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[P-moment mixed quermassintegrals

Leiqin Yin?, Yanli Guan?®, Wenxue Xu®*

#School of Mathematics and Statistics, Southwest University, Chongqing 400715, P.R. China

Abstract. [P-moment mixed quermassintegrals of convex bodies in R" are introduced. The Brunn-
Minkowski type inequality and Aleksandrov-Fenchel type inequality are established for L’-moment mixed
quermassintegrals that imply affine mixed quermassintegrals inequality, Lutwak’s mixed polar projection
inequality, and isoperimetric inequality for L-moment mixed quermassintegrals. Inequalities of L’-moment
mixed quermassintegrals of polar bodies are proved.

1. Introduction

The combination of Minkowski addition and volume leads to the rich and powerful classical Brunn-
Minkowski theory for compact convex sets, which constitutes the core of modern convex geometry. As the
first milestone of the Brunn-Minkowski theory, the Brunn-Minkowski inequality plays a fundamental role
in attacking problems in analysis, geometry, information theory, and many other fields, which states that if
K, L are convex bodies (compact convex subsets with nonempty interiors) in Euclidean n-space R", then

V(K + L)Y > V(K)Y" + v(L)V".

Here V and + denote volume and Minkowski sum. Equality holds if and only if K and L are homothetic. It is
a far-reaching generalization of the isoperimetric inequality. The classic treatise of Schneider [25] provides
a detailed survey of the Brunn-Minkowski theory and a host of references. For later developments, we refer
to[2,4, 6,15, 26].

The classical Brunn-Minkowski theory is also known as the theory of mixed volumes. The notion
of mixed volumes, which forms a central part of the Brunn-Minkowski theory of convex bodies, was
created by Minkowski [23, 24] and subsequently attracted the attentions of many scholars, see e.g., [3, 8,
12, 18-20]. Around 1935, Aleksandrov [1] and Fenchel [7] discovered the relation between mixed volumes
independently, which is called by Aleksandrov-Fenchel inequality, that is, if Kj, .. ., K,, are compact convex
subsets in R”, for 1 < m < n, then

m
VK, ..., K)" > H VK, ..., K K1, ..., Kp). 1)

m
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Here V(Kj, ..., K;) is the mixed volume of Kj, . . ., K,,. The complete equality conditions for the Aleksandrov-
Fenchel inequality are not known. The following special case is useful: If K41, ..., K, are smooth convex
bodies, and the dimensions of Kj, ..., K;, are more than or equal to m, then the equality in (1) holds if and
only if Ky, ..., K,, are homothetic. It is not difficult to find that the Aleksandrov-Fenchel inequality implies
Minkowski’s first inequality [25].

One of the most fundamental concepts in convex geometry is quermassintegrals of a compact convex
subsets in R"”, which have an intimate connection with the mixed volumes. It can be shown that if K is a
convex body in R", for 1 <i < n — 1, then the (n — i)-th quermassintegral W,_;(K) of K is defined by

w
W,_i(K) = En

1

f ViKIE(E), @)

Gui

where define W,,(K) = w,, Wy(K) = V(K) and wy, is volume of unit ball in R”. Let G,,; denote the Grassmann
manifold of all i-dimensional linear subspaces in R". For & € G, ;, Vi(K|£) denotes the i-dimensional volume
of the orthogonal projection of K onto &, and the integral with respect to Haar probability measure ; over
G,,i. For more information, we refer to [9, 16, 25, 27, 28].

However, quermassintegrals of a convex body K are not invariant under volume-preserving affine
transformations, so itis tempting to find an analogous notion which is invariant under such transformations.
By replacing the L!-norm in (2) by the L™"-norm, Lutwak [16] proposed to define affine quermassintegrals for
a convex body K by taking ©y(K) = V(K), ®,(K) = wy,and for1 <i<n -1,

—1/n
@, (K) = = (f Vi(Klé)_”dui(E)) : 3)
@i \Ja,,

It was showed by Grinberg [11] that these geometric quantities are invariant under volume-preserving
affine transformations. Consequently, the affine quermassintegrals have become a central pillar of affine
convex geometry.

