) by utilizing the kernel function (4) defined in the remainder term of
Montgomery identity. By replacing z with z; in (4) we get,

_@=n)" ozimon (o, yn-1 A

n(gz—gl) 02—01 ( ! 1’) ;ST SZ
Ry (z,7) =

_ _(z-n)" Zi—02

n(gz—gl) 02—01

Zi—l’n_l, z; <r < 0.
o

Now we calculate [© F(z, a; R, (z,7) Jdr as by comparing (9), we have
o y paring



S. L. Butt et al. / Filomat 37:22 (2023), 7641-7662 7646

Py(n)

f@z F(Z, a; R, (z,71) )dr (16)

41

z Y _
f F(z, a;— (z—7) + Z7 e (z—r)"" )dr
o n(-0) 6-on

+ f()ZF(Z 9 - (=) L 1T (z—r)”_l)dr

on(e-a) -0
= 11+12—I3.

It is pertinent to mention that the difference in last equality is obtained by using the explicit form of our
functional as given in (2), where

L = ot Qi[f (— @i~ 1) + i (Zi—r)"_l)dr
m—1 o \ n(-0) 0-n
02 LA\ R
+f (_ (Zz 1’) + Z; 02 (Zi _ r)”_l)dr],
2 \ n(@-0) o-0

m n m
‘Z“lfh'Zi (Z qizi — 1’) Z 9iZi =01 ((m n-1
b= r_l[fl_] - += ZQiZi—T dr
m—1LJ, n(o— o) n-0 |4

)
m n m
” (Z 0iZi — 7’) ):1 9izi — 02 [ m
i
1

n-1
i=1
S PO + 9izi =t dT],
j;: 9iZi n (@2 - 91) 02— 01 ; ]

i=1

and

13 = Cn{fl Z [Zr: Qi/-] X

=1 I<i<..<i;<m\ j=1

r n r
L ai;2i; L a;;2i;
j=1 j=1

r
T -r T - ¢ .7,
T L a;; L a;; ¢ ;‘ 4i; Zi
L i j=1 =1 j=1
[f I + - —r dr
o n(o—o01) 02— 0 Y
]

n—-1

=
v n v
E] ai; Zi; /Ell ai, Zi; . 1
T -r T - QZ ..
0 Y ai; Y ai; Z‘ 9i;Zi;
. = = j=1
+ p % %i; - + T —-r d?’ .
2591 n(e-oa) ®-0 T o
X oq;. ql/'
=1 j=1

First we calculate I; as,

L= m-—r Qi[fl(— (zi—7) +<Zi_@l)(zi—r)”_1)dr
m-1="], \ n(@-0) o-o
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02 3 (Zi - ’,)n Zi— 0 o n—l)
’ fz ( n(e - 01) ¥ 0—0 (i =1) dr]
_ M-t m ll:(Zi _ Ql)n+1 _ (Zi _ 02)n+1:|
(n+1)(02— o)

m-14&"
i=1

Similarly, we can evaluate

m n+1 m n+1
(Z GiZi — 01) - (Z 0iz; — .Qz)
_r=1 |\t i=1

L= ,
2T m-1 (n+1) (02— 01)

o n+1 n+1 7
/El i Zij z ai; Zi;
T -0 - T -0
Yo Yo
=1 j=1 7

(n+1)(e2 — )

and

™M~

=1 1<i<..<i;<m | j=1

By taking difference I; + I — I3 and rewriting it in compact functional form, we get

hth—I= 2= Zq @)~ (- e)
e m—14&d™ (n+1)(02— )

m n+l m n+l
(Z qiZi — Ql) - (Z 0iZi — Qz)
. r—1 [ \i=1 i=1

m—1 (n+1)(e2— 1)

r,« n+l * n+1 1
/§1 ai; Zij /§1 ai; Zij
i - Ql - T - 02
Gi;

1 r = Y ai;
- Cm—l Z Z qi]‘

j=1
=1 1< <..<i;<m | j=1

(n+1)(e2—01)

~ . (Z _ Ql)n+1 _ (Z _ Qz)n+1
‘FP”( (1 + Doz - 01) D'

