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Bivariate Lupas-Durrmeyer type operators
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Abstract. In this paper, we consider a bivariate extension of blending type approximation by Lupas-
Durrmeyer type operators involving Pélya Distribution. We illustrate the convergence rate of these type
operators using Peetre’s K-functional, modulus of smoothness and for functions in a Lipschitz type space.

1. Introduction and preliminaries

Most likely used Bernstein polynomial of r degree for the continuous function y(x) and the interval
I =1[0,1] is defined as
- k
Bi’ ; = p 1, .
(v;%) ;—0 ,k(x)y( r)

where P, (x) = ; (1 =%y, x € [0,1].
Gupta and Rassias [15] introduced Lupas-Durrmeyer operators for any y € C(I) is given by

1
r

1

(y;%) = (r + 1) Z o
k=0

1
Di (x)j; byk(t)y(t)dt, te[0,1]. )

Agrawal et al. [6] constructed the bivariate modification of the linear positive operator given in (1)
based on Polya distribution and discussed the degree of approximation and the rate of convergence for
these operators. Kajla and Acar [18] proposed the blending type approximation by generalised Bernstein-
Durrmeyer type operator. Kajla et al. [19] constructed a Durrmeyer type generalization of the Lupas and
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Lupas operators [20] involving 7(x) (0 < t(x) < 1) as

tkp+T(x) 1(1 _ t)(r k)p+1(x)-1
« )f (B e o ey 7 ?

DL = Xbrk

where B(,m) = [, (1 - y""'d¢t (l,m > 0 and p > 0).

Acar and Kajla [2] proposed bivariate extension of Bernstein type operators and discussed the degree of
approximation for these operator. Many researchers also defined different type of generalization of these
operators and discussed their approximation behaviour which we refer in (cf. [1, 3-5,7-9, 11-14, 16, 17, 21—
25, 27-30]).

Let fixed a continuous function which is strictly positive 7 : C(I) — C(I). We propose a bivariate gener-
alization of the operator defined in (2) involving 7(x)(0 < 7(x) < 1) and y : C(I?>) — C(I?), I* = [0,1] x [0, 1]

[L,L no ki p1+7(x1)—1 (r1=k1)p1+7(x1)-1
51 fz] r 23 thl 1) (1_t) 1—K1)p1 1
Drl,rz,T,pl,pz (7/’ 1 x2) Z ZA 1,72,k kz (xlr X2) f f B(k1P1 + T(xl)/ (7’1 )

k1=0 k»=0 ki)p1 + T(x1))
Skzpzﬂ(Xz)fl(l _ S)(rrkz)pzﬂ(Xz)f
(B(kzpz +7(x2), (r2 — k2)p2 + 1(x2))

)y(t, 5)dtds.

1
B(l,m) = f 711 -ty 1dt (I,m >0 and py, p2 > 0).
0

Lemma 1.1. Let the bivariate test function be defined by e (x1,x2) = x{'x5, (m,n) € No X No, with m +n < 4.
Then, we have

11
r’r

(@) Dr, 1y ,p1,0, (€005 X1, X2) = 1;
)
T

N Y rix1pr + T(x1)
(ii) Dr1,1’2,T,P1/P2(610;x11x2) = m;

1 1
o |Es 2X2p2 + T(X2)
iii) D, , - €01,X1,X2) = ————————+
(iii) 71:721Trp1'p2( 01; X1, X2) rap2 +27(x2)

11

X _'1”2_ ) _ r1X101 + T(xl)) (1’2362[)2 + T(Xz)).
(IV) Dr1,72,T,P1,P2(611/ X1, x2) = ( p1 T ZT(Xl) r2p2 + ZT(XQ) ’
11 20252
»Vl"2_ ) _ 1P1 1(7’1 _1)
) Pronupngn(C20:00,32) = G e rupr + 220 + 1)
x1r1p1(r1 + 1)(1 + 27(x1) + 2r1p1) N T(x1)(1 + 7(x1)) .
(r1 + 1)(r1p1 + 27(x1))(rip1 +27(x1) + 1)  (r1 + 1)(r1p1 + 27(x1))(r1p1 + 27(x1) + 1)
11 20272
. ['1"z ) _ 50375(r2 — 1)
(Vl) Dh,rz,T,Pl,Pz(eOZ/ X1, x2) = (72 T 1)(r2p2 T ZT(Xz))(h,Dz + ZT(XZ) + 1)
x11202(r2 + (1 + 27(x2) + 2r202) T(x2)(1 + 7(x2))

(r2 + 1)(rapz + 21(x2))(rapz + 20(x2) + 1) (r2 + 1)(rapz + 21(x2))(rapz + 27(x2) + 1)’
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i) D i ( ) qripy(r = 1)(r = 2)
vii) Dy y, 100.0,(€30; X1, X2) =
212 30T T2 T G L) (1 2)(rapr + 2T(x)) (i + 2T(x) + 1)(raps + 27(x1) + 2)

+ 3xiripi(r = D(r +2)(1 + 1(x1) + 2r1p1)
(r1 + )(r1 + 2)(r1p1 + 27(x1))(r1p1 + 27(x1) + 1)(r1p1 + 27(x1) + 2)

x1(r1(r1 + 1)(r1 +2)(2 + 37(x1))(2 + T(x2)))p1 + 673 (r1 + 2)(1 + T(x1))p3 + 6133

(1’1 + 1)(1’1 + 2)(71p1 + ZT(xl))(rlpl + 2’1’(9{1) + 1)(1’1[)1 + 2’1’(9(1) + 2)
N 7)1 + 7(x1))(2 + 7(x1)) ,
(r1p1 + 27(x1))(r1p1 + 27(x1) + 1)(r1p1 + 27(x1) +2)°

11

[H’E] raps(r2 = 1)(r2 = 2)
(VD) Do ppa (B0 41, %2) = (r2 + 1)(r2 + 2)(r2p2 + 27(x2))(r2p2 + 27(x2) + 1)(r2p2 + 27(x2) + 2)
N 3X§T§p§(1’2 - 1)(1’2 + 2)(1 + T(Xz) + 21’2‘02)
(r2 + 1)(r2 + 2)(r2p2 + 27(x2))(r2p2 + 27(x2) + 1)(r2p2 + 27(x2) + 2)
x(ra(ra + 1)(r2 + 2)(2 + 31(x2))(2 + T(x2)))pa + 673(r2 + 2)(1 + T(x2))p3 + 61303
(1’2 + 1)(7’2 + 2)(1’2p2 + 2T(X2))(1’2p2 + ZT(XQ) + 1)(1’2[)2 + 2’1’(362) + 2)
N T(x2)(1 + 1(x2))(2 + T(x2)) .
(szz + ZT(JCQ))(T’QPQ + 2T(X2) + 1)(1’2p2 + 2’[(3(2) + 2),

11
r’r

(IX) Dr1 12,T,01,02 (640; X1, x2)

- xripitn = 1) = 21 - 3)
T (1 + 1)(r1 + 2)(r1 + 3)(r1p1 + 27(x1))(r1p1 + 27(x1) + 1)(r1p1 + 27(x1) + 2)(r1p1 + 27(x1) + 3)

2313 p3(r1 — 1)(r1 — 2)((r1 + 3)(3 + 27(x1)) + 671 1)

