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Two point Ostrowski and Ostrowski-Gruss type inequalities on time
scales with applications

Sabir Hussaina

aDepartment of Mathematics, University of Engineering and Technology, Lahore

Abstract. Here, Fink type identity for two point formula on time scales has been proved, an expansion of
Guessab–Schmeisser two points formula for n−times differentiable functions via Fink type identity is es-
tablished to provide some estimates of Ostrowski and Ostrowski-Gruss type inequalities with applications.

1. introduction

The approximate value of
∫ b

a f (t)dt for differentiable function f , by a general one point rule∫ b

a
f (t)dt = (b − a) f (x) + E( f , x)

is due to Ostrowski in his celebrated work for differentiable function f . Later on called an Ostrowski
inequality defined as [14]:

∣∣∣E( f , x)
∣∣∣ ≤  (b − a)2

4
+

(
x +

a + b
2

)2 ∥ f ′∥∞, (1)

provided that ∥ f ′∥∞ = supx∈[a,b] | f
′(x)| ≤ ∞ and the constant 1

4 is the best possible in the sense that it cannot
be replaced by a smaller ones. Inequality (1) has lot of applications in different fields of Sciences such
as Numerical analysis, Probability theory, Theory of means etc. Due to its importance many researchers
generalized, extended and modified it in different ways by using innovative techniques [7, 8, 10–12]. This
result was generalized and refined by Fink [8]. In [9], Guessab and Schmeisser discussed the following
more general quadrature formula

1
b − a

∫ b

a
f (t)dt =

f (x) + f (a + b − x)
2

+ H( f ; x), (2)

for each real number x ∈ [a, a+b
2 ], where H( f ; x) is the remainder term. In [9], the authors have also

established some estimates for the absolute value of the remainder term H( f ; x). It is important to mention
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Email address: sabirhus@gmail.com; sabir@uet.edu.pk (Sabir Hussain)



S. Hussain / Filomat 37:21 (2023), 6961–6975 6962

here that Alomari [4] generalized the Guessab-Schmeisser formula (2) for n-times differentiable mapping
via Fink identity and provided the bounds for the absolute value of the remainder term H( f ; x). In [2]
the authors have extended Alomari’s main result [4, Theorem 5] on time scales providing distinct bounds
for the absolute value of H( f ; x) than those given in [4] due to the generalized polynomials and different
computational techniques. It may be observed that (2) defines a family of quadrature formulae which
contains the trapezoidal rule and the midpoint rule at the boundary cases x = a and x = a+b

2 respectively. It
also includes any other quadrature formula with two symmetric nodes; for example, it includes the two-
point Maclaurin formula and the two-point Gaussian formula. In order to generalize Guessab–Schmeisser
formula (2) for symmetric and non-symmetric points, the author in [3] has discussed the general quadrature
rule ∫ b

a
f (t)dt = Q( f ; y, x, z) + I( f ; y, x, z),

provided that:

Q( f ; y, x, z) = (x − a) f (y) + (b − x) f (z) ∀ x ∈ [y, z], a ≤ y ≤ z ≤ b,

with the error term I( f ; y, x, z). In the same paper he has calculated some estimates for the error term and
deduced some generalized two-point Ostrowski type inequality and concluded some existing results. Here,
our aim is to discuss an identity expressing two-point formula of Ostrowski’s type via Fink approach on
time scales to derive some estimates of two point Ostrowski’s functional. Some particular consequences are
also drawn. Among others inequalities, there is another following inequality called Čebyšev-Grüss type
inequality for two rd−continuous and ∆ integrable functions f1, f2 on [a, b] [15]∣∣∣C( f1, f2)

∣∣∣ ≤ (ϕ − φ)(Γ − γ)
4

, ϕ ≤ f1(x) ≤ φ; γ ≤ f2(x) ≤ Γ ∀ x ∈ [a, b], (3)

where as the celebrated Ĉebyšev functional is defined by:

C( f1, f2) :=
1

b − a

∫ b

a
f1(t) f2(t)∆t −

1
b − a

∫ b

a
f1(t)∆t.

1
b − a

∫ b

a
f2(t)∆t (4)

This paper is organized in the following way. After the Introduction, in Section 2 some preliminaries and
assumptions, in Section 3 main results and in Section 4 some applications relating the topic have been
discussed.

2. Some preliminaries and assumptions

A time scale is a non-empty closed subset of real numbers, it is usually denoted by a symbolT. By [a, b]T
we always mean [a, b] ∩ T, where[a, b] ⊆ R. For n = 1, the sum

∑n−1
k=1 is vacuously considered to be zero.

