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Abstract. In this paper, we introduce a Stancu-type integral generalization of modified Lupas-Jain opera-
tors. First, we discuss some auxiliary results and then using them we represent a Korovkin-type theorem
for these operators. Next, we establish a Voronovskaja-type asymptotic result and then find a quantitative
estimation for the defined operators. Also, we examine their rate of convergence with the help of modulus
of continuity and the Peetre’s K-functional and analyze a convergence result for the Lipschitz-type class of
functions. Lastly, we provide some graphical examples to show the relevance of our generalization.

1. Introduction

A revolution came into the field of Approximation theory, when Weierstrass contributed a crucial result
about approximating continuous functions by polynomials in 1885. Later on, among all mathematicians
who provided proofs for Weierstrass theorem, the one from Bernstein, gave birth to the theory of positive
linear operators. This became more significant after the famous Bohman-Korovkin theorem [13, 24]. In
the following years, Baskakov operators [11], Stancu operators [40], Szdsz-Mirakyan operators [30, 41]
etc. made contributions to the approximation theory of positive linear operators and then their modifica-
tions as well as some generalizations were also introduced in the works of [6, 16, 18, 21-23, 25-27, 29, 32, 38].

Bascanbaz-Tunca et al. [10], have introduced a generalization of Jain operators [22] as

[

LE(u)(x) = Z nx(nx +2:k'!" kar)-1 o—(nx+ka),, (S), x € (0, o) (1)

k=0

where 1 : [0,00) = R, n € N and a € [0, 1) with @ depending only on n. Also, L§(u)(0) = u(0).
The notation (a),, a # 0 is known as Pochhammer symbol and is defined as

@) = {le(a +1)..(a+n-1), Z i (1)
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from which we also have

(@) = 1 I T o O
T @-D@-2@-3)(@-n  @-ny (1-a
whena #1,2,3,--- ,n (see, e.g., p.5 of [19]).
Recently, Patel and Bodur [37] have defined a Durrmeyer-type integral generalization of the operators
(1) as

Dy(u;x) =n i lﬁ/k(x) ]0*00 sux(Hu)dt, x € (0, 00), (2)
k=0
where
) = PO, ©
sualt) =t 0L, @

and u : [0, 00) — R is an integrable function such that D¢ (u; x) exists.
In 1968, Stancu [40] generalized the Bernstein polynomials by introducing the positive linear operators

P¥P . C[0,1] — CI0,1] defined by

. - k+
PP ;%) = Y b (n o
k=0

), x€[0,1]

where by, x(x) = (})x*(1 —x)" is the Bernstein basis function. Also, 0 < u < g and C[0, 1] represents the set of
all continuous functions on [0,1]. An important advantage of this type of generalization is their modeling
flexibility due to the newly introduced parameters. In the recent years, Stancu-type generalizations of
several operators have been proposed by many researchers. For more details, we refer to the readers
[2-4,7,12, 14, 28, 31, 33-35].

Motivated by the above works, in this paper we introduce a Stancu-type generalization of the operators
(2) as follows:

A 14; x) := AV w)(x) = n ; ) f (i ( ”t:’f) ;

where I7 (x) and s, k(t) are given by (3) and (4) respectively and u : [0, 00) — R is an integrable function such

that A™"(u; x) exists. Here, x € (0,00), a €[0,1), 0 < & < ¢ and A™"”(1;0) = u(0). It can be easily seen
that the operators (5) are positive and linear on [0, o).

Remark 1.1. If we put & = ¢ = 0 in (5), then we get the operators defined in (2).

Throughout the paper, by ‘W[0, o), we denote the space of all real valued bounded continuous functions on

[0, 00) and by ‘W0, o), we denote the space of all real valued bounded and uniformly continuous functions
on [0, o). Both the spaces are endowed with the norm:

llull = sup{lu(x)| : x € [0, 0)}.
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2. Auxiliary Results
In this section, we shall discuss some basic lemmas that will serve as supports for the main results.
Lemma 2.1. [37] Let ei(t) := t for i = 0,1,2,3. Then, for the operators defined by (2), we have
D4 (eg; x) =1,