+
(r1 + 1)(r1 + 2)(r1 + 3)(r1p1 + 27(x1))(r1p1 + 27(x1) + 1)(r1p1 + 27(x1) + 2)(r1p1 + 27(x1) + 3)
X272 02((ry=1)(r1 +2)(r1 +3)(114+67(x1 ) (3+7(x1))+12r1 (1~ 1) (r+3) (3+27(x1)) p1+2r1 p3(1-19r1 +3612))
(r1+1)(r1+2)(r1 +3)(r1 p1+27(x1))(r1 p1+27(x1)+1)(r1 p1 +27(x1)+2) (r1 p1 +27(x1)+3)

+

2r1x1p1 ((7’1 +1)(r142)(r1+3)3+27(x1)) (1+7(x1 ) B+7(x1)))+71 (r1+2)(r1 +3)(11+67(x1) B+T(x1))) p1+613 (11 +3) (3+27(x1)) p3 =13 p3 +137 p?)
+

(r1+1)(r1+2)(r1 +3)(r1p1+27(x1)) (r1 p1+27(x1) +1)(r1 p1 +27(x1) +2) (r1 p1 +27 (1) +3)
N (1) (1 + 7(x1))(2 + 7(x1)) B + 7(x1)) .
(1’1‘01 + 2T(X1))(71p1 + 2T(X1) + 1)(1’1p1 + 2’((3(1) + 2)(1’1p1 + 21’(3{1) + 3),

11
r’r

(x) Dy, 12,T,01,02 (eos; X1, X2)

3 x315p5(r2 = 1)(r2 = 2)(r2 = 3)
B (1’2 + 1)(1’2 + 2)(1’2 + 3)(1’2[)2 + 2’1,'(9(2))(7’2[)2 + 27(9(2) + 1)(7’2[)2 + 2"[(9(?2) + 2)(7’2[)2 + 2"[(3(?2) + 3)
N 205313 p3(r2 = 1)(r2 = 2)((r2 + 3)(3 + 21(x2)) + 612p2)

(r2 + 1)(r2 + 2)(r2 + 3)(r2p2 + 27(x2))(r2p2 + 27(x2) + 1)(r2p2 + 27(x2) + 2)(r2p02 + 27(x2) + 3)

212 p2((ra=1)(r2+2)(r2 +3) (11467 (x2) B+T(x2))) +1272 (r—1) (2 +3) 3+27(x2)) pa+272p2(1-1972+3672))
(r2+1)(r2+2)(r1+3)(r2p2+27(x2)) (1202 +27(x2)+1) (12 p2+27(x2) +2) (12 02 +27(x2)+3)

+

Zrzxzpz((rz+l)(rz+2)(r2 +3)(3+27(x2)) (1+7(x2) B+ (x2)))+72(r2+2) (r2 +3)(11+67 (x2) (3+1(x2))) p2 +61 (rz+3)(3+27(xz))p§—r§p;+13r2pg)
+

(r2+1)(r2+2)(r2+3)(r2p2+27(x2)) (1202 +27(x2) +1) (12 p2 +27(x2) +2) (r2 02 +27(x2)+3)
T(x2)(1 + 7(x2))(2 + 7(x2))(3 + T(x2))

T (rapa + 20(02))(rapz + 20(x2) + )(rapa + 27(x2) + 2)(rapa + 27(x2) + 3).

Lemma 1.2. By Direct computation, we have

14

. ' T(x1)(1 = 2x7)
(1) Dn,m,”{,pl,pz((tl - xl); X1, x2) = A7

rip1 + 2’[(.’)61) !
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1 1
N _ T(x0)(1 - 2x5)
(i1) Dy, 1y ep,0((F2 = X2); %1, X2) = Tapa +27(0)
&a (1 — 511, 1) = T F0PAL 1+ 2ripy) = 40 + D) = 201 + Do),
PP LT T2 (r + D(rip1 + 22(x0)(raps + 27(x1) + 1) ’

(iii) D
A . (1= x)(rapa(1 + 12 + 2r202) — A(ra + D72(x2) — 2(r2 + 1)7(12))
(IV) Dr1,r2,T,p1,p2((t2 x2) 7 X1, x2) - (1’2 T 1)(72p2 + ZT(XQ))(Vzpz T 2’((9(2) T 1) ’

11

| 11772 | 4. _6(r +1)(r1 +2)(r1 +3)T(x1)+11(ry +1) (11 +2) (r1 +3) (1 )+6(r1 +1)(r1 +2)(r1 +3) T3 (x1)
(V) Dy po (1 = X1)%5 01, X2) = (+1) (11 +2)(11 +3)2T(x1) +r2p2) (L2700 ) +72p1) R+27(x1 )47 p1) G427 (x1) 471 p1)

N (r1 + 1)(r1 +2)(r1 +3)7(x1)
(r1 + 1)(r1 + 2)(r1 + 3)27(x1) + 1r201)(1 + 27(x1) + 1101)(2 + 27(x1) + r101)(3 + 27(x1) + 1101)
(xl(—24(r1 + 1)(7’1 + 2)(1’1 + 3)T(X1) - 52(7’1 + 1)(1’1 + 2)(1’1 + 3)"[2(9(1) - 36(1’1 + 1)(1’1 + 2)(7’1 + 3)’1’3(9(1))
(r1 + 1)(r1 +2)(r1 + 3)27(x1) + r1p1)(1 + 27(x1) + 11p1)(2 + 27(x1) + 1101)(3 + 27(x1) + 1101)
xl(—8(r1 + 1)(1’1 + 2)(1’1 + 3)T(x1)4 + 61’1(7’1 + 1)(1’1 + 2)(1’1 + 3)p1 + 141’1(1’1 + 1)(1’1 + 2)(1’1 + 3)T(X1)p2)

(1’1 + 1)(1’] + 2)(1’1 + 3)(2T(X1) + szl)(l + 2’1,'(9(1) + 1’2p1)(2 + 27(9(1) + 1’1p1)(3 + 2T(X1) + lel)
x1(6r1(r1 + 1)(r1 + 2)(r1 + 3)12(x1)p1 + 22r3(ry + 1)(r1 + 2)(r1 + 3)p3 + 3612 (r1 + 1)(r1 + 2)(r1 + 3)7(x1)p?)
(r1 + 1)(r1 +2)(r1 + 3)21(x1) + r1p1)(1 + 27(x1) + r1p1)(2 + 27(x1) + r1p1)(3 + 27(x1) + 11p1)

x1(12r3(ry + 1)(r1 + 2)(r1 + 3)72(x1)pF + 3673 (113)p3 + 2473 (3 + r1)t(x1)p5 — 2r3p7 + 2677 p7))

(r1 + 1)(r1 +2)(r1 + 3)(27(x1) + r1p1)(L + 27(x1) + r101)(2 + 27(x1) + r1p1)(3 + 27(x1) + 1101)

+ (23 (<2401 + 1)(r1 + 2)(r1 +3)7(x1) = 88(r1 + 1)(r1 + 2)(r1 +3)7%(x1) = 96(r1 + 1)(r1 + 2)(r1 +3)7°(x1)
=32(ry + 1)(r1 + 2)(r1 + 3)7*(x1) + 3671 (1 +11)(2 +11)(3 + r1)p1 + 88r1(1 + r1)(2 + r1)(3 + r1)T(x1)p1
+4871(1 +11)(2 + 11)(3 + )T (x1)p1 — 6(=23 + 11)r3(2 + 11)(3 + r1)p? + 24072 + 11)(3 + 11)