In order to obtain the sharp lower bound of @;(K), Lutwak [21] put forward the following insightful
conjecture as

Oi(K) > Di(Bx), i=1,...,n—-1, 4)

where By denotes the Euclidean ball having the same volume as K, and equality holds if and only if K is
an ellipsoid. Zou and Xiong [29] posed another lower bound for ®;(K) by the (n — i)-th projection mean
ellipsoid.

By Jensen’s inequality, the affine inequality (4) is stronger than the classical isoperimetric inequality.
Two nontrivial cases of i = 1 and i = n — 1 in (4) are true, they follow, respectively, from the Petty projection
inequality and the Blaschke-Santal6 inequality. For i = 2,...,n — 2, the Lutwak’s conjecture (4) is recently
confirmed by Milman and Yehudayoff [22]. In [22], they extended affine quermassintegrals to more general
LP-moment quermassintegrals and obtained the isoperimetric inequalities for them. For 1 < i < n and
p € R\ {0}, the (n — i)-th L”-moment quermassintegrals of a convex body K are defined by

1/p
Qg = 22 ( fc vmapduf(a) .

The case p = 0 is interpreted in the limiting sense as

Queinlk) = L exp ( f log vi<1<|s)dui<é>).

ni

Notice that p = —n is the unique value of p € R for which Q; ,(K) is invariant under volume-preserving affine
transformations [11]. Some special cases such as Q;_,(K) = ®;(K), Q;1(K) = Wi(K), and Q; 1(K) = Wi(K) (
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the harmonic quermassintegral introduced by Hadwiger [13]) show that L”-moment quermassintegrals are
the generalization of classical quermassintegrals.

Based on the importance of mixed volume in the Brunn-Minkowski theory and motivated by the excel-
lent paper [22], we're going to consider the mixed form of LP-moment quermassintegrals, namely L?-moment
mixed quermassintegrals. Let Ky, ..., K; are convex bodies in R” and £ € G,,;. We use V¢(K1|&, K2lé, ..., Kil€) to
denote the mixed volume of K;|&, Ky[¢, . . ., Kj|€ in the subspace &. Suppose 0 < i < n and p € R\{0}, then the
(n —i)-th LP-moment mixed quermassintegrals Q,—;,(K1, Kz, ..., K;) for convex bodies Ky, .. ., K; are defined,
by letting QO,p(Klr .., Ky)=V(Ky,...,Ky), Qn,p(Kll ..., K)=w,and, for1 <i<n-1,

Quipth ok = 2 [ Vitkle, .,Ki|5>Pc1u,-<é>)1/p . ®
The case of p = 0 is interpreted in the limiting sense as

QuiolKir s K = 22 exp [ Tog Vel . KiENu©) ©
In some special cases, we can get Q,,_l-,,,(K, ..., K)= Qn_i,p(K) when Ky =+ =K; = Kand Qy—i—x(K,...,K) =

®,,_i(K). In Section 3, some fundamental properties for L’-moment mixed quermassintegrals are introduced.
In Section 4, we prove that the functional Q}q/_l ip from K" to [0, o) is concave, this is an analogous Brunn-

Minkowski inequality. The Aleksandrov-Fenchel type inequality for L”-moment mixed quermassintegrals
is established as following.

Theorem 1.1. Suppose Ky, ..., K,, are convex bodies in R", Ky11,...,K; are smooth convex bodies in R" and
1<m<i forp <0, then

[ —
m

m
Qn—i,mp(Klr cecy Ki)m Z H Qn—i,mp(K'/ cecy K]/ Km+1/ cecy Ki)/
j=1

with equality if and only if Ky, . . ., K, are homothetic.

Theorem 1.1 implies affine mixed quermassintegrals inequality (Corollary 4.7) and Lutwak’s mixed
polar projection inequality (Corollary 4.8). For convex bodies Kj, ..., K; in R" and p > —n, Theorem 1.1
together with (4) yields the isoperimetric inequality for L’-moment mixed quermassintegrals

Qn—i,p(Kll crey Ki) Z QI1—i,p(BK1/ crc BK[)/ (7)

with equality if and only if K, ..., K; are balls.
In Section 5, we consider inequalities of LP-moment mixed quermassintegrals of polar bodies and
establish the following inequality.

