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Abstract. This paper’s main objective is to examine an initial boundary value problem of a quasilin-
ear parabolic equation of non-standard growth and logarithmic nonlinearity by utilizing the logarithmic
Sobolev inequality and potential well method. Results of global existence, estimates of polynomial decay,
and blowing up of weak solutions have been obtained under certain conditions that will be stated later.
Our results extend those of a recent paper that appeared in the literature.

1. Introduction

In the present paper, we deal with the global existence and blowing-up of weak solutions for the
following initial boundary value problem with logarithmic nonlinearity

up — div (qul"’(")’2 Vu) = [uP®)-2 uloglul, xe€Q, t>0,
u(x,t) =0, x€dQ, t>0, (1.1)
u(x,0)=u0(x), er,

where Q is a bounded domain in R” with smooth boundary JQ. The function p (.) is continuous on Q into

R, such that

2<p_<plx)<ps <p (%), (1.2)
with

n—p(x)’

p- =ess Jggya(x), p+ =esssupp(x) and p*(x) = Yoo, i pom,

{ e <,
xeQ
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and uo € W,"™ (Q)\ {0}.

According to recent research, studying problems with nonstandard p (x) —growth can be an effective
tool for modeling a wide range of events in many scientific and technological fields. Their applications in
elastic mechanics, fluid dynamics, or calculus of variations, (see, for example, [1, 2, 36, 37]), have stimulated
the study of problems with variable exponents. Variable exponent spaces are regarded as a good tool for
handling problems of this type. The variable exponent Lebesgue and Sobolev spaces have been developed
as a result of numerous theoretical studies (see [13, 19-22, 25, 32]). As a result, this topic is becoming
increasingly important and well-known; for further details on variable exponent spaces, see [10, 12, 33, 39].

On the level of classic Lebesgue and Sobolev spaces, we may find quite many global existence or
nonglobality, blow-up, a long time behavior of weak solution results on differential equations in the
literature; see for instance [8, 11, 16, 18, 24, 29, 38].

When p(x) = 2, the problem (1.1) has been considered in [9]; the authors investigated global existence
and blow-up in infinite time of the solutions. If p(x) = p a constant exponent, Cong Nhan Le and Xuan
Truong Le established in [28] the global existence and blow-up results. They showed that whenp > 2,
solutions blow up in finite time and obtained sufficient conditions on the existence of global weak solutions.

On the other hand, works on differential equations at the level of variable exponent Lebesgue and
Sobolev spaces are fairly fewer.

Hua Wang and Yijun He in [40] were interested in the case where

w=Au+uf?, xeQ, t>0,
u(x,t)=0, x€dQ, t>0,
ulx,0)=uy(x), xeQ,
with 19 (x) > 0. They demonstrated that under condition 1 < p_ < p, < %2 and certain initial data, the
solution blows up in finite time for a positive initial energy.
M. Kbiri Alaoui et al. [3] considered the problem

2 — div ([Vu" 7 Vu) = ufY % u+ f, inQ=0Qx(0,T),
u(x,t)=0, ondQ =dQx[0,T),
u(x,0) = up (x), in Q,

They proved that any solution with a nontrivial initial datum blows up in finite time whenever

1 1
2 — p(x) _ m(x)
!uodx >0, f=0 and !(p(x) [140] ) [Vug| dx > 0.

Boudjriou in [7] studied the problem

u; — div (qul”(")’2 Vu) = [u]1®2y loglu|, xeQ, t>0,
u(x,t)=0, x€dQ, t>0,
M(X,O):uo(x), XGQ,

Under suitable conditions, the author discusses the global existence and finite time blow-up of solutions
by using the potential well method via the Pohozaev manifold and the concavity method.

In light of the extensive literature on polynomial nonlinear terms, physicists and mathematicians have
shown a keen interest in logarithmic nonlinearity. Both the relativistic wave equation for spinless particles
and the non-relativistic wave equation describing spinning particles traversing in an external electromag-
netic field were also studied by introducing the logarithmic nonlinearity (see [4]). The global-in-time well
posedness of the solution to the problem of the evolution equation with such logarithmic type nonlinearity
also draws a lot of attention. This type of nonlinearity is also encountered in many branches of physics,
including incoherent white light solitons in logarithmically saturable noninstantaneous nonlinear media
[8], inflationary cosmology [17], nuclear physics [25], optics [26], and geophysics [30].
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It should be noted that the presence of logarithmic nonlinearity causes a few difficulties in the deploy-

ment of the potential well method. So as to deal with this situation, we need the logarithmic Sobolev
inequality, presented in [15, 28].

Lemma 1.1. Let g > 1, u > 0, and u € W™ (R") \ {0} . Then we have

q [ul ) n ( ) q q
qflu(x)| log(|| ) e dx + p lo flu (0)|Tdx < yfqu(x)l dx,

]:Rn
9
Cqfg-1y L[ TG
Lﬂ‘E(T) “[m -
q

In this paper, we consider the problem (1.1) with the presence of a nonlinear diffusion term of variable

where

exponent Ay = div (IVMI” (x)-2 Vu) and logarithmic nonlinearity [uf®=2y log |u|. This extends the problem
in [28] from the level of classical Lebesgue and Sobolev spaces to the level of variable exponent Lebesgue
and Sobolev spaces. Our goal is to establish a global existence, a long time decay and blow up in finite
time of solutions of the problem (1.1) within the framework of the variable exponent Lebesgue and Sobolev
spaces by means of the potential well method (see [34]) via the Nehari manifold, and the concavity method
(see [29]) in order to obtain global existence and blow up of weak solutions to (1.1). In our work, we discuss
the following details:

-The solution of problem (1.1) exists locally and globally in time if it holds the condition p, < pZ, but
here we have discussed two cases

Case 1: If2 <p_ <p, < (1 + %)p,,
Case 2: If p, < (1 + %)p_ does note holds, i.e., ((1 + %)p_ <ps< p*_).

We point out that the case 1 with p_ = pand p, = ghasbeen discussed in [23] where the authors obtained
results of decay and finite time blow-up of solutions for the Pseudo-parabolic p(x)—Laplacian equation with
logarithmic nonlinearity.

= Ay = div (|VuP ™ Vu) = [u'™ 2 uloglul, xeQ, t>0. (1.3)

But case 2 is not studied in the previous cited papers in the literature.

We montion also that an initial boundary value problem like (1.3) has been considered in [5, 14], (see
also [41])

An other two cases that we have discussed for prouving the coercivity of the energy functional defined
in (2.4) (see the proof of Lemma 2.6 below) that are:

Case3: If2<p_ <p, < (1 + pn—’)p_,
Case 4: If p; < (1 + ’%)p_ does note holds, i.e., ((1 + %’)p_ <ps < p*_).

Also, these cases are not considered in the literature.

We also note that the inequality (2.6), which we have used throughout the paper and without which
the potential well method does not work, plays an important role in this inequality, as does the generic
constant y, which we defined for the first time in (a).

