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Pointwise summability of Fourier-Laguerre series of integrable
functions

Maciej Kubiak?, Wlodzimierz Lenski?, Bogdan Szal®

*University of Zielona Géra, Faculty of Mathematics, Computer Science and Econometrics, 65-516 Zielona Géra, ul. Szafrana 4a, Poland

Abstract. We present an approximation version of the results of D. P. Gupta [ J. of Approx. Theory, 7
(1973), 226-238] A. N. S. Singroura [Proc. Japan Acad., 39 (4) (1963), 208-210] and G. Szeg6 [Math. Z., 25
(1926), 87-115]. Some corollaries and examples will also be given.

1. Introduction

Let L,, be the class of all real-valued functions, integrable in the Lebesgue sense over R* with the weight
w(t) = (a > -1),ie.

f e | f(b) | dt < oo

R+

We will consider the Fourier-Laguerre series

S@f(x) = Za(f)( ALY (x), with a > -1,
v=0

where
—a,x qn (=1
qua) (x) = xet d (xn+ae—x) — (D' (n+a v
n!  dx" —~ vl \n—v
and
1 “ n+a
(@) _ -y, a7 (@) : (@) _
av()——fef L, dy, with A, —( )
f T@sDA® Jo v'L" (v) f (y)dy "

Let define the (C, y) - means of partial sums

SOf () =) aP(HLY (x)
v=0
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of S@ f as follows

() 1 01 gla _
Sy f(x A()kZ'o‘AJ W), (1=0,1,2,.)

and let
Acf(t)=flx+t)— f(x).

The deviation S,Sy’“) £(0) — f(0) was examined in the papers [5], [7] and [1] as follows:
Theorem A. [1, Theorem 1] Let f € Ly, @ > —1and y > a + 1. If a function f satisfies the conditions

fu e @ |Aof (t)| dt=o0 (u"‘“) asu — 0F (1)
0
and
f "t |Aof (1)] dt < oo, 2)
1

then

sU () - f(O)‘ — o(1) as n — oo,

Similar results in a case of norm approximation due of C. Markett and E. L. Poiani in papers [3] and [4]
were obtained.

We will say that a nonnegative function @ is a function of the modulus of continuity type if it is
nondecreasing continuous function on [0, o) having the following conditions: w (0) = 0 and w (61 + 62) <
(0] (61) +w (52) for any 01,07 € [0, OO)

In this paper, we will study the upper bound of the quantity ‘S,(;’"a) fO-f (0)‘ by some means of a

function of the modulus of continuity type w. From our result we will derive some corollaries, remarks and
construct some examples.

2. Statement of the results
First we present the estimate of the quantity S,(ly'a) fO)-f (O)’.

Theorem 2.1. Let f € Ly, a > =1,y > a + % and let a function w of the modulus of continuity type satisfy the
conditions:

—(a+1) 1
I“u(a+1)f eIt |Aof t)|dt w W) (u>0) -
and
T(a1+ 1 f e Ao f (B)]dt = O(w (1/u) (u21). @
Then
SS,Vr‘)‘)f(O) —f(O)‘ = nr]+ Aa 7) 1)kZ a)(dl;/)]f]) +0(w(1/n")
for0<n< —2(“‘4¢'
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Now, we formulate some corollaries and remarks.

Corollary 2.2. Under the assumptions of the above theorem

sU £ (0) - f(O)‘ = 0(1) as n — co.

This relation is an immediately consequence of Theorem 2.1, since (3) when u — 0 becomes a condition
(1) ((1.8) from [1]), (4) when u = 1 is becomes exactly (2) ((1.9) from [1]) and mean

g 2o i w (1/k)

2((\':,/)+1 "

k=1 kq+

2(a-y)+1
4

tends to 0 as n — 0 for any 1 € (0,— ) as well as w (1/n") tends to 0 as n — 0 for any n > 0 with

any function w of modulus of continuity type. Thus we have Theorem A (Theorem 1 from [1]) without any
additional conditions and assumptions.

Remark 2.3. Using Theorem 2.1 and Corollary 2.2 we obtain the result of D. P. Gupta from Theorem A.

Remark 2.4. Similar type of result was obtained by S.P.Yadav [8] for Holder classes. There was considered Cesiro
(C,y) - means of the order y € (a -la+ %) but in our paper y > a + 3. D.P.Gupta, S.M.Mazhar [2] also examined
similar problems with partial sums (y = 0) and a € (—%, 1) but in our result we have Cesaro mean of the order
y > a+ § with an assumption a < —3.

Corollary 2.5. Analyzing the proof of Theorem 2.1 we can obtain, under the assumptions of this theorem, the
following more precise estimate

2(a-y)+1

s0F 0= £0) = 0(n 0 ) + 0/ + O @),

when M +1<0.
2(a—y)+1
3

In the special case, taking n = — , we have

iW%@—ﬂM=owamm,

when n < 1.

