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Existence of solutions for a delay singular high order fractional
boundary value problem with sign-changing nonlinearity

Erbil Cetin?, Fatma Serap Topal®

?Ege University Faculty of Secience, Mathematics Department, 35100 Bornova, Izmir-Turkey

Abstract. This paper consider the existence of at least one positive solution of a Riemann-Liouville
fractional delay singular boundary value problem with sign-changing nonlinerty. To establish sufficient
conditions we use the Guo-Krasnosel’skii fixed point theorem.

1. Introduction

In the last decade, fractional analysis has become a growing field of study in mathematics due to its
effective application in different scientific fields such as mathematical biology, statistics, dynamics, control
theory, optimisation, and chaos theory. In recent years, fractional differential equations studies have been
in the field of interest of many scientists and important studies have been carried out in this field see [1-9].
In particular, we would like to mention some results which has been done to the existence of positive
solutions to Riemann -Liouvlle fractional boundary value problems involving singularity and delay terms
[11-14] and the references therein.

In [10], Henderson and Luca considered the existence of positive solutions for the following multi-point
Riemann-Liouville fractional boundary value problem with a sign-changing nonlinerity,

D3 u() + Af(tu() =0,  te(0,1),
u(0) =1’ (0) = u”(0) = ... = u"20) =0,

m

Dh.u(1) = ) aiDf.u(&),
i=1
where A > 0 is a positive parameter, a € R, a e (n —1,n],n € N,n >3, & e Rforalli=1,..,m, me N,
0<é&1 <& <. <&n<l,pgeR pell,n-2],q9€]0,p] and the nonlinearity f may change sign and may
be singular at t = 0 or t = 1. By using the Guo-Krasnosel’skii fixed point theorem, some new results on the
existence of one positive solution were obtained.
In [11], Su was concerned with existence of one positive solution of the following boundary value problem

D) + ft,x(t -1 =0,  te©D\(tl,

)=,  tel-0]
x(1) =0,
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wherel <a<2,0<1t<1,1n1€eC(-r1,0]),nt) >0fort € [-7,0) and n(0) = 0 and f may be singular at t =0,
t =1 and x = 0 and may take negative values. By using Krasnosel’skii fixed point theorem, the existence of
at least one positive solution of the model was presented. In [12], Mu et al. studied the following singular
Reimann-Liouville fractional boundary value problem with delay

D%x(t)) + Af(t,x(t—1) =0, te 0,1\ {1},

x(t) = n(t)/ te [_T/ O]

x(1) =x'(0) =0,
where2 <a <3,1>0,0<7<1,1n€C(-10]),n() >0fort € [-7,0) and n(0) = 0 and f may be singular
att =0,¢t =1 and x = 0 and may change sign. By using Guo-Krasnosel’skii fixed point theorem, the
eigenvalue intervals for the existence of at least one positive solution were obtained.

In [13], Liu and Zhang obtained the existence of at least one positive solution for the following high
order fractional boundary value problem with delay and singularities including changing sign nonlinearity

Dg.x(t)) + f(t,x(t = 1) = 0, te(0,1),
.X(t) = T](t)/ te [_Tr 0]
x'(0) =x"(0)=..=x"20)=0, n>3
x2(1) =0
where n =1 < @ < nand f may be singular att = 0, t = 1 and x = 0 and may change sign. By the means
of the Guo-Krasnosel’skii fixed point theorem, Leray-Schauder’s nonlinear alternative theorem, existence
results of positive solutions were given.
Recently, numerous studies have been considered in nonlinear fractional differential equations (see
[14-28]).
Motivated by the articles mentioned above, we concentrate on the existence of positive solutions for the
following boundary value problem (BVP) of a fractional differential equation with delay term

D2,y(t) + A f(t,y(t = 7)) =0,  t€(0,1) - {1}, (1)
y(t) = n(t), te[-1,0],
y0) =y 0)=y"(0) =..=y"20)=0, n>3, )

Dngy(l) = Z:Zl ﬂiDngy(éi)/ ’

where A is a positive parameter, T € (0,1), a e R, ae (n-1,n],n e N,n >3, e Rforalli =1,...,m,
melN,0<é& <&H << éyp<landé #1,p9€R, pell,n-2],9¢€l0p]l heC(01],RY),
ft,y) € C((0,1) x R*,R), f(t, y) may change sign and be singular att = 0, f = 1, y = 0 and 75(¢) > 0 for
t € [-7,0), n(t) = 0 for t = 0. D%, DP and D17 are the standard Riemann-Liouville fractional derivatives.