There is no result for the logarithmic Sobolev inequality in variable exponent Sobolev spaces to our
knowledge, but this is the first result in the literature that allows the treatment of non-standard growth
parabolic equations by using the classical logarithmic Sobolev inequality, which is a fundamental inequality;,
to get the results in [28], for dealing with the logarithmic nonlinear term (see Lemma 2.5)
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Remark 1.1. Ifu € W(l)’p(x) () \ {0}, then, by defining u(x) = 0 for x € R"\Q it holds

j‘lul’7 log(H i )dx+—1 ( )flul’” dx<yf|Vu|p dx, (1.4)
p-
p+f|u|P+ log(Hu” )dx+ (pfg” )f|u|”* dx<yf|Vu|p* dx, (1.5)
P+ P+
Q

for any real number u > 0, where

b= e
-1 n n +_1 n n
Lo :%(p_e_1)*’ n_p;{r(r(p_zj [ L. =pf(me_l)p n[ r(p—f: !
n +1) r(n = +1)

2. Preliminaries

2.1. Functional framwork

We give some results about the Lebesgue and Sobolev spaces with variable exponents, which are
well-known in [12, 25, 32]. The following notations will be used in the sequel:

||U||p(4) = ”v“U’(-)(Q) ’ ||U||p_ = ”U”LP—(Q) ’ ||U||p+ = ”U||LV+(Q)-
Let £ (Q) be the set of all Lebesgue measurable functions p(.) : Q — [1, 0], where Q is a bounded

domain in R".
A function p (.) is said to satisfy the log-Holder continuous condition in € if

. 1 C
Vx,y € Qwith |x—y| < > @ -py)| s —F———, (2.1)
- 10g< - )
where Cy > 0 is a constant.
We say that p (.) satisfy the log-Holder decay condition in Q if
VreQ, |p(x)-po|< < Co (2.2)
’ log (e + [x])’

where po = limpy—,0 p (x) and Co > 0 are constants.
By #'°8 (QQ) we denote the class of variable exponents:

P8 (Q) = {p() € P(Q) : 1/p(.) is globally log-Holder continuous) .
Note that 7 (.) € £ (Q) is globally log-Holder continuous in Q, if 7 (.) satisfies both (2.1)-(2.2) conditions.
Proposition 2.1 (see [10]). Given a domain Q)

1) If p () fulfills (2.1), then it is uniformly continuous and fulfills (2.2) on every bounded subset. E C ().
2)Ifp(.) e P(Q) and p, < +oo, then 1/p () satisfies either conditions (2.1), (2.2) or both if and only if p (.) is also.

Remark 2.1. From Proposition 2.1 we deduce that if Q) is bounded, p (.) € C( ) and satisfies the conditions (1.2),
(2.1) thenp(.), 1/p(.) € P8 (Q)
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Now we define the p(.) modular of a measurable function u : {3 — R as follows:

Ppx) (1) = f |u(x)|p(") dx + ess sup |u(x)|,
alo. x€Q0

where
Qo ={x e Q:p(x) = oo}.

The generalized Lebesgue space L/V(Q) is the class of those measurable functions u defined on Q as
follows

L'DQ) ={u:ueP(Q), flu(x)l”(") dx < o0
Q

We define the Luxembourg norm of the space LP)(Q) by
lillyy = inf {1 > 0 2 py (10/x) < 1.

The space LP1)(Q) equipped with this norm, is a Banach space.
Now we present some results that concern variable-exponent Lebesgue spaces

Proposition 2.2 (see [20, 21]). Let u € LF®(Q), (u,),en € LP(Q), then
Dllullpey <1(=1>1) © ppey (1) <1(=1;,>1),

2) If [ullyy > 1, then ||M||§Zx) < Ppy (u) < ||M||£zx) ,

3) If lullpxy < 1, then ||M||£Zx) < Ppy (u) < ||M||ZEX) ,
4) ||un||p(x) n—>_+)oo 0e Pr(x) (1) n:l—)oo 0,

5) ||Lln||p(x) n:{—)oo +00 & pp(x) (un) 11—>_>+oo +00.

Proposition 2.3 (see [20]). Let u, u, € [P¥(Q), n =1,2,.... Then the following statements are equivalent to each
other :

1 limy o [ln — u“p(x) =0,

2) limy, 0 Pr(x) (un - u) =0,

3) uy, converges to u in Q in measure and limy, ,co Ppx) (Un) = Pp) (1) -

Proposition 2.4 (see [20]). Assume that Q has finite measure, p1 (x), p2 (x) € P(Q) . If p1 (x) < p2 (x) for almost
allx e Qand 1 < p;- < piy < 400, (i =1,2), then LM (Q) —s L™ (Q) and the embedding is continuous.

Proposition 2.5 (generalized Holder inequality, see [25, 33]). Let p(.), p’ (.) € P (Q) such that p_ > 1 and

B
pQ) P Q)
Then the inequality

=1, ae x€Q.

1 1
f|u () v (x)ldx < (P_ + P_') [loall o 101l ry »
J d

holds for every u € LP® (Q) and v € LF'® (Q).

The interpolation inequality given in [39, Lemma 8.2 page 37] is also needed
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Lemma 2.1. If1 < pg < pg < p1 < o0, then
lell, < Moalls® el

for all u € LPo(Q) N LPY(Q) with O € (0,1) defined by pis = 1;—09 + p%.

Generally, variable-exponent Lebesgue spaces and classical Lebesgue spaces are similar in many prop-
erties. Moreover, several results that concern variable-exponent Lebesgue spaces have been obtained, see
for instance [12, 25] for the following statements.

e The modular py() and the norm |[.||,,y are lower semi-continuous with respect to (sequential) weak con-
vergence and almost everywhere convergence.

e The space LFY(Q) is reflexive if and only if 1 < p_ < p, < oo.

o Continuous functions are dense if p,. < 0.

The space W'#(Q) is the variable-exponent Sobolev space defined by
WO(Q) = fu € L'D(Q) : [Vu| € L'D(Q)}
This space endowed with the norm

“u”Lp(x) = ||u”p(x) + “Vu“p(v) s

is a Banach space.
We define W;’p(x) (Q) as the closure of Cj’ (QQ) in WP (Q) with respect to the norm [[ull ) = [ull,100 @ =
0

[Vidllx), since p () satisfies (1.2) and (2.1). The space W-17'0(Q) is the dual space of W;’p ® (Q) where p’(x)

: : : 1 1
is the conjugate exponent function of p (x) such that 75 + 7w = 1.

We denote X = W;’p(x) (€)\ {0}, with the norm [[ully ;) = IVl -

Proposition 2.6 (see [12, Theorem 8.1.13]). Let p € P (IR"). The space Wé’p “(Q) is a Banach space, which is
separable if p (.) is bounded, and reflexive and uniformaly convexe if 1 < p_ < p; < +00.

Proposition 2.7. Assume that 1 < essinficq pi(x) < pi(x) < esssup, . pi(x) < +00, (i =1,2). If p1 (x) < p2 (x),
then W20 (Q) < W@ ().

Proposition 2.8 (see [32]). If Q) is bounded, p(x) € C (5) such that p,. < nand q (x) defined in Q with g_ > 1 and
essinf (p*(x) — g (x)) > 0,
xeQ)
then the embedding W;’p ®(Q) < L™ (Q) is compact.

Proposition 2.9 (see [10, Theorem 6.29] and [12, Theorem 8.3.1]).
1) Given Q and p (.) € P (QQ) such that p, < n suppose that the maximal operator is bounded on L(Qm) (Q). Then
W, (Q) c 7O (Q), and

lleall-y < ClIVallyy -

2) Let p € P8 (Q) satisfy 1 < p- < p,. < n. Then for every u € W, (Q), the inequality
llealley < cllVully

holds with a constant ¢ depending only on the dimension n, ciog(p), and p..
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Lemma 2.2. Let g(.) be a continuous function from Q into (0, +0) such that 0 < ess infyeq o(x) =0- <pox) <
04 = esssup,  0(x) < +oo. Then the following inequalities hold

-1 -1
logs < %s@(’”, foralls €[1,+00) and - L <5 logs <0, foralls € (0,1].

0 (x)

Proof. The proof follows directly by studying the variations of the function ¢ (s) = logs — é%s@(x), for
s € [1, +00) and the function ¢ (s) = 52 logs, fors € (0,1]. O

Remark 2.2. It follows from Lemma 2.2 that

-1
e
" logs < Q—s”(")“’(x), foralls € [1,+c0).