For n ∈ N and f an n−times differentiable function on Tkn
, the delta Taylor monomial for T is defined as

[13, Theorem 4.1]:

f (t) =

n−1∑
k=0

f∆
k
(s)hk(t, s) +

∫ t

s
hn−1(t, σ(τ)) f∆

n
(τ)∆τ, (5)

for t ∈ T and s ∈ Tkn−1
,where as we define the remainder function by R−1, f (., s) := f (s), and for n > −1

Rn, f (s, t) := f (t) −
n−1∑
k=0

f∆
k
(s)hk(t, s) =

∫ t

s
hn−1(t, σ(τ)) f∆

n
(τ)∆τ (6)

Following operations are well defined on time scales.
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• The forward jump operator σ : T→ T is defined as σ(t) = inf{s ∈ T; s > t}.

• The backward jump operator ρ : T→T is defined as ρ(t)= sup{s ∈ T; s < t}.

• The graininess function µ : T→ [0,∞) is defined as µ(t) = σ(t) − t.

For more about time scales we refer [6]. Setting f1(t)→ f∆k
(t) and f2(t)→ K3(t; y, z) in (4),we have

C( f1, f2) :=
(ρn−1(z) − a) f (y) + (b − ρn−1(z)) f (z) − (ρn−1(z) − a)[R(y) + U(y)]

(b − a)

−
(b − ρn−1(z))[R(z) + U(z)]

(b − a)
−

n
b − a

∫ b

a
f (w)∆w −

f∆k−1
(b) − f∆k−1

(a)
b − a

×

supt∈[a,ρn−1(y)] hn−1(y, σ(t))h2(a, ρn−1(y))

b − a

−

supt∈[ρn−1(y),ρn−1(z)] hn−1(y, σ(t))h2(ρn−1(z), ρn−1(y))

b − a

−

supt∈[ρn−1(y),ρn−1(z)] hn−1(y, σ(t))h2(ρn−1(z), ρn−1(y))

b − a

 =: O( f ; y, z,n). (7)

For convenience the following significant notations and result have been used.

∥S(x)∥∞,[a,b] := ess sup
a≤t≤b
|S(x, t)|; ∥S(x)∥α,[a,b] :=

α

√∫ b

a
|S(x, t)|α∆t, α ≥ 1.

∆n f (t) =
n∑

m=0

(−1)mEn−m f (t)
(

n
m

)
; E is a displacement operator.

Zq(h; a, b) :=
q

√√
(h − a)nq−q+1 +

(
a+b

2 − h
)nq−q+1

[(n − 1)!]q

α :=
(σ(ρn−1(y))−σ(a))(ρn−1(y) − a)n−1

(n − 1)!

β :=
(σ(ρn−1(z))−σ(ρn−1(y)))(ρn−1(z) − ρn−1(y))n−1

(n − 1)!

γ :=
(σ(b)−σ(ρn−1(z)))(b − ρn−1(z))n−1

(n − 1)!

W(y, z; a, b) :=
α + β + |α − β| + 2γ + |α + β + |α − β| − 2γ|

4

F(y, z; a, b; s,u, q) :=
[σ(ρn−1(z))−σ(ρn−1(y))]s[ρn−1(z)−ρn−1(y)]

u
p (ρn−1(z) − ρn−1(y))

np−1
p

(n − 1)!

+
[ρn−1(y)−a]

u
p [σ(ρn−1(y))−σ(a)]s(y − a)

np−1
p + [σ(b)−σ(ρn−1(z))]s[b−ρn−1(z)]

u
p (b − ρn−1(z))

np−1
p

(n − 1)!

Y(h; a, b) :=
σ(b) − σ( a+b

2 ) + |2σ(ρn−1(a + b − h)) − σ
(

a+b
2

)
− σ(b)|

2
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X(h; a, b) :=
σ
(

a+b
2

)
− σ(a) + |2σ(ρn−1(h)) − σ

(
a+b

2

)
− σ(a)|

2

D(y, z; a, b) := 3σ(ρn−1(z)) − σ(a) − 2σ(b) + |2σ(ρn−1(y)) − σ(a) − σ(ρn−1(z))|

V(h; a, b) := [σ(ρn−1(h))−σ(a)] p
√
ρn−1(h)−a +

[
σ

(
a + b

2

)
−σ(ρn−1(h))

]
p

√
a + b

2
−ρn−1(h)

P(h; a, b) :=
[
σ(ρn−1(a + b − h))−σ

(
a + b

2

)]
p

√
ρn−1(a + b − h)−

a + b
2

+[σ(b)−σ(ρn−1(a + b − h))] p
√

b−ρn−1(a + b − h)

U(x) :=
n−1∑
k=1

n − k
b − a

∫ b

a
µ(p)hk−1(x, p) f∆

k
(p)∆p

R(y) :=
n−1∑
k=1

n − k
b − a

{
hk(y, b) f∆

k−1
(b) − hk(y, a) f∆

k−1
(a)

}

Fc(y, z; a, b; 0, 0, q) :=
q
√

(y − a)nq−q+1 + q
√

(z − y)nq−q+1 +
q
√

(b − z)nq−q+1

(n − 1)!