3. Examples

Let fi(t) = e72 and wy(t) = t for t > 0.
It is clear that f; € L,,. Moreover, applying the Lagrange mean value theorem we get that

_t t
MofiB) =let ~11< ¢

for t > 0. Therefore, by elementary calculations we get

y—@+D) u

- “2 19| Ao £ (B)|dE
Ta+1) J, e 2t Ag 1 ()l
u—(a+1) U

1
< — a+1 - -
Ta+D )y | U TarDar®
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for u > 0 and
1

— | errEA AL
1 (1) Ta+1) f of

u © t 2 1 o0 t 5
<— BET A [ P — Eamast !
2r(a+1)fu e 2r(a+1)fu e

1 0 t 5 1 o0 t 8
< — TV s ——— map ey gy
2r(a+1)f0 ety zr(a+1)f0 e’ ’

1
T T(a+1)

2“_“%1"(04 -y + g) <00

foru>landa—y+%>0.

Hence the function f; satisfies the conditions (3) and (4).

estimate for |S,(1y’a) £1(0) = f1(0):

Example 3.1. Leta > -1, a+ 1 5<y<a+3 §and0<n<-

n
o pa e 1
540 = 101 = O )Y e w0

1k+ +2

Suppose f, (t) = t* and w; (t) = t° for 6 € (0,1] and ¢ > 0
Obviously f, € L,,. In addition, it is easy to show that

u—(a+1) U

eI Ao fo(t)ldt
0

T'a+1)
u—(a+1) U 1
- a+d —
Ta+D ), " dt Ta+Darorn2®

for u > 0 and

1 foo b
I R s I
w2 ()T +1) of

a— 7/+§—* a—y+2§—l
F(a+1)f it t\F(oc+1)f i vt

ta—y+26—f f t—1+a—y+26+§ dt
F(a +1) f F(a +1)

—204)/+2(‘>+ I‘\( 2 )
Ta+D) sSl'fa—y + 6+3 < o0

foru>landa—y+25+%>0.

7602

Using Theorem 2.1 we get the following

Therefore the function f, satisfies the conditions (3) and (4). Using Theorem 2.1 we get the following

estimate for ISS"(X) £2(0) = £2(0):

Example 3.2. Leta>—1,6€(0,1],a+%<y<ac+26+§and0<1]<—_—

5800 O = 0 (7)Y —

— k’”LZM +1+6
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4. Auxiliary results
We begin this section by some notations from [6] . We have

k
L =) 1), MWm)=(:“)

v=0

and therefore

1 ~ N
SO = ), ovE e
(ra) a (a+y+1)
SifO) = ——————= | VL, (W) f(y)dy.
I“(a+l)A(y)f

Hence, by evidence equality

1 a 1ifv=0
- —y a7 (a+1) — )
r(a+1)f0 YL (y)dy { 0ifv#0,

we have

S@WF(0) - £(0)

1 - at
mf e_yy“L( () Aof () dy,

sU £ (0) - £(0)

a+

Next, we present the useful estimates:

Lemma 4.1. [6, p. 172] Let B be an arbitrary real number, c and 6 be fixed positive constants. Then

1 ) -

O(n) ifo<x<,
O(x_(2ﬁ+1)/4n(zﬁ_1)/4) lfﬁ <x<6.

Lemma 4.2. [6, p. 235] Let § and A be arbitrary real numbers, 0 > 0and 0 < 0 < 4. Then

—x/ZxA

1 ] -

maxe
X

o(nmaX(A‘%ff‘z)) if x>0
Lemma 4.3. [9, Vol. I, (1.15) and Theorem 1.17] If y > —1, then

A9)=«;y):o«n+nw

and A,Sy) is positive for y > —1 increasing (as a function of n) for y > 0 and decreasing for =1 <y < 0.

5. Proof of Theorem 2.1
It is clear that if

§WU® £(0)

a (a+y+1
—_— YL, (¥) Aof (v)dy
T(a+ 1)A( ) f ’

1/n
(f +f +f +f)=]1+]2+]3+]4,
0 1/n 1 n'l

7603
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then

SO £0) = FO) < 1l + ol + sl + sl

By Lemma 4.1, Lemma 4.33 and (3)

IA

i L7 ) Jaaf 0] dy

1 fl/n e—%ya
T(a+1)AY
O( a+y+1

1/n
= mf e Ty [Aof ()| dy
(o4

oc+1

1/n y
- F(a +1) f e 2y |Aof ()| dy = O (@ (1/n))

v+ w (1/k)
02 4)y Mo e

A\ @ (1/k)
n+ R St S C A
O (n ' ) Z +2(a—4¢+1 ’

k=1 k"

IA

IN

with0 <n < —w.