(x)

Lemma 2.3 (see [27]).
(a) For any function u € Wé'p(Q), we have the inequality

lill, < By IVl

forallge[1,00)ifn <p,and1 < g < % if n > p. The best constant B, depends only on Q,n,p and q. We will
denote the constant By, by B,.
(b) Let2 < s < p < q < p. For any u € W,*(Q) we have

1—,
llully < CHIVully llulls™,

where C is a positive constant and

(1 1 ) ( 11 1 )‘1
a=[=--=|=-=+-] .
s qg)\n p s
Now we define what a weak solution of problem (1.1) means.
Definition 2.1 (Weak solution). A function u € L* (0, T; Xo) with
u € I (0, T; W9 (Q)) n 12 (0, T; L2 (Q)),
is said to be a weak solution of problem (1.1) on Q X [0, T) if it satisfies the initial condition
u (., 0) = Up () € Xp.

and

futwdx+fqulp(x)_ZVqudx:flulp(x)_zuloglulwdx, (2.3)
Q Q Q

forallw € Wé’p ©(Q), and for almost every t € (0,T).

2.2. Potential well
Let us consider the functionals | and I defined on X, by

|u|p(x) dx,

J(u) = iwuv”(x)dx— f ;% |ulP™ log |u| dx + f
Q

p(x) p?(x)
Q Q
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1 1
=Lhw) - | =— uf1o |u|dx+f— [ulP™ dx, 2.4
hw) f P g 70 @4)
Q Q
I(u) = f IVulP® dx — f ulP™ log |ul dx = I (1) — f |ulP™ log |ul dx. (2.5)
Q Q Q

The functionals I and | are defined as in [28] with some modifications, they are well-defined in Xy. Further-
more, the following proposition given in [22] characterizes the functionals J; and I; in the space W(l)’p(x) Q).

IVulP® dx for u e W(l)””(x) (Q), then ], € C* (Wé’p(x) (Q),]R) and the p (x) —

Proposition 2.10. Let J1(u) = f ﬁ
Q

Laplacian is the derivative operator of J1. We define J; W(l)’p ) Q) —» (W(l)’p ) (Q))*, then

J; (), 0y = f IVulP®2 Vuvodx, Vu,0 € W, (Q),
Q

and ]} satisfies the following properties:
(i) J1 is a continuous, bounded, strictly monotone operator, and is a homeomorphism.

(i) J1 is a mapping of type (S.), i.e., if uy — u in Wé’p(x) (Q) and E(]i (un) = J7 W), up —u) <0, then u, — uin
1,p(x)

W,"(Q).

Remark 2.3. Note that in Proposition 2.10, (J; (u) ,u) = I, (u), for all u € Xo, and then (J' (u) ,u) = I(u), for all

u € Xy. Indeed

(I (), uy = (T (), u) - Qf ulP®=2 1 log (|ul) udx — Qf ;%x) ulP® dx + J ;% (1P ) udx

= I (u) - f P log |ul dx = I (u).
Q

Remark 2.4. It is easy to show by lemma 2.2 that the functional u — f [uP® log |u| dx is continuous on Xy, and
Q

then by Proposition 2.10 and Remark 2.3 we deduce that the functionals | and I are continuous from X, into R.
Furthermore we have | € C' (X, R).

On the other hand, since I (1) changes sign (see Lemma 2.5 below), so we denote by yj,) = y a generic
constant, i.e. a constant changing value according to the sign of I (1), such that

11 1) 1(1 1\ ([ 1/p., ifIw)<0
y—E(Z—sgn(l(u»[)+5(;+sgn<1(u))p—+)—{ L 10050 @

then from (2.4)-(2.5) we have

J(u) = yI(u) + piz f |uP® dx. (2.6)
* Q

Let u € Xy and consider the real function j: A — J(Au) for A > 0, defined by

APX) AP@) APX) APW)
i(A) = J(Au) = f = \Vul® dx — f = [ul™ log |u| dx — log A f = ™ dx + f [ulP™ dx.
D=0 ) b J e o8 81 ) R

Q Q

(2.7)
In the following lemma we show that j(A) has a unique positive critical point A* = A*(u) see [16, 28, 34, 35].
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Lemma 2.4. Let u € Xq. Then it holds

(1) lim)—0+ j(A) = 0and lim,_,4e j(A) = —o00;

(2) there is a unique A* = A*(u) > 0 such that j/(A*) = 0;

(3) j(A) is increasing on (0, A*) , decreasing on (A*, +00) and attains the maximum at A*;
(4) I(Au) > 0 for 0 < A < A*, [(Au) < 0 for A* < A < +o0 and I(A*u) = 0.

Proof. Let u € Xp, by (2.7) it is easy to show that (1) holds since f 2’;—;;) luP® dx # 0, (A #0). By simple

Q
calculation, we get
% j(A) = f AP~y P gy — f AP 1 PX) Jog |u| dx — log A f APOL 1y PO gy, (2.8)
Q Q Q

to show (2) and (3), it suffices to take

(/\*)P(X)—l |Vu|p(x)—|u|p(x) log |u]) dx
A*:N(u):exp{fg ( lul)

fQ (A*)P(X)—l |u|P(X) dx

implicitly. The last property (4) follows from the relationship.

I(Au) = A( f AP gy P gy — f AP PO Jog [u] dx — log A f APO=L 13, P) gy
Q Q Q
= Aj'(A).

Thus the lemma is proved. [J

Lemma 2.5. Let ug € Xo. Suppose that

min f o™ log (Juol) dx > 0, (2.9)
Q
Q

then there exists a positive reel number R such that the following statements hold

(1) if0 < max {llulo Il } < R then 16 > .

(2) if I(u) < O then min{”u”p(x) ’ “u”ZZx/)p?} > R.

(3) l’fj(u) = 0 then min {“u“p(x) ’ ||u”Z(+x/)p_} =R

Proof. Divided Q into [ subsets in the following way Q = U£'=1§i such that in every subset ); we have
pi- < p(x) < piy, forall 1 <i <[, where p;i- = p_ (();) and pi+ = p+ (Q3;). Here we have used the assumption
(1.2) and the continuity of the function p (x). Now for I large enough we suppose that

max f WfQdx <1, i=1,2,..,1, (2.10)
Q;

i

and by assumption (2.9) that

flul”"‘ log(lul)dx >0, i=1,2,..,1 (2.11)

Q
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On one hand it follows by Proposition 2.2 (with € is replaced by (J;) that

Pi+ p(x) Pi-
Il o, < f " dx < |l (2.12)
Q

On the other hand by (2.10) we may write

. pi- Di+ p(x) { pi- Pi+ }
min {Jlull)” g, Il o} < f P dx < max (|l o, lull ). (2.13)
Q;

According to (2.5), (2.12) and (1.4)-(1.5) (with p_, p, and Q are replaced by p;_, pi+ and Q; respectively), we

get
f IVup® dx - f P log ul dx > f Vup® dx - £ f Vup- dx - £ f Vul dx
o O o P o Pis o

—flul”(x) log( ] )+ilog flul”(")dx dx
o0 ) pis
Q; Q;
+f|u|”" log( Jul )dx+ %log(pi_yie)fmvh dx
| |M | |p,<,,Q,< p - n-Ep,_
Q ! Q

v |ul n pi+ui6)f ‘
+ Firlog| ——— |dx + —1 P dx,
Ju "g(nunpiﬂgi) o Og(nzm ™ dx

Qi Qi

Choose y; = f IVulP™ dx/ | pi! f IVul'- dx + p;! f VulP dx|.
Q; Q; Q

Since by (2.11), flulp" log (lul)dx > 0foralli=1,2,..,], we may write

Q;

[ = = ) 10g s < [ 1 tog e < [ (1 + ' - ) o ()

Qi Qi Qi

which means that

f |ulP~ log (|ul) dx + f |ulP* log (|ul) dx — f ulP™ log (Jul) dx > 0. (2.14)
Q,‘ Q,‘ Q,‘

It follows from (2.10), (2.12) and (2.13) that

ltll_ o ol o, < motin {llaal, oo, Nl 0} < il -
There exists 6 € (0, 1) such that by (2.13) we find
10g (11ll_ ) Nell, o, +10g (11l 0,) el 0

< (8 max{llull,,_q,  llll, o} + (1 = 8) min{llull,_q,, lull,, o})10g (lull,_o 1l o)

< 1og () [ 1P @.15)
Q
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So (2.14) and (2.15) give

05f|u|”f- log( u )dX+f|uI”"+log( ] )dx f|u|p(r)log( lu )
O ”u”Pi—/Qi 8 ||u”pi+,Q Iu”p (x),Q;

Therefore we obtain

L e\ E

med_f PO 1o ul dx > a |Toe | (PEHE - (Ptie) s | - 1 f b g

[ o= [ og x> a o ) ) | s [ e
Q,‘ Qi

where a = min{||u||piﬂgi , ||u||,,i+,Q,.}.

