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Abstract. In this manuscript, we introduce some conditions for a sequence to be Cauchy sequence and
b-Cauchy sequence in metric spaces and b-metric spaces. After, some fixed point results are obtained
regarding them in such spaces. Also, we give two examples to show the usability of our results.

1. Introduction and mathematical preliminaries

Fixed point theory is an interesting field of mathematics that have applications in many sciences like
economy, computer sciences, medecine and game theory. Ever since S. Banach proved the Banach fixed
point theorem in 1922, many authors have tried to generalize this conclusion. Usually these studies have
been obtained by generalizing the concept of metric space or by generalizing the contraction mappings.
There are different generalizations of metric space in the literature. One of them is b-metric space was
introduced of Bakhtin [19] and Czerwik [20]. Since then, many authors have studied the fixed points of
different contraction mappings classes in such spaces (see [2-13, 22]).

The main goal of this manuscript is to give some conditions in order to be Cauchy sequence and b
Cauchy sequence of a sequence in the frame of ordinary metric and b-metric spaces. Our results unify and
exend some existing fixed point results in the related literature (see [18], [16], [21]).

Now, we will recall some basic definitions and lemma that we will use in our results.

Definition 1.1. [20] Let U be a (nonempty) set and b > 1 be a given real number. A functiond : UX U — R* isa
b-metric on U if for all u,v, y € U, the following conditions hold:

(b1) d(u,v) =0ifand only ifu = o,
(by) d(u,v) = d(v,u),
(b3) d(u,y) < bld(u,v) + d(v, y)].
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Then, (U, d) is called a b-metric space.
It is clear that a b-metric space is a metric space for b = 1.

Definition 1.2. [14, 15] Let (U, d) be a b-metric space and {u,} a sequence in U. We say that
(1) {uy} b-converges to u € U if d(u,, u) — 0as n — oo;
(2) {uy} is a b-Cauchy sequence if (4, u,) — 0as m,n — oo;
(3) (U, d) is b-complete if every b-Cauchy sequence in U is b-convergent.

Each b-convergent sequence in a b-metric space has a unique limit and it is also a b-Cauchy sequence.
In addition, in general, a b-metric is not necessarily continuous.

Lemma 1.3. [8] Let (U, d) be a b-metric space with coefficient b > 1 and f : U — U be a mapping. Suppose that
{u,} is a sequence in U induced by u,.1 = fu, such that

AU, Ups1) < 0d(tn-1, Un)
forall n € IN where 6 € [0, %) is a constant. Then {u,} is a b-Cauchy sequence.

Lemma 1.4. [17] Let (U, d) be a b-metric space with coefficient b > 1 and f : U — U be a mapping. Suppose that
{u,} is a sequence in U induced by u,.1 = fu, such that

d(unl un+1) < 6d(un—1r un)
for all n € IN where 6 € [0,1) is a constant. Then {u,} is a b-Cauchy sequence.

Many of the authors have used Lemma 1.3 to prove some fixed point results in b metric spaces and its
generalized versions. Lemma 1.4 expands the range of ([8], Lemma 3.1) from 0 < 6 < % to0 <06 < 1. So, we
will use the Lemma 1.4 instead of Lemma 3.1 in [8] in order to prove our main results.

2. Results for Picard sequences in b-metric spaces

Proposition 2.1. Let (U, d) be a b-metric space and f : U — U be a given mapping. Let a Picard sequence {u,} of
initial point uy € X be satisfying the following condition:

(it ips) < bld(up—1, un) + d(uy, 1)) + p
W= DAy, ) + Aty Une1)] +

A(Uy_1, 11y) 1)

where m, n are fixed positive real numbers such that p < m . Then {u,} is a b-Cauchy sequence.

Proof. Let {u,} be Picard sequence which is defined by u, = fu,_; for all n € IN and for initial point uy € U.
Taking 1y, = uy,—1 for some ny € IN, then u,, is a fixed point of f and so {u,} is a b-Cauchy sequence.

Suppose that (1) holds for the sequence {u,}. If u, # u,_q for all # € N, from (1), we have that the
sequence {d(u1,-1, u,)} is decreasing. Thus there exists a non negative real number ¢ such that d(u,,—1, u,) — ¢
as n — 0. Now we claim that ¢ = 0. If ¢ > 0, on taking limit as 7 — +c0 on both side of (1), we get that

blc+c)+p
T bcH+c)+m

which is a contradiction. It follows that ¢ = 0.