Fc(y, z; a, b; 1, 1, q) :=
(y − a)n+1 + (z − y)n+1 + (b − z)n+1

(n − 1)!

Wc(y, z; a, b) :=
(y − a)n + (z − y)n + |(y − a)n

− (z − y)n
| + 2(b − z)n

4(n − 1)!

+
|(y − a)n + (z − y)n + |(y − a)n

− (z − y)n
| − 2(b − z)n

|

4(n − 1)!

Rc(y) :=
n−1∑
k=1

(n − k)[(y − b)k f (k−1)(b) − (y − a)k f (k−1)(a)]
(b − a)k!

Ac( f , z, y, z; n) :=
(z − a) f (y) + (b − z) f (z) − (z − a)Rc(y) − (b − z)Rc(z)

n(b − a)

A

(
f ,

a + b
2
, h, a + b − h; n

)
=

f (h) + f (a + b − h)
2n

−
S + T

2n

S =

n−1∑
k=1

n − k
b − a

[
f∆

k−1
(b){hk(a + b − h, b) + hk(h, b)} − f∆

k−1
(a){hk(a + b − h, a) + hk(h, a)}

]

T =

n−1∑
k=1

n − k
b − a

∫ b

a
µ(w) f∆

k
(w)[hk−1(h,w) + hk−1(a + b − h,w)]∆w

Ad( f , z − n + 1, y, z; n) =:
(z − n + 1 − a){ f (y) −Rd(y) + Ud(y)} + (b − z + n − 1){ f (z) −Rd(z) + Ud(z)}

n(b − a)
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Ud(x) :=
b−1∑
p=a

n−1∑
k=1

k∑
m=0

(−1)mEk−m f (p)
(

k
m

)(
x − p
k − 1

)
n − k
b − a

.

Rd(y) :=
n−1∑
k=1

k−1∑
m=0

n − k
b − a

(−1)m
(
k − 1

m

) {(
y − b

k

)
Ek−1−m f (b) −

(
y − a

k

)
Ek−1−m f (a)

}

Fd(y, z; a, b; s,u, q) :=
(z − y)

sp+u+np−1
p + (b − z + n − 1)

sp+u+np−1
p

(n − 1)!
+

(y − n − a + 1)
sp+u

p (y − a)
np−1

p

(n − 1)!

Dd(y, z; a, b) := 3z − 3n + 3 − a − 2b + |2y − z − a − n + 1|

Wd(y, z; a, b) :=
(y − a + 1 − n)n + (z − y)n + 2(b − z + n − 1)n + |(y − a + 1 − n)n

− (z − y)n
|

4(n − 1)!

+
|(y − a + 1 − n)n + (z − y)n

− 2(b − z + n − 1)n + |(y − a + 1 − n)n
− (z − y)n

||

4(n − 1)!

Sc :=
n−1∑
k=1

(n − k){(a − h)k + (h − b)k
}{ f (k−1)(b) + (−1)k+1 f (k−1)(a)}

(b − a)k!

Yc(h; a, b) :=
b − a + |3a − b − 4h − 4n + 4|

4

Xc(h; a, b) :=
b − a + |4h − 4n + 4 − 3a − b|

4

Vc(h; a, b) := (h − n − a + 1)
1+p

p +

(
a + b − 2h + 2n − 2

2

) 1+p
p

Pc(h; a, b) := (h + n − 1 − a)
1+p

p +

(
a + b − 2h − 2n + 2

2

) 1+p
p

.

Sd :=
n−1∑
k=1

k−1∑
m=0

(−1)m
(
k − 1

m

)
n − k
b − a

[
Ek−1−m f (b)

{(
a − h

k

)
+

(
h − b

k

)}
− Ek−1−m f (a)

{(
b − h

k

)
+

(
h − a

k

)}]

Td :=
n−1∑
k=1

b−1∑
p=a

k∑
m=0

n − k
b − a

(−1)mEk−m f (p)
(

k
m

) {(
h − p
k − 1

)
+

(
a + b − h − p

k − 1

)}
Yd(h; a, b) :=

b − a + |3a + b − 4h − 4n + 4|
4

Xd(h; a, b) :=
b − a + |3a + b − 4h + 4n − 4|

4

K1(t; x, y) :=
{
σ(t) − a, a ≤ σ(t) ≤ ρn−1(y)
σ(t) − x, ρn−1(y) ≤ σ(t) ≤ x ≤ b.