T(x1)pT + 96722 + r1)(3 + r1)T?(x1)p3 + 12013 + 11)p3 = 12(=10 + r1)r3 (3 + r1)p; — 12113 + 11)p3
+192r3(3 + r1)Tp° — 24(-7 + rl)r‘llp‘ll)) [((r1 4+ 1)(r1 +2)(r1 +3)(2T(x1) + r2p2) (1 +27(x1) + 7201) (2 + 27(x1) +

r1p1)(3 + 27(x1) + r1pr)) + (xF (1201 + 1)@ + r1)(3 + r)T(ar) + 44(1 + 1)(2 + 11)(3 + 1) T2 (x)
+48(1 + 1’1)(2 + 1’1)(3 + 7’1)73(.761) + 16(1 + 1’1)(2 + 1’1)(3 + 1’1)’(4(361) —18n (1 + 7’1)(2 + 1’1)(3 + 7’1)[)1
—44r1 (1 + r1)(2 + )3 + r1)t(x1)p1 — 24r1(1 + 1) (2 + 11)B + r1) T (x1)p1 + 3(=23 + r)r(2 + 1)

B+ r1)p? = 12022 + 11)(3 + r1)T(x1)p3 — 48122 + 11)(3 + 11) T3 (x1)p? + 12(r1 — 10)3 (3 + r1)p3

—96r(3 + r1)T(x1)p3 + 12(=7 + r1)rdp*)) [ (L+71)@+71)(B+71)Q@T(er) +711p1) 1 +27(x1) + 71p1)(2+27(x1) +
r1p1)(3 + 27(x1) + r1p1)) + (22 (36(1 + 1)@ + r1)(3 + r)T(r) + 96(1 + 11)(2 + 11)(3 + 11)T2(x1)

+84(1 + r1)(2 + 11)(3 + r1)T3(x1) + 24(1 + r1)(2 + 11)3 + r1)TH(x1) — 24r1(1 + 11)(2 + 1) + 11)pa

—58r1(1 + r1)(2 + 11)(3 + r1)T(x1)p1 — 3071 (1 + r1)(2 + 11)(3 + r1)t(x1)p1 — 22172 + 11)(3 + 11)p3

+3(=23 + r)r1(2 + r1)(3 + r1)pT — 15617 (2 + r1)(3 + r1)(x1)pT — 60r7(2 + r1)(3 + 11)T*(x1)p3

—15613(3 + 11)p} +12r1(3 + r1)p3 — 12013 + r1)7(x1)p3 + 23 p* = 26r7p* +12(=7 + rl)r‘lip‘ll))/ (1+r)2+
)3+ r1)2t(x1) + r1p1)(1 + 27(x1) + r1p1)(2 + 27(x1) + 1101)(3 + 27(x1) + 1101))

11
[W’E] 2 3

4. _ 6(r+1)(r242)(rp+3) T(x2)+11(r2+1) (r2+2) (2 +3) 7% (x2) +6(r2 +1) (12 +2) (2 +3) 7 (x2)
Dh ,Tz,T,phpz((tz - xZ) ’xl’x2) - (rzil)(rz-21-2)(r213)(21(;2)+rzpi)(1+221(x2)+2r2p2)(2+227(x2)i—rzpz)z(3+272(x2)+r2p22)

N (1’2 + 1)(1’2 + 2)(1’2 + 3)’1’4(-7C2)
(r2 + 1)(r2 + 2)(r2 + 3)(27(x2) + 1202)(1 + 27(x2) + 12p2)(2 + 27(x2) + 1202)(3 + 2T(x2) + 1202)
(x2(=24(r2 + 1)(ry + 2)(r2 + 3)T(x2) — 52(rp + 1)(r2 + 2)(ra + 3)T2(x2) — 36(r2 + 1)(1r2 + 2)(r2 + 3)73(x2))
(r2 + 1)(r2 + 2)(r2 + 3)(27(x2) + r2p2)(1 + 27(x2) + 1202)(2 + 2T(x2) + 1202)(3 + 27(x2) + 12p2)
Xz(—8(1’2 + 1)(1’2 + 2)(7"2 + 3)’[(3(2)4 + 61’2(7’2 + 1)(1’2 + 2)(7"2 + 3)p2 + 147’2(7"2 + 1)(7’2 + 2)(1’2 + 3)T(X2)p2)
(r2 + 1)(r2 + 2)(r2 + 3)(27(x2) + r202)(1 + 27(x2) + 1202)(2 + 27(x2) + 1202)(3 + 27(x2) + 7202)
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x2(6r2(r2 + 1)(r2 + 2)(r2 + 3)12(x2)p2 + 22r5(r2 + 1)(r2 + 2)(r2 + 3)p3 + 36r3(r2 + 1)(r2 + 2)(r2 + 3)1(x2)p3)
(r2 + 1)(r2 + 2)(r2 + 3)(21(x2) + r2p2)(1 + 27(x2) + 1202)(2 + 27(x2) + 1202)(3 + 27(x2) + 722)
x2(1273(r2 + 1)(r2 + 2)(r2 + 3)T2(x2)p3 + 3673(r23)p3 + 2473(3 + r2)T(x2)p3 — 21305 + 26715p3))

(1’2 + 1)(1’2 + 2)(1’2 + 3)(2T(X2) + rzpz)(l + 2T(X2) + 1’2p2)(2 + 2T(X2) + 1’2p2)(3 + 21’(2{2) + szz)

+ (23 (<2402 + 1)(r2 + 2)(r2 + 3)7(x2) = 88(r2 + 1)(r2 + 2)(r2 + 3)7%(x2) = 96(r2 + 1)(r2 + 2)(r2 + 3)7°(x2)
=32(ry + 1)(ra + 2)(r2 + 3)*(x2) + 367(1 + 12)(2 + 72)(3 + r2)p2 + 88r2(1 + 12)(2 + 12)(3 + 12)T(x2) p2
+4812(1 + 12)(2 + 12)(3 + 12)T(x2) p2 — 6(=23 + 12)15(2 + 12)(3 + 12)p5 + 240132 + 12)(3 + 12)

T(x2)p3 + 9673(2 + 12)(3 + r2)T(x2)p3 + 12033 + 12)p3 — 12(=10 + 12)r3 (3 + 12)p3 — 12153 + 12)p3
+19273(3 + r2)T(x2)p] — 24(=7 + r2)rapd)) /((r2 + 1)(r2 + 2)(r2 + B)QRT(x2) + r2p2)(1 + 27(x2) + 12p2) (2 +

21(x2) + 12p2)(3 + 27(x2) + r2p2)) + (x4 (12(1 + )2 + 12)(3 + 1) T(x2) + 44(1 + 1) (2 + 12)(3 + 1) T2 (1)
+48(1 + 1’2)(2 + 1"2)(3 + 7’2)73(.762) + 16(1 + 1’2)(2 + 1’2)(3 + 7’2)T4(XQ) - 187"2(1 + 7’2)(2 + 7’2)(3 + Vz)pz —44r,

(L + 1) 2+ 12)B + r2)T(x1)p2 = 24r2(1 + 12)(2 + 12) (3 + r2) T3 (x2)p2 + 3(=23 + r2)r3(2 + 12)(3 + 12)p3
—12073(2 + 12)(3 + 12)Tp? — 48752 + 12)(3 + r2) T3 (x2)p3 + 12(=10 + 12)r3(3 + 12)p3 — 96133 + r2)1(x2) 3
+12(=7 + r2)rkpd))] (1 + 12) 2 + 72)(3 + 12)(2T(x2) + 12p2) (1 + 2T(x2) + r2p2)(2 + 27(x2) + 12p2)(3 + 27(x2) +

r2p2)) + (x% (36(1 +72)(2+ 72)(3 + r2)T(x2) + 96(1 + 12)(2 + 12)(3 + 12)T2(x2) + 84(1 + 12)(2 + 12)