X 1
Dy, (e1; x) “1-a + w

x? x(3a%> —6a+5) 2
D%(ey; x) = + —,
n(e2 %) (1-a)? n(l - a)d n?
R x3 6x2(a* =20 +2)  x*(11a* —44a® +78a% — 620 +29) 6
Dn (63; .X') = + —,
1-a) n(l —a)* n%(1 - a)® n3
R x 2x3(5a% — 10a + 11)  x%(35a* — 140a® + 270a” — 236 + 131)
D5 (es; x) = + +
1-a) n(l — a)’ n2(1 — a)é
N 2x(25a° — 150a° + 410a* — 610a® + 568a2 — 286 + 103) N 24
n3(1 - a)’ nt’

Depending upon the above lemma, we derive following moments for the operator defined by (5).
Lemma 2.2. The moments for the operator (5) are calculated to be

AT e; ) =1,

Epa),, oy 1 [ nmx
An (el’x)_(n+ll))|:1—a(+(1+£):|/
N S
An (62/ .X') _(Tl + 1!1)2 _(1 _ 0()2
2 —
p 028 +3) " 2028+ + QEHON | (2, 5p 2)] ,
(I-ap
o, 1 ] n®x®  3n2a%a?(E +2) - 2a(E+2) + (S +4))
A, (e3;x) _(7’1 I I]D)3 k(l _ a)S + 1- 0()4
L xlat@BE +9¢ +11) — a’(12&7 + 36¢ + 44) + a’(18E” + 60¢ + 78))
(1-ay
2 _ 2
 nxfa(1282 + 488 ?16_2)0()5(35 T156+29)) (&5 +3&2 + 68 + 6)].

Proof. Here, we'll directly use the Lemma 2.1 and the facts:

AP (e0; x) =D (e0; %),

1
Ay e = s D3 e ) + Do 9,
1
AEYD (g x) = TR [nZDg(ez; X) + 2nED% (e1; x) + E2D%(eo; x)],
1
ALY (e3;x) = TP D5 (es; %) + 3n2 D5 (e2; %) + 3nE2 D (e; %) + £ Di (e0; 1)

to conclude our desired results. [
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As a consequence of the above lemma, in the next lemma, we define the central moments of the operators

).

Lemma 2.3. The central moments for the operators (5) are

(Eva) 1 x(na — ¢ + Ya)
AN =) = | S S € D),
T P A | x*{a?(n? +2mp + ¢?) — 2ay(n + ) + Y}
A =6 w[ (a-ap
+ ﬁ{x{%ﬁ(n + )1 + &) — a®Bn + 4né + 61 + 61E)
+20(nE + 3PE +3¢) + (3n — 2 = 20O} + (£2 + 28 +2)] = ATV (). 6)

Remark 2.4. For the operators (2), the third central moment is calculated to be:

3.3 32 3 _ 52 +11
Dﬁ((t—x)3;x)=1xa xala’ —a”—a )

-l n(l - a)*
x(6a° —19a* + 16a° + 8a%> —32a +23) 6
+ + —.
n2(1 - a)® n3

Also, if {ay},»1 be a sequence such that o, € [0,1) Vi, lima, = 0and limna, = 0, then

n—oo n—oo

lim 12 (Dy((t - x)%; %)) =23x. 7)

n—o0

Remark 2.5. Let {ay,},1 be a sequence such that a, € [0,1) Vn, lima, = 0and limna, = 0. Then it is observe
n—o0

n—oo

that for the operators defined by (5), the central moments satisfy

lim n (A (- x);2)) =1,
n—oo

lim n (Ay V(¢ - )% 1)) =3x.

It is also noticed that

4
AN =00 = o (D (= 0%)
4n3(& — Px)
(n+y)*
4n(& = yx)°
(n+y)*

Using (7) and Remark 2.5 of [37] in (8), we have

6 2 _ 2
(Dt - %)) + "(,i—ﬁ
(& - yn)?

(n+ 9yt

(Dt - 2% ))

(Dy'(t = x; x)) +

lim n? (A (¢ - ) %)) =2722, 9)
n—oo
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Remark 2.6. For « € [0, 1), we notice the following
1 n?x?
(n+y) [(1-a)
. nx{a?(2& + 3) — 2a(2& + 3) + (2& + 5)}
1-a)

AR+ 1;3) =

+(E2+28+2)|+1

1 [ P
S+ | (1-ap
. nx{(2Ea? — 4&a + 2&) + (3a® — 6a + 5)}
(I-ay
1+x3) [ n2x? nx(2& + 5) (E2+2£+2)
SR |G-+ A-apd+ad) - A+
A+ [_w  n@E+5)
TP |(l-a? (1-ap
n? +nQ& +5) + (E2 +2E + 2) +1]
(n+P)>2(1-a)

+(52+2£+2)]+1

+(52+2c§+2)]+(1+x2)

<(1+x?)