K2(t; x, z) :=
{
σ(t) − x, a ≤ x ≤ σ(t) ≤ ρn−1(z)
σ(t) − b, ρn−1(z) ≤ σ(t) ≤ b.

K3(t; y, z) :=


(σ(t) − a)hn−1(y, σ(t)), a ≤ σ(t) < ρn−1(y)
(σ(t) − ρn−1(z))hn−1(y, σ(t)), ρn−1(y) ≤ σ(t) ≤ ρn−1(z)
(σ(t) − b)hn−1(z, σ(t)), ρn−1(z) ≤ σ(t) ≤ b.

(8)

K4(t; y, z) :=


σ(t) − a, a ≤ σ(t) < ρn−1(y)
σ(t) − ρn−1(z), ρn−1(y) ≤ σ(t) ≤ ρn−1(z)
σ(t) − b, ρn−1(z) ≤ σ(t) ≤ b

(9)
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3. main results

Lemma 3.1. LetT be a time scale; let f : [a, b]T → R be such that f ∈C(n)
rd ([a, b]) for some n∈N0, hn(x, t) a generalized

polynomial,µ(p) a graininess function such thatK1(t; x, y)hn−1(y, σ(t)) f∆k
(t) ∈Crd([a, x]) andK2(t; x, z)hn−1(z, σ(t)) f∆k

(t) ∈
Crd([x, b]), then

(x − a) f (y) + (b − x) f (z) − (x − a)[R(y) + U(y)] − (b − x)[R(z) + U(z)] − n
∫ b

a
f (w)∆w

=

∫ x

a
K1(t; x, y)hn−1(y, σ(t)) f∆

k
(t)∆t +

∫ b

x
K2(t; x, z)hn−1(z, σ(t)) f∆

k
(t)∆t. (10)

Proof. By Fink Identity [2, Lemma 1]

f (x) −R(x) − U(x)
n

−
1

b − a

∫ b

a
f (w)∆w =

1
n(b − a)

∫ b

a
hn−1(x, σ(t)) f∆

k
(t)K2(t; a, x)∆t. (11)

Equivalently, equation (11) is rewritten as:

f (x) −R(x) − U(x)
n

−
1

b − a

∫ b

a
f (w)∆w =

1
n(b − a)

∫ b

a
∆s

∫ ρn−1(x)

s
hn−1(x, σ(t)) f∆

k
(t)∆t. (12)

By fixing y, z ∈ [a, b] and replacing x by y; b by x in (12), the following holds:

f (y) −R(y) − U(y)
n

−
1

x − a

∫ b

a
f (w)∆w =

1
n(x − a)

∫ x

a
∆s

∫ ρn−1(y)

s
hn−1(y, σ(t)) f∆

k
(t)∆t. (13)

Similarly, replacing x by z; a by x in (12), the following holds:

f (z) −R(z) − U(z)
n

−
1

b − x

∫ b

x
f (w)∆w =

1
n(b − x)

∫ b

x
∆s

∫ ρn−1(z)

s
hn−1(z, σ(t)) f∆

k
(t)∆t. (14)

Multiplications to equations (13) and (14), respectively, by x − a and b − x, then addition of the resulting
equations yields the following:

(x − a) f (y) + (b − x) f (z)
n

− (x − a)
R(y) + U(y)

n
− (b − x)

R(z) + U(z)
n

−

∫ b

a
f (w)∆w

=
1
n

∫ x

a
∆s

∫ ρn−1(y)

s
hn−1(y, σ(t)) f∆

k
(t)∆t +

∫ b

x
∆s

∫ ρn−1(z)

s
hn−1(z, σ(t)) f∆

k
(t)∆t

 (15)

But, ∫ x

a
∆s

∫ ρn−1(y)

s
∆t =

∫ ρn−1(y)

a
∆s

∫ ρn−1(y)

s
∆t +

∫ x

ρn−1(y)
∆s

∫ ρn−1(y)

s
∆t

=

∫ ρn−1(y)

a
∆t

∫ σ(t)

a
∆s −

∫ x

ρn−1(y)
∆s

∫ s

ρn−1(y)
∆t

=

∫ ρn−1(y)

a
∆t

∫ σ(t)

a
∆s −

∫ x

ρn−1(y)
∆t

∫ x

σ(t)
∆s. (16)