The paper is structured in such a manner, in Section 2, we will give some necessary definitions and
lemmas which are used in the main results. We present the associated Green’s function with its properties.
For clarity, we also state Guo-Krasnosel’skii fixed point theorem. In Section 3, we present the existence
theorems for the positive solutions of the boundary value problem (1)-(2) with respect to a cone.

2. Basic Definitions and Preliminaries

We first introduce some necessary definitions and lemmas in this section. The following auxiliary
Lemmas are necessary to illustrate the existence of solutions for problem (1)-(2).

Definition 2.1. [29,30] The integral

t o o\p-1
Py(t) = f %g(s)ds,

where B > 0, is the fractional integral of order B for a function g(t).
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Definition 2.2. [29,30] For a function g(t) the expression
no ot
B _ 1 i _ \n—p-1
D0+g(t) = =P (dt) f(;(t s) g(s)ds,

is called the Riemann-Liouville fractional derivative of order B, where n = [B] + 1, and [B] denotes the integer part of
number p.

Lemma 2.3. [31] Assume that g € C(0,1) N L(0,1) with a fractional derivative of order p > 0 that belongs to
C(0,1) N L(0,1). Then

PDPg(t) = g(t) + c1tF ! + cotF 2 + -+ otP 7N,
forsomec; € R, i=1,2,--- ,N, where N is the smallest integer greater than or equal to .
Lemma 2.4. [10] Let g € C[0, 1]. Then the fractional differential equation

D*y(t) +g(H) =0, t € (0,1)

y0O =y 0 =y"0)=..=y"?0)=0, nx3
Dy.y() = ) aiD},y(&),
=1

1

has a unique solution which is given by

1
y(t) = j; G(t,s)g(s)ds,

where
ta—l m
G(t,s) = gi(t,s) + A a;92(&i,8), 3)
i=1
in which
(L) = 1 [t 118 Pl —(t—-5)*1, 0<s<t<]1,
P = Ty Y11 = syert, 0O<t<s<l,
1 11711 —s)3 Pl - (t—s)* 971, 0<s<t<1,
gz(t, S) = a—g-1 a—p-1
INa—-gq) |t*9711 -s)* P, 0<t<s<],

_ I(a) T(a) m ca—q-1
A=ty ~ Faog Lim @& #0.

Lemma 2.5. [10] Let A > Oand a; > 0 forall i = 1,2, ...,m. Then the function G(t,s) given by (3) is continuous on
[0, 1] x [0, 1] and have the following inequalities:

(@) G(t,s) < J(s) forall t,s € [0, 1] where J(s) = hi(s) + %Z a;g2(&;, s) and
i=1

1=5)4P=1(1=(1—=5)?
() = CG= s e (0,15,

(b) G(t,s) > t*1](s) forall t,s € [0,1];

a—q-1
Z:‘Zl aigi 1

a-1 _
() G(t,s) <ot* " forallt,s € [0,1], where 0 = @) + AT(a—q) "
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Remark 2.6. [15] The function G*(t,s) = t*""17¢G(t, s) satisfies the following condition:
J(s)P"2 < G'(t,5) < ot*"2, t,5€[0,1].
The main tool used is the following well-known Guo-Krasnosel’skii fixed point theorem [32,33].

Theorem 2.7. Let X be a Banach space, P € X be a cone, and 1, (3, be two bounded open balls of X centred at the
origin with Q1 € Q. Suppose that T : P N (Qy \ Q1) — P is a completely continuous operator such that either

i ITyll < lyll, y € PN aQy and Tyl > llyll, v € P N dQy or
ii. [Tyl > |lyll, y € PN IOy and [Tyl < llyll, y € P N I, holds.
Then T has a fixed point in P 0 (Qy \ Q).