=M, (1 + x?)

2 2
where M, = “ +n§ii;5))2z1(§a§32&2) +1.

Lemma 2.7. Ifu € ‘W[0, 00), then ||A§,§’¢’“)(u)“ < ull.
Proof. Using Lemma 2.2 and the norm defined for ‘W[0, o), the result follows immediately. [

Theorem 2.8. Let u € WI0, 00) and {a},»1 be a sequence such that o, € [0,1), Vn and lima, = 0. Then
n—oo

limAf’Lp’a”)(u; x) = u(x) uniformly on each compact subset of [0, o).
n—oo
Proof. We notice that from Lemma 2.2

lim Af’w’a”)(e,-; x) = e;, fori=0,1,2 as lim a,, = 0.

n—oo n—oo

The above convergence is true in each compact subset of [0, ). Hence the required result follows from
Korovkin’s theorem (see[24]). O

3. Transferring the Asymptotic Formula

After observing the convergence of the operators (5), the most significant question comes to mind is the

speed of approximation of these operators to the function 1. To answer this, we present a Voronovskaya

type asymptotic formula for the operators A,(f’lp’a”).

Theorem 3.1. Let u be a bounded integrable function on [0, 00) and u’,u” exist at a point x € [0, 00). Also, let
{@n}n=1 be a sequence with o, € [0,1), Vn such that lima, = 0, and limna, = 0. Then
n—o0 n—00

lim (Aff’“b'“")(u; x)—u)=u'(x) + 3;u"(ﬁc)-

n—o0

Proof. By the well-known Taylor’s expansion,

u(t) = u(x) + u’(x)(t —x) + %u”(x)(t —x)% + At x)(t — x)%. (10)
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Here A(t, x) € W0, o0) and satisfies ltim A(t, x) = 0. Next, we apply the operators A,(f’Lp'a”) and then multiply
n on both sides of (10) to get
n (Af"’b’“”)(u; x) — u) =n APt — x; 2 (x) + gAi,‘s’w’a”)((t —x)%;x)u” (x)
+ nAT YA, 2 - 1% %). (11)

Applying Cauchy-Schwarz inequality to the third term of the right hand side of (11), we find

n Y n 1/2 Y n 1/2
A4 A D - 0% )| < (RPAT (= b ) (AT W)

which yields

n
lim n (Af’lp’a")(u; x) — u) < lim nAEYE (4 0y (x) + lim EA,(f’w’””)((t —x)%x)u” (x)

n—o0
/2

c 1/2 ¢ 1
+ lim (A5 (- 0% 7)) ” Jim (AP (At 2); )

n—-oo
But using Remark 2.5, we have

1/2

lim (A ;) — ) < u'(x) + 32—xu"(x) +3V3x lim (ASY(A2(t, 2);v)) (12)

Also, we notice, A%(t, x) € W[0, o) and A?(x, x) = 0. Hence using Theorem 2.8, we can have
1/2
lim (A,Sg’¢’a”)(A2(t, x); x)) = 0 and hence (12) concludes,
n—00
. (&#’ﬂn) . ! 3X ’7”

lim n(A,, (u; x) — u) =u'(x) + —u"(x).

n—0oo 2
This completes the proof. [J

4. Weighted Approximation

In this section, we provide a Korovkin type theorem for the weighted approximation of the operators
(5). In this context, we use the following notations:
Setting the weight function o(x) = 1 + x?, we define the space

B,[0,00) = {u : [0,00) = R : [u(x)] < Myo(x)},

where M,, is a constant depending on u. The space B;[0, o) is a normed space with the weighted norm [|u||,

— [u@)l
= SUP, R+ o(x) *

Now, we define the following sub-spaces of B,[0, o) as follows:

Cs[0, 00) ={u € B;[0, ) : u is continuous},

C,[0, o) = {u € C,[0, %) : lim wx) _ ku},

e o)

where k, is a constant depending upon u. It is clear that, EU[O, o0) C C4[0, 00) C B,[0, 00). For contributions
of researchers on approximation of functions in such type of space we refer to [1, 5, 8, 9, 20, 39].
We have the following result from Gadjiev [17]:

