Filomat 37:21 (2023), 7287-7302 Published by Faculty of Sciences and Mathematics,
https://doi.org/10.2298/FIL2321287B University of Ni§, Serbia

Available at: http://www.pmf.ni.ac.rs/filomat

Self-inversive polynomials and quasi-orthogonality on the unit circle

Kiran Kumar Behera?

?School of Mathematical Sciences, NISER Bhubaneswar, India

Abstract. In this paper we study quasi-orthogonality on the unit circle based on the structural and or-
thogonal properties of a class of self-invariant polynomials. We discuss a special case in which these
polynomials are represented in terms of the reversed Szeg6 polynomials of consecutive degrees and illus-
trate the results using contiguous relations of hypergeometric functions. This work is motivated partly
by the fact that recently cases have been made to establish para-orthogonal polynomials as the unit circle
analogues of quasi-orthogonal polynomials on the real line so far as spectral properties are concerned.
We show that structure wise too there is great analogy when self-inversive polynomials are used to study
quasi-orthogonality on the unit circle.

1. Introduction

The concept of quasi-orthogonality of polynomials was introduced by Riesz and later studied, among
others, by Fejer, Shohat and Chihara in relation to moment problems and associated quadrature formulae.
If {P, ()}, is a sequence of polynomials orthogonal with respect to a positive weight function w(x) on the

real line IR, then a necessary and sufficient condition [7] for a polynomial Q,(x) to be quasi-orthogonal of
order r with respect to w(x) is

Qn(x) = cnoPn(x) + cn1Pu1(x) + -+ + cpyPu—r(x), nx=r, 1)

where ¢,; € R and ¢, 0c,, # 0. The relation (1) justifies the name quasi-orthogonality: Q,(x) is orthogonal
to every polynomial of degree not exceeding n — r with respect to w(x). This can be equivalently stated as

b .
0 ifk=0,--- ,n—-r-1
k ., dx = ’ 4 4 2
fuxQ(x)w(x)x {hnio ifk=n—r @

where we have the standard orthogonality on R for r = 0. We refer to [7, 11, 19, 20, 23, 27, 29] and references
therein for this classical theory and its applications.

There have been attempts to generalize the concept of quasi-orthogonality from R to the unit circle JD
via the relations (1) and (2). However, it was proved that if {P,(z)} is a sequence of polynomials orthogonal
on the unit circle, also called Szeg6 polynomials [30, 33], then the necessary and sufficient condition [28,

2020 Mathematics Subject Classification. Primary 42C05; Secondary 33C45

Keywords. Self-inversive polynomials, quasi-orthogonality

Received: 21 December 2022; Revised: 09 March 2023; Accepted: 17 March 2023

Communicated by Fuad Kittaneh

Research supported by the Institute postdoctoral fellowship provided by NISER Bhubaneswar, India
Email address: kkb@niser.ac.in (Kiran Kumar Behera)



K. K. Behera / Filomat 37:21 (2023), 7287-7302 7288

Theorem 1] (see also [1, 5]) for the polynomial Q,(z) given by (1) to be orthogonal with respect to a non-
trivial positive measure on the unit circle is that Q,(z) belongs to the class of Bernstein-Szeg® polynomials.
Hence, a new concept of quasi-orthogonality is defined in [1] which is dependent on the structure of the
Szeg® polynomials and related semi-classical forms are discussed.

The Szeg® polynomials find many applications in areas like approximation on the complex plane C,
prediction theory and signal processing [15, 18, 22, 24? ]. However, they suffer from the major drawback
that their zeros lie outside the support of the measure and hence cannot be used in interpolation processes
on the unit circle. This was overcome by introducing para-orthogonal polynomials which are self-invariant
polynomials with symmetric orthogonality conditions. The polynomial ,(z) is a self-invariant polynomial

if and only if it satisfies P;,(z) = 7,Px(z), where 7, € ID and P;,(z) = z2"P,(1/z). This invariance property
leads to the symmetry that $,(z) is orthogonal to the monomial Zk if and only if P, (z) is orthogonal to the
monomial z" ¥ fork =0,--- ,n. Hence, if one defines the spaces

Ap i1 :span{zk ck=1+1,---,n-1-1}, 0<I< EJ—L
then the invariant polynomials lying in A;, (I = 0) are precisely the para-orthogonal polynomials. These
are introduced in [25] to study quadrature formula on the unit circle and in the solution of the trigonometric
moment problem. They are also used to adapt many spectral properties developed on the real line to the
unit circle [6, 9, 21]

In view of this, cases have been made, see for instance [8], to establish para-orthogonal polynomials
as the counterpart of quasi-orthogonal polynomials on R so far as spectral properties are concerned.
In particular, the classical concept of para-orthogonality is generalized [8] to the concept of quasi para-
orthogonal polynomials of order 2/ + 1, which is precisely the set of invariant polynomials of degree n lying
in the space Aiﬂ .1~ The prefix quasi refers to the fact that for fixed degree 7, these polynomials satisfy
fewer (symmetric) orthogonality conditions.