Theorem 1.2. Suppose that Ky is a smooth convex body containing the origin in its interior in R", Ky, ..., K; are
convex bodies in R". For 0 <i <nandp > 0, then

Qn—i,p(Kll KZ/ ey Ki)Qn—i,p(Kil KZ/ ey Kl) 2 Qn—i,p(B/ KZ/ L /Ki)2/

with equality if and only if Ky is a ball.

2. Preliminaries

As usual, S""! denotes the unit sphere, B the unit ball and o the origin in n-dimensional Euclidean space
R™. A convex body is a compact convex subset of R” with non-empty interior. The set of convex bodies in
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R" is denoted by K" and the set of convex bodies in IR" that contain the origin in their interiors is denoted
by K}'. And K} denotes the set of centrally symmetric convex bodies in K". For real number ¢ > 0 and
K e K", we have V(cK) = ¢"V(K). For K, L € K" are said to be homothetic if there exists a real number ¢ > 0
and a vector x € R" such that K = cL + x. For K is a subset of IR", its polar set K* is defined by

K={xeR':x-y<1 forally €K},

where x - y is the standard inner product of x and y in IR”. In particular, if K € K, we have K™ = K.
Let K € K", then its support function h(K, -) is defined by

h(K,u) = max{u-x:x e KueS 1.
The projection body of a convex body K is the centered convex body I1K, which is defined by
h(TIK, u) = Vo1 (Klut),

for each u € "1, where K|u* is the orthogonal projection of K on u*.
If Ky,...,Ky-1 € K", Lutwak [17] introduced the mixed projection body of Kj,...,K,-1 denoted by
II(Kjy, ..., Ky-1), and defined by

h(H(Kl, e /anl)/ M) = anl(th/lJ_/ e ,Kn,1|ul), (8)

where V,,_1(Ki|u*, ..., Ky—1lut) is the mixed volume of the compact convex sets Kij|u*, ..., K,_1|ut in the
(n — 1)-dimensional space u*. We use IT* (K3, . .., K,—1) to denote the polar body of ITI(Kj, ..., K,-1).

Suppose Kj, ..., K, € K", the mixed volume of Kj, ..., K, is denoted by V(Kj,...,K,). In general, for
71 + - -+ + 1, = n, we introduce the abbreviation

V(Kl,. . .,Kl,. . .,Kk,. . .,Kk) = V(Kl,l’l,’. . .,'Kk,l”k).
—— S——————
n Tk
Similarly, for & € G, Ve(KilE, ..., Kil€) denotes the i-dimensional mixed volume of body Kj|¢, ..., KilE
in subspace &.
Let M € K and ¢ > 0. A body K € K" is said to have constant relative i-brightness with respect to M [5],
forO<i<n-1,if

Vi(K|E) = cVi(MIE), forall & € G,
In general, Kj,...,K; € K" are said to have constant relative mixed i-brightness with repsect to M [5], for
0<i<n-1,if
Ve(KilE, ..., Kil&) = cVi(MIE), forall & € Gy,
IfKy,...,Ki € K" and 0 < i < n — 1, the affine mixed quermassintegral of Ky, . .., K; is defined by

-1/n
W _
D,_i(Ky, ..., Ki) = ;n(f Ve(KilE, ..., Kil&) " dui(&)
1 Gn,i
and letting by ®y(Kjy, ..., K,) = V(Kj,...,Ky). It is clear to notice that Q,—; (K, ..., K;) is equivalent to
(Dn—i(Klr cee rKi)'
The following Lemma, will be needed several times, shows that i-dimensional mixed volumes of
orthogonal projections to £ can be expressed by mixed volumes in R” [25].

Lemma 2.1. Suppose Ky,...,K;i € K" and & € G,,;, for 0 <i < n, then
VE(K1|51 .o /Kl|£) = Cn,iV(Kli o /Ki;B N él/ n-— Z)/ (9)
_ O

where ¢, ; = ot
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The following inequality for mixed volumes of polar bodies which proved by Ghandehari [10] will be
applied to set up inequality for L’-moment mixed quermassintegrals of polar bodies.