Method 2 for computing P;(n)
If we choose f(z) = % in (5), then we obtain

" n=2
F(z, 0 %) - n!(@l_ ) WZ:& (w!(wl+ 2)) (n(n —1)-(n— w))x
{91(”‘”"”F(z, 0 (z—0)"" ) - Qé"_w_l)F(Zf 0 (z - o) )}

02
:ﬁf F(z,q;Rn (z,r))dr.
Yo

7647

(17)
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Comparing (16) and (17) leads to

n-2

Py(n) " 1 1
(n 1—7;)! - F(Z' v %) (o — 1) Z=' (w!(w + 2))(n(” -1 (n- w))x

{Ql(n_w_l)F(Z, @ (Z o )w+2) (n—w— l)F(Z a (Z o )w+2 )}

(18)

Now, by multiplying above result with (n — 1)! and after simple calculations, we get

n n—-1
P = - 0f5(e %) - s Y (g )

w=2

{Ql(n_w_l)F(Z, a (Z ol )w+2) (n—w— DF(Z a (Z QZ)w+2 )}]

Here, we use the fact that

nn-1)---(n-w) n (n—l)

wli(w + 2) T (w+2)

Now, we have to calculate the value of A;(n), which can be obtained directly in our case by comparing
with (10) as

f@ fz rF(z, a; R, (z,7) )dr
féfz F(z, a; R, (z,7) )dr

= Pll(n) f ” rF(z, G R, (z,7) )dr
4]

For this, we first calculate f@ ;02 rF(z, o R, (z,1) )dr as under by using integration by parts:

Aq(n)

f ’ rF(z, a; R, (z,7) )dr (19)

4t

:f rF(z,q,'— (z=r) L 1Ta (z—r)”_l)dr
o n(e-0) e-o

0 _ A\ _
+ f rF(z, q; — (z-7) + 2”& (z - r)”_1 )dr
z ne-0) @-0

=l + 15— I

Again, we use the explicit form of our functional as given in (2) and for simplifications of integrals, we
use the following notations

=M r qi[f (—r (zi—7) N r(zi — 01) (2 — r)”_l)dr
m-1=71J, \n(e-0) a-o

“zrei-n" rzi-e) n—l)
+L (”(02—01) - 0 — 0 (zi—7) dr],
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m n m
‘Z“:fh'Zi —}’(Z qizi — 1’) F(Z 0izi — Ql) m n-1
= 1T 1 [f“_l i=1 L= 2 wzi—r ir
- i4i
m—1LJ, n(02 - ) ®2-0 —

m

) ”(Z 0iz; — 02)
i=1

|

[

m
0 —”(Z Gizi =7 n-1
i=1
+ f d + Z WzZi— T dr],
Y iz n(o - 01) -0 P
and
l T
=D M DIk
=1 1<ih<..<i<m\ j=1
T n
Z i Zi; Z 0i.Zi.
iﬂ,‘.ll‘ —r /1]]_7, r ]1/]_ T n-1
E— — [ Z 0. ﬁqz & ; i; Zi;
X a =1 J =} J j=1
[f = + - —-r dr
o n(e - o) 02— 0 Y g
=
r n r
; Qx]Zz/ ]g,l (],'/Z,] o1
1| —= -r Tl — )
02 ;qi]‘ Zlq,], ]E.l i; Zi;
+ fz 9.7, L + - " -r d}’]
il n(e-o) -0 5 a
.): qaj 4 ql,
=1 j=1
=l + 15— I
First we calculate the integrals in I; as
o1(zi — o))" (zi — o)™
n(n +2)(02 — 01)’

“—r(zi—1)"  r(zi— o) o n_l) _
fgl(n(@z—@l)+ 0 -0 (2 = 1) dr_(n+1)(92—01)

and

(zi — 02)"*?