(3 + 1’2)"[3()(2) + 24(1 + 1’2)(2 + 1’2)(3 + 1’2)"[4()(2) — 247’2(1 + 1’2)(2 + 1’2)(3 + 1’2)p2 — 581’2(1 + 7’2)(2 + 1’2)

(B + r2)t(x2)p2 = 30r2(1 + 12)(2 + 12)(3 + 12)T2(x2) p2 — 2213(2 + 12)(3 + 12)p3 + 3(—23 + 1)1

2+ 12)(B + 12)p3 — 156152 + 12)(3 + 12)T(x2) p3 — 60132 + 12)(3 + 12) T2 (x2) 5 — 15673(3 + 12)p;3

+12r5(3 + r2)p3 — 12073 (3 + r2)T(x2)p3 + 2r3p5 — 261305 + 12(=7 + rz)répé))/((1+r2)(2+r2)(3+r2)(2”c(x2)+

r2p2)(1 + 27(x2) + 1202)(2 + 27(x2) + 1202)(3 + 27(x2) + 1202)).

Lemma 1.3. From Lemma 1.2, we have

1 1
. r 7 ry 1
r}1_1}1;) 1Dy oo po (= 11)%21,02) = E(l +2p1)xi(1 = x1);
1 1
. »’l 71y ] 2 1
VEILI(}Q T’ZDrl,rz,I,Pth((tZ - xZ) ;x11x2) = E(l + sz)XQ(l - xZ);
1 1
' 11 3x2(1 — x1)%(1 + 2p1)?
Jim, D5 oo pe (L = X1)%21,00) = ( : e );
1
1 1
_ A4 3x5(1 — 1:)2(1 + 2p,)?
Vlgrc}o VéDil,rz,z,bl,pz((tZ —x)nx) = ( : 03 )
2

Lemma 1.4. We have

|:i L]
r 7 ry
D

2.
r1,72,T,p1,p2((t1 - xl) /xlle)

A] 1 2 .
Z{Jﬁ(l —x1) + E} =@, , (x1);

Drl,rz,r,pl,pz((tZ - Xz) 7 X1, x2)

A2 1 2
E{Xz(l —X2) + Z} =W, 0, (x2),

where A; = Ai(pi),i = 1,2, is a positive constant.
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Theorem 1.5. Suppose y € C(I?). Then,

[1:4]

1 r
rl’lrlzlz}oo ”Dh/fz/T,Pth

) =yl=0.
Proof. From the Lemma 1.1, we have

1 1
rp’r
" lrlzllloo Drl,rz,r,pl,pz (emnr' X1, X2) = Cmn, (m/ n) € {(0/ 0)/ (L 0)/ ©, 1)}

1 1
n’n

rraopupa (€02 T €205 X1, X2) = €qp + €20

and

lim D
r1,I2—00

uniformly on 2. Hence, the result follows in view of the theorem given by Volkov [31] [

Let C"(I?),n € IN denote the space of 1 — times partially differentiable continuous function in I2.

2. Voronovskaja Type Theorem

In the next theorem, we establish a Voronovskaja type asympototic result.

Theorem 2.1. If y € C*(I?), then

~ 1=
~1=

’

lll’glo r(Dr,r,T,pl P2 (y' X1, Xz) - y(xlr XZ))

r—

T(x1)(1 — 2x1)
P1

T(x2)(1 — 2x7)

Ve, (X1, x2) + Ve, (X1, X2)

+

1 7 l 1’
2—p1(1 +2p1)x1(1 = x1)pY y, (X1, %2) + Z_Pz(l +202)x2(1 = x2) Y7, (X1, X2),

uniformly in (x1,x2) € I%.

Proof. Using Taylor’s series expansion, we get

1
y(u,0) = y(x1, x2) + ¥y, (X1, X2) (U — x1) + Y5, (0 = x2) + E{y;llxl (x1, X2) (1 = x1)* + 2)% 1, (1, x2) (1t — x1) (0 — X2)

VL (0, 2) (0 — 12)2) + B, 3 1, %2) V(1 — x1)* + (0 = x2)*,

where B(u, v;x1,x2) € C(I?) and B(u,v;x1,x2) = 0as (u,v) — (x1,x2).

S
S

,

Applying positivity and linearity of Dy, ;, ., (y; x1,x2) on the above Taylor’s expansion, we have

1] o o

e (Vi X1, X2) = (X1, %) + V5 (X1, %2) Dy o510, (= X1); X1, X2) + 75, (¥1,X2) Dy o510, (0 = X2); X1, X2)

—(

1 2 2
+§(yx1x1 (.X'1, xZ)Dr,r,T,pl,pz((u - xl) 7 X1, x2) + V;c/zxz (X1, x2)Dr,r,T,p1,p2((U - x2) 7 X1, x2)

o |

1,1,7,01,02 ((M -X1 ); X1, xZ)Dr,r,T,pl,pz ((U - Xz),' X1, x2)

S
S

1

S

+2y% (%1, %2)D

X1X2
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o

+Dr,r,T,p],pz(ﬁ(u, v; X1, X2) \/(u —x1)*+ (v— x2)4;x1,xz)

=

From Lemma 1.2, we have

~ 1=
~i=

T(x1)(1 — 2x7)
P1

T(x2)(1 = 2x7)

lin; V(Dr,r,r,pl,pz(y; x1,x2) — y(x1, xz)) Ve (X1, x2) + Ve, (X1, X2) 3)

r—

1 1
+— (1 +2p1)x1(1 = x1) Yy, (X1, X2) + 57— (1 + 2p2)x2(1 = x2) 5, (X1, X2)
2p1 sz

~ 1=
<=

’

lim D7 (B, 071, 0) Vi = )T+ 0= ) ) @)

uniformly in (x1, x,) € I°. By using Cauchy-Schwarz inequality, we obtain

| 1

"Dyt prp (ﬁ(u, 031, 22) V(U = x1)* + (0 = x2)4; %1, xz) < ( e oup (B2 (1, 03 X1, X2); X1, xz))

o [

4, 2l 4. 1
,1,7,p1,02 ((u - xl) /xll-xZ) t+7r Dr,r ’T,pl,pz((v - Xz) 7 X1, xZ))z

~ 1=
~1=
~ 1=

1
2

S 1=
~ 1=
~ 1=

’

(**D
and B%(u,v; x1,x2) — 0, and (4, v) — (x1, x2), using Theorem 1.5,

]

. 2 . . —
Um Dy, oo, o, (82,0331, 32); 31, %2) = 0,

~i=
Sl

’

uniformly in (x1, x;) € I°. By using Lemma 1.3, we may write

& ]

4, —
1,7,T,01,02 V,V,’T,pl,pz((v - JC2) 7 X1, Xz)) - O(l)/

=
Sl
=
Sl

’ ’

(**D (u = x1)% %1, %) + 7D

uniformly in (x1,x2) € I, as r — oo. Hence,

11
r’r

lim rDy/m,pl/pz(ﬁ(u, v;x1, %) V(1 — x1)* + (0 — xz)4;x1,x2) =0,
r—00

uniformly in (x1,x;) € I2. Therefore, by (6) we obtain the desired result. [

3. Griiss Voronovskaja type theorem

~ =
S

The following theorem shows the non-multiplicative behaviour of operator D, . ;, -

Theorem 3.1. For y, C € C(I?), there holds the following equality

o] o] ]

. 1 ’ ’
Lim ADy 00,0, (VG %1, X2) = Dy oy 0 (0 %1, X2) Dy 51, (G X1, 22)) - = E(l +2p1)x1(1 = x1)y%, (1, %) (x1, X2)

=
Sl

1
+E(1 + p2)x2(1 = 22) %, (1, X2)C, (31, X2),

uniformly in (x1,x) € I,
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Proof.