3. Main Results

In this section, we will try our best to discuss the existence of positive solutions for BVP (1)-(2). For
convenience, we will give some conditions, which will play important roles in this paper.
Throughout this paper, we always assume that A > 0 and the following conditions hold:

(H1) There exists a nonnegative function p € C(0,1) N L(0, 1) such that
f&y) > —p(t)

and
P2()(y) < f(E,3()y) + p(t) < P1(O)(k(y) + L(y))

for Y(t,y) € (0,1) x R*, where ¢1,¢, € L(0,1) are nonnegative for t € (0,1), I1,[, € C(R},R") are
nondecreasing, k € C(Rj, R") is nonincreasing where R{ = [0, +c0) and

_J L te(0,1];
S(t) - { (t _ T)a—2n+1, te (T, 1)'
Whenss € [0, 7], we have —7 < s—1 < 0. Suppose there is a positive number A > 0, such that max . n(s—r1) =

—T<S—T<
A,son(s—1) <Aand 0 < k(A) < k(n(s — 1)) < k(0).
LetY = {y: y € C[-1,1]}, then (Y, || - ||) is a Banach space with the maximum norm

lyll = max [y, foryeY.

And we set a cone K C Y by

K ={y € Y|y(t) = 0 for t € [-7,0], y(t) > t*Y|ly|| for t € [0, 1]}.
Define

—n_ | n®), tel-70]
”(t)‘{ 0, te(01],

and
t e [-1,0];

0/
w(t) = { 1
Jy G(t,9)A(s)p(s)ds, t € (0,1],
and a nonnegative function
y(®) [y(®) +7() — w(B)]”
max{y(t) +7(t) — w(#), 0}

n(), te[-1,0[
max{y(t) — w(t),0}, te(0,1],

for any y € K.
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Remark 3.1. We can derive from Lemma 2.4 that the restriction w|jo1) of w on [0, 1] is the solution of

Dg. y(t)) + Ah(t)p(t) = 0, te(0,1),
y(0) =y (0)=y’(0) =..=y"20)=0, n=3

m

Dh.y(1) = ) aiDj,y(&)

i=1

As f:[0,1] x R* — R s a continuous function, we can know that the function y is a solution of BVP (1)-(2)
if and only if it satisfies

1
y(t) = foG<ffS>Ah(s)f<s,y<s—r))ds, te(0,1];
), te[~,0].

Considering the following operator;

1
Ty(t) = { fo G(t,9)Ah(s)(f(s, y'(s — 1)) + p(s))ds, te€(0,1]; @)
0, t € [-1,0].
Let
_ [ Ty, te (0,1
“”‘{Q te[~1,0]
and

o | max{F1mez(t) —w(t),0}, te(0,1];
Z@‘{nm, te [z, 0].

Next (4) is equivalent to
1
=] [ COIMOUEE- D)+ pens, te 1 -
0, t € [-1,0].
Clearly, if 7 is a fixed point of the operator T in (5), then

[ R, te(0,1];
W”‘{a te[-,0]

is a fixed point of the operator T defined in (4). By Lemma 2.4, we can obtain that

Dg.y(t) + AR((f(t, Y (t = 1)) + p(t) =0,  te(0,1) — {1}, (6)
y(t) =0, t € [-1,0],
Y0)=7'(0)=..=9y"20)=0, n>3, 7)
D}.y(1) = ) aiD}.j(&).

i=1

Therefore if
yt—1)+7(t—1)—w(t—1) >0 for t€[0,1]
then y*(t — 1) = y(t — ) + 7)(t — 7) — w(t — ) and y(t) = y(t) + () — w(t).
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Lemma 3.2. y is a positive solution of the BVP (1)-(2) if and only if y(t) = y(t) + w(t) — 7(t) is a positive solution of
the BVP (6)-(7) and inequality y(t) + w(t) — 7(t) = 0 holds up when t € (0,1) — {1}.