—02(zi — 02)"* B
n(n+2)(02 — 01)°

2 _y(zi—1)" 1(zi—0) - ”_1) B
nﬁ Lﬂw—@n+ e G L P

Hence, we can get

n+1 _ QZ(Z' _ 02)n+1 . (Zi _ Ql)”+2 _ (Zi _ Qz)n+2]
n(n +2)(02 — 01)P1(n)

_om-— Z [Ql(Z - 01)
- m-1 (n+1)(02 — 01)P1(n)
Similarly, we have
m n+1 m n+1 n n+2 n+2
) —Qz(z qiZi — ) (Z CliZi_@l) —(EQiZi— 2)

01 (; 0iZi — 01 L L
[ 1+ (o2 — 0)P1(n) T T+ (e - o0Pr()

I =
> T -1

4
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and

M-~

o
[ ) qi; T ai;
=1 1<i<..<i;<m | j=1 [ (1’1 + 1)(02 N Q1)P1(Tl)

j =
3 n+2 r n+2
]}::1 i Zi; L. %7
-0 —| = -

v n+1 v n+1
E‘] i, Zi; g] i, Zi;
-0 2 Bl )
1 - '
16 = Cm—l Z [Z qi}'

Y Qi/

j=1

+
n(n +2)(02 — 01)P1(n)
Now, by taking the difference I; + Is — Is, we get
_ m L n+l _ L n+l L n+2 _ (. _ n+2
Lotls— I = Mt y qi[m(zz o)™ — oz — )™ (zi— o)™ — (zi — 02) ]
m—1 4= (n+1)(02 — 01)P1(n) n(n +2)(02 — 01)P1(n)

m n+1 m n+1
01 (Z 9izi — @1) ) (Z 9izi — Qz)
r—1 i=1 i=1

(n +1)(02 — 01)P1(n)

+
m-—1

m n+2 m n+2
(Z qizi — 01) - (Z 0iz; — .Qz)

i=1 i=1 ]
n(n +2)(02 — 01)P1(n)

T

v n+1 ] n+1
g‘l i, Zi; E,] ai; Zi;
-0 — 02| = ]

o1 =
J[ z i Y ai;

=1/

(n +1)(02 — 01)P1(n)

1 T
- Cm—l Z {Z qi/

=1 1<i<..<i;<m | j=1
M n+2 v n+2
[1}:1 i Zi; ] [1‘1 i Zi; ]
T - Ql - T - 02
Y Qij Z Qi/
+ - ]
n(n + 2)(02 — 01)P1(n)
_F (Z . (01(2 —o)" —oz-0)""  (z-0)" - (z-0)"? ))
" (n+1)(02 — o1)P1(n) n(n+2)(02 — 01)P1(n) )]

Zn+1

Method 2 for computing A, (n)
Now, we will find the value of A;(n) by employing identity (5) for f(z) = D

s 1 = 1
F(Z’ Vit 1)!) RCESCE) wZ:(-J (w!(w n z)) ((” Fn(n=1)---(n-w+ ”)X

{@1(”‘“’)F(z, 0 (2= 0)""?) = oy "Bz 0 (2~ )" )}

1 02
f rF(z, G R, (z,7) )dr.
41

T -1

By comparing (19) and (20), we get

as:

Pl(”) B . 7+l
o= F(Z’ LT )_

7650

(20)
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1 1
(n+ 12 — 01) =4 (wl(w T 2)) ((” +Dn(n—-1)---(n—w+ 1))><

{ Ql(n—w)F(Z, 0z - Ql)w”) - Qz )F(z, 5 (z—0)"" )}

after simple calculations, we get

(n-1)! A S nn+1)
M) = Pi(n) [ ( Z (n+1)') (n+1)'(gz—01)25(w(w+2))

(n - 1){Ql(n_w)F(Z/ qQ (Z o )w+2) (n— w)F(Z, a (Z 02)w+2 )}]

w—1

Here, we use the fact that

n+Dnn-1)---n-w+1)  nn+1)(n-1
wl(w + 2)  ww+2)

w—-1/
[

Now we give another version of Theorem 2.1 by utilizing generalized Montgomery identity (8):
Theorem 2.2. Under the assumptions of Theorem 1.6, let for all n > 2, {*(-)(n-th derivative of ) is convex and
F(Z/ q/’ﬁn (Z/ 1’)) > 0/ r € [Ql/ QZ]/ (21)

then the following inequalities are valid

Pi(n) 1 9 1
o 1)|’f ((n)) < F(z,0;1(2)) - T w—O(W!(w m 2))x
{Flo ™ @ (@ =2 )z 01 @ -2
Fl(”l) ( 1) (n) ( ) - (n)
_(n—l)!( o e+ = R ) |, 22)
where
. ~ 0 (@1 _ Z)n+1 _ (02 _ Z)n+1
Pl(n)—fgl F(z, ;R (z,7) )dr = (z q,[ Ty p—— ]] (23)
or