~ =
S 1=

[ ] ]

}l_{glo T{DT’,T’,’T,PLPZ (‘VCI xl/ xz) - DT,T,T,p1 P2 ()// xl/ xZ)Dr,r,’[,pl,pz (C/ xl’ xz)}

|

1,1,7,01,02 (VC/ X1, xz) - )/(xll xZ)C(xlr x2) - (V(xlr xZ)C;l (xlr X2) + C(xll xZ)V;(l (xll xZ)) + C(xlr xz))/;l (xlr xZ))

’

~ =
<=

=r|D

o]

rronpe (U = X1); %1, 202) = (Y (1, 22) T3, (%1, X2) + C(x1, 22) 7%, (X1, %2)) Dy 6,y (0 — X2); X1, X2)

~ =
S
S
<=

’

S
<=

’

"’

1 144 /7 4
_E(y(xllXZ)Cxlxl (1, X2) + 2%, (21, %2)Cf, (%1, X2) + C(X1, %2) Vi, (X1, %2)) Dy o 51 o (1 = 31)%5 X1, %)

= (x1, 22)CY (1, X2) + 73, (x1, X2)C5, (31, X2) + 7%, (31, %2)C, (X1, X2)

S
i

’

+C(01, X2)V5s 2, (X1, X2))Dy 0 o0 0, (1 = X1)(0 = X2); X1, X2)

==
<=

’

7

1 14 7 7’
_E(Y(xll x2)szx2 (xlr x2) + 2)/)52 (xlr XZ)CXZ (xlr Xz) + C(xll xz)szxz (Xl, xZ))Dr,r,T,pl,pz((v - x2)2; X1, .X2)

<~
~ =
~ =
<=

’ ’

_C(xlr x2)(Dr,r,T,p1,p2 (7// X1, xZ) - y(xlr xZ) - V;q (X1, xz)Dr,r,T,pl,pz((u - X1),‘ X1, X2)

S
<=
S
<=

1 2
Vi (01, 22)Dy 1,0 (0 = 20); 20, %2) = 5Y 5, (V1 320D, (0 = 20)75 20, 32)

’

_y;c,lxz (xl/ xZ)Dr,r,T,pl,pz((u - xl)(v - X2); X1, x2)

o

1 ’’
_nyzxz (X1, XZ)DV,r,T,pl,pz((U - X2)2; X1, X2)) - )/(X1, XZ)(Dr,r,T,pl,pz(C; X1, Xz) - C(X1, xZ)

[ N

_C;q (X1, xz)Dr,r,T,pl,pz((u - xl); X1, x2) - C;cz (xl/ xZ)Dr,r,T,pl,pz((v - x2); X1, x2)

]

1 2
_Ec;llxl (x1/x2)Dr,r,’r,p1,p2 ((Ll - xl) 7 X1, Xz)

S
<=

’

=
S

~ 1=

~ =
S

11

~ 1=
S 1=

rr 1 2
_C;(,lxz (xl/ x2)Dr,r,T,p1,p2((u - xl)(v - x2); X1, xZ) - EC;{;XZ (xl/ x2)Dr,r,r,p1,p2((v - x2) 7 X1, xZ))

o o o

+C;(1 (xlr xZ)Dr,r,'[,m,pz((u - xl); X1, xZ)(y(xlr x2) - DT,T,T,f)q,pz (V/ X1, xZ)) + C;cz (xlr xZ)DT,T,T,p‘l,‘Dz((U - xZ)/' X1, xZ)

|
’ DT,T,p ((u - xl)z; X1, xZ)
(y(xlr x2) - Dr,r,'[,pl,pz (7// X1, x2)) + Cxlxl : 2

~ 1=
~i=
1=
BT

[SE—

()/(xlr x2) - Dr,r,'[,pl,pz (Vr X1, x2))
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S
<=

1
Dy, (0 = x2)% X1, X2)

+C;’2Xz (1, 22)— > (y(x1,x2) = Dr,r,T,pl,pz (y; x1,x2))
B i
+C;,1xz (xlr XZ)DV,T,pl ((1/[ - xl); X1, xZ)Dr,T,pz((v - xZ); X1, xZ)

1

N
Sie

r

(Y(¥1,X2) = Dy pn p (V3 X1, X2)) + V', (01, 62)C, (1, %2) Dy, (1 = x1)%5 21, %2) + 7, (31, %2) T, (31, %2)

o ] ]

ropr (U = x1); 1, X2) Dy, (0 = %2); 61, %2) + 3, (1, X2) 5, (01, X2) Dy oy, (0 = %2)% 01, %2) |,

from Theorem (2.1), for each y € C3(I?) it follows that

1

1=
1=
~i=

’

L 79 Doy, (75 X1, X2) = Y (%1, X2) = 72 (61, %2) Dy ., (4 = 21); 21, %2)

[

-
~ =
~ =

’

rr 1 2
+y;(2 (xlf xZ)Dr,r,T,pl,pz((v - Xz),' X1, x2) - E(‘y:clﬂ] (xll xZ)Dr,r,T,pl,pz ((u - xl) 7 X1, Xz)

B o o

2
+7/;c,2x2 (xll xZ)Dr,r,r,pl,pz((U - Xz) 7 X1, xZ) - 27/):1):2 (xll xZ)Dr,r,T,m,pz((u - xl); X1, XZ)Dr,r,r,p1,p2((v - X2),‘ X1, x2))

~ =
<=

’

= limriDy, 0 0, (ﬁ(u, 0;x1, %) V(1 — x1)* + (v — x2)4;x1,x2) =0,
r—oo

|

and from Theorem (1.5), Dy s (y;x1,x2) = Y(x1,x2), as ¥ — oo, uniformly in (x1,x) € I2, hence applying
Lemma 1.3, we get the required result. [

<=
==

4. Degree of approximation

Next, we shall prove a qualitative result by using the Lipschitz class. For 0 < a;,a> <1, Lip;fl’m) is the
the Lipschitz class for the bivariate case as follows:

ly(t1, t2) = p(x1, x2)| < Kty = x1]* |t — x2|*

where K is some positive constant.