Proof. If y is a positive solution of the BVP (1)-(2), we shall prove it in two cases.
Fort € [-1,0]

y(b) = y(t) + w(b) - 7(t)
= y(t) —n(t)
=n(t) — n(t)
=0
which implies that i](t) = 0. It is easy to show that ?(t) satisfies the rest boundary conditions (7) when
t € [-1,0].
Fort e (0,1) — {1}
Dg. (y(t) + w(t) =1(t)) = Dg.y(t) + Dg.w(t) — Dg.7(t)
= Dg.y(t) + Dy, w(t)
= =AW f(t, y(t — 7)) — Ah(H)p(t)
= =AWf(E y(t - 1)) + p(B)]
= —ARf( Y (t - 1) + p(b)]

which implies that

Dg.y(t) = =AR@)[f (5, ¥ (t = ) + p(B)].
Since y(t) is a positive solution, then y(t) + 7(f) — w(t) > 0 holds when t € (0,1) — {7}. It is easy to show that
y(t) satisfies the boundary conditions (7). Therefore, y(t) is a positive solution of BVP (6)-(7). On the other
hand, if y(t) = y(t) + w(t) — 7(t) is a positive solution of the BVP (6)-(7) and y(t) + 7(t) — w(t) > 0 holds when
t € (0,1) — {7}, as similar as the proof above, we can easily prove that y(f) is a positive solution of the BVP
M-Q2).
As a result, we will concentrate our mind on finding the fixed points of operator T defined by (5). For the
existence results we need the following assumptions, too.

(H2) 0< f J(8)p1(8)k(n(s — 7))ds < +o0,
0

and there exists a constant [ > 0 such that fT ! J (s)(pl(s)k(é(s — 1) N)ds < +o0.

(H3) Let

lim ll(TZ)Scp, for¢p >0

z—+00
such that ¢ satisfies A¢p fT ! oh(s)p1(s)ds < 1.
In view of (H3), there exists an M > 0 such that [1(z) < ¢z for all z > M.

(H4) There exists a subinterval [d1,d;] C (7,1) and a constant r; > max{l, 2c} such that

dy
B2 [ s >

di

A&alx(

where & := min (f— 1) = (d1 —1)*}, &:= min "2 =
teldy,da]

 teldydy]
c= A [ J$h(s)p(s)ds < +oo.
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Let define
T 1
fo ah(s)p1(s)(k(n(s — 7)) + li(n(s — 1)))ds + fT ah(s)p1(s)(k(% (s — 1)*1))ds 0

1
L= [ oh(s)p(s)ds
and choose anr, > {M + 1,71 + 1, 61}. Define the open balls

1=

Oy ={y €Kiyl <},
O ={y eK:|lyll <r2}.
Lemma 3.3. Let (H1)-(H2) hold. Then the operator T : K N (Q, \ Q1) — K is completely continuous.

Proof. First we show that T is well defined on K N (62 \ (). For any z € KN (52 \ 1), we know that
r1 <l z 1< 72 and z(t) > t*7Y|z|| > t471ry for t € [0, 1]. Then, for ¢ € [0, 1], we get

1
th—l—aw(t) — th—l—af G(t, S))\h(s)p(s)ds
0
1
< 2n-1-a A h d
<t fo J(S)h(s)p(s)ds

1
<t V| AJ(s)h d
<t fo JS)h(s)p(s)ds
=t""lc

where ¢ = [ AJ(s)h(s)p(s)ds < +oo. Thus, for t € [0, 1],

.
2(t) — 271 > 17y — ) > Elt“—l.

In view of (H1), (H2) and Remark 3.1, we show

Tx(t) = fo G (t, AR (s, 1(s — ) + pls))ds
1
+ f G'(t,9)Ah(s)(f (s, (s — T)* 2" z(s — 7) — w(s — 7)) + p(s))ds
< APl fo J()h(E)p1(9)[k(n(s — 1)) + hi(n(s — 7))]ds
1
+ AP f J()h(s)p1 (s)[k(%(s — DN+ Lz — 1) = (s — " w(s — 1))lds
< Aprle fo J©)h(s)p1(s)[k(n(s — 7)) + h(n(s — 1))]ds
1 T
+ Al f ](s)h(s)(pl(s)[k(al(s -0 H+L (z(s — 7)]ds
< APl fo J©h(s)p1(s)[k(n(s — 1)) + hi(n(s — 1))]ds
A 2n—-1-a ! I’l k l a—1 l d
A2 [ OO OG- D7) + bl
<A fo J©)h(s)p1(s)[k(n(s — 7)) + L(n(s — 7))1ds