_ - 1 n-2 1
Pi(n)=n- 1)![F(z, a; %) - (02— 01) WZ:O((W +2)!)X

dw+1 7 ” dw+1 7 w
{Fle o o () 0= )= Ho0 o () (=072} e
and
J;) (:2 rF(z, q; En (z,7) )dr
fg fz F(z, ;R (z,71) )dr

;\\1 (n) =
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B . Z(Ql _ Z)n+1 _ Z(Q2 _ Z)n+1 (Ql _ Z)n+2 _ (QZ _ Z)n+2 ))
- F(Z ( nr+ D@ - )P+ D7 Diea—enPim))

or

n-2

~  (n-1) 2! 1 1
Ai(m) = P1(n) [F(Z’ v (n+ 1)!)_ (02— @) ;}((w + 2)!)X

{F(Z a ; u::l ((nzfi)')(m - )w+2) ( v du::l ((nzj:i)l)(g2 -2 )}] @)

Proof. Proof is similar as Theorem 2.1. [

The following corollary is the special case of Theorem 2.1

Corollary 2.3. Considering the assumptions of Theorem 2.1, then for a particular case when n = 2, if () (twice
derivative of §) is convex and the weight function condition (12) is satisfied, then the following result holds:

1 .
2(02 — 01)

{f @Hz0@-0))-1 @Hzae-0))

P (M(2)) < F(z, 4;1(2) -

—A(2) ., A(2) — "
< P,2) (@—“f (o) + 2B ) @)
02 -0 02— 0
where

02 B 3 3
T O e o (e |

or

2
P1(2) = F(Z, a; %) - M{@F(Z, % (z-0)) - F(z 0 (z - o) )}

and

“1¥(z, 0; Rz (z,7) )d
M) = fglozr (Z il ) '
J;n F(z a; Ry (z,7) )dr

(01 z-0)P-0z-0)? @-oa)-@z-on) ))
3P1(2)(02 — 01) 8P1(2)(02 — 1)

F|z

or

e I S|

The followings are the examples related to our main results given in Theorem 2.1:

Example 2.4. For even (n > 4) the function g(z) = R, (z, r) in Montgomery identity (5) is convex as given in [11].
We start with the case when n = 4, first we satisfy the following condition:

F(z, G Rs (2, r)) >0, relon ol
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Now, taking [01, 02] = [0.5,2] and z; = 1.3,z = 1.4,z3 = 1.5 and v = 1. Since it is true for any positive q;, here we
choose g = qp = q3 = 1.
We can rewrite the above functional for m = 3 and x = 2 as:

, _ zi-1"  z-o 3
F(Z/ a; Ry (Z,V)) =q (_4(Q2 =) + n—on (z1-71) )

o _ Y _
+ (— Cozr)  mmon, _ r)3) + 3 (— Gom) Bz, r)3)
4 n-01) 2-0 d(o-0) o-n

(Q121+ﬂzZ2+03Z3 _ 1,)4 G1Z1+0Zp+0323 3
a1tz +as a2t o (Q1Z1 + Gz + q3Z3 r)

+(qq + o + -
(@ +a qa)[ 4(02— 1) 02— 01 ar+ a2+ a3

(Q1Z1+QzZz _ )4 Wz1+0z _ 3
— [(qz +a3)| - g1+ a1 +@ a (Cﬁzl + Z2 7‘)
4(02 - ) ®-0 a+a

(q323+fnll _ 7‘)4 3Z3+Wm7z1 _ 3
B wra 9 (Q3Z3 + g1z r)

4(02— ) o-0 a3+ o

+ (a3 + Cﬂ)[_

4

WZ1+@7Z WMzZ1+027Z2

( a+ay r) e O (C“Zl + 2y 7’)3 ]
4(02 - o) n-0 a + a2

+ (a1 + a2) [—

By substituting the values and after simple calculations we get

F(z, %Ry (2, r)) = 0.002963 > 0

111

For the function f(z) = z° where { (z) = 62°, T (z) = 30z*, " (z) = 1202°, |
forn =4, we get

(z) = 360z%. Now by writing (13)

P
3!