Lemma 2.2. Suppose K1 € K and K is smooth, Ky, ..., K, € K", then
V(Ky, Ky, ..., Ky)V(K], Ky, ..., Ky) > V(B,Ky, ... K, (10)

with equality if and only if Ky is a ball.

3. L[7-moment mixed quermassintegrals

In this section, some fundamental properties for L’-moment mixed quermassintegrals are introduced.
By the translation invariance and positive homogeneity of mixed volume V(Kj|E, ..., KilE), then such
properties of LP-moment mixed quermassintegrals can be obtained immediately.

Proposition 3.1. Suppose Ky, ..., K; € K" and p € IR, then

Qu-ip(Ky +x1,..., Ki + %) = Qu_ip(Ky, ..., Ki),
forxy,...,xi € R", and

Qn-ip(MKy, ..., AiK;) = Ar - AiQu—ip(Ky, . .., Ki), (11)
forpeRand Ay,...,A; > 0.

Since the classical mixed volume in IR” is multilinear, it is obvious to notice that the L-moment mixed
quermassintegrals are multilinear when p = 1. The following proposition will state L’-moment mixed
quermassintegrals are not multilinear when p # 1.

Proposition 3.2. Suppose Ko, Ky, ..., Ki€ K" and a,b > 0 for p > 1, then
Qn—i,p(aKO + bKlr KZ/ ey Kl) < aQn—i,p(KOr KZ/ ey Kl) + an—i,p(Klr KZ/ ey Kl) (12)
If0 # p < 1, then (12) holds with the inequality sign reversed. Equality in (12) holds if Ko and Ky are homothetic.

Proof. Combining the fact that the classical mixed volume in R" is multilinear and Lemma 2.1, for all
& € Gy, then

Ve(aKo + bK1lE, Kolé, . . ., Kil€)

= Cn,z‘V(aKo + bKy,Ks,...,K;; BN EJ',TI —1)

= Cpi (aV(Ko,Kz,. ..,Ki;Bn ch',i’l - Z) + bV(Kl,Kz,. .., K; BN ch',i’l — Z))

= an(K0|£, K2|£I e rKllé) + bvg(Kﬂé/ K2|é/ ey Kl|é) (13)
Applying Minkowski’s inequality for p > 1 and (13), we have

Qn—i,p(aKO + bKl/ KZ/ ceey Kl)

1/p
== ( f (@Vi(Kol&, KalE, .., KilE) + bVe(KlE, Kalé, .. .,Ki|cs>)ﬂdyi<e>)
1 Grl,i

. w v
3—7(f ‘ZPVE(KOEI---/Ki|5)pd#i(é)) +;’f( f pré(Kﬂé/---/Kz’|‘§)pd‘”i(é))
Gyi Gni

Wi i
= aQn—i,p(KOr KZ/ ey Kl) + an—i,p(Klr KZ/ ey Kl)

The inequality is reversed if p < 1 and p # 0. If Ky and K; are homothetic, then V(KolE, ..., Kil€) and
Ve(Kilé, ..., Kil€) are proportional, that is, equality in (12) holds. O
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Proposition 3.3. Suppose K, L, Kj, ..., Ki—p are compact convex subsets in IR" such that K U L is compact convex in
R", for 2 <i < n, then

Qn—i,p(K/ L,Ky,...,Kip) = Qn—i,p(K UL KNL,Ky,...,Ki»). (14)

Proof. By the theorem proved by Groemer [12]: If K, L, Kj, ..., Ki_ are compact convex subsets in IR” such
that KU L is compact convex in IR”, then

V(K, L,Ky,... ,Kz',z) = V(K UL KNL,K;,... ,K,',Q). (15)
Applying Lemma 2.1 and integrating over G,,; give that
Qn—i,p (K/ LrKll ey Ki—Z)

1/p
- (:)_ ( f Ve(KIE, LIE KAé, ... ,Kz--zlcffdui(é))
1 Gni
. 1/p
== ( f ¢ VKLK, ..., KiyBNE n— i)pduf(é))
1 Gn,i !
. 1/p
== (f ¢ V(KUL KNLKy, ..., Kig;BNEY, n— i)”dui(é))
1 Gn,i g
. 1/p
== ( f Ve(KUL)E (KN LE KE, .. .,Ki_zlé)”duf(é))
1 Gni

= Qu-ip(KUL KNL,Ky,...,Kis).
O
Proposition 3.4. Suppose Ky, ..., K; € K" and p,q € R satisfied p < g, then
Qu-ip(K1, ..., Ki) £ Qu-ig(Ky, ..., Ki), (16)
with equality if and only if Ky, . . ., K; have constant relative mixed i-brightness with respect to B.