Lemma 4.1. [17] The positive linear operators J,, n > 1, act from C4[0, 00) to B4[0, c0) if and only if
Jn(0)@)] < Kyo(x),

where K,, is a positive constant.
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We provide a weighted uniform approximation result for the newly defined operators as follows:

Theorem 4.2. Let {a,}y»1 be a sequence with o, € [0,1), Vn such that lima,, = 0. Then for each u € EG[O, 00), we
n—oo

have

lim [|ASY ) () - u]|, = 0.
n—oo o
Proof. By Lemma 4.1 and Remark 2.6, it is easy to see that each term of the sequence of operators {Aff’l’b’a”)}

acts from C,[0, o) to B,[0, o0).
To prove our result, it is sufficient to show that

n>1

lim [|ASY*")e)) — ¢/]|, = 0, for j=10,1,2.

n—o0

For j = 0, using Lemma 2.2 we have

lim ||A'(frll’,an)(eo) — e L= 0.
Next we obtain
(&) . 1 nx _
”A@,w,an)(el) 3 81” < sup )An (e1;x) — €1| ~ cup ) {1_% +(1+ é)} x|
! 7 xeR* 1+x2 xeR* 1+ x2
naX = Px + pax (1+&)
=sup +
ver- |1+ P) A =)L +22)  (n+P)(1 +x2)
[ﬂan+1,b+1,ban (1+g)}
<sup + .
xeR* (1’1 + 4’)(1 - an) (7’1 + ¢)

The above implies that
lim [|AS*(e1) —e]| = 0.
n—oo

Also,

)Af'w’a")(ez) — o
1+ x2
—xHn?(a2 - 2a,) + (Y? + 2n)(1 — a,)?}

||A£,‘5’¢’“”)(e2) - eZHU <sup
xeR*+

e (n+ PP — a1+ 22)
L1 [med@E+3) - 20,26 +3) + E45)) (2 426+2) l
(n+y)? (1 — a,)3(1 + x2) (1+x?)
< sup [nz(aﬁ +2ay) + (W + 2n)(1 — ay)?
xeR* (n+¢)*(1 - ay)?

+(52+2g+2)}.

1 n{a2(2& + 3) — 2a,(2& + 3) + (2& + 5)}
+m+¢ﬁ{ - )

Hence, from the above discussion we must have
lim [|AS*(e2) - &| = 0.
n—oo

Thus, the proof is completed. [J
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5. Quantitative Estimation

Next, we will try to find a quantitative estimation for the operators (5) using the weighted modulus of
continuity.
Let ¢ : [0,00) — [0, o0) be the unbounded strictly increasing continuous function such that 3 M > 0 and
a € (0,1] with the property

Ix =yl < Mlgp(x) — p(y)|” for every x,y > 0.

For each u € C;[0, o) and x € [0, o), the following weighted modulus of continuity is defined in [20] as

|u(t) — u(x)]
we(u,0) ;= su — 2 Y 620,
¢( ) x,te[OI,Doo) o(t) + o(x)
lp(t)—p(x)I<

where w(u,0) is a nonnegative and increasing function with respect to 6 for u € C,[0, o).
Also, lﬁin& wgy(u,0) = 0, for all u € C;[0, ).

Let us define a subspace of C;[0, o) as
5*0[0, o0) = {u € Cy[0,00) : Z is uniformly continuous}.

Using the properties of wy(u, 6), Holhos [20] provided the following theorem and remark:

Theorem 5.1. [20] Let {],}u>1 be a sequence of positive linear operators mapping from C,[0, 00) into B,[0, co) with

17:6%) = %] o = pus
17:@) = ¢l|12 = 4
1@ = 2|, = s
[72@°%) = &°|| 1 = s,
where pu, qu, n, Su, tend to zero as n tends to infinity. Then
[Tn@) = u] o < (7 + 4pn + 2r0)0 (11; 5) + lutlls P

forall u € C4[0, oo), where

6, =2 \/(pn +2qy + 1)1+ pp) + P + 3qn + 3ty + Sp.
Remark 5.2. [20] Under the condition of the Theorem 5.1 and using the fact that éjlirrb gy (u; 6,) = 0, we can conclude
that '

Yu e 6’(73/2 [0, 00), 1}1_1)1;10 H]n(u) - (u)“(ﬁ/z =0.