- % {f’ (0.5) F(z, o (z - 0.5)° ) -1 F(Z' (22" )}

(114 < (2 1)

- = {1 09z 0057 ) -1 @ Fz 0~ 27 )}
- AP 090 -05* ) -1 QF(z 052 - 2)* )
< 1 (%51(‘%@(0.5” HO=Be), @)

now by substituting the values, we get

0.266171 < 0.323514 < 0.396453,

where

(z-05)° = (z-2)°
75

Py4) = F(z, q;( )) — 0.004258,

and



S. I. Butt et al. / Filomat 37:22 (2023), 7641-7662 7654

0.5(z - 0.5)° = 2(z - 2)° N (z—-05)°—(z-2)°
0.031938 0.153300

M) = F(z, q;( )) — 1.020670.

The following example is same as above example but we calculate P1(n) and A1(n) with second method which give
us same results.

Example 2.5. Assuming all the values taken in Example 1 but here we calculate P1(n) and A1(n) as given below:

pio =3l

712{ (Z")],= 05F(Z q; (z — 0.5) ) _ :—2(24)|z=2F(Z, 0 (z - 2)° )}
_ 1%{%(2‘1)&:0.515(2, q;(z —0.5)° ) _ %(Z4)|Z=2F(Zr 0 (z—2)° )}

T L (R Lo Eateo: PRToRe g 1

Pq(4) = 0.004258,

and

M) = 3('4)[ (Z v ?j)

~ g e easE(z, 052 = 057 ) = (25,0 2}

- s easH{2, 005 ) = Lz -2 )
il osE (2,2~ 05 ) - L aB(z, 050220 )|

A1(4) = 1.020675.

Now, by substituting P1(4), A1(4) and all other values in (28), we get

0.266173 < 0.323514 < 0.396454.

3. Applications in information theory

Mathematically, the techniques and ideas that control message transmission through communication
systems are covered by information theory. When Claude Shannon, an American electrical engineer,
published a ground breaking article that transformed communication, the field received a significant boost.
Recently, Butt et al. in [17] have provided some interesting bounds for Shannon, relative, and Mandelbrot
entropies.

First, we present some fundamental definitions and results concerned with this section. Csiszar in [18]
presented the following divergence functional:
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Definition 3.1. (Csiszar divergence). Let I = [g1, 02] C Rand{: 1 — Rbea function, then for a=(qy, ..., 9m) € R™

and p=(p1, ..., Pm) € RY such that z— € I(i =1, ..., m), the Csiszdr f-divergence functional is defined as:

m

Deap) =) mf(%)

i=1

Theorem 3.2. Let the assumptions of Theorem 2.1 are valid and also let a=(q1, ..., qw) € R™ and p=(p1, ..., Pm) € R}

T
such that 5— "_ €lo1, 0] fori=1,..,m, then
Z v bi

i=1

m

P(n) -1 r—1
1Dc(q,p)+ m—lf(jzl Qi]

(n -1

. Zt:Ch n-2
1 L .
T ot )3 [sz’] "o _(02—01);‘)(””(”’*2)))(

=1 I<i<..<ip<m\ j=1

—T"(Ai(n)) <

D
]1l

{1 (@B (L, 0z = ™) =1 (@) F( T 03z - )"

P1(n) 7\1(”) . 1() Ql n
< 2 o =iy ).

Proof. First we rewrite the equivalent form of (13) as

Pi(n)

” r—1
o) < 1Zq;f<z>+m 1[2%]

. . Z Gi; Zi; n-2
Cm -1 Z [Z ql}] 02_01) Z()(w'(W+2))

T
-1 1<ii<..<ip<m | j=1 Z

{f(“’”) (01) F(Zi/ a(z-0)"" ) —§@*D () F(Zi/ 3 (z- o) )}
2 (¢t At
0 -

f"(01) + —— f(”’(o ))

T =D ;-
now replace z; by - and q; by p; after simple calculations, we get the required result. [
Remark 3.3. Under the assumptions of Theorem 3.2, then for n = 2 we have the following result

i=1

Pi@F (1(2) < == Difa, 5) + —

1 - éqi’ 1
]:
o L [Z p’f']f N .