By applying the well known property of the logarithmic function }. log (6;) < log (Z O; ) for 6; <1, we get

>1 i>1
= f|Vu|p(x dx — flulp(")logluldx

!
pi_i pH’HZ i+ i p(x)
(( nLy, ) (HLPH ) ] Z Iir log f [ul™ dx

=1

I
pi—Aul pl+uz ] i p(x)
i=1 (( nLy. ) (”-Lp,+ ) ] p- log [f|u| de] (2.16)

If [Jullpy < 1 then from (2.16) we have

pi- i Pi+ Ui
2 2 o]

if ||u||p(x) > 1 then (2.16) gives

Pi-ti Pi+ i _ pulp.
logH((nllp, ) (”£pf+) ] o ) )l (2.18)

v v

AN _

o o

@ @
o N e N

I(u) >a

I(u) >a

Seting

e T() () )

1

(1) From (2.17)-(2.18) we may deduce that for 0 < max {Ilullp ) ||u||p(*y/)p } < R, then

I(u) > 0.
(2) suppose that I(u) < 0. then from (2.17)-(2.18) we find

log (R/ llully) <0, and log(R/ IIuIIﬁ(,ff ) <0,
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this means that
R/ llullyy <1, and R/ fulfl)” <1
which implies

min o el | > R.

To prove (3), we proceed in the same way as in the proof of (2), which completes the proof of thelemma. [J
Let us denote by N the Nehari manifold
N ={ueXy:I(u)=0}.

Clearly, N is not an empty set in accordance with Lemma 2.4 (Notice that I(A*u) = 0 then A*u is in N).
Furthermore, we have the following result.

Lemma 2.6.
1) Assume that p, + 04 < p, then the functional | is coercive on N,
2) The functionals | and I are weakly lower semicontinuous.

Proof. 1) Remember that | is coercive on N if N 1”1m J (1) = co. For this we assume that
uen,|u LP(X)_)DO
W(]

lutllpy , [IVUllp) > 1 (2.19)

Now suppose that u € N, from formula (2.6) we get
1 ®
Jw) > = | [ul™ dx. (2.20)
Pry

According to Remark 2.2, we may write

flu(x)lp(")loglu(x)ldxs‘flu(x)l”+ loglu(x)|dx+‘flu(x)l”+ log |u (x)|dx
0 Q Q.

< ‘flu(x)l’“+ log |u (x)| dx

Q,
1 ‘o
< — | lu@)Pr dx.
0-
Q
Therefore we apply the Lemma 2.3 by using the assumption p_ < p; + ¢+ < p’, we obtain

X 1-a)(p++o+ a\p++0+
f P log lu()l dx < Cllull\ ¢ wacb-e)

- p-(p+ + 0+)

= and a:n(i— ! )_n(p++g+—p_)'
P- P+ 7+ 0+
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By Proposition 2.4 and Proposition 2.7, the continuous embeddings [P < [P~ (Q), Wé’p ) Q) — W(l)”‘J Q)
ensure that

f (P log (@)l dx < C ¢ w87 (2.21)

To complete the proof of 1) we have two cases for p..
Casel: if p, < p_+ ”73, in this case choose 0 < g, < (p_ + %) — p+, then p_ > a(ps + 0+), by Young’s
inequality, we get

B
f Ju(x)"™ log lu(x)|dx < C, (llull”m) +elvull,,

(1-a)(p++0)

where ¢ > 0and § = (v 70)

replaced by Vu) that

> 1. Since u € N, so if ||Vull,) > 1, we find from Proposition 2.2 (with u is

- P 1, — p(x) 14
vull, f Vu® dx = f ulP® log |u] dx < C. (Ilull m) +elVull',

Taking ¢ < 1 so from (2.20) and Proposition 2.2 by using the assumption [|ull ) > 1, yield

1

J(u) > c, (IIVuII"(X))ﬁ , (2.22)

Hence, | is coercive on N.
Case 2: if p, < p- + & does not hold. So divided Q into [ subsets in the following way Q= Ué‘zlﬁj and in

2
every subset (); we have p;, <p;_ + %, (j=1,2,..,1)and gj; < p;_ -+, (j=1,2,...,1). Here we have used
the assumption (1.2) and the continuity of the functions p (x) and ¢ (x). For any u# € N, we shall show that
(2.22) holds, for this we assume that ||u||p(x),Qj <land IIVullp(x),Qj <1, forallj=1,2,..,1I Therefore, choose

2
0j+ < (pj_ + ;%) —pj+ Thenp;_ > a; (pj+ + Q]-+), (j=1,2,..,1). As above we have

[ 0P tog et < Cic g, + elvall
Q

Bipi-1pj+ Pi-/pj+

<Cje flulp(x)dx +¢ fqul”(x)dx
Q;

Q;

(1-a))(pjr+oir)

forevery j=1,2,...,[, where §; = P o
I= J\Fj+ T+

> 1, here we have used Proposition 2.2. Because of

1
[ eorogeoiax < Y, [ o tog ol
Q j=1 Q:

Bipi-1pj+ pj-/pj+

1
. (x) . (x)
<Y |Ck flul”x dx +e fwuv“‘ dx
Q; Q

j=1
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Set f = minj<j f; > 1, since ||u||p(x),Q]. , ||Vu||p(x),Qj <land1<p_<pj <pp <p+, Vj=1,2,..,1 then

f IVaP™ dx

Bp-/p+

1
f ()P log |u(x)|dstgZ f ™ dx ”2
o) =1 ‘

Qj

If (2.19) holds, Proposition 2.2 gives us

p
f ()P log Ju(x)| dx < Ce (||u||£gx),0) +e|Vull, -
Q

Similarly we get (2.22) as above, Thus, ] is coercive on N.

1

=1
] Q;

p-Ip+

p-/p+

7540

2) Consider in X the sequence (1), such that u, — u weakly in Xy, so Proposition 2.3, Proposition 2.6
and Proposition 2.7 ensure that (1), is bounded in Xy, there exists a subsequence of (1), still denoted
by (4y),en such that u, — u a.e in Q. So by Lebesgue dominated convergence Theorem, in view of (1.2),

Lemma 2.1 and Remark 2.2, we get

1 1
im | —— 1, "™ log |u,| dx = f — 1uf™ log |u| dx,
im p(x)| nl g [1 ) p(x)l | g [ul

and

lim f |4, P og || dx = f @ log u] dx.
n—oo
Q Q
Moreover from Fatou Lemma we have

n—co p(x)

1
f lim inf—— Vi, P® dx < lim inf f —— [Vu, '™ dx,
n—oo o r)(_x)

and

1
fllnrn 1nfp2(x) |un| dx < llnrn lnff 2( ) IUnI X,

which means by (2.23), (2.25) and (2.26) that

1 1 1
u) < liminf f— Vun”(x)dx—f— 1, "™ 1o Iunldx+f
=Bt ) e Mt ) e Bt ) e

= lim inf](uy,).