Theorem 5.3. Let ¢p(x) = xand o(x) =1+ x2. Let {a,}ys1 be a sequence with a, € [0,1), Yn such that lima, = 0
n—o00

and {Aif’“”'“")}nzl be a sequence of positive linear operators. Then ¥ u € CK[0, 00), we have

2n2(a2 + 2a) + (242 + 4n)(1 — ay)?
(n+ )21 — ay)?

2n{a?(2& +3) — 2, (28 + 3) + (2& + 5)}
(n+ )1 - ay)?

(2E% +4E + 4) _

W]wq,(u, 6,,)

540 < 5|7+
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where
5= 5. =D 2na, + 24 + 2ay, L 2+28 n2(a2 + 2a,) + (Y% + 2n)(1 — a,)?
S A - (n+y) (n+ 21— ay)?
L Ma32E43) - 20,26 +3) + QE+5)]  (£2+26+2) 12
(n+ 0P — ) T oy
3na, + 3¢ +3a,  3+3&  3n*(a? +2a,) + BY? + 6nY)(1 — ay)?
mrd-ay 9 (n+ 020 — )
N 3n{a?(2& + 3) — 2, (2& + 3) + (2& + 5)} . (3E2 + 6& + 6)
(n+¢)2(1 - a,)? (n+y)?

. n3(ad — 302 + 3ay) + (2 + 3y + 3P n)(1 — a,)?
(n+ )31 —ay)?
3n{a2(E +2) — 2a,(E +2) + (& +4))
(n+ 931 - a,)*
N n{aﬁ(?)éz +9&+11) + ai(lZéz + 36& + 44)}
(n+ 9P —an)®
N n{aﬁ(l&fz +60& +78) + an(12£2 +48¢& + 62)}
(n+9)3(1 - a,)’
n(&3 + 6& + 6)
(n+yp

Proof. In view of Lemma 2.2, we have the followings

pu = 459" = @90 =0,
|l aCpan) oy nag + P+ oy, 1+¢&
T R O e R T
Cavan oy oy 1+ 2a0) + (7 + 2n)(1 - a)?
= [lar 9% - 67, < 1+ PR~ P

N 1 n{a2(2& + 3) — 2a,(2& + 3) + (2& + 5)}
(n+1y)? (1-ay)
+(E2 428+ 2)],

nd(ad — 3a% + 3a,) + (V3 + 3n2Y + 3¢%n)(1 — ay,)®
(n+ PP -au)?
3n2{a2(E +2) — 2a0(E +2) + (£ + 4))
(n+ 91— ay)!
, MadBE +9€ +11) + ay(1262 + 36¢ + 44))
(n+ PP —an)?
, Ma3(18E% + 60¢ +78) + @, (1267 + 48¢ + 62)
(n+¢PQA—an)y
n(&3 + 6& + 6)
(n+y)3

Since lima, = 0, it is clear that p,,, g», 7, and s, tends to 0 as n goes to infinity.
n—00

50 = [ASY(6%) — (6.0 <

7615
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Finally, selecting 6 := 6,, we obtain

R ORI

g3 =

; 2n2(a2 + 20,) + (242 + 4n)(1 — ay)?
[ (n+ )21 - ay)?

2n{a?(2& + 3) — 2a,(2& + 3) + (2& + 5)}
* 1+ )21 — )

282 4+ 4 4

%]wrp(u; On)-

Which completes the desired proof. [

7616

Remark 5.4. Depending upon all the conditions of Theorem 5.3 and in view of Remark 5.2 we can conclude: if

z}nlgl»o wy(u;6,) = 0, then

Vi€ C2[0, 00),  lim l4;* () = @)l = 0.

6. Rate of Convergence

In this section, we estimate the rate of convergence of the newly defined operators (5) in terms of the

modulus of continuity.
For u € ‘W[0, o0) and 6 > 0, the modulus of continuity defined by

w(u;0) = sup  sup |u(x +h) —u(x)|.
0<h<6 xe[0,00)

Also, the 2nd order modulus of continuity is defined by

wy(u;0) = sup  sup |u(x +2h) — 2u(x + h) + u(x)|.
0<h<5 x€[0,00)

The Peetre’s K-functional of the function is defined by
Ko(u,0) := inf {lju o + ollo” I},

where
W? = {ve W[0,0) : ¢, 0" € W[0, ).