Proof. It can be deduced follows Jensen’s inequality, and equality holds if and only if V:(Kjlé, ..., KilE)
is a constant for all £ € G, that is, equality holds if and only if Kj, ..., K; have constant relative mixed
i-brightness with respect to B. [J

LP-moment mixed quermassintegrals have the following monotone property.
Proposition 3.5. Suppose K, L, Ky, ..., Kie K" and K C L, for p € R, then
Qu-ip(K,Ka, ..., Ki) < Queip(L, Ky, ..., K)). (17)
Proof. From Lemma 2.1, for all £ € G,,;, we have

Ve(KIE KolE, ... KilE) = ¢ iV(K Ky, ..., K;; BN &Y n )
< cniV(L Ko, ..., K;BOES n—i)
= VE(L|'£/ K2|é/ ey Kl|5)

Then, for p € R, we get
1/p 1/p
( [ vtz ... ,1<1-|<5)Pdui<é>) < ( [ vk, Kiyaw©)
Gn,i Gn,i

that is the desired (17).
It is easily to verify (17) is true forp = 0. O
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4. I”-moment mixed quermassintegrals inequalities

The following theorem shows that the functional Ql/ g ) from K™ to [0, ) is concave.

n-i
Theorem 4.1. Given p € R satisfied ip < 1, suppose K, ..., Ky, € K", then

Qn—i,p(Kl +oee Tt Km)l/i 2 Qn—i,p(Kl)l/i +ooet Qn—i,p(Km)l/i/ (18)

with equality if and only if Ky, . . ., K, are homothetic.

Proof. By applying the Brunn-Minkowskiinequality in subspace & € G,,; and combining the fact (Z}":l K& =
Y.L (KjlE), we have

Vil(Ky + -+ + KOV > V(K EY + - -+ + ViKY, (19)

with equality if and only if K&, ..., Ky,|E are homothetic for all £ € G,;, and therefore Kj, ..., K,, are
homothetic follows [9, Theorem 3.1.3].

Combining (19) with the reverse Minkowski’s inequality for ip < 1 and p # 0, then

Queip (YK =
j=1

When ip = 1, the equality condition follows (19) immediately. When ip < 1, assume the equality holds
in (18), then we have equality in both inequalities above. Equality in the third line implies by (19) that
Ki, ..., Ky are homothetic. Equality in the fourth line implies V;(Ki|¢) and Vi(K||&) are proportional for
1 < k,j < m. Therefore, they are also homothetic. On the other hand, if K, ..., K,, are homothetic, it is
obvious that the equality holds in (18).

When p = 0, we will prove (18). For this aim, [14, Theorem 184] will turn out to be the key to finish that,
which says that: For Ky, ..., K,, € K", it follows that

exp ( fG log (Vi(Ki[&)" 4+ VilKale) ') dui(é))

> exp (f log Vi(Kllé)l/idui(é))+---+e><p (f log Vi(Kul&)'dpi(&) |,
Gy "

i
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with equality if and only if V;(Ky|¢) and Vi(K;|¢) are proportional for 1 < k, j < m. By (5) and (19), we have

Quoio(Ky + -+ + K)/!

i 1i
= (;") (exp (f log Vi((Ky + -+ + Km)|5)d:uz(5)))
i ' ~
= (&) exp (f log Vi(Kyl€ + -+ + Km|§)1/ldyi(5))
Wi Gni
i , .
> (Z_’l‘) exp (L log (Vi(Kllé)l/l oot Vi(Km|‘S)1/1) dui(é))
o\ e ;
> (Z) jz_;exlo ( fG log Vi(K;1&)" d#i(é))
=) Quio(K)"