1 I
A f FOHE)Pr Gk (5~ 1)+ a(r2)]ds < +eo.
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Hence T is well defined and uniformly bounded.
In fact, forz € KN (52 \ 1), t € [0,1] in view of Remark 3.1, we have

1
T2() < A1 fo JSHE)(f(s,2*(5 — ) + p(s))ds

and

1
Tz(t) = j; G'(t,5)Ah(s)(f(s, 2" (s — 1)) + p(s))ds
1
> A2 f JOME)(f(s, (s — 1) + p(s))ds
0

1
= \p2rma-lpe-d f J(s)h(s)(f(s,z*(s — 1)) + p(s))ds
0
= 17| Tz|l.
HenceT: KN (52 \ Ql)_—> K

Next we show T : KN (€ \ 1) — K is continuous and compact. For any z,,z € KN (ﬁz \Qy), n=1,2,..
with ||z, = z|l[-,1] = 0 as n — +o00. Since r1 < ||zl < 72 and rq < ||z]| < 7, for t € [0, 1], we know

r
Zn(t) _ tZTl—[Y—lw(t) Z Elta’—l

and

z(t) — 2 Lw(t) > %t“‘l.

Then for t € [0,1], we know

1
Tz, (t) — Tz(t)| = f AGH(t, $)h(s)(f(s, (s — T)* 2"z, (s — T) — w(s — 1))

—f(s,(s = 1)*"z(s — 7) — w(s — 7)))ds|

1
< /\f J)(s)If(s, (s = 1) 2"z, (s — 1) — w(s — 1))
- f(s,(s — 7)*2 (s — 1) — w(s — 1)))|ds

! I
< /\f ](S)h(s)<P(S)(k(§(S —1)*7) + L (rp))ds

< +o00.

This implies that [Tz, () — Tz(t)lj-z1] — 0 as n — +oo. Therefore T is continuous. Since G* is uniformly
continuous for t € (0, 1), that is, for any € > 0, there exists 6 > 0, when t1,t, € [0,1] and [t; — t,| < 6 we have

G (1,5) = G(t29) < g( | Ao Eats = o)+ s - o
0
-1

1
+ [ ARG = ) + bl
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Thus for any z € KN (52 \ (1), we get
ITz(t1) — Tz(t2)l < j(; MG'(t1,8) = G'(tz, s)l(s)pr(s)(k(n(s — 7)) + li(n(s — 1)))ds

1
b [ 2G5 - G, OOk s~ D)+ hr)s

<S48 -¢
2 2

Thus T is equicontinuous. According to Arzela- Ascoli Theorem, T is completely continuous.

Now, we will prove the existence of positive solutions for the BVP (1)-(2) by using the Guo-Krasnoselskii
fixed point theorem.

Theorem 3.4. Assume that the conditions (H1)-(H4) hold. Then the BVP (1)-(2) has at least one positive solution.

Proof. Since r, > max{M + 1,r; + 1,6}, then for z € dQ,, for t € [0, 1] we obtain
2(8) — 20 () > 147Ny — 0) > r2—2t“‘1 )

because of z(t) > t*7!||z|| = t*"!r,. Then from (H1)-(H3), (8) and Remark 2.4, we get
Ta(t) < A2 fo (&) p1(E)kn(s — 1) + L (nls — D))ds
1
+ A22 f ah(s)(pl(s)(k(r—z(s - T)“‘l) +11(z(s — 1)))ds
. 2
<A fo (&)1 ) (k(n(s — 1) + L (nls — D))ds
1 I
# 2 [ oHEpEKGE - D)+ s
<A fo ()P (s (s — ) + L (s — D))ds

+A f ' shs)p: k(55 =) + gra)ds
<1y = |lz]l.
Therefore, for z € dQ,, we have ||Tz|| < ||z||. On the other hand, for z € dQ;, and ¢ € [0, 1], we have
2(f) — PNt > 197 — ¢) 2 72—1#*—1. )