[P dx

(2.23)

(2.24)

(2.25)

(2.26)
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For the funtional I we use (2.24) and the weak lower semicontinuity of the modular p,(, (see [12, Theorem
329 p. 77]) that is

I(u) = f IVulP™ dx — f ulP™ log |u| dx
Q Q

< liminf fqu,,l”(x)dx—flunlp(x)loglunldx

n—oo

Q Q
= lim infl(uy,).
Thus 2). This completes the proof. [
Now, define

d = inf J(u), (2.27)

and prove in the following lemma that there exists for | defined on Xj a nontrivial critical minimizing point
u € N, as a solution to the stationary problem (2.27) associated to (1.1).

Lemma 2.7. Let u € Xo, and p(.) € P'°5 (Q), then the following assertions hold
(1) d = infsupJ(Au).

ueXo A>0
(2) There exists a positive lower bound for d, that is

d> o = M, (22.8)

+

(3) The problem (2.27) has a positive extremal solution u € N, In other words, it means (1) = d.

Proof. Let u € X, then by lemma 2.4, Proposition 2.2 and (2.6) (with u is replaced by A*u) we may write

1
supJ(Au) = J(A\'u) > yI(A'u) + = f Auf®
A>0 [ 2

Q
L
P
Firstly, we prove (1). By the definition of NV, and lemma 2.4 we can deduce that A*u € N. Consequently,

min (Il I, (229)

J(¥w) > inf ] (u) = d. (2.30)

So (2.29) together with (2.30) yield that

infsupf(Au) > d. (2.31)
u€Xo )50

In addition, if u € N then it follows from (2.8) that A* = 1 is the only critical point in (0, o0) of the mapping
j(A). Therefore,

supJ(Au) = J(u),

A>0

for each u € N. Hence

infsupJ(Au) < l}g\f(s}\lig J(Au) = ;gl\f/](u) =d. (2.32)

MGX[) A>0
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Thus, (2.31) and (2.32) lead to the desired result.
(2) In accordance with lemma 2.4, for each u € Xj, then I(A*u) = 0. Which means by lemma 2.5 that

min{ll)\*ullp(x) , ||A*u||§(+j)”-} > R. (2.33)
So (2.29) and (2.33) give
RP-
sup/(Au) > — =M.

A>0 ps

Hence, (2.28) arises from assertion (1) and therefore the assertion (2) is proved.
(3) Let {u},, € N, be a minimizing sequence for ], and suppose that {i,,},, is of positive terms (u,, > 0) a.e.
Q) for all m € IN, such that

Tim J () = d.

m—00

Moreover {|u,,]},, C N is also a minimizing sequence for ] and J(|u|) = J(u,) because of u,, > 0. In addition,
we have previously seen that | is coercive on N which implies that {u,,},, is bounded in Wé'p(x)(Q). Since

p(.) € P98 (Q), then the compact embedding Wé'p(')(Q) s [FO(Q) (see [12, Theorem 8.4.2]), guarantees
that there exists a function u and a subsequence of {u,,},, , anyway denoted by {u,},, , such that

U, — u weakly in Wé'p (x)(Q),
Uy — u strongly in L/®(Q),
Uy (x) = u(x) ae. in Q.

sowehave u > 0a.ein Q. Since p (.) € P (Q), the weak lower semicontinuity of the functional | (see Lemma
2.6), yield

J(u) < liminf](u,,) = d.
since u,, € N then u,, € Xp and I(u,,) = 0 which implies by Lemma 2.5 that
il = R.

This mean that ||u,,|| i) # 0 by strong convergence in LPM(Q), that is, u € X,. Furthermore, from weak lower
semicontinuity of I(u) (see Lemma 2.6), we find

I(u) < liin infl(u) = 0.

So, to complete the proof of (3), we must show that I(u) = 0. Indeed, suppose that I(1) < 0, then, by Lemma
2.4, there exists a positive constant A*,

fQ (/\*)P(X)—l (|Vu|p(x) _ |M|P(X) log |u|) dx )
<
fQ (A*)P(X)—l |M|P(X) dx

A=A (u) = exp{
satisfying I(A*u) = 0. Therefore, we have

* 1 * (X) * 12 : —_ * _
0<d<]JA u)SI%M uP® dx < (1) liminf] () = (1)7d < d.
Q

Which is impossible, and the lemma is proved. [
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Now we presnt the potential well sets that were introduced in [28] (see also [34])
Wi={ueXo:Jw)<d}, Wo={ueXo:Ju)=d}, W=WUW,,
W={ueW;:1uw) >0}, W;={ueW,:1l(u)>0, W'=Wuwj,
Wi ={ueWy:Iu) <0}, W;={ueW,:Iu)<0}, W =W uW;.
It is clear that, W* N W~ = @ and W* U W~ = W. We call W the potential well and d the depth of the
well. Note that W is the best part of the well, so we will prove that if the initial datum belongs to W*

then every weak solution of the problem (1.1) exists globally in time. On the other hand, a result of blow
up for weak solutions may be obtained if the initial datum belongs to W~.

Remark 2.5. According to (2.6), it is easy to show that
Wl ={ueXo: 0<J(u) <d, I(u) > 0}.

3. Global existence and decay estimates

This section is firstly devoted to establishing the local existence of solutions of problem (1.1), and thus
we prove the global existence of weak solutions of problem (1.1), taking into account that the initial datum
belong to ‘W*. Next, we shall show as in [28] that the decay of the norm [[u (¢)||, is polynomial rather than
exponential as given in [9] with respect to the case p(x) = 2. The proof of the last objective is based on the
following lemma presented by Martinez [31].

Lemma 3.1. Let f : R* — R* be a nonincreasing function and o is a nonegative constant such that

+00

ff“" (s)ds < éf“ ) f (1), Vt=0.

t

Then we have
(1) f(t) < f(0) e, for all t > 0, whenever o = 0,

2) f(H) < f(O)( Lo )E , for all t > 0, whenever > 0.

1+wot

Now we start with the local existence of solutions to our problem.

Theorem 3.1 (Local existence). Assume that uy € Xo,p € C (5) satisfying the condition2 < p- < p(x) < p+ < p-
and the log-Holder continuous condition (2.1). Then the problem (1.1) has a weak local solution u (x, t) on Q3% (0, Ty),
satisfying the energy inequality

t
f lts (B ds + T (u () < ] (o), £ € [0, o). (3.1)
0

where T is a positive constant.

(9]
i1

Proof. By using The Faedo-Galerkin’s methods: We consider in the space Wé’p(x) (©)), the basis {w j}] and
let V,, be the finite dimensional space defined by

Vi = span{wy, wy, ..., Wy} .

Suppose that ug,, an element of V,, such that

m
U = Z amjwj — Uy strongly in Wé’p © (). (32)
j=1
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when m — +oc0. Defining the approximate solution u,, (x, t) of the problem (1.1) as follows
m
(5,8 = ) i (H)w; (x),
j=1
with coefficients a,,j (1 < j < m) satisfying the following ordinary differential equations

f o () widx + f Vit (OF®2 Vit (1) Veordx = f it (P2 1y () 1ol ()] i, (3.3)
Q Q Q

1 < i < m, with the initial conditions
i (0) =a,;, 1<j<m. (3.4)

The Theorem of Peano guarantees the local existence of the solution of a system (3.3)-(3.4). Let us multiply
the i equation in (3.3) by ay; (t) and take the sum over i from 1 to m we get

%%Ilum (t>||§+f Vit (' dx = f it ()P Log [ ()] . (35
Q Q

In view of Remark 2.2, we have

f e (OF Log 16 (8] dx < f it (O Tog it (8) dx + f s (O Tog i (B) dx
O o o,

6_1
< — |l (P2 dx

Q.