Motivated by the recent assertions [8] that invariance of polynomials should have a role in the unit circle
analogue of quasi-orthogonality on IR, we study quasi-orthogonality on JID based on the structure of a class
of self-invariant polynomials. Such polynomials satisfy a three term recurrence relation of the form

Rn+1(z) = (Enz + ,Bn)Rn(z) - ZRn—l (z), n=0, 3)

and are introduced by Delsarte and Genin [13-17] in order to solve certain problems in digital signal
processing. Hence, we will refer to this class as the DG class of invariant polynomials. This class is also
used to characterize a family of non-trivial measures on the unit circle along with the corresponding families
of para-orthogonal polynomials and the Szegd polynomials [10, 12]. Orthogonality of quasi-orthogonal
polynomials on the real line is recently studied [4]. In a way, the following results may be viewed as
exploring the quasi-orthogonality properties, of order one, of para-orthogonal polynomials. The key to our
study is the following representation

(z=1)Pu(2) = @,,1(2) + Crapy(z), n>1, ()

that we obtain for any polynomial $,(z) in DG class, where ¢;,(z) is the monic reversed Szegé polynomial
of degree n. We present an overview of the primary results that are obtained in this context. We show that
given any complex parameter C lying on the unit circle, one can begin with the polynomials 8,(z), n > 0,
such that

e B,(z),n > 0, satisfies a three term recurrence relation with appropriately chosen parameters.

e The polynomials {#,(z)};, defined by

POG) =1, PO = % Bun(@) + 0nnr(OBu(2), n>1, )

for some w,(C) € C belong to the DG class of invariant polynomials.
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The polynomials #,(z) given by (4) are obtained from ng) (z) for C = 1 and have been studied as a class
of para-orthogonal polynomials. Our use of DG class serves two purposes. First, the representation (4)
is similar to (1) for » = 1 and hence P,(z) is at least structurally similar to a quasi-orthogonal polynomial
of order 1 on the real line. Second, we show that Pff) (z), n > 1, satisfy a three term recurrence relation, a
result that is known for a quasi-orthogonal polynomial of order 1 on the real line [11, 20]. In addition, we
prove that if #,(z) is quasi-orthogonal with respect to the functional v and satisfy symmetric orthogonality
conditions with respect to the functional u, then

v=[z""UR) +zUEZ Y], Ui) = %(cs_lzs + -+ 2 + oz + T1), (6)

where ¢;_1 # 0, that is U(z) is a polynomial of exact degree s.

The manuscript is organized as follows. In Section 2, we obtain preliminary structural relations that
lead to the proof of (5). In particular, we give an algorithm to generate the sequence w,(C), n > 2, with a
special choice of expression for w;(C). In Section 3, we identify that the class of reversed Szeg® polynomials
can be used as $,(z) in the representation (5). We prove a Szegd type relation that any polynomial in the
DG class satisfies. We state our definition of quasi-orthogonality on JID in Section 4 and use this to obtain
the characterization (6). We conclude with Section 5 in which we illustrate the theory presented in the paper
using contiguous hypergeometric relations.

2. Structural Relations

Let {8,(2)},, be a sequence of polynomials given by the three term recurrence relation
B (Z) = (Z + Gn+1)Bn(Z) - /\n+1ZBn—1(Z)/ n=0, (7)

with B_1(z) = 0 and By(z) = 1. Even though A; does not affect (7), we fix A; € C\ {0} and consider the
complex parameters o, and A,, n > 1. A characterization of such polynomials is that if 6, # 0 and A,,41 # 0,
n > 1, then there exists [10, 12] a quasi-definite moment functional M defined on the space of Laurent
polynomials such that

ME* B, @] = 6,y 2 k20,1, 21,
02" On+l

Further, with specific choices for o, and A,.41, the recurrence relation (7) can be transformed into the form
(3) satisfied by B,,(z) after a scaling.

Let C € C\ {0} be fixed and z € C \ {C}. We consider the polynomial sequence {Qﬁ,o(z)};":o defined by

Q'@ =1, QY@ =8,)+wi(()Bua(2), n=1, (8)

where {w,(C)}7; is a sequence of complex numbers depending on C.

The next result is partly motivated by [20], precisely the fact that quasi-orthogonal polynomials on R
satisfy a three term recurrence relation with polynomial coefficients.

Lemma 2.1. Suppose w,(C), n > 2, is defined recursively as

An
wy(Q) = =0, — C(l + wn—l(C)) nx2, 9)

where w1(C) is arbitrary. Then {Qfﬁl(z)}fj’:z satisfy a three term recurrence relation with initial conditions defined for
ng (z) and Q(ZQ (2).
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Proof. For n > 1, consider the system