Finally, we prove that {u,} is a b-Cauchy sequence. Let 6 € [0,1). Since ¢ = 0, then there exists n(6) € N
such that

bld(uy—1,un) + d(u,, up1)] +p
b[d(un—lz un) + d(unl un+1)] +m

<A foralln > n(5).

This implies that
d(un, tns1) < 6d(un-1,uy)  forall n = n(5).

By using Lemma 1.4 we obtain that {u,} is a b-Cauchy sequence. [
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Considering the previous result, we give the following result.
Theorem 2.2. Let (U, d) be a complete b-metric space and f : U — U such that

fo) < d(u, fv) +d(, fu) +p
! = bld(u, fu) +d(v, fu)l+m

where m,n € R" are fixed positive real numbers such that

d(fu

d(u,v),forall u,v e U 2)

p<m.
Then
(i) f has at least one fixed point u* € U;
(ii) every Picard sequence of initial point ug € U b-converges to a fixed point of f;
e wa . . . m—p
(iti) if u*,v" € U are two distinct fixed points of f, then d(u*,v*) > —+.

Proof. Suppose that {u,} is a Picard sequence which is defined by u, = fu,_1 where uy € U is an arbitrary
point. Taking u, = u,- for some n € IN, from definition Picard sequence, we have u, is a fixed point of f.
Assume that u,, # 1,1 for all n € IN. Taking u = u,_; and v = v, and using the inequality (2), we obtain

" ) < d(un—l/ Mn+1) + p
= Bld (o, ) + Aty thys1)] +

bld(uy-1, un) + d(un, up1)] +p p
< BldGn, 1) * Aty )] + "

d(un/

d(un—ll un)/

Uy),

that is, condition (1) holds for the sequence {u,}. From Proposition 2.1, we say that {u,} is a b-Cauchy
sequence. Since U is a b-complete metric space, the sequence {u,} b-converges to some u* € U. Now, we
prove that u* is a fixed point of f. Taking u = u, and v = u* in (2), we get

“ . d(uy, fu*) +dWw’, fu,) +p
A 0 = A0 ) = i, Futy + e, fu] +
_ d(unz fu*) + d(u*/ un+1) +p
 bld(un, ) + A, fur)] +m
Taking limit on both sides of (3), we obtain
A, fu’) = bd(u,, u*) < bd(uy,, fu’) < b*[d(u,, u*) + dw’, fu)]

(ttn, 17) 3)

d(uy,, u”).

which implies that
au’, fu') < lierinfbd(u,,,fu*) <limsup bd(u,, fu’) < b*du*, fu’). (4)

n—+o0
Taking liminf, as n — +o0, on both sides of (3), by (4) we get
dw’, fu) < 1im+infbd(u,,+1,fu*)
n—+oo
bd(w*, fu*) +p
— 1 ") =0.
= bd(w, fur) +m Pl 4 Aot 147) = 0
This implies that d(u”, fu*) = 0, that is, u* = fu* and hence u* is a fixed point of f. Thus (i) and (ii) hold.

Let v* be another fixed point of f, that is u* # v*. Then using (2) with u = u* and v = v*, we obtain that

d 5(', * *, *
(', fo)+d( fu)erd(u*,v"
m
2d(u*, v*
m

daw, o) = d(fur, fo)

IA

)
(W, v")

and hence d(u*,v*) > ?, that is, (iii) holds. O
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Now we will give the following result for weak contractive condition.

Theorem 2.3. Let (U, d) be a complete b-metric space and f : U — U be a given mapping. Assume that

d(u, fo) +d(, fu) +p
d(fu, fo) < bld(u, fu) +d(v, fo)l + m

d(u,v) + Ld(v, fu),forallu,v € U (5)

where m, p, L are fixed positive real numbers such that
p<m.
Then
(i) f has at least one fixed point u* € U;
(ii) every Picard sequence of initial point ug € U b-converges to a fixed point of f;
(iii) if u*,v* € U are two distinct fixed points of f, then d(u*,v*) > max{w, 0}.