1
< Q_f|um () dx, (3.6)
0

for some g, chosen small enough such that2 < p_ <p, + 0, <p- = fp‘_ withQ_ ={xeQ |u,®)| <1}
and Q. = {x € Q |u, ()] > 1}. By Lemma 2.1 we get from (3.6),

O(p++os -0)(p++o+
f o (O 10 it (D < C e BN 1y 02
Q

with0 < 0 < 1and mle = %+%. From the continuous embeddings Wé’p @ Q) = '™ (Q) = L (Q),

we have

x O(p++os —0)(p++os
f s (P gty (D] dx < C IV (0 oIS (37)
Q

We distinguishe two cases
Case 1: if ||Vum||p(x) > 1. Assume thatp; < (1 + %)p_, it follows from (3.7) that

0(p++0+)
[

f e (OF Log 1 (t)|deC{ f Vit (P de e (BIOC+)
Q Q

~
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by Young’s inequality we have

[ 1 0P 105 s 1 < & [ 910 0 -+-C. (i ) (338)
Q Q

where we have chosen 0 < g, < (1 + %)p_ — p+ so that 6 (p+ + 04) < p-, with

-1
. (1 1 )(1 1 1) anolV:p_(l—Q)(p++g+)>1

===+
2 prtos p- 2 2[p- = 0(p+ +04)]

If p, < (1+ 2)p_ does not hold. here we use the same as in the proof of Lemma 2.6. By dividing Q) into
I subsets such that Q = Ul ﬁ' with pjp < (1+2)p;-, (j=1,2,..,]) and gj < Pi = Pjs (j=1,2,..1). Forl
large enough, assume that ||Vu,,, (t)|| )0 < 1,forall j=1,2,..1 So, choose gj; < (1+ )p], pj+- Then
pji- > 0; (p]+ + Q]+), (j=1,2,..,1). By Proposition 2.2 we find

0;(pj+j+)
Pj+
f it (O log |t (Bl dx < C; f Vit (P dx i (IS¢ 70)
Q; Q;
Young’s inequality gives
Pi-1pjs

[ O t0glu Ol < | [ W, OFF x|+ il 1B
Q. .

where

0j = (1 L )(1 i 1)_1 and vjzpj_(l_ej)(pj++@j+)>1

2 2 [Pj— - 0; (Pf+ + 0f+)]

2 piston

We can see that

1
f ()P log lu(x)| dx < ) | f ()P log u(x)| dx
j=1 ot

pi-/pj+

I
SZ je flum (BPdx| +e¢ f|vu OFD dx
=1 5

Set v = minj<jq v; > 1, since |[Vu, (t)llp(x),Q/_ <land1<p_<pj <pp <p+, Vj=1,2,..,1 then
p-/p+

/ v
f ()P log lu(x)| dx < C, ) | f i ()P dx | + e f Vit ()P dx
Q j=1 Q; j=1 .

| p-/p+

<Ce flum (t)Izdx + & waum (P dx
j=1 Q j=1 O
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= Co(ln OB 0) + ¢ [ 17, 0P i,
Q

and (3.8) follows again
Case 2: if || Vil < 1, s0 (3.7) becomes

(1-0)(p++o+)

| O 10l 9 < € (s 00B)
Q

1 P; Iod . .
Since 6070 > 1 then j > 1. Young’s inequality gives

2v
(1_6)(77++Q+

[ 1 07 108 b, 1 < € (1 ) (39)
Q

We combine (3.8) and (3.9) we find

[ 0P 0g s Ol < ¢ [ Vi OF -+ (i 01B)' (3.10)
Q Q

This combined with (3.5) yields

1d

5 77 It Ol + (1= &) f Vit (P dx < . (Il (BIE) -
Q

Choose 0 < € < 1, then for all t € [0, To] where T is a positive constant, we find

1d

5 7 1 O < cc (1o )

setting n) = maﬂ\>l< ||u0m||§ ,1(s) =", g(s) = 2c, and choose Ty such that there exists a positive constant Cy large
me
1-v_l-v
enough satisfying To < %, so that Bihari’s integral inequality yields

llm (B)I5 < Co, VYt € [0, To]. (3.11)

Let us multiply again the two sides of (3.3) by a (t), and take the sum over i = 1,2...m, and then integrate
with respect to time on [0, ¢]. We obtain

t
f s GBS + ] (i (8) = (1 ). (3.12)
0

Then (3.2) means that there is a positive constant C; such that
J (u, (0)) < Cq, for all m. (3.13)

On the other hand, (3.10) and (3.11) with the help of (2.6) (Where u is replaced by u,, (t)), derive that

J( (1) =y (1= &) f Vi, (HF® dx + pl_i f lutyy (P dx = ye, (Co), (3.14)
Q Q
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where Cy is a positive constant depending on Tj.
So (3.12) and (3.14) give

t
[t s + 25 [ 1w P e < € S
P+ p-
0 Q
This means, for ¢ < 1 that
f Vi, (P dx < C, (3.15)
Q
and
et |lr2 0, 51200) < C. (3.16)

If we combine a priori estimates (3.15), (3.16) we conclude that there exists a function # and a subsequence
of {u},,_; again denoted by {u,,};_; such that

uw — u weakly" in L (0, To; Wy"™ (Q0)), (3.17)
e — ;. weakly in L2 (0, To; L* (QQ)), (3.18)
VitnPO 2 Vit — x weakly™ in L (0, To; Wy ' (Q)). (3.19)

Due to the compact embedding W,"™ (Q) << L™ (Q) given in Proposition 2.8 and by the compactness
theorem of Aubin-Lions-Simon, it follows from (3.17) and (3.18) that

U, — u strongly in C ([O, To]; L'® (Q)) ,

for all function r(.) such that 2 < r(x) < p*(x) = :f;zz). Obviously, this means by the continuity of the
function uy, > |t 72 1y, log |uy,| that

P2 1, log [um| — [P ™2 uloglu| ae. (x,t) € Qx(0,Tp). (3.20)
On the other hand, a simple calculation, gives

[lonol® axs [lon ol dvs [ fon ol a

o) Q. Q,

-1\ s
s( ‘ ) o +(’3) f i (D7) dx
p--1 q-
Q.
where g() : Q — R is a measurable function satisfies p, < g- < g(x) < g+ < p*(x), P (x,t) =
Jim (6, P Log Juy (x, £)] and
Q ={xeQ:|u,(xH <1}, Q={xeQ:u,(xt)|>1},

by Proposition 2.2 we get

() o1 P e i . 0
f o oD e (2 |10 (B ma {0 e O
Q
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Using the embeddings W(l)’p ) (Q) — LF'® (Q) < L1™ (Q) (see Proposition 2.4 and Proposition 2.9) we find
= 1 V- pe A . . .
)llfm (x, f)l dx < 1 + max { ST Vi, (DI, ST [V (DI ¢ < Co,
p-— p_—1 q- p(x) p(x)
Q

since by (3.15) where S is the best constant of the Sobolev embedding. Then, using Lions lemma (see [6,
Lemma 1.3 p. 12]), we deduce from (3.18) and (3.19) that

| P2 10, log [uy,| — [uP®2y log|u| weakly” in L% (O, To; LF'® (Q)) ) (3.21)

Taking, in (3.3) and (3.4) the limit as m — 400, and then by using (3.17)-(3.19) and (3.21), it is readily
shown that u satisfies the initial condition u (0) = 1y and

fut (t) wdx + f)((t)dex = flu (OFD 2 u () log |u ()| wdx, (3.22)

Q Q

forallw e Wé’p(x) (Q) and for almost every t € [0, To] . Finally, by means of well-known arguments from the
theory of monotone operators in variable exponent spaces (see [13]) and Minty’s trick we obtain

x = [Vuf®2vy

Indeed, we show that

To To
lim sup f f Vit ()F® dxdt < f f x (£) Vau (£) dxdt.
e 0 Q 0 Q

So on one hand because of u,, is a test function we have from (3.3)