Theorem 4.1. Let y € Lip%“"”). Then, for each (x1,x2) € I? we have

11
r’r

|D7’1,7’2,T,91,p2 (7// X1, x2) - )/(X1, .X'z)| < Kq)‘rxll,pl (xl )\I]fzz,Pz (xZ)

where @, , (x1) and V,, ,,(x2) are defined as in Lemma 1.4.
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11
ry’ry

r1,2,T,p1,P2

Proof. Using the operator D

11
r’ry

(.;x1,x2), we may write

I:L l:|
r’ry
D

|D71,72,T,p1,p2(y;x1/x2) - V(X1,x2)| < 71,72,7,p1,p2(|()/(t1/ tz) - 7/(x1/x2)|} x11x2)|)
[L 1
'
< KDy 0ol — 211 [tz = 22| 31, X2)

1 1
KDy, o, (It = 21| x1, 22) Dy, 2, (If2 = X2 1, X2)

2
and v, = —,up =

and using Lemma 1.4, we get
— X1 [2%) 2— [0%) & &

2
By the Holder’s inequality with v, = =
1

1 1
rn’rn

| a, L 5
Dy 01,00 (Vi X1, X2) = Y1, 22) - < K.(Dr,f,pl,ﬂﬁ —x1f%5x1,x2) 2 )((Dr,r,pl,(eOO;xlrx2)) 2
o Fell
’ 2. 2 ’ . 2
X Dr,'[,pl,(ltz - le ; X1, x2) Dr,P[,pl,(eOO/ X1, x2)
< (D(r)f;h (xl)\I/‘;fi,z (x2).

11
rp’r

In these theorem, we determine the convergence rate of D,, ,, ., ,(y) to y for y € CY(?).

Theorem 4.2. Let y € CY(I?) and (x1,x2) € I2. Then, we get

11
r 7 ry

Dy, 100,00 (V5 %1, X2) = Y1, )| < A5 llo@y @y o0 (¥1) + 1175, lo@y Wi, 0 (2)

where @y, 5, (x1) and V,, ,,(x2) are defined as in Lemma 1.4.

Proof. For any (x1,x2) € I?, we may write

f] t2
y(tl,tz)—y(xl,xz):f )/;,(w,tz)dw+f v, (t, h)dh (5)

X1 X

1 1

'
operating D, ,rmp],pz(. ; X1, X2) on both sides in equation (5), we get

11 11 11
[H’E] [H,E:I s [H’E] 1)
’ . 4 .
|Dr1,r2,-r,p1,pz(y, X1, x2) - )/(X1/ Xz)l < Di’hf’z,’flphpz(f yw(w, tz)dw, xl,xz) + D7’1,7’2,T,P1,,Dz( yh(tl,h)dh, xl,xz)
X2

X1

Hence using the inequalities
t t
| [ vi(w, t2)dw| < Ilyi, et —xiland | [ y4(0, Wdh| < 1l llegelt — xal, we have

11 11 11
r’ry r 7 ry r 7 ry

1
Dy, e om0 (Vs %1, X2) = Y (31, 22)| < My, IIC(IZ)Drl,rZ,T,pl,pZ(It1 —x1l; xl,) + IIy;zIlcaz>Drl,r2,T,pl,p2(Itz —X2f; Xz)-
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4] ;

[; 1 1 1
n’n , " ’ > 5
1D, 12 1,00 (V2 X1, 22) = Y (31, %2)] ||Vx1||C(12)(Dr1,f,p1(|t1 —x] ;X1,) (Drm,p1 (eoo;x1,xz))
Lot
: E 2 2(pl” 2
+||7/x2||c<12)(Dr2,T,p2(|f2 - X2 ;xl,xz)) (DyZ,T,pz(eoo;xl,xz))

Y ICAE) @y, (1) + 1Y, ICAE2) W, s (x2).

By Lemma 1.2 and Cauchy-Schwarz inequality, we have

IN

IN

Hence the proof is completed. O

Fory e C(I?) and any c1, ¢z > 0, for the bivariate case the complete modulus of continuity of y is defined
as

@(y;c1,c2) = suplly(ti, t2) — y(x1, x2)l = (1, 1), (x1,%2) € I and |t — x1] < c1, |t — x0| < Go ).

For y € C(I?) and any C > 0, the partial moduli of continuity of y with respect to x; and x; is given by

@' (y, Q) = sup{ly(x11,x2) — y(x12,%2)| : y € I and |x11 — x12| < C}

@*(y, 0) = sup{ly(x1,x21) = y(x1,%2)| : x € I and |xz1 — x| < T
Evidently, these moduli of continuity satisfy the properties of the usual modulus of continuity.
Theorem 4.3. For y € C(I?) and (x1,x2) € I2, we have the following inequality :

4
rp’rn
‘Dh,}’z,’[,pl,pz (V/ X1, xZ) - y(xlr x2)| < 4@(7/; ®71/P1 (X1 )r \IJVz,Pz (x2))

where @y, ,, (x1) and V,, ,,(x2) are defined as in Lemma 1.4.
Proof. By using the theorem (4.1) of [26] and Lemma 1.4, for any 01,6, > 0, we get

11
r’ry

1
D3 a0 07 X1,22) = (1, 32)| < @(p; 61, 02)(1 + 67 \/D;,T,pl((elo = x1)% %1, X2)
1
+6;" \/Dr';r,pz((em = X2)%; %1, X2)

1 1
4571651 \D1 (€10 = 111201, 12) 3| Dy (€00 — 122531, 2).

Taking the value of 61 = @, ,, (x1) and 6, = ¥}, 5,(x2), we get the desired result.

11
n’n
In the next theorem, we estimate the degree of approximation of y by D,, ,, . ,,(y) in terms of partial
moduli of continuity. O

Theorem 4.4. For y € C(I?) and (x1,x2) € I2, we have the following inequality
14
r’ry
|DV1,V2,T,p1,pz (7/; X1, x2) - V(xl, X2)| < 2((‘)(7/; q)fl,pl (X1)) + C‘)Z(V; \Ijrz,Pz (xZ)))

where @, ,, (x1) and V,, ,,(x2) are defined as in Lemma 1.4.
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Proof. Using Cauchy-Schwarz inequality, Lemma 1.4 and definition of the partial moduli of continuity, we
have

1 1 1 1
r’ n’

‘Drl 2,7,01,02 (7// X1, xZ) y(xl/x2)| Dr1 72, ’Zpl pz(b/(tlr tZ)l - V(xll x2)|r X1, x2)

IA

AL 11
r1 ’r

< Drl raepup [V (t1, X2) = y(x1, X2)|; %1, %2) + Dﬁ rapup (Y (1, 02) = y(x1, X2)|; 21, %2)
1] [L i]
Vl r "z

< Drl 2, TPl Pzw (% |tl - xll) X1, xZ) + Dyl 2,T,01, pz(wz()// |t2 - x2|) X1, x2)

IA

1 1
~1 . r .
@ (V; Dr, (xl)[l + mDﬁl,T,pl(ltl - xllrx11x2)]
1 1
72 Pz( ) 72 e

1 1 )
m(Dr:,Lpl ((610 - .X']) ,xl,xz))

: ]

—(D? eo1 — X2)%; X1, X
(Drz,Pz(xz)( rz,T,pZ(( o 2 2))

+ (s ‘Ifrz,m(xz)[l ¥ (It — x2|;x1,xz)]

IA
ol

@ (7 By, <x1>[1 ¥

[T

]

+ () W, (xz)[l +

from which the desired result is directly proof. [

i+j

Let y"/(x1,x) = ( . )y(xl,xz) i,j € Npsuchthat0 <i+j<2 and C?(I?) be endowed with the norm

I’ ox)
Yl = Il + gy + 1712y,

where

IVl = sup {22l 0 G, )l O, x)l)

(x1,x2)€l?

and
II)/IIé(p) = sup{[y(x, x2)l, "0 (x1, 22)1, [y OV (xr, x2)l, [y 0 er, x0)l, [T (2, 22), 102 (e, 1))

11
n’rn
Now, we proceed to determine the approximation order of the sequence D,, ,, ., ,();.) to the function

y € C(I?) in terms of the Peetre’s K-function given by

K(y; 6) = ly = tlleqe) + llglle, & > 0)

CZ(IZ {
It is known [27] that the inequality
K(y;0) < Mi{@(y; Vo) +min {1, 6}yl

holds for each 6 > 0, where the constant M is independent of y, 6 and @ (y; \/5) is defined as second order
modulus of continuity for the bivariate extension.