0 0 0 wm© 1)(Q%e ) (e
0 0  w©® 1 0 | 820 Q@)
-1 wy1(0) 1 0 0 Bya(z) |= 0 : (10)
0 0 —Ans1Z Z+ 01 —1 B,(2) 0
0 Az z+o0, -1 0 Bui1(2) 0
Solving for the first variable qucjl(z), we obtain
(unz + vn)Ql(g1 (2) = (upz® + 5,2 — tn)Q;C) (2) = An(Ups1z + Un+1)ZQ,(1C,)1 (), (11)

for n > 1, with QE)C) (z) =1, Q(lo(z) =z + 01 + w1(C). The parameters involved in (11) are given by

un(C) = a)n—l(C) + Ay, sy = Sn(C) = a)gl(C)unvrﬁl + 0, — a)n—l(C)un+1/
04(0) = Wp1(O@n(Q) + 0n),  tn 1= ta(0) = 0, (QWn-1(0)0nTns1-
However, with w,(C) defined as in (9), it can be seen that #,C + v, = 0, n > 2, which also yields that z — C

is a factor of u,z% + s,z — t,. Hence cancelling the common factor z — C from (11) (which is possible since
z € C\ {C}), we obtain the simplified form

Uy :

Up o

a0 1O) o) - 171 Q0 (2), n 22, "

(e} _
Qn 1(2) “FT Uy, (C) Uy

+

with the initial conditions
Q@ =z+01+wi(0) and QP(2) = (z+ 02 + 020z +01) = Aoz, (13)
found by direct computations from (8). O

We emphasize that the parameters appearing in (11) depend on the way w,(C) is defined for n > 2. Let
us now choose w1(C) = —(o1 + €). With this initial choice w,(C), n > 2, can be uniquely generated from

(9). Further, Q(f)(z) =z-(Cand Q;C)(z) vanishes at z = (. Writing Q(ZC) (z) = (z - Oz + y), we find that
Yy =01+02+ A + wp(C) — Cand —Cy = 01(02 + w2(C)). Thus we have

_ 01(02 + @2(0)) .

Q@) =z-0)|z z

We now show that QEC’)(Z), i =0,1,2, also satisfy a three term recurrence relation but different from (12).
There are various ways to do this. We choose w(C) = —A; so that u#; = 0 and then divide (11) by v; = A1C.
Or, with y1, 1, y3 to be determined, we write

Q@) = iz + 1)@ (@) - yazz - VAV (2).

Canceling the factor z — C, we find y; — y3 = 1 and 11y, = —01(02 + @(0))C'. We puty; = mp € C\ {0} so

that y3 = M, — 1 and y, = —01(02 + w2(0))C'x;t. With this we have

o102 + ()

ng(z) =Ty (z ol

)aickz) — (M2 = 1)2(z = 0Q) (2).

Remark 2.2. Since Qg(:)(z) = Q;Q(z) = 0at z = (, from (12) we find that QY9(z) = 0 at the excluded point z = C for
n > 1. This construction depends on the unique choice of w1(C) which makes both Q(f)(z) and Q(2Q (z) vanish at z = C.
We would like to add that such mixed recurrence relations were also obtained for Q9 (z) in [3], though for C = 1.
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(o)

o where

This motivates us to define a new polynomial sequence PO (2))

ALE  Bun(@) + 0:m(0B.()
z-C z-C ’

so that P\7(z) = 1 and PV (z) = z - 61(02 + w2(C))C". Then, (12) gives

Pi(2) =

n>0,

Un4+20p4+1Wn (C)

PO (z) =z +
" 1( ) Upr1Wn4+1(C)

) POG) = Ay 22200 (2), n>1, (14)
Un+1

with the initial conditions as mentioned above. The form (14) is more convenient to work with since it
removes the ambiguity associated with the recurrence relation involving QEC)(Z), i =0,1,2, as observed
above.

The next result is crucial in the sense that it helps us introduce invariant polynomials into our analysis.
However, as is the case, we need to impose conditions on the parameters {0,} and {A,} appearing in (7). We
do so by first choosing o, such that |0y - - - 0x| > 1 for k > 1. Thereafter, we choose A, such that

c

010y

2

/\n+1 n>1
, > 1.

On

=1-

We also restrict C € C such that |C| = 1.

Theorem 2.3. Define the sequences {,(C)}, and {1}, where To(C) = 1,

%n(C) — Up+1 010y and &n—l — _& n>1. (15)

@y (C) 21(Qwn(C) ’ B

Then the polynomials PO(z),n =1, satisfy a three term recurrence relation of the form
Pin(@ = @+ bun QP @) ~ 1 Q2P (2), n>1, (16)

with PP (z) = 1, PV (2) = z + by(C) and where

T (C 5 (PVA v
b = 2ok and 0@ = [1+ 8,1 - TE0G1C, w21
Proof. With the expression for u,.1 obtained in Lemma 2.1, we can also write
4(C) = —mm ooy and @y = - ! , n>1
C ol .. O'n

This gives A,41 = 0,(1 — |&4-1%), n > 1. Further, from (15)

— 14 %n(C)dn—l —1_ a)n(C) + Aust __ Anst

wn(C) wn(Q)’

Unt1

wn(C)

while with similar computations

Tn (C)&n—l = -

1- C%n—l (C)@n—l =1+ O‘£ (1 + A” ) — _C‘)n(C)

n Wy-1 (C) Op
Thus, we arrive at

An+1

n

[1+%,(0)au-1][1 - Ctp1 ()] = =1- |&n—1|21 n>1,
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which can be simplified to give the relation

Cta(0) — & .