To Ty Ty
f f Vit (OF® dxdt = — f f Ut () 1y (£) doedt + f f |ty ()P 1og |14, (1)) dxdlt
0 Q 0 Q 0 Q

an integration by parts gives

f f IVt (OF it = =2 i (TR + 2 I O3 + f f e (OP) Tog 16, (5] dcl

Taking limsup,,_, ., on both sides and using the fact that V,, is dense in Wé’p ™ (Q) and the lower semiconti-
nuity of the norm as well as (3.17)-(3.19) and (3.21) yields

Ty

lim sup f f Vit (O dt < 2 [ (T + 5 I OV + f f (P og | (1)

f f uy (8) u (f) dxdt + f f | ()P log |u (£)| dxdt
= Of Qf x () Vau (t) ddt
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since by (3.22) (with w is replaced by u). Thus, the function u is a desirable solution of the problem (1.1).
Now we show that the solution u satisfies the energy inequality (3.1). To this end, we consider the
positive continuous function 8 € C ([0, To]) . Then, from (3.12) we get

To t Ty T,
f@ (f) dtfllums ()5 ds + f](um (H) 0 dt = f](um (0)) O () dt. (3.23)
0 0 0 0

The right-hand side of (3.23) converges to
Ty
[ruwoma

0
as m — +oo. The lower semi-continuity of the second term in left-hand side of (3.23) with respect to the
weak topology of W(l)’p ® (Q), means that

To To
[raeom <timin [ 7, 000
0 0

Therefore, we get

Ty

t To Ty
O (t)dt | llusG)ads+ | Jw(®)O®dt < | J(uo) 6 (t)dt.
Jooa ] e fruoenas |

0

0 is arbitrary, then, it holds the energy inequality

t
fww%%+mw»gwmtemny
0

Which completes the proof. O

Remark 3.1. Note that the continuous embedding Wé’p ©D(Q) = LF®(Q) in Proposition 2.9 (see [10, 12]) can

be also obtained from the embeddings Wé’p @ (Q) — W& (Q) which is straightforward and the continuous one
WP (Q) < LF'® (Q) given in [19, Theorem 1.1, Theorem 1.2].

Now we present our main theorem of this section.
Theorem 3.2. Assume that uy € ‘W*. Then the weak solution of the problem (1.1) is globally in time and satisfies:
u(t) e W+ for 0<t< +oo,

and the following energy estimate holds

t
fllus (s)ll% ds+J(w@®) <J(u), ae t=0. (3.24)
0

Furthermore, the decay of the solution is polynomial, as follows,
(i) if ] (uo) < M, then it holds the estimate

1/(p--2)
p_

2(1+C(p- -2 luolly )

llu (I, < ||M0||z[ t>0,
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where { = ﬁlog% > 0;

(ii) if | (up) = M, then there exists a time t, > O such that the norm ||u (t)||, satisfies the estimate
1/(p--2)

p-

e ()l <l (2
R 0 G g — el )

t>te,

where CE = # IOg % > 0.

Proof. Two cases can be distinguished

Case I: the initial datum o € W7

Global existence of the Weak Solutions

+00 o0

As in the proof of Theorem 3.1, we consider the same sequences {w,} Atom ey, and {5y -

j=1
Let us multiply the two sides of (3.3) by a . (), and taking the sum overi € {1, 2, ..., m}, and then integrating
with respect to time on [0, t], we have

t
f”ums O ds + ] (um (1) = ] (w (0)), 0<t<Ty, (3.25)
0

where T, is the maximal existence time of solution u,, (x, ).

Since | is continuous, then from (3.2), (3.4) and (3.25) we get
J (4 (0)) = ] (o) asm — +oo,

with [ (ug) < d and

t
f llttms S5 ds + ] (u (1) <d, 0<t<Ty, (3.26)
0

for some m large enough. We shall show that
uy (t) e Wi, Vt>0, (3.27)

for some m large enough. Indeed, suppose that (3.27) is not true and that ¢, be the smallest time such that
uy (t.) ¢ W{. Then, by the continuity of u,, (t), we have u,, (t.) € IW;. Therefore

J (un (£.)) = 4, (3.28)
or
T (i () = 0. (3.29)

However, it is obvious that (3.28) could not arise from (3.26) whereas if (3.29) is verified then, through the
formula (2.27), we have

J (i () 2 inf ] (u) = d,

this contradicts (3.26). then (3.27) holds.
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On the other hand, because of u,, (t) € W/ so that I(u,, (t)) > 0 and
1 1 )
J(um () 2 P_I(um 1) + - [t (t)|p dx, Vtel0,Ty), (3.30)
+ P¥
Q

then through (3.26) we derive,

t
f |, (P dx < p?d, and f lltts ()13 ds < d, (3.31)
Q 0

for some m large enough and t € [0, T),). Moreover, from the fact that I(u,, (t)) > O there exists a constant
0 < 6 < 1 such that

f |ty (P Tog [, ()| dx < 6 f Vit (D@ dx
0 9
this combined with (3.30), we may write

[ 190 08 < i )+ [l OF 108 i 0 - - [t ax
+
Q Q Q

< pef(tn () +0 f Vit (O dx—pi f s (D" di,
Q

Q

since 0 < 6 < 1 we conclude from (3.26) and (3.31) that

f Vi, (HFY dx < Cy, (3.32)
Q

for all t € [0, T,). The above inequalities lead us to take T, = T for all m, with any T > 0.
According to (3.31) and (3.32), it can be seen by proceeding in the same way as in the proof of Theorem
3.1 that the problem (1.1) has a weak solution u in the interval [0, T], and furthermore (3.24) is fulfulled.

Decay Estimates

Cast [ (ug) <M :duetou(t) € W+, through (2.6) and the energy inequality we can conclude that

f  (OF) dx < 2] (u 9) < 2] (10).
Q

utilising (2.16), Proposition 2.2 and Lemma 2.5, because of I(u (t)) > 0 we have

a 1 " _ .
I(u (t)) > ﬁ {log (R) — ;Z log [f |u|P( ) de] max {“ul z(x) ’ ”u| Z(x)}
Q

= %(log (R) - pl_IOg(zﬁI (uo))) f JulP® dx
Q
> Cllu iy, (3.33)

because of p > 2, where C = 5= log Ty > 0.
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On the other hand, from the first equation of problem (1.1) we get

T

T
1 2
I(u(s))ds = — us (s)u(s)dxds < — [lu (b3, (3.34)

t

forallt €[0,T].
We Combine (3.31) and (3.32), resulting in

T
1
f I O ds < 5w @I, Ve 0,71
t

Tending T to +oo then by Lemma 3.1 (with f (¢) replaced by |lu (t)ll% ,o0=(p-—-2)/2and w = 2C ||u0||Z’_2), we
obtain the following decay estimate

1/(p--2)
p,

2(1+C(p- = 2) luolly )

CasE J (u9) = M : in view of I (u (t)) > O for all t > 0 we may write

t>0.

llu (Bl < IIuollz[

fut BHu)dex=-I(u() <0, Vt>O0.