The equality condition is obtained for p = 0 in the same way as above. [J
Theorem 4.2. Suppose K,L € K" and 0 < A <1, for ip < 1, then

ani,p((l - A)K + AL) 2 ani,p(K)l_A Qn—i,p(L)/\r (20)
with equality if and only if K and L are translates.
Proof. Let K = --- = K; = cK'in (11), we have Q,_;»(cK) = ciQn_i,p(K) for p € R. From this and (18), we get

Quoip(1 = DK+ ALY 2 Quip(1 = DK + Qi (AL

= (1= MQuip(K) + AQu-ip (L) (21)

Then apply the arithmetic-geometric inequality to (21), that is

ani,p((l - A)K + AL)l/i P ani,p(K)(l_/‘)/iQi,p(L)Mi-

The equality in (21) holds if and only if K, L are homothetic and the equality condition of arithmetic-
geometric inequality is Q;,(K) = Q;,(L). Thus, equality in (20) holds if and only if K'and L are translates. [J

Lemma 4.3. Suppose Ky, ...,Ki € K", Kys1, ..., K are smooth, 1 < m < i, then

m
Vel . Kie)" 2 [ VelKile, .. Kilé, Knle, ..., Kilé), (22)
=1 — —
m
with equality if and only if Ky, . .., Ky, are homothetic.
Moreover, if m = iin (22), then

Ve(Kilg, ..., Kil&) = Vi(Kilé) -+ Vi(KilE), (23)
with equality if and only if Ky, . . ., K; are homothetic.

Proof. Forall £ € G,; and Kj, ..., K; € K", the Aleksandrov-Fenchel inequality (1) for compact convex sets
Kil&, ..., K€ in subspace ¢ yields (22). In order to show the equality condition in (1), we need to prove
Kyi1l, ..., Kilé are smooth convex bodies in subspace &. For the sake of simplicity, we assume that the
smooth convex body K is of (at least) C? and has positive curvature, which is equivalent to its support
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function hy is of C2. Since px- = I}, that hg is C? is equivalent to px- is C?, that is, JK* is C*. Then dK* N &
is C? for all & € G,,;, and therefore we obtain d (K* N &)* is C?, where the latter polar operation is taken in &.
By the relationship (see (0.38) in [9])

KiE=(K"Nnéy,
and thus, K|¢ is a smooth convexbody in £. Therefore, K11/, . . ., Ki|€ are smooth convex bodies in subspace
&.
Then the equality condition in Aleksandrov-Fenchel inequality implies that equality holds in (22) if and

only if Kj|¢, ..., Ky|é are homothetic for & € G,;. [9, Theorem 3.1.3] shows that such equality condition is
equivalent to that Ky, ..., K,, are homothetic. [

The following theorem is the Aleksandrov-Fenchel type inequality for L’-moment mixed quermassin-
tegrals.

Theorem 4.4. Suppose Ky, ..., Ki € K", Kips1, . .., Ki are smooth, for 1 < m < i, for p < 0, then

nm
QuoimpKs, - K)" 2 [ ] Queimp(Ki -, Ky, K, - K, (24)
j=1 R
m

with equality if and only if Ky, . . ., K, are homothetic.

Proof. By (22) and Holder’s inequality for p # 0, we have

Qn—i,mp(Klr sy Ki)m

w;, \™ 1/p
=(—= .| £ymp .
- (wi ) (j; VelKile,... Kile)™dui()

1/p

= (ﬂ) f H VS(K]lé’ tet /K]|é/ Km+1|£1 cee IK1|6)pdyl(é)

wj Gui j=1 -

1/pm

a)n m m B

= (;) 11 f Ve(KIIE, - KilE, KntlE, - ., Kil&) ™ dpi(E)

j:1 Gy,i | S —
m

m

= H Qn—i,mp(Kj/ cecy K}/ Km+1/ cecy Kl)

j=1 [ —
m

Assume the equality holds in (24), then equalities in the third line and the fourth line both hold. The
first equality condition can deduced from (23), that is, Kj, . . ., K;;, are homothetic. The equality condition of
Holder’s inequality implies that V¢ (KilE, m1; K|S, . . ., Kil&) and Ve (KilE, m; Kipsalé, - . ., Ki|E) are proportional
for 1 < k,I < m. Therefore, they are also homothetic. On the other hand, if Kj, ..., K,, are homothetic, it is
obvious that the equality holds in (24).