Proof. Suppose that {u,} is a Picard sequence which is defined by u, = fu,_; where uy € U is an arbitrary
point. Taking u, = u,_; for some n € IN, from definition Picard sequence, we have u, is a fixed point of f.
Assume that u,, # u,_1 for all n € N. Taking u = u,_; and v = v, and using the inequality (5), we obtain

d(un—lz Z/ln+1) + p
At 1) < G ) + ditmy )] + 71
bld(uy—1, un) + d(un, up1)] +p
S DGy, 1) At ta)] & 1o ),

d(un—ll un) + Ld(unr Un),

that is, condition (1) holds for the sequence {u,}. From Proposition 2.1, we have that {u,} is a b-Cauchy
sequence. Since U is a b-complete metric space, the sequence {u,} b-converges to some u* € U. Now, we
prove that u* is a fixed point of f. Taking 1 = u, and v = u* in (5), we obtain

d(uy, fu*) + d(u*,fun) +p . .
[d(un/fun) + d(u",fu*)] + md(un’u ) + Ld(u /fun) (6)

B A(uy, fu*) +dW*, up) +p
h bld(un, ups1) + du, fu*)] + m

At fi7) = d(fbn, fu') < -

d(unr u*) + Ld(u*r un+1)'

Taking liminf as n — +o0 on both sides of (6), by (4), we get that

dw’, fu*) < lierinfbd(u,,H,fu*)

bdw, fu) +p _ - A 3
< W h,f‘litip d(uy,, u™) + 11ﬁigp Ld(u*, upq) = 0.

This implies that d(u*, fu*) = 0, that is, u* = fu* and hence u* is a fixed point of f. Thus (i) and (ii) hold.
Let v* be another fixed point of f, that is u* # v*. Then using (5) with u = u* and v = v*, we obtain that

i) = i, oy < LD SO 1y,

_ 2d(ut,v%) + pd
B m

,0°) + Ld(v*, fu”)
(", v") + Ld(u*, v%)

and hence 1 < W + L, that is, (iii) holds. [

If we take p = 0 and m = 1 in Theorems 2.2-2.3, we have the following corollaries.
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Corollary 2.4. ([16]) Let (U, d) be a b-metric space and f : U — U be a given mapping. Assume that

d(u, fv) +d(v, fu)
difu f0) < 30 fu) +d(v, fo)] +1

d(u,v), forallu,vell

Then
(i) f has at least one fixed point u* € U;
(ii) every Picard sequence of initial point uy € U b—converges to a fixed point of f;
(iii) if u*, v* € U are two distinct fixed points of f, then d(u*,v*) > 1.

Corollary 2.5. ([16]) Let (U, d) be a b-metric space and f : U — U be a given mapping. Assume that

d(u, fo) +d(v, fu)
d(fu, fo) < B, fn) + (o, fo)l + 1d(u, v) + Ld(v, fu), forallu,vell

where L is a positive real numbers. Then
(i) f has at least one fixed point u* € Uj;
(ii) every Picard sequence of initial point uy € U b-converges to a fixed point of f;
(iii) if u*, v* € U are two distinct fixed points of f, then d(u*,v*) > max{E,0}.

If we choose p < 1 and m = 1 in Theorems 2.2-2.3, we have the following results.
Corollary 2.6. Let (U, d) be a b-metric space and f : U — U be a given mapping. Assume that

d(u, fo) +d(v, fu) +p
[d(u, fu) +d(o, fo)] + 1d(u, v),

d(fu, fv) < 2 forallu,v e U.

Then
(i) f has at least one fixed point u* € Uj;
(ii) every Picard sequence of initial point ug € U b-converges to a fixed point of f;

(iii) if u*, v* € U are two distinct fixed points of f, then d(u*,v*) > 12;7].
Corollary 2.7. Let (U, d) be a b-metric space and f : U — U be a given mapping. Assume that

d(u, fo) +d(v, fu) +p
[d(u, fu) +d(v, fo)] +1

d(fu, fv) < 2 d(u,v) + Ld(v, fu), forallu,ve Ul
Then

(i) f has at least one fixed point u* € U;

(ii) every Picard sequence of initial point uy € U b-converges to a fixed point of f;

(iii) if u*, v* € U are two distinct fixed points of f, then d(u*,v") > max{l_g_L,O} .