————, n20, with 7y(()=1 17
1= 2O o©) 17)
Since |C| = 1 and |&,| < 1, we have |T,| = 1 for n > 0. The following relation

Anst C‘)n+1(C)
On+1 wn(C) !

’%n+1(C) =

[1+ 2,(Q)dnll1 - CTu(O)an] =

n>1, (18)

can also be easily derived, on either side of which we multiply

i—n+1(C) wn(C) Up+2
= n+1s = 1
00 omQ e "

The right hand side of (18) is A”*{ Hu2 Further, from (17), we have

U

T+1(C) v

%n(C) [1 - C%n(C)dn] = [1 - C%n(C)&n]C/

which used in the left hand side of (18) gives

A1l ~ A ~ ~
ul—”lz = [1 + 2@y ][l - Gn(Qan], 1> 1.

The proof is complete by comparing the above expressions with (14). [

That Pﬁ,o(z) is self-inversive and satisfies %,,Pﬁ,o*(z) = Pg,o(z) can be seen by inverting the relation (16) and
using (17). Further, the recurrence relation (16) appears in the theory of para-orthogonal polynomials that
are obtained from the Christoffel-Darboux (CD) kernels K, (w;z) for |w| = 1 and is satisfied by the monic
form of K, (w; z) [9, 12]. We refer the reader to [31] for a recent survey of applications of the CD kernels in
the spectral theory of orthogonal polynomials.

3. A special case: the reversed Szeg6 polynomials

Our goal in this section is to identify a class of polynomials that satisfies the recurrence relation (7) along
with the conditions that we have imposed on ¢, and A,.1, n > 1. To begin with, we are concerned only
with the recurrence relation (16) and not how we arrived at it. Then, we use the theory that associates with
(16), a non trivial measure on the unit circle and the corresponding orthogonal polynomials.

Restricting the value of C to be 1, a key role is played by the scaled polynomials

[T 01 - 2;a;]
T p), t,i= (1), nzl,
szo [1—Re(%;a;)]

which, among other things, relates to a continued fraction transformation observed by Wall [34, Section 78]
leading to the recurrence relation

Ry(z) =

Rn+1(z) = [(1 + icn+1)z + (1 - icn+1)]Rn(z) - 4dn+1ZRn—l(Z)/ nz 1/ (19)

with Ro(z) = 1 and Rq(z) = (1 +ic1)z + (1 —icy). Here {c,};7, and {(Jlnﬂ}f;’:1 are real sequences expressed in
terms of 1, and &,—;. In addition, when d,, := (1 —m,_1)m,, n > 1 (d, in such a case is called a chain sequence
with my,, n > 0, the minimal parameters if my = 0), a Favard type theorem is also established [10, Theorem
4.1] for (19) which proves the existence of a non-trivial probability measure fI on the unit circle such that

f Z—n+kRn(Z)(1 _ Z)dﬁ(z) =0, k=0,1,---,n-1, n>1.
JD
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Further, the polynomials $,,(z) defined by

Ry (z) —2(1 — my,)R,—1(2)
Il (1 + dck)

S0) =1, S.(z)= n>1, (20)

are the monic orthogonal polynomials on the unit circle with respect to the measure {i [10, Theorem 5.2],
where the associated Verblunsky coefficients are given by

1 =2m, —ic, T 1 +ick

-5,(0
n(0) 1+ic, 1 1 —ic

Lemma 3.1 ([12]). Let us choose the real sequence {c,} ", and the positive chain sequence {d,} ", having the minimal
parameter sequence {my},_, where

—Im(%_1d4x1)

_ 1 11— gy
1 —Re(tk-14-1)

== , k>1,
21— Re(Tx-10k-1)

Ck and my =0, my

where {Tx} and {Qx_1} are as defined in (15). Then, &,—1 = —§n(0), n>1.

Proof. We observe that with our choice for oy, |[@,-1] <1, 7 > 1, and hence {&,-1}], is eligible to constitute
a sequence of Verblunsky coefficients [30, Theorem 3.1.3]. The rest of the proof follows from simple
computations using (17) for C=1. O

With %, = H;l:l :—2, the following relation
(1) 1 & o e
P = @50 - 156@), n21, @

can also be derived from $,,(z) and §;(z) given by (20), using which it can be shown that P,(ql)(z) satisfies the
orthogonality relations

Trl’l ¢ 0/ k = _1’
f Z—n+k¢)511)(z)(1 —z)dj(z) =40, 0<k<n-1, 2)
ID n #0, k=n,

for any n > 1. Moreover, that 7’,(41)*(2) =%,PV(z), n > 1, can also be verified from (21).

Remark 3.2. The essence of the above discussion is that starting with any polynomial sequence B,(z), n > 0,
satisfying (7) with ¢, and A, appropriately chosen, we are able to arrive at the recurrence relation (16) satisfied by

monic CD kernels associated with orthogonal polynomials on the unit circle. Thus, with Pgl)(z) =1, we have on one
hand

PG = o Bun(@) + 0unBa(@), wn = D), n21,

while on the other

P() = Z%1(z§n(z) ~4,8:(2), nx1.