Similarly, the case of p = 0 can be deduced by applying the properties of logarithmic function, exponen-
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tial function and (6), we obtain
Qu-ioK1, ..., Kp)"

:(C‘ﬁ) exp(f logVé(KﬂE,---/Ki|5)md#i(5))
Wi Gy,i

Wy \" m
> () exp [ tog ] [ Velker .. KE, Kol KOO
wi Gy,i j=1 ~— ———
m
wy \™ =
= (=) exp| Y, f log VE(K)IE, ., KilE, Kol .., KilE)dpu(€)
Wi =1 Gh,i ~—— ——
wn m m
(L) T exp| [ 108 Vel®e, oo K, Kol KD
Wi =1 Gyi ~— ——
= HQH—LO(K‘/- --/K]'/Km+1/- "/Ki)- (25)
=1 N——
The equality condition in (25) follows (22) immediately. O
Moreover, if m = i in (24), then
Corollary 4.5. Suppose Ky, ...,Ki € K", for p <0, then
Quoiip(K1, -, Ki)' = Queiip(K1) - Quiip(Ki), (26)
with equality if and only if Ky, . .., K; are homothetic.
As a special case, let K; = --- = K; = Kand Kj;; = - -+ = K}, = L in Theorem 4.4, we can get

Corollary 4.6. Suppose K, L, Ky41, ..., Ki € K", Ky, ..., Ky are smooth and 1 < j < m < i, for p < 0, then

Qn—i,mp(K/ j;L/ m— j; K1, -0+ Ki)m

Z Qn—i,mp(K/ ml Km+1/ cecy Ki)jQﬂ—i,mp(L/ m/ Km+1/ sy Ki)m_j/

with equality if and only if K, L are homothetic.
Moreover, if m = i, it follows that

Quoiyip(K, j; L i = )" > Queiyip(KY Quoiip(L) 7,
with equality if and only if K, L are homothetic.
When p = —n/i, then (26) yields the following inequality.
Corollary 4.7. Suppose Ky, ..., K; € K", then
@,_i(K1, ..., K) > @y i(Kq) - Dyi(Ky),

with equality if and only if Ky, . .., K; are homothetic.

The inequality (26) implies the following inequality for IT*(Kj, ..., K,-1), which was proved by Lutwak

[17].
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Corollary 4.8. Suppose Ky, ...,K,—1 € K", then
V(T (Ky, ..., Kp1))"™ < VAIT'(Kp) - VT (K1),
with equality if and only if Ky, . . ., K,,—1 are homothetic.

Proof. The volume of IT*(Kj, ..., K;,-1) can be formulated as
. 1 -
V(IT(Ky, ..., Ky1)) = Ef Vi (Kilut, ..., Ky |ut) ™ du. (27)
Sn—l

Thenputi=n-1,p=n/(1-n)in Q,;ip(Ky,..., Ky-1), it follows that

-1/n
Q1,-n(K1, ..., K1) = wwn (f V.{(K1|5,--.,Kn—1|5)_nd5)
Gn,n—l

n-1

w 1 Y
= n( f Vn—l(K1|Ml,-.-/Kn—1|”l)_nd”)
Wy-1 Tla)n Sn-1

_ @n (i VAT Ky, ... ,Knl)))_l/n .

Wp-1 \Wy

When K; =--- = K,_; = K € K", we have

-1/n
Qi) = 2 (var )

Therefore, the desired result follows (26) immediately. [J

The following theorem is the isoperimetric inequality for L’-moment mixed quermassintegrals.
Theorem 4.9. Suppose Ky, ...,K; € K" and p > —n, then
Qu-ip(Ka, -, Ki) 2 Qu-ip(Bky, - -, Biy), (28)
with equality if and only if Ky, .. ., K; are balls.