The relationship between Ky(u, 6) and w»(u, 0) is described in [15] as
Ka(u, 6) < Man(u, Vo),

where 0 > 0 and the positive constant M is independent of u and 6.

Theorem 6.1. let u € ‘VV[O, o), n €N, a €[0,1) and x € [0, 00). Then the operators Af’w’a) satisfy

A;‘E"P’“)(u; x) — u(x)‘ <2w(u, o),

where 6 := \M(f’lp’a)(x) and /\f”lp’a)(x) is defined in (6).

(13)
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Proof. Using the following property of modulus of continuity

ju(t) - u(x)| < w(u, ) ((t ;;02 + 1)

and then applying the newly defined operators on both sides of the above inequality, we get

A 01 x) — )| < ALY (u(t) - u()l; 1) < w(u, 0) (1 b ACHD (2 9).

52
Next, we choose 6 := \/Af’w’a)(x) to obtain

|4 u1; x) = ()| < 200(u, ).

This completes the proof. [

Theorem 6.2. Let u € ‘W [0, 00) and n > 1, Then there exists C > 0 such that

Eva),, . e nx 1+
A, (u; x) — u(x)‘ < Cw, (u, 0, (x)) +w (u, A=+ 9) + v

where

o, (x) =

1 x*{a?(n? +2nmp + ¢?) = 2ayp(n+ ) + P 2xa(n+ P)(1 + &)
m+wﬁ[ (- T -y
N x{—a*(7n + 8n& + 12¢ + 12¢&) + 2a(2né + 6Y& + 6y + n) + (3n — 4 — 4é)}

2(1-a)?
+ (52 +28 + ;)]

Proof. We introduce an auxiliary operator A“¥* : W[0, 00) > W0, 00) as follows

nx N 1+
I-a)n+y) n+y)

A ;) = AV (u; x) - u( + u(x).

Clearly, the above defined auxiliary operator preserves linear as well as constant functions.
Let v € ‘W? and x, t € [0, ). Then by Taylor’s expansion, we have

t
o(t) = v(x) + (t — x)0"(x) + f (t — z)v" (2)dz.

7617

(14)

(15)

(16)
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Now, applying the auxiliary operators on both sides on (16), we obtain

nx 1+8)

Tawrg) o) nx (1 + é) ’”
fx ((1—a)<n+¢)+<n+¢>_z)” )z

2
s% [qué,w,m((t — X% )l + ((1 - a’)l(il o ((i I fu)) - x) ||v”||]
1 x{a?(n? + 2n) + 9?) = 2ayp(n + ) + V?} 2xad(n+ Y)(1 + &)
NCER0E (1-ay Ty
N x{—a*(7n + 8n& + 12¢ + 12¢&) + 2a(2né + 6Y& + 6y + n) + (3n — 4 — 4é)}
2(1-a)?

t
|A§,‘S’¢'“)(v; x) — v(x)} <AV ( f (t —2)v""(2)dz, x

f
SA%"P’“)( f (t—2)0"(2)dz, x

+

H(& v g)]nv"u
=5, " Wl

where 65,5’¢’a)(x) is as given in (14).

On the other hand by Lemma 2.7 for u € w [0, ) and x € [0, ), we have
I )| < el

Now applying triangle inequality on (15), we obtain
1A 0w 0l| < AT w5 0] + 21l < 3l

Using all the above inequalities, we can write

JASEY D 1y x) = u(@)] < JASYD 0 = v32) = (1 = 0) ()| + |AS (03 %) = 0 ()|

nx 1+9
+ M(x) - ”((1 —a)n + 11[)) * (n+ l,ll))
) . nx (1+¢)
<d|lu —o|| + 6,7 (x)|[v”’|| + w(u, T —a)n+ ) + (n+ v,b))
) ., nx 1+
<4 {lu - ol + 554 )l |1 + w(u, A—am+y) o+ ¢))'

Now, taking infimum over all v € ‘W? on right hand side of the above equation and using (13), we get the
desired assertion. [

We conclude this section by establishing a convergence result for the Lipschitz-type class of functions.

A Lipschitz-type space with two parameters ; and (; is defined in [36] as

[t — x|
(F+ G2 + Cox)r/?