We note that the crucial link is the expression (15) of the parameters t,, and &,_1 in terms of 6y, Aps1 and w,, n > 1.
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In view of Remark 3.2, the special class of polynomials that we will use are the reversed Szeg6 polynomials.
For any sequence {S,(z)},7, of polynomials orthogonal on the unit circle with respect to the non-trivial
positive measure p, consider the Szeg6 recurrences

Su(2) = 28,-1(2) — @15, (2),

2 _ (23)
S”(Z) = (1 - |an—1| )an—l(z) - an—ls;(z)r n>1

It can be shown that the sequence of polynomials {S},(z)}}7, satisfies the recurrence relation (normalized to
monic form)

S;+1(Z) — (Z + an—l) S:z(z) _ a2

S (2
1 - |ay-1 Pz,
-y ay

—Qap-1 ap-1 —Qp-2

>1,

S _ 1

with §3(z) = 1 and = =z~ . Comparing with (7), we obtain By(z) = Sj(z) = 1,
S; _ e
Bn(z) - n(Z) ;7 Onyl = nt and /\n+1 = 2 2(1 - |an—1|2)/ nz 1/
—0p-1 Oy Ap—1

with |oq - 0x] = |ak1__1| >1and Agyq = ox(1 - m), k > 1. Hence, we have the following expression

PG =

21 + Wn+1 , n>1. (24)

—Qay —Qap-1

(s;+1(z) S:(2)

which was the crux of Section 2. Further, from the orthogonality relations for S;,(z) with respect to y, it
follows that

f 7 PP@duE) =0, k=01 ,n-1, nx1. @)
JD

The relation (25) may be compared with (22), something that we will generalize in Section 4. Moreover, in
Section 5 we will illustrate the case when &,_; given by (15) is used to generate the Szeg® polynomials via
the recurrences (23). This will explain why the class of reversed Szeg® polynomials is special. Before that,

we present a kind of Szegg relation for the polynomials PV (z),n 0.

Lemma 3.3. Consider the polynomial sequence {f’n(z)}Z":O where

Poz) =1, 2u1Puz) =PV (2) - 2PV (), n > 1.

n+1

Then the following relation
PP@) = (1 + 2udua1)(1 = 2adn)2PY (2) + 2,Pu(z), 121, (26)
holds.

Proof. From (17) for C = 1, (21) and the Szeg® relations (23) satisfied by $,(z) we obtain

1 Sn+1(Z) - 7A-'n+1§;_,_1(z)

-1 1+ 7,114,

i) = - , nz0. 27)

This gives z(1 + %n&n_l)PS_)l(z) = P;l)(z) - ’T:ng’;(z), which upon multiplication of the factor (1 — 1,4,) either
side leads to

P (2) = 2(1 + 23011 = 206)PY (@) + 2u[6 PP () + (1 = 2,4)55(2)]
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We show that the last term above is %,2,(z). For this, we note that £, (z) has an alternative expression from
the relation

PO (2) — 2PV (2) = 1 [20,PP(2) + S, (2)],

n+1

where equality follows from (21). The claim is that the relation (z — 1)&,,73;1)(2) =(1- %H&H)S:,(z) - 3; 1@
holds. That this is true is seen from the fact that

(z = D)Pu(z) = 25,(2) — 115;,(2) = Sp+1(2) — Tnr1(1 — T000)S),(2),
in which we eliminate S,,,1(z) with its expression obtained from (27). [

We conclude this section with the observation that while S"(l)(O) = 1,,n > 1, as can be seen from (21) or (27),
Tur1Pu(0) = n+1(0) = 1,41 which implies P.0)=1,n>1.

4. Quasi-orthogonality on the unit circle
Motivated by the representation (24) that expresses P,(ql)(z), n > 1, as a linear combination of the reversed

Szegd polynomials, we present the following definition of quasi-orthogonality on the unit circle.

Definition 4.1. Let v be a Hermitian linear functional defined on the space of Laurent polynomials and s € IN. Let
{Yn(2)}, be a sequence of monic polynomials. We say that 1, (z) is quasi-orthogonal of order s with respect to v if
() o[z7* Y, (2)] =0, fork=s—1,s,--- ,n—sand for every n > 2s — 1.
(ii) There exists ng > 2s — 2 such that v[z=**1 - ¢, (z)] # 0.

We emphasize the fact that invariant polynomials in the DG class are not orthogonal to constants (see (22))

plays a fundamental role in Definition 4.1. To see that PV (z), n > 1, satisfies our definition, suppose the
moment functional v is given by the integral representation

D[Z—n+k . an(Z)] — Cf Z—n+k¢n(z)(z — 1)d[,l(Z), ce R\ {0}
JD

From (25), the monic polynomials 7),(11)(2), n > 0, satisfy part (i) of Definition 4.1 for s = 1. Further, inverting
the relation (24), we have

:, f POE) e - Ddu(z) = — f Spnr(@duz) + 2L f 25,(Ddu(a),
oD —&n JoD - oD

n n-1

which, upon using the Szeg6 relations (23) for the last term above gives

Tna)n+1 Ofn

f POz - du(e) = o5, @) %0,
JD

I’l

Hence, the sequence {7’,(11)(2)} given by (24) is quasi-orthogonal of order s = 1 with respect to v (where we
have put ng = n).
Let u € H(DG), the class of moment functionals given by the integral representation

h, #0,
0

IA
I/\

k
Wz ()] = f T (21— DE(R) = bors 1, 28)
- h,#0, k=n.