S. Hussain / Filomat 37:21 (2023), 6961–6975 6967∫ b

x
∆s

∫ ρn−1(z)

s
∆t =

∫ ρn−1(z)

x
∆s

∫ ρn−1(z)

s
∆t +

∫ b

ρn−1(z)
∆s

∫ ρn−1(z)

s
∆t

=

∫ ρn−1(z)

x
∆t

∫ σ(t)

x
∆s −

∫ b

x
∆s

∫ s

ρn−1(z)
∆t

=

∫ ρn−1(z)

x
∆t

∫ σ(t)

x
∆s −

∫ b

ρn−1(z)
∆t

∫ b

σ(t)
∆s. (17)

In the light of relations (16) and (17), the followings hold true:

∫ x

a
∆s

∫ ρn−1(y)

s
hn−1(y, σ(t)) f∆

k
(t)∆t =

∫ ρn−1(y)

a
∆t

∫ σ(t)

a
hn−1(y, σ(t)) f∆

k
(t)∆s

−

∫ x

ρn−1(y)
∆t

∫ x

σ(t)
hn−1(y, σ(t)) f∆

k
(t)∆s. (18)

∫ b

x
∆s

∫ ρn−1(z)

s
hn−1(z, σ(t)) f∆

k
(t)∆t =

∫ ρn−1(z)

x
∆t

∫ σ(t)

x
hn−1(z, σ(t)) f∆

k
(t)∆s

−

∫ b

ρn−1(z)
∆t

∫ b

σ(t)
hn−1(z, σ(t)) f∆

k
(t)∆s. (19)

A combination of the relations (15), (18) and (19), yields the following:

(x − a) f (y) + (b − x) f (z)
n

− (x − a)
R(y) + U(y)

n
− (b − x)

R(z) + U(z)
n

−

∫ b

a
f (w)∆w

=
1
n

∫ ρn−1(y)

a
(σ(t) − a)hn−1(y, σ(t)) f∆

k
(t)∆t −

∫ x

ρn−1(y)
(x − σ(t))hn−1(y, σ(t)) f∆

k
(t)∆t

+

∫ ρn−1(z)

x
(σ(t) − x)hn−1(z, σ(t)) f∆

k
(t)∆t −

∫ b

ρn−1(z)
(b − σ(t))hn−1(z, σ(t)) f∆

k
(t)∆t

 , (20)

which yields the desired result (10).

Remark 3.2. Identity (10) in Lemma 3.1 is no more than Fink representation of general two point Ostrowski’s
formula. Either for x→ a or x→ b Lemma 3.1 reduces to [2, Lemma 1].

For generalized polynomial to be symmetric, in the first component with respect to a+b
2 , the identity (10) in Lemma

3.1 reduces to the identity (11) in [2, Theorem 1]. Furthermore, by use of the triangle inequality and employing some
known norm inequalities, it reduces to [2, Theorem 2]

In particular, for x→ ρn−1(z), identity (10) reduces to the following Ostrowski type identity:

Lemma 3.3. Let T be a time scale.Let f : [a, b]T → R such that f ∈ C(n)
rd ([a, b]) for some n ∈N0. Let hn(x, t) be a

generalized polynomial and µ(p) a graininess function such that K3(t; y, z) f∆k
(t) ∈Crd([a, b]), then

(ρn−1(z) − a) f (y) + (b − ρn−1(z)) f (z) − (ρn−1(z) − a)[R(y) + U(y)]
n(b − a)

−
(b − ρn−1(z))[R(z) + U(z)]

n(b − a)
−

1
b − a

∫ b

a
f (w)∆w =

1
n(b − a)

∫ b

a
K3(t; y, z) f∆

k
(t)∆t. (21)
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Theorem 3.4. Let T be a time scale. Let f : [a, b]T → R such that f ∈C(n)
rd ([a, b]) for some n ∈N0. Let hk(x, t) be

a generalized polynomial and µ(p) is a graininess function such that K1(t; x, y)hn−1(y, σ(t)) f∆k
(t) ∈ Crd([a, x]) and

K2(t; x, z)hn−1(z, σ(t)) f∆k
(t) ∈ Crd([x, b]), h ∈ [a, a+b

2 ]; let p > 1 be a real number such that p
q = p − 1, then∣∣∣∣∣∣ f (h) + f (a + b − h) −S − T