Theorem 4.5. For any (x1,y) € 12, we have

14 S
|D71 "2,T,01,02 (7, x1,%2) = y (21, X2)| M {@2(7/; Enratprp: (x1, Xz))
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Err T, (x1, x2)
. {], 1,12,T,01,02 }
Ylleqzy

4
+a‘)(7/; T(x1)(1 — 2x7)

(rip1 + 2t(x1) |

T(x2)(1 — 2x2)
(rop2 + 27(x2))

)

where

T(x1)(1 — 2x7)
(rip1 + 27(x1))

T(x2)(1 — 2x7)
(r2p2 + 27(x2))

l

é"l/VZ/T/Pl/PZ (xlr X2) = {(Dm,pl (xl )\I”rz,pz (x2) +

@, p, (x1) and V,, , (x2) are defined in Lemma 1.4.
Proof. The following auxiliary operator are defined as follows:

e
ry rn’n
D D

' r1x1p1 + 27(x1)x1 + (1 — 2x1)7(x1)
11,2,7,01,02 (vix,x2) = 11,12,,01,02 (v x1,x2) =y

rp1+ 2T(X1)

) +y(x1, x2).

raXap2 + 27(x2)x2 + (1 — 2x9)7(x2)
r2p2 +27(x2)

4

Then, by Lemma 1.1,

J1a
71 /i'z
Dy 1, o100 (€005 X1, X2) = 1

Jox Jia
[ﬂ’*z] ['1”2]
Dy 1y prp(€10 X1, X2) = x1 and D,y o5, o, (€015 %1, X2) = X

11 11
*[H'E] *[’1/'2]

Hence Drl,rz,T,Pth((tl - Xl); xl,xz) = O, D71/72/T,P1/P2((t2 - XZ),' xl,xz) =0

Let A € C3(I?) and (t1,t,) € I? be arbitrary. Then, by Taylor’s formula

Aty 1) = A(x1, x0) = At x) + A(xy, x2) + At ) — T(H, x2)
2
_ 8/\(X1,JC2) f () - a A(u x2) n 8/\(x1,xz) x2)+f (tr —
f f“ 32/\(t1,tz)

Applying the operator Drl,,zﬂ,pl,pz (e00; x1, x2) on both sides to the equation (8), from (6) we obtain

[
D, (A; x1,x2) — Alx, x2)

11"sz1 P2

' 8 /\(u, 2)
r1 rszl P2 f (tl dulxllxz)

le] (e
7’1,1’2,T,2p1,p2(f (tZ_ )Mdv,‘xl,xZ)

X1

+D

7053

(6)

9"A(x1,0)

Q.)/-\
I\J)—l

(8)
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n 8 Ay, x
+D”1 2, T,Ol P2 f f (t ( 2)deU,‘ xl,xZ)

*A(u, x
= Yli’zTPlPZ f (tl_ ) (u 2) u,x 11x2)

r1x1p1 + 27(x1)x1 + (1 2x1)T(x1)
_f rip1 + 27(x1) (r1x1p1 +27(c)xy + (1 - 2x1)t(x1) )82)\(u, X2)
X rp1+ 2T(X1) ou?

du

+D[V11"12] (ftZ(t _ L A,0) A(xl’ % i, xl,xz)

r1,2,T,P1,P2

ToX2P2 + 2’[(3(2))(2 + (1 ZXZ)T(Xz)
B f r2p2 + 27(x2) (szzpz +27(x2)xp + (1 - 2x)7(x2) Z))527‘(961,0)

1202 + 27(xp) 002
’ P2 A(u, x
71 rsz1 P2 f f ( 2)d do xllxz)
r1xX1p1 + 27.'(.761)361 + (1 2x1)"c(x1) TaX2P2 + ZT(XQ)XQ + (1 - 2X2)T(X2)

_ f rp:1 + ZT(X]) f 202 + 2’[(3(2) 82A(t1/ tz)dudv
x1 XZ Judv '

du

Hence Cauchy-Schwarz theorem and by Lemma 1.2 and, we have

*[l /|

1,2, TP] P2

|D (A; x1, x2) = A(x1, x2)l

f I(t1 — dul;xl,xz)

rix1p1 + 2t(x)x; + (1 - 2x1)T(x1)

f r1p1 + 27(x1) ‘

2
< D (9 )\(u X2)

?
- , rZTPI P2

+

(7’1X1P1 + 27(x1)x1 + (1 — 2x1)7(x1) ) PAu, x7) ‘
—u)|———==\du
rip1 + 27(x1) ou?
[L’L] & ?A(x1,v)
Vl YZ ,
+Dr1,r2,-:,p1,pz( f (tz - U) —8'021 do ;xl,xz)
X2

ToX2P2 + 2T(X2)X2 + (1 - ZXZ)T(Xz)

+ f r2p2 + 27(x2) (szzpz +27(x2)x2 + (1 — 2x2)7(x2)
- r2p2 + 27(x2)
PA(x , r H1 92 u,x
) % D; TPl P2 f f ( 2) dudvl; x1, xz)

rix1p1 + 2’[(361).761 + (1 2x1 T(xl) TaX2P2 + ZT(XQ)XQ + (1 - 2X2)T(X2)

f rp1+ 2T(JC1) f r2p2 + ZT(XZ) %kjudﬂ
5 ” 1dv

+
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[17 rix1p1 + 27(x1)x1 + (1 — 2x1)T(x1) )2}
< 2. _
= {xth,T,P] ((tl xl) rxler) + ( rip1 + 21(x1) X1

1

n
ey + {xsDryepe(t2 = 22531, 02 +

[+ g

2
+{X1Drl,7,p1(|tl - xll; xler)xZDrz,T,pz(ltz - X2|; xl/x2)

ToX2P2 + ZT(JCQ)XQ + (1 - ZXQ)T(JCQ) )2}”/\”
— X 2(]2
1202 + 27(x7) 2 <

L e +27(x)x1 + (1 = 2x1)7(x1)
r1p1 +2T(X1)

r2Xap2 + 27(x2)x2 + (1 — 2x2)7(x2)
202 + 2T(X2)

ITllc2 2
Erv i (X1, XA 2 2).-

Also, from (7) and Lemma 1.1,
W1 11
['1”‘2] [H’Vz]
IDr1 a0 ViX1, X2l <UDy 1,y 0100 (V5 X1, X2)

+‘ (71X1p1 + 2’[(3(1)3(1 + (1 - 2x1)1(x1) ToX2P2 + 2’[(3(2)3(2 + (1 - ZXZ)T(Xz))‘
y rp1 + 2T(X1) ! r202 + 2T(X2)