The sequence of monic polynomials {i,(2)};7, satisfying (28) is said to be associated with u if £(z) is a
non-trivial positive measure on dID. Assuming ¢,(z), n > 0, is quasi-orthogonal with respect to v, our goal
in the remainder of this section is to characterize v in terms of u € H(DG).
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We begin with the following orthogonality properties. If PU(),n>1,is quasi-orthogonal with respect
to v, then from Lemma 3.3 we have v[z™"**. ?A’n(z)] =0fork=s-2,--- ,n—s— 1. Further, u[z7"**. 52’,,(2)] =0
fork =-1,0,--- ,n — 2. Hence, from (26) it follows that

Wz PO )] = H(1 +2a0)(1 - 2ja), n=1. (29)
j=1

Remark 4.2. We invert the relation (26) to obtain

Pill)(z) =1+ 2,a,-1)1 = T,4p) 7)511_)1(2) + 7371(2), n>1.

Tn
%n—l

Since v is Hermitian
o[z P (2)] = vz~ ‘z"%’n(z‘l)] =p[z7ms1. P (2)] = 0,

which, from Lemma 3.3, leads to the following relation

n
ol PP@ = || T+ Ea-00-2d)
j=2s-1

oz P ()],

Ty
1252

for n > 2s — 1. If in Definition 4.1 we assume ng = 2s — 2, then the above relation implies
oz P2 20 = oz - PP()] 20, Yn>2s-1.

It may be noted that this notion is referred to as strict quasi-orthogonality of order s in [1, Definition 2.3].
Consider a polynomial U(z) = égl) + 6§")z +--+ 67 with & # 0. Let U.(z 1) be obtained from U(z) by

-1

replacing z with z7* and (for notational purposes) 65.”) with é"). Here, the superscript (1) signifies that the

coefficients are associated with a polynomial of degree n. Consider the following representation
oz PP = 27 UE) + 2U )l - ()]

= f 7 PO A2 U(2) + 2U.(2H]( - 2)dn(2). (30)
oD

Then, using the orthogonality properties (28) we have
o[z PP @) = ulz T UE) PP @]+l UET) - PP @] =0,

fork=s—-1,s,--- ,n—sand o[z . Pgls)_z(z)] # 0. Hence, Pfql)(z), n > 1, is quasi-orthogonal of order s with

respect to v. The following puts this in a formal setting.

Theorem 4.3. Let u € H(DG) and {7),(11)(2)}8" be the sequence of polynomials associated with u. Then, {5",(11)(2)}80 is
quasi-orthogonal of order s with respect to v if and only if

j=s-1

— (n),j
b= Z ¢; 2, (31)
j=—s+1

)

(n
where c; are complex scalars.
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Proof. The necessity for existence of the scalars an) is proved in the discussion preceding Theorem 4.3 and
follows from the fact that [z7'U(z) + zU.(z"1)] can in fact be written in the required form (31). Hence, in
order to prove the sufficient part, define the linear functional
s=1
—p— (), (1)
w=0 Z ¢; 2, e C.

j=—s+1

Since P (2) is quasi-orthogonal with respect to v and satisfies the orthogonality conditions (28), it follows
that

w[z "k Pg)(z)] =0, k=s-1,s,---,n—s,

and for every n > 2s — 1. We now prove that w[z "+ - PV (2)] =0, separately, for the valuesk =n-s+1,n—
s+2,---,nand k=0,1,---,s — 2. The first case holds if

s—1
oz PP = Y uz PP, k=n-s+1 o,
j=—s+1
which has a unique solution for ng)l e, CSZ since u[Y,(z) - 1] # 0. Similarly, the second case holds since

c(_”) ,c(_”) P ,c(_") are uniquely determined owing to the fact that u[z™"! P (2 ] # 0. Thus, we have shown
s+1 5+2 1 q y g n
that w[z "k . ng(z)] =0fork=0,1,---,n and for every n > 2s — 1. Hence, arguing as in [1, Proposition

j.im Mzin. O

2.6], we obtain w = 0 which implies v =}, i

The next result provides the characterization between v and u € H(DG).

Theorem 4.4. With the conditions of Theorem (4.3), PV () is quasi-orthogonal of order s with respect to v if and
only if there exists an unique polynomial U(z) such that

v =[z'U@E) + zUE Y]y, (32)
where deg U(z) = s and U(z™) is obtained from U(z) by replacing z with z™* and c; with ¢;, j=0,1,--- ,s — 1.