2n
−

1
b − a

∫ b

a
f (w)∆w

∣∣∣∣∣∣ ≤ Zq(h; a, b)ℸ(h; a, b)
n(b − a)

(22)

ℸ(h; a, b) :=


X(h; a, b)∥ f∆k

∥p,[a, a+b
2 ] +Y(h; a, b)∥ f∆k

∥p,[ a+b
2 ,b], q ∈ (1,∞)

V(h; a, b)∥ f∆k
∥
∞,[a, a+b

2 ] +P(h; a, b)∥ f∆k
∥
∞,[ a+b

2 ,b], q ∈ (1,∞);

X(h; a, b)∥ f∆k
∥
∞,[a, a+b

2 ] +Y(h; a, b)∥ f∆k
∥
∞,[ a+b

2 ,b], q = 1.

Proof. Utilizing the triangle integral inequality on the identity (10) for x → a+b
2 , z → a + b − y, y → h and

employing some known norm inequalities, we get∣∣∣∣∣∣(b − a)
f (h) + f (a + b − h) −S − T

2n
−

∫ b

a
f (w)∆w

∣∣∣∣∣∣

≤



∥∥∥∥K1

(
.; a+b

2 , h
)∥∥∥∥
∞,[a, a+b

2 ]
×

∥∥∥ f∆k
∥∥∥

p,[a, a+b
2 ] ×

q
√∫ a+b

2

a |hn−1(h, σ(t))|q∆t

+
∥∥∥∥K2

(
.; a+b

2 , a + b − h
)∥∥∥∥
∞,[ a+b

2 ,b]
×

∥∥∥ f∆k
∥∥∥

p,[ a+b
2 ,b]
×

q

√∫ b
a+b

2
|hn−1(h, σ(t))|q∆t,∥∥∥ f∆k

∥∥∥
∞,[a, a+b

2 ] ×
∥∥∥∥K1

(
.; a+b

2 , h
)∥∥∥∥

p,[a, a+b
2 ]
×

q
√∫ a+b

2

a |hn−1(h, σ(t))|q∆t

+
∥∥∥ f∆k

∥∥∥
∞,[ a+b

2 ,b]
×

∥∥∥∥K2

(
.; a+b

2 , a + b − h
)∥∥∥∥

p,[ a+b
2 ,b]
×

q

√∫ b
a+b

2
|hn−1(h, σ(t))|q∆t;∥∥∥∥K1

(
.; a+b

2 , h
)∥∥∥∥
∞,[a, a+b

2 ]
×

∥∥∥ f∆k
∥∥∥
∞,[a, a+b

2 ] ×
∫ a+b

2

a |hn−1(h, σ(t))|∆t+∥∥∥∥K2

(
.; a+b

2 , a + b − h
)∥∥∥∥
∞,[ a+b

2 ,b]
×

∥∥∥ f∆k
∥∥∥
∞,[ a+b

2 ,b]
×

∫ b
a+b

2
|hn−1(a + b − h, σ(t))|∆t.

(23)

For 1< q <∞, consider

Lq,[a, a+b
2 ](h) :=

∫ a+b
2

a
|hn−1(h, σ(t))|q∆t

=

∫ h

a
|hn−1(h, σ(t))|q∆t +

∫ a+b
2

h
|hn−1(h, σ(t))|q∆t (24)

Lq,[ a+b
2 ,b](h):=

∫ b

a+b
2

|hn−1(a + b − h, σ(t))|q∆t

=

∫ a+b−h

a+b
2

|hn−1(a + b − h, σ(t))|q∆t +
∫ b

a+b−h
|hn−1(a + b − h, σ(t))|q∆t (25)

By using [5, Theorem 4.2] and the fact that σ is an increasing function, the following inclusions hold

0 ≤ hn−1(h, σ(t))≤
(h − σ(t))n−1

(n − 1)!
≤

(h − t)n−1

(n − 1)!
≤

(h − a)n−1

(n − 1)!
(26)

0≤hn−1(h, σ(t))≤
( a+b

2 − σ(t))
n−1

(n − 1)!
≤

( a+b
2 − t)n−1

(n − 1)!
≤

( a+b
2 − h)n−1

(n − 1)!
(27)
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0 ≤ hn−1(a + b − h, σ(t))≤
(a + b − h − σ(t))n−1

(n − 1)!
≤

(a + b − h − t)n−1

(n − 1)!
≤

( a+b
2 − h)n−1

(n − 1)!
(28)

0≤hn−1(a + b − h, σ(t))≤
(b − σ(t))n−1

(n − 1)!
≤

(b − t)n−1

(n − 1)!
≤

(h − a)n−1

(n − 1)!
(29)