=1 1<ij<..<ip<m | j=1 Z D
. j

{f @HL 0 -0)- f<@>r~( La-a)))

(29)
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AM(2) MQ2)=01 .
1(2) 1(2) 1@1f (02)).

02—
sm@% @ (30)

Definition 3.4. (Kullback-Leibler divergence). Let g and v be two p.p.d, then Kullback-Leibler divergence is
defined as

Dy(q, p) = Z g;In &

Corollary 3.5. Let [01, 02] be a subset of the set of positive real numbers and o, p be two p.p.d such that % € o1, 02]
fori=1,..,m, then

" m-—rv r—1 v -
< ) ,
P (M(@) < = Dula,0) + = ) 1n[i qz]

1 T Zl QI 1
]
m qi; |In T - X
CI 11 1<11<Z<1\<m [; ]] ; plj 2(‘.02 - Ql)

{(1 +1In Ql)F( ,0;(z - gl) ) -1+ 1nQQ)F( ,a;(z — Qz) )}

A " A "
—1(2)T (01) + M) -a )_ f (02))-
2 — 01

< P1(2)( s (31)

Proof. Let f(z) = zlnz, z € [0, 02] then f'(z) = 1. It is easy to veirfy that {* is convex for z > 0, therefore
using (29) for f(z) = zInz and for n = 2, we derive (31). O

Definition 3.6. (Rényi-divergence). Let g and p be two positive probability distributions (p.p.d) and u be a real
number which is nonnegative such that u # 1, the Rényi-divergence is defined as

1 . _
Dre(q/ p) = F In [Z qujl #)] .
i=1

Corollary 3.7. Let [g1,02] € R*. Also let g, p be two p.p.d and p > 1 such that Ei Qi(%)y/ (%)“‘1 € [o1, 02] for

i=1,..m, then

(=1)"P1(n) m-—r (-1 a1 r—1
(p = DA (n))" e Z fi (_ h‘(—.) ) e 1Dm(q, )

) . X vy, n2
| =
Cln 3 1<,1<Z‘<‘1\<m [; q,] : i ai = 1) 0 —0) ;:0 ((w + 2))
=
{ (=D 1=((E)H_1 q'(z—@1)w+2)— D F((i)y_1 @ (z - 02)"" )}
Qzlu+1 p; [ 0§v+1 »; [
< P ((—1)”(92 - A (n)) N (=1)"(A(n) - Ql))
T (p-1) 01(02 — 01) ao—0) |

(32)
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Proof. Letz € [01,02],1(2) = — 711 In(z) then forevenn, {)(z) = (-1)" 55 > 0and f2)(z) = (-1)2 00 >

0. Which guarantee that the function {® is convex, now using (13) for f(z) = —H%l In(z) and z; = (gz W1, we
derive (32). O

Remark 3.8. Under the assumptions of Corollary 3.7, then for n = 2 we have the following result

P1(2) m-r v (
< ai
(=DM(2)? = m-1 &

C1111 1 Z {Z q’/

=1 1<i<..<i;<m | j=1

(GG v )= (GG wte-e)

-1 ai )“_1 r—1
”—1ln(p, m_lDrt’(q/p)
] Z q}:pljl H 1

j=1
In - X
v 2u— Do —
; ; (4= D02 — 01)

mepm—mmhxmw—m>
T W=D de-a) Ble-o))

Definition 3.9. (Shannon-entropy). The Shannon-entropy (information divergence) for a p.p.d v is given as:
S(r) ==Y piIn pi. (33)

Corollary 3.10. Lef [g1, 02] € R* and p be a p.p.d such that % €lo, 0] fori=1,..,m, then

(=1)"P1 () r—1
My Smo1o®

1 - - 1
C:I 1l 1<11<Z'<‘1,<m [}Zl: pi}] " [Z pl]] ;) ((w + 2)(@2 - Ql))
(_1)w+1 1 . w+2 (_1)w+1 1 . w+2
{( g+l ]F(E’q’ (=0 )_( v+l ]F(E’q’ (z-0o) )}
(=1)"(02 — A1(n)) . (=1)"(A1(n) - 01))
0 (02 — 01) 05(02 — 1) .

< Pl(n)(

Proof. Let(z) = —In(z), z € [0, 02] then for even 1, {?)(z) = (=1y"=2 > 0 and "+ () = (- 1)"+2<”+1 > 0.