Proof. Since by Theorem 4.3 the representation (31) holds, the existence part of the proof follows if we show
that the functional Z;is ") c;")zf u is independent of n and ¢_; = ¢j for j = 0,1,--- ,s — 1. We show that the
coefficients are independent of n by proving that CE.”) = ci."_l) forj=-s+1,---,s—-1

Using the orthogonality of $,(z), we operate the functional v on (26) to get
oz PYE)] = (14 tude1)(1 = Tadn)o[z 7 PR ()] (33)

On the other hand, from the system of equations involving c(_"].), j=s-1,---,1, obtained in the proof of
Theorem 4.3, we have

oz PR E)] = <l P )]

—s+1
which used with (33) sets up an iteration leading to

n-1
—n— 1 A A PN A A A A -1
¢z PP = (1+ 2 )1 = 1) [ [+ 2800 - 1))
j=1
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That ™ . = "~V immediately follows from (29). We now assume ¢ = ¢V for j= —s+1,--- ,t— 1, where
—s+1 s+1 y j i J
t=-s+1,-s+2,---,—1. We have
t

-n-t-1 (1) — (), r—n—1+j-t (1)
e ) ) I o )

j=—s+1

while Lemma 3.3 gives 1,,,10[z "1 - P(2)]

-1 -1
1 - 1 —n+j— 1
_ Z C§n+ )u[ n=1+j-t ¢l )1(Z)] Z (H)u[Z n+j t'Pg,)(Z)].
j=—s+1 j=—s+1

Using the above two relations in (26) and separating the case j = ¢, it follows from the induction hypothesis
that

&mw%*¢Wm—u+nm4m—n%mwfpﬁcmf”

-1
Z [0 + 21 = Tadulz - P (2)] = P ulz - P

A t—1 t—1 N
T 1 —n-1 1 T —n+j—t 1

+% n Z C?H )u[ n=1+j—t 7);31(2)] _ Z %—"CE.")u[z n+j 51)51)(2)]
n+1 je—s+1 je—s+1 n+1

The induction is complete if the right hand side above vanishes. This is shown using the three term
recurrence relation (16) for C = 1 and observing that

A

Tn+1 T A o
by = = and - k aps1(1) = (1 + T,d-1)(1 — 1,d).
T Tn+1

A

n

() _ (nl

Similar computations prove cj forj= -,s — 1. Hence, we put

C;n):CE-n_l):cj/ j=-s+1,---,s-1,

which we use to prove the next claim in the theorem.

The key point in this part of the proof is that 1, » are Hermitian and PV (2) is a self-inversive polynomial.
Hence

o[z -2 P(l)(z)] (”) u[ —n-1 P(l)(z)] — D[Z_S+2 P(l)(z)] — C(") ufz - Pl)(z)]

—s+1

With o[z=+! - P (2)] = ¢ u[1 - P(2)], the relation (26) yields

<m[ 1P, ()] - ul1 - PG|

sl

= [tz P @) - (1 )1 - itz P ()]

—s+1

We let u operate on (16) to conclude that ¢s_1 = ¢_s11. We now assume c; =¢_j for j = —t+1,--- ,s — 1 where
t=-s+1,-s+2,---,—1. The induction is completed by using the relations

s—1
ol AU = ) el PG,

j=—t
s—1

o[z ,50511_)1(2)] = Z e_ju[z/*+ -50511_)1(2)],
j:—f
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in (26), separating the case j = —t and letting u operate on (16). Finally, from (31), since v[1] € R, it follows
that ¢y € R. Thus writing

1
U2) = E(Cs—lzs o+ 0+t + 0z +0),

the expression (32) follows.

To prove uniqueness of U(z), let Ui(z) and Uz(z) be any two polynomial solutions of (32), where
deg U1(z) = 51 and deg Us(z) = sp. Let Us(z) = Ua(z) — Ui (z), with deg Us(z) = r = max({sy, sp}. Then from
(32), we have

r—1
[271Us(2) + 2Tz ) = Z uizhi = 0.

j=—r+1

We let the above functional act on [z7*+F - 7’,(11)(2)] forn >2r—1and k > -1 to have

r—1
Yl P = o,
j=—r+1
which leads to a homogeneous system of equations for the choice of k = —1,0,--- , — 2. The solution is
trivial with u_,41 = u_,4p = -+ = up = 0, so that Ui (z) = Uy(z), thus establishing uniqueness. [

We now present an illustration for the preceding theory using hypergeometric functions.

5. Ilustration

Explicit representations of orthogonal polynomials on the unit circle are available in the literature [30, 33].
In this section, through a judicious use of the contiguous relations satisfied by hypergeometric functions,
we will illustrate the theory presented so far. The Gaussian hypergeometric functions are denoted as

F(a,b;c;2) = Z (“ng)k ;, 2l <1,

wherea,b € Cand ¢ € C\ {0}. For the theory of hypergeometric functions, the contiguous relations satisfied
by them and the Pochhammer symbol (), we refer to [2].
A family of Szeg6 polynomials in terms of hypergeometric functions is given by [32]

Su(2) = w(ﬁ—;mp(—n,m Lb+bil1-2), n>1,
* L (34)
s = O D b i 1—2), n>1,
b+1),

which are orthogonal on the unit circle with respect to the measure [32, Theorem 4.1] du(b; ¢’%) = ¢(b; 6)dO
where for 0 < 0 < 2n

20400 (b + 1)]2

b,’@ — b, (m-0)Imby o /2 2Reb, b _ M .
Pb;6) = e [sin (6/2)] T T+ b+1)

We first express the Szeg6 recurrences (23) satisfied by S,(z) and S;,(z) using contiguous relations. Consider

(c—a-Db)F(a,b;c;1 —z)+azF(a+1,b;c;1 —2)=(c—Db)F(a,b—1;¢c;1-2),
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in which we substitutea = —n,b =b+ 1, ¢ = b + b + 1 and multiply (h(z:jl:)l I)" to get
n(b + b+ n) (b),
= =25 (2, nzl

5,8 = S e 2@+ S, 35)

Next, in the contiguous relation
=D . (c=b-1) .