In the light of the relations (24)-(29),we have

Lq,[a, a+b
2 ](h),Lq,[ a+b

2 ,b](h)≤
(h − a)nq−q+1 + ( a+b

2 − h)nq−q+1

[(n − 1)!]q (30)

But, σ − a, σ − a+b
2 are increasing on respective intervals [a, ρn−1(h)], [ρn−1(h), a+b

2 ] and σ − a+b
2 , σ − b are

increasing on respective intervals [ a+b
2 , ρ

n−1(a + b − h)], [ρn−1(a + b − h), b] and hence by [1]∥∥∥∥∥∥K1

(
.;

a + b
2
, h

)∥∥∥∥∥∥
p,[a, a+b

2 ]

≤

∥∥∥∥∥∥K1

(
.;

a + b
2
, h

)∥∥∥∥∥∥
p,[a,ρn−1(h)]

+

∥∥∥∥∥∥K1

(
.;

a + b
2
, h

)∥∥∥∥∥∥
p,[ρn−1(h), a+b

2 ]

= ∥σ(t)−a∥p,[a,ρn−1(h)]+
∥∥∥∥∥σ(t)− a + b

2

∥∥∥∥∥
p,[ρn−1(h), a+b

2 ]

≤

[
σ(ρn−1(h))−σ(a)

]
p
√
ρn−1(h)−a +

[
σ

(
a + b

2

)
−σ(ρn−1(h))

]
×

p

√
a + b

2
−ρn−1(h) (31)

∥∥∥∥∥∥K2

(
.;

a + b
2
, a + b − h

)∥∥∥∥∥∥
p,[ a+b

2 ,b]

≤

∥∥∥∥∥∥K2

(
.;

a + b
2
, a + b − h

)∥∥∥∥∥∥
p,[ a+b

2 ,ρ
n−1(a+b−h)]

+

∥∥∥∥∥∥K2

(
.;

a + b
2
, a + b − h

)∥∥∥∥∥∥
p,[ρn−1(a+b−h),b]

=

∥∥∥∥∥σ(t)− a + b
2

∥∥∥∥∥
p,[ a+b

2 ,ρ
n−1(a+b−h)]

+ ∥σ(t)−b∥p,[ρn−1(a+b−h),b]

≤

[
σ(ρn−1(a + b − h))−σ

(
a + b

2

)]
p

√
ρn−1(a + b − h)−

a + b
2
+[

σ(b)−σ(ρn−1(a + b − h))
]

p
√

b−ρn−1(a + b − h) (32)

∥∥∥∥∥∥K1

(
.;

a + b
2
, h

)∥∥∥∥∥∥
∞,[a, a+b

2 ]

≤ ∥σ(t) − a∥
∞,[a,ρn−1(h)] +

∥∥∥∥∥σ(t)− a + b
2

∥∥∥∥∥
∞,[ρn−1(h), a+b

2 ]

≤ max
{
σ(ρn−1(h)) − σ(a), σ

(
a + b

2

)
− σ(ρn−1(h))

}
=
σ( a+b

2 ) − σ(a) + |2σ(ρn−1(h)) − σ( a+b
2 ) − σ(a)|

2
(33)
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(
.;

a + b
2
, a + b − h

)∥∥∥∥∥∥
∞,[ a+b

2 ,b]

≤

∥∥∥∥∥σ(t)− a + b
2

∥∥∥∥∥
∞,[ a+b

2 ,ρ
n−1(a+b−h)]

+ ∥σ(t) − b∥∞,[ρn−1(a+b−h),b]

≤ max
{
σ(ρn−1(a + b − h)) − σ

(
a + b

2

)
, σ(b) − σ(ρn−1(a + b − h))

}

=
σ(b) − σ( a+b

2 ) + |2σ(ρn−1(a + b − h)) − σ
(

a+b
2

)
− σ(b)|

2
(34)

Here, we have used the identity, max{a, b} = a+b+|a−b|
2 .

A combination of (23) and (30)-(34), yields the desired result (22)

Theorem 3.5. Let T be a time scale.Let f : [a, b]T → R such that f ∈ C(n)
rd ([a, b]) for some n ∈N0. Let hn(x, t) be

a generalized polynomial and µ(p) a graininess function such that K3(t; y, z) f∆k
(t) ∈Crd([a, b]); let p > 1 be a real

number such that p
q = p − 1, then∣∣∣∣∣∣A( f , ρn−1(z), y, z; n) −

1
b − a

∫ b

a
f (w)∆w

∣∣∣∣∣∣ (35)

≤



W(y, z; a, b)∥ f∆k
∥1,[a,b].