Proof. From Proposition 3.4, Corollary 4.7, (4) and (11), for p > —n, we have

Qn-ip(Ki, ..., Ki) 2 Qu-ip-n(K1, . .., Ki)
=®,_i(Ky,...,K)
> @, (Ky)' - Dy (K
> @,_(Bk,)"" -+ Dy_i(By,) "'
= Qu-ip(Bxy, - -+, Bk,)-

If the equality holds in (28), then we have equalities in all inequalities above. Equality in the fourth line
implies that Kj, ..., K; are ellipsoids. Equality in the third line implies that Kj, ..., K; are homothetic, then
Kj,...,K; are homothetic ellipsoids. Let E is an ellipsoid such that A1Kj + %1 = --- = 4;K; + x; = E, then
Qu-ip(Ky, ..., Kj) = /\1_1 -~-A;1Qn_i,p(E) and Q,—i-n(Ky,...,Ki) = /\1_1 -~-A;1Qn_i,_n(E). Therefore, equality in
the first line implies that Q,,—;,(E) = Qu-;-x(E), then it follows Jensen’s inequality that V;(E|S) is a constant
for all £ € Gy, therefore, E must be aball. O
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5. L’-moment mixed quermassintegrals inequalities of polar bodies
Lemma 5.1. Suppose K € K and Ky is smooth, Ky, ..., K; € K" and & € G,,; with 0 < i < n, then
Ve(Kile, Kalg, .. Kil)Ve(KIIE, Kalg, ..., Kil€) > Ve(BIE, Kalé, ..., Kil&)?, (29)
with equality if and only if Ky is a ball.
Proof. From the Lemma 2.1 and Lemma 2.2, we have
Ve(Kilg, KalE, ... KAV (K IE KalE, ..., KilE)
= ci/iV(Kl,Kz, .., K;BNn&ES,n—-)V(K;, Ky, ..., Kz BN ES, n—i)
> V(B,Ky,..., KyBNES, n—i)
= Ve(BIE, Kalé, ..., Kil&)*.
the equality condition can be obtain from Lemma 2.2. O
Letting K, = --- = K; = B in Lemma 5.1 gives the following inequality.
Corollary 5.2. Suppose K € K and K is smooth, for & € G, ; with 0 <i < n, then
Ve(KIE, BIE, . .., BIOVe(K'IE, BIE, ..., BIE) = F, (30)
with equality if and only if K is a ball.
Theorem 5.3. Suppose K; € K" and K; is smooth, Ky, ..., K; € K. For 0 <i <nandp > 0, then
Queip(K1, Ko, ..., K)Quoip(K, Ko, ..., Ki) = Queip(B, Ko, ..., Ki)?, (31)
with equality if and only if Ky is a ball.

Proof. For p > 0, from the definition of Q,;, together with Cauchy-Schwarz inequality, and Lemma 5.1, we
have

Qn—i,p(Kll KZ/ sy Ki)Qn—i,p(K;/ KZ/ ceey Kl)

2 1/p 1/p

Wi

Wi

2 2/p
> (a’—) ( fG vg<1<1|<5,1<z|5,...,K,-|5)P/2Vg<1<;|é,1<z|5,...,K,-|5)P/2duz-(5))

o2 2/p
> (—”) (f Vg(Blrf,K2|5,~--,Kilé)pdﬂi(é))
w Gyi

1
= Qn—i,p(B/ KZ/ ceey Ki)z'

Assume the equality holds in (31), then we get equality in all inequality above. The equality in third line
yields that V¢(Ki|¢, Kolg, . .., Kil€) and V(K]IE, Kalé, . . ., Kil€) are proportional. And the equality in fourth
line holds when K; is a ball follows Lemma 2.2. Therefore, the equality condition in (31) is that K; is a ball.

The case of p = 0 can be obtained by the properties of logarithmic function, exponential function and
Lemma22. O

The following result can be obtained from Theorem 31 as a special case by letting K, = --- = K; = B.

Corollary 5.4. Suppose K € K} and K is smooth, for 0 < i <nand p > 0, then
ani,p(K/ B/ ey B)ani,p(K*r B/ ey B) = C()%,
with equality if and only if K is a ball.
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