Fla,b+1,c;1-2) = p—— 1F(a +1,b+1;¢c1-2) @ c+ 1)F(a+ 1,b;c;1 —2),
we substitute a = —n, ¢ = b + b + 1 and multiply % both sides to get

Su(z) = =S ), S; 36

n(z) =Zop-1+ (b T 1)11 n—l(z)' ( )

_ (E)n
(b+1),

We observe that the relations (35) and (36) constitute the Szeg® recurrences (23) if we identify &,_1 =
b+b+1
so that 1 — |a,_1|* = %

(b+b+1), P
o+, F(-n,b+1;b+b+1;1),

. The first equality follows from [2, Corollary 2.2.3]

=01 = 5,(0) =

while the second equality follows from simple computations. We now illustrate the characterization (24)
as discussed in Section 3. Using the Szegé relations (35) and (36) along with the expressions for a,_1, we
begin with the recurrence relation

S b * b s*
ri12) _ (z+ b+n+1) S:(z) n(b + b+ n) z w12 nel

—a, b+n )=ty G+n-1)0+n) —ano’
with §;(z) = 1 and S}—D(Z) =z+ E%l, which is satisfied by the monic polynomials

S,(z) _(b+b+1),
—On-1 B (b)n

It can be easily verified from (9) that

F(-n,b;b+b+1;1-2), n>1.

. = b+n and A = n(b + b+ n) e _ _b+b+n 0s1
"Tbh+n-1 " b+ n—1)(b+n) " ob+n-1 T

Thus, we have

(37)

S (z b S*
PO = 1 w1(®  b+b+n+1 S,(2) Casi
z—1\ -a, b+n —y_1

The sequence of polynomials PV (z2), n > 0, is thus quasi-orthogonal of order s = 1 on the unit circle with
respect to ¢(b; 0)d0O since using the orthogonality properties of S;(z) and [32, Theorem 3.1] we have

0 ifk=0,---,n-1,

—n+kep(1) _ . =
faDZ P, (@)1 = 2)p(b; 0)d6 = {(h,(f))_z ifk=mn,

where the orthogonality constant is given by

2
W =S, @)™ = '(bﬁ—l)”'n!, n>1.
b+b+1),
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Further, an expression for Pg,l)(z) given by (37) can be found from the contiguous relation

g(z—l)F(a,b+1;c+1;1 —z)=F@a-1,b;c;1-z)—F(a,b;c;1-2z),

in which we substitute a = —n, ¢ = b + b + 1 and multiply % both sides to get

(b+b+2),

P& = "5

F(-n,b+1,b+b+2;1-z2), n>1. (38)

We now find the Szeg6 polynomials 5,(z), n > 1, which appear in (21) or (27) by first finding the scaled
polynomials R, (z). From the definitions (15) we have

A

b+1), . 1 b),
Th = —(Wns1 + Ops1)o1 -0 _{ ) ®)

nE ), e = e = T,

which are the same as obtained in (34) earlier. With A = Re(b), the scaled polynomials are given by [10, 12]

_(2A+2),

= - b+b+2;1- >
(/\+1)nF( nb+1;b+b+2,1-2), nx1,

Ru(2)

and the corresponding Szeg6 polynomials $,(z) obtained in (20) are the same as given by (34). Further, with
1+ 2,4y-1 = 54, n 2 1, we find an expression for (27), for instance, using the contiguous relation

Fa,b;c;1—2)— F@a,b+ 1,01 — 2) = g(z—l)F(a+1,b+1;c+1;1—z).

We substitute a = —n, ¢ = b+ b + 1 and multiply (b(x;)l] ?” both sides to get
b+1), b+b+2),_ -
Su@) = O gy 1y OO D b B 21— ),

S (+1), b+n b+ 1)
which yields an expression for Pﬁ,l)(z) as obtained in (38). The expression (21) can also be found on similar

lines from the contiguous relation
c(1 —2)F(a,b;c;z) — cF(a—1,b;¢;z) + (c — b)zF(a, b;c + 1;z) = 0.

We conclude with the final remark that we have focused on quasi-orthogonality of order one and to begin
with the class of reversed Szeg6 polynomials is a special case because it allowed us to express members of
the DG class of invariant polynomials in two different ways using the same sequence of Szeg® polynomials.
The key feature we have used is that these invariant polynomials satisfy a three term recurrence relation,
which is also a key feature of quasi-orthogonal polynomials of order one on the real line.
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