Using Lemma 4.1, we get

1 1
A P
)
T(a+1)A; " YlUnr
2(a+y)+3

2(a+y)+1
O(n 1 ) 1
— ) Syt Aof |y~ dy.
[(a+1)A) Jun

L )| f )]y

Let Fo (y) = £— - f Vemiyn |A0 f (u)| du. Applying Lemma 4.3 and integrating by parts with y > a + 1 and

T(a+1)
a > —1 we have
0 (n(2a+2y+1)/4) 1
ol = —() f e—y/2y(2a—2y—3)/4 )Aof (y)| dy
T(a+1)4,)7 Jun

e 11
O(n(Za—2y+l)/4) {[P () Ao ]
y=1/n
2 (0( + ) + 3 1 2(a—y)+1 _
» s f1 Fa(y)y 1dy}

1 2(a-y)+1
@) (1’1(2“_23’“)/4) {Fa 1) + f F, (]/) y ( 4) _1dy}

1/n

IA

= o(n(2a-2w1)/4){1?a(1)+ f Fa(Uy)y —1dy}

k+1

= Ofnn2r) {Fa ““Z fk F, (Uy)y‘z("i'”‘—ldy}
k=1
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< O (n(2a72y+1)/4 { }
k=1
n-1 —
< 0 (n(2a72y+1)/4) 2F, (1/k) k" 0
k=1
< O(n(Za—2y+1)/4) Y Fqo (1/K)
B L [ (2a-2y+1) /441
By (3) we obtain
_ (2a-2y+1) /4 w (1/k)
| ( ) (2a-2y+1)/4+1
e\ x @ (1/k)
S O(Tl] );_k 2(“47)*'144’
with 0 <n < —w,
Applying Lemma 4.2 with a +  + 1 instead of and A = M (since max (A -1, _‘“;’*1 - 411) = 2“+ZV+1)
we have
/5l
T rasna® f ey o ()] ey LT () ay
T(a+1) A(’)
@) (n(z"‘*27*1)/4) 1
0 f e 2y Ao (y)] dy.
I'a+1)A, 1

Using Lemma 4.3 and integrating by parts with y > @ + 1 and a > -1, we get

O (n(2a-27+1)14) o
% ﬁ [e_y/Zya |A0f (y)u y(—Za—z)/_3)/4dy

n

e g Y e "2y | Ao f (1) o
O(n(Za 2y 1)/4)]1‘ @ [j(; r(a‘+01) |du} y( 20-2y 3)/451]/

—u/2,,0 n'l
_ O(n(Za—27+l)/4) {[y(2a2y3)/4 f Y W du]
0 1

2 2 3 7'l Y e—u/Zua A u ez
Sk pof @0l 1 s,
4 1 dy 0 F(OK+1)

! y)+
< O<n(2a—2y+1)/4) {F (n") nnz(z y)+1 N 20+ 2y +3 f Fo (4) yz(a;) 1_1dy}.
1

/3l

4
By (3) we obtain

oy 2042y +3 ! 2(amy) 1
11 0 270) o3« 2T [T )y
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2(a—y)+1

(1){ (Za 2y+1)/4nqw (1) n" Z(H 1 +n (20( 2y+1)/4w (nn)f )Hldy}

< (n(za 27"'1)/4”’7”'72(“ 7)+1 N nZ(a;y)+1 )a) (1) < O( 2(a— 1)+1 n)w (1)
2(a-y)+1 1 (1/k)
n+ _
S O (n * )Z 2(11 7)+1 " 4
=1 T
with0 <n < —M
fA=y+3 then A-=Lt=y> a+y+1 — I since y > a + 3. So, applying Lemma 4.2 with a + y + 1 instead
of fand A = y + 3 we obtam
IJal
< f y/2 (3a-3y-1)/3 |Aof (y)‘ -y/2 (3y+1)/3 L(a+)/+1)( )‘ dy
T(a+ 1)A(’)

O 7 vz o305 | () .
I(a+1)A0) Jn

Next, using Lemma 4.3 and (4) we get

_o@)

e o VI2 (3a -3y-1)/3 )Aof(]/)|dy O (@ 1/nM).

[Jal =

Finally, collecting the above estimates we have

050 - s =0 )Y SEE +owam.

pat 2(a—4)')+1 +1

k17+

and our proof is completed. m

6. Conclusion

We investigated pointwise approximation of real-valued functions, integrable in the Lebesgue sense
over R* with the weight w (t) = ¢7't* (a > —1) by the (C, ) - means of partial sums of their Fourier-Laguerre

series. In particular, we estimated the deviation ’51(1;/,51) f(0) = £ (0)| by means of a function of the modulus

of continuity type w. From our result some corollaries were derived and some examples were constructed.
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