Zn+2

It follows that the function {™ is convex, therefore using (29) for T(z) —1In(z), and (g1, ...,qm) = (1,1, ..., 1),
we derive (34). O

Remark 3.11. Under the assumptions of Corollary 3.10 then for n = 2 we have the following result

Py (2) m-—
h@P = m- 1

f—
S0 -

1 T
S oml Z [Z plf] [Z D,]] 2(w + 2)(@2 - 01)

In ()

=1 1<i<..<i;<m | j=1
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“1\ 1 oy (11
() e (2 e
(02 —M1(2)) . (M2) - o)
Fl—-0) e-o))

< P1(2)(

4. Results for Zipf and hybrid Zipf-Mandelbrot entropy

One of the basic laws in information science is Zipf’s law (see [19, 20]). It has many interesting
applications in linguistics. Let c, d be the real numbers such that c € [0, ) and d € (0, ) and N be natural
numbers, then the Zipf-Mandelbrot entropy can be given as:

Zu(H, ¢, d) = i Z‘ lz(it)‘;) +In(HY) (35)
where N )
Hey = ; (0 +0)
Consider
b= 10N, ¢, d) = ((1% (36)

where (36) is a discrete probability distribution known as Zipf-Mandelbrot law. There are many appli-
cations of Zipf-Mandelbrot law in linguistic and information sciences. One can find recent results about
Zipf-Mandelbrot in (see [21-23]).

Theorem 4.1. Let p be a discrete probability distribution given in (36) with parameters 0 < ¢ < 00, 0 < d < oo and

N be natural numbers, we have the following result

D <M=t -5

__11 In (m)
1 n—2
C;n 11 1<11<Z<1\<m [; pi; |In [Z p,j] (02— 01) Z(‘) ((w + 2))

{((_gzv)j]:l) (((1 +0'Hy), 0,5 (2~ Ql)w+2)
1

_((;})ﬁ“) ((<1+c)dH )0 (2= o)™ )}
2

< Py(n) ((—1)"(02 —Am) (D" - Ql))'

0 (02— 01) 05(02 — 01)

Proof. We can obtain Mandelbrot entropy (35) from Shannon entropy by substituting p; in (33).

N
S(p) = —Zpilnpz‘
P
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o 1
; (i + c)dH M+ o)'HY))

d In(i + ¢)
(Hyd); (i + o) +In(HG).

Finally, substituting this p; = ((;Jrc)l—dHﬁvd) in (34), we get the required result. [
Remark 4.2. Under the assumptions of Theorem 4.1, then for n = 2 we have the following result
P1 (2) m

h@P =

r—1 1 -
S In (m) — e p— [Z Dz,]ln[ Dz,J 2(02 —o)

=1 1<i<..<i;<m \ j=1

(3 ormme=o02) - (F)e{ o wee- )

(02 = M(2)) N (M1(2) — o)
Ge-0)  o5(0- o)
Corollary 4.3. Let Zipf-Mandelbrot law defined as q and p with parameters c1,c; > 0, dq,dy > 0, let Hi\lj g =

Zm(H ¢, d) = 5(»)

< Pl(z)(

m N _ m 1 , o o .
UZ (0+cl)d1 and H El T Now using p; = —(i+01)d1ngdl and g; = —(l'+Cz)d2H£\id2 in (31), then the
following holds
. m-r m
Pi@) (M1(@) < - — D0, 9) + ~— qu In [Z ]
) N Zl aj; .
]
— g, |In| = - X
Cr 11 1<11<2<1.<m [; ]] Zl‘ Pi. 2(02 - Ql)
=1
(i +c)"HN o ) (i +c)"HN o )
(1+1In )F( Lo (z - )—(1+ln )F(—ll,q;z— )}
(1 +ine wrerm, T irarmy, "
02— M(2) M2) -0 )
<PQ)|——— + — .
1( )( oo f (01) -0 f (e2)

Now we will give result for Hybrid Zipf-Mandelbrot entropy.