Q

t
And as ||u; (t)lI% should be positive (Ilut (t)II% > 0), for all + > 0. Since t — fllus (s)ll% ds is a continuous

0
function and by the help of the energy inequality (3.24), thus, for any number ¢ > 0 small enough, there
exists t, > 0 so that

T () < T (o) — f e ()IEds = M — e,
0

Finally, we consider the initial time ¢, and we proceed in the same way as in the case 0 < J(u9) < M
then, we find the estimate

1/(p--2)
p_

2(1+C (- =2t )

t>te,

llu (B)ll < [lu (t£)||2[

where {; = = log ey > 0.
Case II: the Initial Datum uy € W
To prove that the solution of problem (1.1) is globally in time, we need to define the sequence
(ka1
with limy,—,+e ¥m = 1. And consider the following problem

uy — div (IVul”(’()_2 Vu) = uff® 2y loglul, (x,t)€ QxR
u(x,t)=0, (x,1) € 9Q X R, (3.35)
u(x,0) = ug, (x), x€Q,
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where g, = Ymtto. Owing to I (119) > 0 then from Lemma 2.4 we have

fQ AP)-1 (|Vuo|p(x) _ |uO|P(X) log Iuol)dx
fQ Arp@)-1 |u0|P(X) dx

A" = A" (ug) = exp

Therefore, we obtain

I(”Om) = I(Vmuo) >0 and ](uOM) = ](Vmuo) < ](uO) =d

it means by the definition of W that up,, € W/ . Proceeding in the same way as in the previous subsection,
leads to the problem (3.35) having a global weak solution u,, as follows

un € L% (0, ;WP (), e € L7 (0, T; Wy Y () N L2 (0, T; L2 ()

and

[t @+ [ 19 P2V ) Ve = [ Tt 02 1, ) ot 0,
Q Q Q

forallw € Wé’p ® (Q) N L2(Q) and for almost every t > 0 as well, we have
Uy (t) € W+,

for all t € [0, +0), and

t
[ e @B s+ ) < T o) <, € 0,409
0

The rest of the proof can be formulated in a similar way as earlier. [

4. Blow up of Weak Solutions
The aim of this section is to prove that blowing up in finite time results of weak solutions to problem

(1.1) provided that the initial datum u is in ‘W~ and fulfills the condition J(19) < M. To this end, we need
some lemmas, which are presented in [9, 28].

Lemma 4.1. Let ¢ € Wllo’c1 (IR*) be a nonnegative function satisfying ¥(0) > 0 and the differential inequality

dyp o
o (£) = c)°(t), forae t>0,

where 0 > 1 and c is positive constant. Then we have

1 1/(o-1)
t) > , tel0,T.),
O Pty €01
which implies that tlil’%l_ Y(t) = oo, with T, = %.

Proof. For the proof of this lemma see [18]. O
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Lemma 4.2. Let © be a positive, twice differentiable function satisfying the following conditions
O(t) >0, and () >0,
for some t € [0, T), and the inequality
o)D" (1) - a (' (M) 20, Ve[ T],

where « > 1. Then, we have

1 1/(a=1) _
o= (@1—a(2) — &t - E)) e,

with @ is a positive constant, and

D(t)

T.=t+———
(@ =1) ()

This implies
lim ®(t) = +oo.
t—>T;
The main result of this section is the following theorem

Theorem 4.1. Let uy € ‘W~ with J(ug) < M. Suppose that the local weak solution u(x, t) of problem (1.1) which
corresponds to ug and for which the energy inequality

t
f lus(S)IB ds + Ju(®) < J(uo), V€ [0,T). 1)
0

holds. Then, it follow the assertions
(i) The solution u(x, t) blows up at finite time when J(u9) < 0 so we have

Pl ol
lim [[u()|? = +o0, where T, = —F———— 4.2)
T p-(p--2)
In addition, the following estimate holds
2/(p--2)

1

G
ol = (p-/2 ) - - 20t

(ii) The solution u(x, t) blows up at finite time when 0 < J(ug) < M, which means that there exists a time T. > O for
which

lim |lu(®)|? = +oo.
Jim ()}

Proof. We start by proving that u(t) € ‘W7, for all t > 0, when uy € W7]. Indeed, reasoning by absurd, we
suppose that there exists a time t; € (0, T) for which

u(.,tye Wy forallte(0,t), and u(,ty) € IWy,
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SO

I(u(to)) =0 or J(u(to)) = d.
Nevertheless, owing to (2.28) and the energy inequality (4.1) it is obvious that the identity J (u(ty)) = d can
not arise. However, if I (u(fo)) = 0, it follows that min { |||, , ||u||£(*x/f’} > R > 0 in view of Lemma 2.5. We
conclude that u(ty) € N so, through the formula (2.27), we find | (1(tp)) > d which contracts the inequality
of energy (4.1).
After that, weak solutions to problem (1.1) blow up at finite time i.e., (4.2) holds. Thus we assume that

since by the embedding LF™ (Q) — L*(Q), p (x) > 2.
Define the functional

T = [ @fds+ Tl 1€, (4.4
0
we have
t
d
() = lu O~ luoly = | - (le@IB)ds =2 | | s (s)u(s)dxds. (4.5)
R

From (4.5) and by Setting u = w in (2.3) we get

r’(t) =2 f uy (D) u (H)dx = =2 f Vi (OPY dx + 2 f | ()P log u ()| dx = =21 (u (1)) . (4.6)

Q Q Q

By Proposition 2.2, (2.6), (4.3), and the inequality of energy (4.1), the formula (4.6) becomes

() = —%](u (1) + é f i (O dx

fHus(s)”z ds + Ilu O — —](uo) (4.7)

Three cases can be considered:
(i) Case J(ug) < 0.
In the present case, we use the embedding @ (Q) = L*(Q), p(x) > 2. Then (4.3), (4.5) and (4.7) give us

2
(e > 22 ||u<t>||p(x)_pzl,, (i 1B = —— (T + Il ™,
4 p(x) +12,p(x)

since by the definition of y, where ZZ () is the embedding constant. Therefore we can apply Lemma 4.1

(with ¢(t) replaced by I'"(t) + ||uo||2 ,C=2p_ /pil’;‘p( ) and o = p_/2) to obtain the estimate

2/(p--2)
1

ol = (p- /21 ) - = 20t

llu (D13 >
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this demonstrates that

2 1p- 2-p-
pily o lluoll
lim [lu ()| = +c0, where T, = —20 "2
T p-(p--2)

(ii) Case 0 < J(up) <M :
Since u(t) € W7, for all t € [0, T], we have I(u(t)) < 0 this involves by Lemma 2.5 and (4.3) that

min{||u||”- [Joa P }=||u||”- > RP- forallte]0,T],

p(x) " p(x) px) —

Then, through (4.7) by using the fact that M — J(19) > 0, and the definition of y we have

t
(1) > ; Of )R ds + % (M~ J(u0))

t
> 2 [ @B ds +2p- (M), ¢ €10,7) 48)
0
So we get
t
I’(t) =T7(0) + fr"(s)ds >2p- (M —J(u))t =0, te[0,T]. (4.9)

0

Therefore, (4.5) and (4.9) give us by using Holder inequality that

t 2 t t
i(T'(t))zs[ f f " (s)u(s)dxds] < f llus(s)|13 ds f llu(s)|[3 ds, (4.10)
0 Q 0 0

for all t € [0, T]. Combining (4.4), (4.8) and (4.10), we find

t t
O (1) = 2p- f s (5)IB ds f e () ds + 2p— (M — J(uo)) T(0)
0 0

> S @) +20- (M- Jwo) T
for all t € [0, T]. Consequently
IO () - % (') = 2p_ (M - (o)) T(t) > 0. forallt € [0, T]
In accordance with Lemma 4.2, there exists T. > 0 such that

IimI'(t) = +oo,
taT:

t
which means that lim;_,7- f [|u (s)ll% ds = +o0. And then, we obtain
0

lim [[u(D)|]? = +co.
Jim (o)1
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(iii) Case J(ug) = M : Because I (1 (t)) < 0 for all ¢ > 0 this means that

f u (Hu(t)dt = - f IV ()P dx + f lu (O™ log |u (H)|dx = —I (u(t)) >0, Vi> 0.
Q Q

Q

t
And as ||u; (t)II% should be positive, for all t > 0. Since t — f [[uts (s)II% ds is continuous function and by the

0
help of the energy inequality (4.1), thus, for any number ¢ > 0 small enough, there exists ¢, > 0 such that

t,
TG (1)) < ] (o) — f s () ds = M — e
0

Finally, we consider the initial time, ¢, and we proceed in the same way as in the case 0 < [ (up) < M then
we obtain the finite blow up result

li 5 = +o0.
Jim [Ju(B)lly = +eo
which complete the proof of the theorem. [
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