Thus from (H1), (H4), (9) and Remark 2.4, we get

Tz(t) > A f 2 min G'(tsY)(F(s, (5 = 0)" 2 als = 1) = wls = 1)) + pls)ds
d, tEldiaz

2

. * 7_1 _ -1
> A 3 ter[r;]lEZ]G(t,s)h(s)(pz(s)lz(z(s ) )ds

r1é1

2 108 [ oo

> 11 = |lell.
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Therefore, for z € dQ1, we have ||Tz|| > ||z||. N
Then T defined by (5) has a fixed pointz € KN (€ \ ;) from Theorem 2.7. In view of (9) we have

ta—Zn-%—l’E(t) _ ZU(i’) — ta—2n+1(i’(t) _ t2n—a—1w(t)) > ta—2n+1%ta—1 > %t2a—2n — %tZ(Uc—n) > 0.

The proof is completed.
Now, we’ll present another result of this work, we give the following conditions:

(H5) There exists a subinterval [ds, ds] C (7,1) such that A fd’? J($)h(s)@a(s)ds > 0 and let

lim @ZN, for N >0

z—+00  Z

such that N satisfies
AN +
7 ke J(s)h(s)pa(s)ds > 1
3

where g := min (t—1)*! = (ds — )%, := min 272 = dy2" 2,
b= min (E=1) (s =) p2:= min, ’

(H6) There exists an Ry > max{l,2¢c} such that

T 1
A [ ookt = ) + htats = s + 4 [ g k(s = 1) + (R < Ry
0 T

where [ is in (H2) and c is in (H4).
Next we choose an R, > max{R; + 1, N + 1} and define the open balls
Qs ={y e K:|lyll <R},
Q4 ={y e K:|lyll <Rz}
Lemma 3.5. Let (H1)-(H2) hold. Then the operator T : K N (Qq \ Q3) — K is completely continuous.

Proof. Similarly, as in Lemma 3.3, we can easily see that T is well defined and equicontinuous on KN (54 \Q3).
Thus, according to Arzela-Ascoli Theorem, T is completely continuous.

Theorem 3.6. Assume that the conditions (H1)-(H2), (H5) and (H6) hold. Then the BVP (1)-(2) has at least one
positive solution.

Proof. Since R, > max{R; + 1, N + 1}, then for z € dQy, for t € [0, 1] we obtain
R
z2(t) — P () > 1Y (Ry — ©) > 7215“—1

because of z(t) > t*71||z|| = t*"IR,.
As a result of this and (H1), (H2), (H5) and Remark 2.4, we have

Tz(t) > A fd 4 tr[rdurdl] G (t, 9)h(s)(f(s, (s — 1) z(s — ) — w(s — 1)) + p(s))ds
dy tElds,ds

4

. ’ R2 a-1
=4 ds Join G (E $)(s)pa(s)la(57(s — 1) )ds

T Ry
> /\fdj ter[rﬂ}ﬁ]G (t, s)h(s)p2(s)la( > p1)ds

R 4
> ANZr iz | J©hE)pa(s)ds
ds

>Ry = ||z]|.



E. Cetin, F. S. Topal / Filomat 37:21 (2023), 7275-7286 7285

Therefore, for z € dQ4, we have ||Tz|| > ||z||.
On the other hand, for z € dQy, for t € [0, 1] we obtain

z(t) — " () > 1N (Ry —¢) > %t"“l. (10)

With condition (H6) and (10), we get

Tz(t) < A" fo oh(s)p1(s)(k(n(s — 1)) + i (n(s — 7)))ds
1
+ A212 f ah(s)qol(s)(k(%(s — )Y+ L(z(s — 7)))ds
< /\fo ah(s)p1(s)(k(n(s — 7)) + L(n(s — 7)))ds

' ! a-1
# 2 [ oG E - 0+ RS

<Rp = |lzll.

Therefore, for z € dQ3, we have ||Tz|| < ||z||. Thus, T has a fixed point in K N (54 \ Q3) by Theorem 2.7.
Arguments similar to those at the end of the proof of Theorem 3.4 show that BVP (1)-(2) has a positive
solution.
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