Hybrid Zipf-Mandelbrot entropy is the generalization of Zipf-Mandelbrot entropy. Consider N be
natural numbers, 0 <c<oand 0 < d, w < oo.
Hybrid Zipf-Mandelbrot entropy is defined as:

— W' (i+c)y
Zu(H' ¢, d, w) = , Sln( : )+1 (H: ), 37)
e = (i+0¢) @ A
where
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Consider
a)l

Pi = f(i,‘N,C,d,a)) T —
’ (i+ c)dHC/ e

(38)

is known as Hybrid Zipf-Mandelbrot law.

Theorem 4.4. Let p be a discrete probability distribution given in (38) with parameters 0 < c < 00,0 < d,w < o0
and N be natural numbers, then we have

(-1D)"Py(n) m-—x r—
My S mo1o® T

1 1 &1
- o1 Z [Z p,]]ln [Z p,,] (02— 1) ; ((w + 2)) %

In (m)

=1 1<i<..<i<m | j=1

1)w+l (l+C)d cdw wr
{((@w)“ )F( ) 2)

1

Cqyent i+ o H i
_(( Qw)+1 )F( P < (2= 02) 2)}

2
(-1)"(e2 — Ai(n)) ~ (=1)"(A1(n) — ¢1)

SPl(n)( Ma-o) | de-o) ) %

Proof. We can get Hybrid Zipf-Mandelbrot entropy (37) by substituting p; defined in (38) from Shannon
entropy (33).

N
- Z pilnp;

i=1

N i i

= _Z‘ . dry* ln . C‘; %
P (i+c) Hc,d,w (i+c)*H

cd,w

w! 1
ln((i+c)”’)+ln(szw]]

5(p)

cdw i=1
_ 1 S o (i + c)f *
) ZM;(HCV ln( ' ) +in (Hfdw)]

)d
l Zu+m () i)

cdm i=1

Finally, substituting this p; = in (34), after simple calculations we get (39). O

CEE
Remark 4.5. Under the assumption of Theorem 4.4, then for n = 2 we have the following result

P1(2) cm-v
(M1(2) " m-1

Ci py [Z p,]] [Z p’f] 20 —@1)

=1 1< <..<i;<m | j=1

(T ) (L o)

5() - < In(m)
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- M2 AQ2) —
< Pl(n)[(Qz 1(2)) N ( 21( ) — 01) .
a-0) o0-o0)
Corollary 4.6. Let Hybrid Zipf-Mandelbrot law defined as g and p with parameters c1,¢x > 0, w1, wa,dq,dy > 0.
w! w!
Now using p; = (i‘i‘ClT}{* and q; = W in (31), then the following holds
C1 ,d1 ,W1 Cz,dz,wz
” m-—r -1 ¢« -
< . .
Pi@)F (@) < - =D, 9) + ~— Z;‘ gIn [Zl] q,]
.
1 . '21 K 1
]:
o ai; [In| = - X
Cr—l1 1$i1<.Z<i\.§m ; ! i pi/- 2(@2 - Ql)
j=1

wh(1, + )" H

c1,d1,w1 2
——,q;(z—01) )
w) (1, + c2)H

Ca,d2,02

{(1 +1n Ql)F(

] d1 *
CUZ(] 1 + Cl) Hcl/dlr(l’l

—(1+1In Qg)F( 0 (z - 92)2 )}

W] (], + c2)=H:

2,002,02
02— M2 M@2) -0
< Pl(z)(nf (o) + wf (02))- (40)

5. Conclusion

In this research article we give new bounds for Popoviciu inequality by using weighted Hermite
Hadamard inequality along with the approximations of Montgomery two point formula. We also give
bounds of Popoviciu inequality by employing weighted Hermite Hadamard inequality along with the
approximations of Montgomery one point formula. We testify this scenario by utilizing the theory of n-times
differentiable convex functions. Our results hold for all n > 2 and we provides explicit examples to show
the correctness of the bounds obtained for special cases. As an application in information theory we give
new divergence functionals i.e. Csiszédr divergence, Rényi-divergence, Shannon-entropy, Kullback-Leibler
divergence, Zipf and Hybrid Zipf-Mandelbrot entropy and investigate their properties. It is interesting to
give such bounds by considering Taylor, Abel-Gontscharoff and Hermite interpolating polynomials, whose
remainder terms contains n-times differentiable functions. In future, we are also working to apply similar
idea as in this paper but on Jensen and cyclic Jensen differences functionals.
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