Example 2.8. Let U=[1,3], 1 < £ <1andd: U x U — R* defined by
d(u,v) =u - z;|2 ,  forallu,vell

Then (U, d) is a b-complete metric space with b = 2. Let f : U — U be defined by

3u+1
flu) = 113 forallu e U
Note that
3u+1
< <

T u+3 "~

7585
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Forall u,v € U, we have

3u+1 3v+1 64 |u — vf? lu — o

u+3’v+3)=(u+m%v+&2— 1

d(fu, fo) = d(

Now, if u,v € U and v > u, we have

d(u, fo) +d(v, fu) d(u, fv) +d(v, fu)
bld(u, fu) +d(o, fo)] — 2[d(w, fu) +d(o, fo)]
(uv + 30 = 3u — 1)%(v + 3)?
- 4(0? — 1)%(v + 3)?

(uv+3v—3u—1)2>1
= W2 -1p T4
Then
)
d(fu, fo) < Ezi
d(u, d(v,
< (u, fo) +d(v, fu) +p i — o

bld(u, fu) +d(v, fo)] + m
forall u,v € U. Thus we have that the condition (2) of Theorem 2.2 is fulfilled. That is f has a fixed point u = 1.

3. Results for Picard sequences in metric space

Since a metric space is a particular type of b-metric space. Thus the results of this Section are as particular
cases of the results of Section 2,50 we tell them here without giving the detailed proof.

Proposition 3.1. Let (U, d) be a metric space and f : U — U be a given mapping. Suppose that a Picard sequence
{u,} of initial point ug € U satisfies the following condition:

Ay, 1) < A(tn-1, Un) + AU, Uns1) + P
d(u‘rl—ll un) + d(un, un+1) +m

A(uy—1, 1) (7)

where m, p are fixed positive real numbers such that p < m .Then {u,} is a Cauchy sequence.
Considering the result on the above, we can give the following theorem.

Theorem 3.2. Let (U, d) be a complete metric space and f : U — U such that

< d(u, fo) +d(v, fu) +p
T d(u, fu) +d(v, fo)+m

d(fu, fv) d(u,v),forall u,v e U (8)

where m, p are fixed positive real numbers such that
p<m.
Then
(i) f has at least one fixed point u* € U;
(ii) every Picard sequence of initial point ug € U converges to a fixed point of f;

ey i w a C . . . m—p
(iti) if u*,v* € U are two distinct fixed points of f, then d(u*,v") > —+.
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Remark 3.3. Note that, for all p € R*, we have

d(u, fo)+d(v, fu) +p S d(u, fv) +d(v, fu)
d(u, fu) +d(v, fo)y+1 ~ d(u, fu) +d(v, fo) +1’

From the result on the above, we have the following result in [18].
Theorem 3.4. [18] Let (U, d) be a complete metric space and f : U — U such that

d(u, fv) +d(v, fu)
d(fu, fv) < G, fu) + d(o, fo) + 1d(u, v), forallu,vel

Then
(i) f has at least one fixed point u* € U;

(ii) every Picard sequence of initial point ug € U converges to a fixed point of f;
(iii) if u*,v* € U are two distinct fixed points of f, then d(u*,v*) > 3.
Proof. By Remark 3.3 we see that

d(u, fv) +d(v, fu)
d(fu fo) < G Fuy+ dc, foy + 10040
d(u, fo)+d(v, fu) +p
d(u, fu) +d(v, fo) +1

and this satisfy in Theorem 3.2 withm =1foralln e R*andn=0, O

d(u, v)

Example 3.5. Let U =[1,2], 1 < £ <1andd: U x U — R* defined by

du,v)=u—-ol, forallu,vell

We know that (U, d) is a complete metric space . Assume that f : U — U is defined by

2u+1
fluy = u+2

forallu e UL
Since

2u+1
< <2,
u+2

we have

L 2u+1 20+1.  3lu—1 |u — |
dfuw fu) = a0 s 552 " v+ = 3

forallu,v e U.

Ifv > u, (so Zj;; =d(v, fo) > d(u, fu) = ”5;21), we obtain that

d(u, fu) +d(v, fu) S d(u, fo)
d(u, fu) +d(v, fo) —  d(u, fu) +d(v, fv)

(uv+2v-2u-1)
(v+2)

2('02—1)

v+2
(v +2v-2u-1)
202 - 1)

1
==
2

7587
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Therefore
d(fu, fo) < = o > i

e

o T R

forall u,v € U. That is the condition (2) of Theorem 2.2 is fulfilled. In this case f has a fixed point u = 1.
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