Lipyi () := {u € WO, 00) : u(t) - u(x)| < M ;%1€ (0,00))

where M > 0and y € (0,1].
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Theorem 6.3. Ifu € Lip%}l’cz (n), Then

A(é¢0¢)( ) ]

Gix? + Cx

My x) — u(x)| < M[

Proof. First of all we notice: if y = 1, then

£ e t—
A w0) = )] < AT Qu(e) ~ u@)ix) < M [AS:"”' ) [—' s ;x]] :
i+ C1x% + Gox
Using the fact: ! < - and the well-known Cauchy-Schwarz inequality, we obtain
\/’,’,‘JJ +O240x | Va+Gx

A4 ;) — ()] s——

- VGx? + Gx

M oy oz (A )
S (A" 5w) = M|
VCix% + Oox Ci1x? + Oox

where )\,(f’w’a)(x) is defined by the right hand side of (6).
Hence the result holds for y = 1.

Next we consider the case when y € (0, 1).
Clearly,

|A§:§,¢,a)(u; X) - u(x)| <n ; lz,k(X)L suk(t) |u (Zt:j) — u(x)

Letp == and q = 3=, and using the Hélder inequality, we obtain

A (1t~ o x)

dt.

&y ) nt+¢& W P
A5 ) x)|<[nZl“k(x>f o ( +¢)—u(x) dt}
) o 2-y)/2
X nle,k(x) f sn,k(t)dtl
| k=0 0
y/2

nt+§_x)2
<M Zl"‘k(x) f sui(®) (55 dt

nt+§ + C1x2 + sz)

A - )zx)]

(C1x2 + Cox)V/2
v/2
=M( A (x) ) /

Gia? + Gox

This completes the proof. [J

Remark 6.4. One of the crucial remark is that we have investigated the local approximation results from Theorem

6.1 to Theorem 6.3. Therefore, we indicate that Aff’q”“) and 6515’4)’“) tend to zero while taking a = a,, with a, €
[0,1),Vn and lima, = 0. Otherwise, these results just stand an inequality or an estimation.
n—o0
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7. Graphical Examples

This section provides a few numerical examples for the operators (5) to justify their approximation
properties as well as the relevance of the generalization.

In both the Figures 1 and 2, we can see that the operator ALy x) converges faster than the operator
Dy (u; x)( ie., AY0m) . x)) to the considered test functions u(x) = e2(5x% + x* + 1) and u(x) = x%sin(mx)
respectively. Here we assumed #n = 500, x € [0, 1] and {a},»1 is the sequence {nl_z}nzl so that the hypothesis
lima,, = 0 is satisfied.

n—oo

4 -
P
L X ] I/
L mem———— u(x)=ez (5x8+x*+x) I II
L 1
[ A12.20)u; ) L
L ]
N E L A0 an)(u; x)=Dp (u; X) /il
i 7
L II I
L 7 /
/ /
L Y
2t K
/ l
L S
L )
J )
L /2
‘%
L 7%
7,7
1+ PRAS
v
3 22%
L 2m®”
L _—-Qgg//
=== , , , | , , , | , , , | , , , |
L 0.2 0.4 0.6 0.8 1.0

Figure 1: Convergence of the considered operators Aff’w’a)(u; x) to the test function u(x) = 63 (528 + x* + 1) for n = 500, x € [0,1].

04pF————~ u(x)=x2Sin(Jt x) ,,,—--s\\
: Anl12-@0)(u; x) R EERENANNY
- &
03 _ ____ An(o,o,a,,)(u; X)=Dp% (u; X) Re \\ \\
r ’ \ \
- ’ \
02F e E \\
“r &l \\ \
I R v\
L P \ \
0.1 PR vV
L o \ \
L ¢¢ \ \
C - B \
———r e N Yy
: 0.2 04 0.6 0.8 Y10
- \
r \
-01F \
L \
L \
i \
0.2

Figure 2: Convergence of the considered operators As,g’w’a)(u; ) to the test function u(x) = x? sin(nx) for n = 500, x € [0, 1].
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8. Conclusion

The generalized Stancu variant of the Modified Jain operators has been introduced and numerically
tested. We have established some of the approximation properties of newly defined operators, such as
Voronovskaya type theorems, weighted approximation and degree of local approximation. Finally, we
added some numerical experiments to show the faster convergence rate of the newly defined operators
than the previous ones.
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