+y(x1, x2)l
< 3yl
Therefore, for y € C(I?) and A € C%(I?), using eqn (7), we get

11
n’n

|D (A; x1,x2) = Alxy, x2)|

1,72,T,01,02
1 1
*[H'E r1x1p1 + 27(x1)x1 + (1 = 2x1)7(x1)
S D A/ ’ - A 7 ( 4
| 71,72,T,P1/P2( X1, %2) — Alx, x2)| + ‘7/ r1p1 + 27(x1)
r2x202 + 27(x2)x2 + (1 — 2x2)7(x2)
= y(x1,x2)|
1202 + 27(x7)
*I:L L:| *[i L]
r’r rp’r
< |D1’1,7’2,T,P1,P2 ()/ - /\/ X1, x2)| + |Dr1,r2,7,p1,p2 (A/ xlrx2) - A(xl/ x2)|
rix1p1 + 27(x1)x1 + (1 - 2x1)’c(x1)
A —
+A(x1, x2) V(xl, x2)| + ’)/( rp1 + 27(x1) ’
roXoP2 + 2’[(9(2)3(2 + (1 - ZXZ)T(JQ)
= y(x1,x2)
r2p2 + 2T(X2)
1—2x1)t(x 1—2x)t(x
< dlly = Al + En gl + afy; | S22 [0 el )

rip1 + 2T(X1) r2p2 + 2T(x2)

On the right-hand side we take infimum for each A € C3(I?) and by equation (7), we have

1 1
[H’E Er o _ (1 =2x1)t(x1) (1—2x2)7(x2)
D Asx1,x2) — A, s4(;— (; , )
| r1,rz,T,pl,P2( X1 x2) (xl x2)| Ky 4 taly r1p1 +2T(X1) 72p2+2T(JC2)
Vernmpm, <
< M{@a(ys SEZE) i1, LIy |
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_( (1 =2xp)7(xg) (1 2x2)T(x2))
" rp1 +2t(x1) " rap2 +27(x2) /'

This completes the proof. [

Acknowledgments. The Deanship of Scientific Research (DSR) at King Abdulaziz University, Jeddah,
Saudi Arabia, has funded this project, under grant no. (RG-101-130-42).

References

[1] T. Acar, A. Aral and 1. Rasa, The new forms of Voronovskaya’s theorem in weighted spaces, Positivity 20 (1) (2016) 25-40.

[2] T. Acar, A. Kajla, Degree of approximation for bivariate generalized Bernstein type operators, Results Math. 73 (2) (2018) 73-79.

[3] T. Acar and A. Kajla, Degree of approximation for bivariate generalized Bernstein type operators, Results Math. 73:79 (2018).

[4] A.M. Acu and I. Rasa, New estimates for the differences of positive linear operators, Numer. Algorithms, 73 (2016) 775-789.

[5] A. M. Acu, L. Rasa and H. M. Srivastava, Some functionals and approximation operators associated with a family of discrete
probability distributions, Mathematics 11(4) (2023), Article 805.

[6] P. N. Agrawal, N. Ispir and A .Kajla, Approximation properties of Bézier-summation-integral type operators based on Pélya-
Bernstein functions, Appl. Math. Comput. 259(2015), 533-539.

[7] A. Aral, V. Gupta and R. P. Agarwal, Applications of q-Calculus in Operator Theory, Springer, 2013.

[8] D.Bdrbosuand C. V. Muraru, Approximating B-continuous functions using GBS operators of Bernstein-Schurer-Stancu type based
on g-integers, Appl. Math. Comput. (2015), 259, 80-87.

[9] B. Baxhaku, P. N. Agrawal and R. Shukla, Bivariate positive linear operators constructed by means of g-Lagrange polynomials, J.
Math. Anal. Appl. 491 (2020), https://doi.org/10.1016/jjmaa2020.124337.

[10] P.L.Butzer and H. Berens, Semi-Groups of Operators and Approximation, Berlin, Heidelerg: Springer.

[11] K. Bogel. Uber die mehrdimensionale differentiation, Jahresber. Deutsch. Math.-Verein. 65 (1962) 45-71.

[12] I Gavrea and M. Ivan, An answer to a conjecture on Bernstein operators. J. Math. Anal. Appl. 390 (2012) 86-92.

[13] H. Gonska, On the degree of approximation in Voronovskaja’s theorem. Stud. Univ. Babes-Bolyai Math. 52 (2007) 103-115.

[14] V. Gupta, T. M. Rassias, P. N. Agrawal, A.M. Acu, Recent Advances in Constructive Approximation Theorey, Springer Optim.
Appl., 138, New York (2018).

[15] V. Gupta and T. M. Rassias, Lupas-Durrmeyer operators based on Pélya distribution, Banach J. Math. Anal. 8(2)(2014) 145-155.

[16] V. Gupta, G. Tachev, and A. M. Acu, Modified Kantorovich operators with better approximation properties. Numer. Algorithms
81 (1) (2019), 125-149.

[17] A.Kajla, Generalized Bernstein-Kantorovich type operators on a triangle, Math. Methods Appl. Sci., 42 (2019), 4365-4377.

[18] A.Kajla and T. Acar, Blending type approximation by generalized Bernstein Durrmeyer type operators, Miskolc Math. Notes 19
(1) (2018) 319-336.

[19] A.Kajla, S. A. Mohiuddine and A. Alotaibi, Blending-type approximation by Lupas Durrmeyer-type operators involving Polya
distribution, Math. Methods Appl. Sci. 44 (11) (2021) 9407-9418.

[20] L. Lupas and A. Lupas, Polynomials of binomial type and approximation operators, Studia Univ. Babes-Bolyai, Mathematica 32(4)
(1987), 61-69

[21] S. A. Mohiuddine T. Acar and A. Alotaibi, Construction of a new family of Bernstein-Kantorovich operators, Math. Methods
Appl. Sci. 40 (2017) 7749-7759.

[22] M. Nasiruzzaman, H. M. Srivastava and S. A. Mohiuddine, Approximation process based on parametric generalization of
Schurer-Kantorovich operators and their bivariate form, Proc. Natl. Acad. Sci., India, Sect. A Phys. Sci. 93 (2023), 31-41.

[23] S. H. Ong, C. M. Ng, H. K. Yap and H. M. Srivastava, Some probabilistic generalizations of the Cheney-Sharma and Bernstein
approximation operators, Axioms 11(10) (2022), Article 537.

[24] F. Ozger, H. M. Srivastava and S. A. Mohiuddine, Approximation of functions by a new class of generalized Bernstein-Schurer
operators, Rev. R. Acad. Cienc. Exactas Fis. Nat. Ser. A Math. RACSAM (2020) 114:173.

[25] R.Piltinea, Approximation Theory Using Positive Linear Operators, Birkhduser, Boston, 2004.

[26] O.T.Pop and M. D. Farkas, About the bivariate operators of Kantorovich type. Acta Math. Univ. Comenianae. 78 (1) (2009) 43-52.

[27] O.T.Pop and D. Birbosu, GBS operators of Durrmeyer- Stancu type, Miskolc Math. Notes, 9(1) (2008), 53-60.

[28] S. Rahman, M. Mursaleen and A. M. Acu, Approximation properties of A-Bernstein-Kantorovich operators with shifted knots,
Math. Method. Appl. Sci., 42(11) (2019), 4042-4053.

[29] H. M. Srivastava, G. Icoz, and B. Cekim, Approximation properties of an extended family of the Szdsz-Mirakjan Beta-type
operators, Axioms 8 (2019) Article ID 111, 1-13.

[30] F. Tasdelen, A. Olgun and G. B. Tunca, Approximation of functions of two variables by certain linear positive operators, Proc.
Indian Acad. Sci. (Math. Sci.), 117(3) (2007), 387-399.

[31] V. L Volkov, On the convergence of sequences of linear positive operators in the space of continuous functions of two variables.
Dokl. Akad. Nauk, SSR (N.S). 115 (1957) 17-19.