{D(y,z;a,b)−4σ(ρn−1(z))+4σ(b)+|D(y,z;a,b)|}L1(y,z)∥ f∆k
∥∞,[a,b]

4 .
{D(y,z;a,b)−4σ(ρn−1(z))+4σ(b)+|D(y,z;a,b)|}∥ f∆k

∥p,[a,b]

4
×F(y, z; a, b; 0, 0, q), 1< p, q <∞
F(y, z; a, b; 1, 1, q)∥ f∆k

∥∞,[a,b], 1< p, q <∞

Proof. Utilizing the triangle integral inequality on the identity (21) and employing some known norm
inequalities, we get∣∣∣∣∣∣ (ρn−1(z) − a) f (y) + (b − ρn−1(z)) f (z) − (ρn−1(z) − a)R(y) − (b − ρn−1(z))R(z)

n(b − a)

−
(b − ρn−1(z))U(z) + (ρn−1(z) − a)U(y)

n(b − a)
−

1
b − a

∫ b

a
f (w)∆w

∣∣∣∣∣∣
≤

1
n(b − a)

∫ b

a
| f∆

k
(t)| × |K3(t; y, z)|∆t

≤



∥K3(y, z)∥∞,[a,b] × ∥ f∆k
∥1,[a,b].

∥K4(y, z)∥∞,[a,b] × ∥ f∆k
∥∞,[a,b] × L1(y, z).

∥K4(y, z)∥∞,[a,b] × ∥ f∆k
∥p,[a,b] ×

{
q
√

(y−a)nq−q+1

[(n−1)!]q

+
q
√

(ρn−1(z)−ρn−1(y))nq−q+1

[(n−1)!]q +
q
√

(b−ρn−1(z))nq−q+1

[(n−1)!]q

}
, 1< p, q <∞

∥ f∆k
∥∞,[a,b] ×

{
[σ(ρn−1(y))−σ(a)] q

√
(y−a)nq−q+1

[(n−1)!]q
p
√
ρn−1(y)−a

+[σ(ρn−1(z))−σ(ρn−1(y))] p
√
ρn−1(z)−ρn−1(y)

×
q
√

(ρn−1(z)−ρn−1(y))nq−q+1

[(n−1)!]q + [σ(b)−σ(ρn−1(z))]

×
p
√

b−ρn−1(z) q
√

(b−ρn−1(z))nq−q+1

[(n−1)!]q

}
, 1< p, q <∞

(36)
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For 1< q <∞, consider

Lq(y, z) ≤
∫ ρn−1(z)

a
|hn−1(y, σ(t))|q∆t +

∫ b

ρn−1(z)
|hn−1(z, σ(t))|q∆t (37)

By using [5, Theorem 4.2] and the fact that σ is an increasing function, the following inclusions hold

0 ≤ hn−1(y, σ(t))≤
(ρn−1(y) − σ(t))n−1

(n − 1)!
≤

(ρn−1(y) − t)n−1

(n − 1)!
≤

(ρn−1(y) − a)n−1

(n − 1)!
(38)

0 ≤ hn−1(y, σ(t))≤
(ρn−1(z) − σ(t))n−1

(n − 1)!
≤

(ρn−1(z) − t)n−1

(n − 1)!
≤

(ρn−1(z) − ρn−1(y))n−1

(n − 1)!
(39)

0≤hn−1(z, σ(t))≤
(b − σ(t))n−1

(n − 1)!
≤

(b − t)n−1

(n − 1)!
≤

(b − ρn−1(z))n−1

(n − 1)!
(40)

But, σ − a, σ − ρn−1(z) and σ − b are increasing on respective intervals [a, ρn−1(y)], [ρn−1(y), ρn−1(z)] and
[ρn−1(z), b] and hence by [1]

∥K4(y, z)∥p,[a,b] ≤ ∥K4(y, z)∥p,[a,ρn−1(y)] + ∥K4(y, z)∥p,[ρn−1(y),ρn−1(z)] + ∥K4(y, z)∥p,[ρn−1(z),b]

= ∥σ(t)−a∥p,[a,ρn−1(y)]+
∥∥∥σ(t)−ρn−1(z)

∥∥∥
p,[ρn−1(y),ρn−1(z)]

+ ∥σ(t)−b∥p,[ρn−1(z),b]

≤ [σ(ρn−1(y))−σ(a)] p
√
ρn−1(y)−a + [σ(ρn−1(z))−σ(ρn−1(y))] (41)

×
p
√
ρn−1(z)−ρn−1(y) + [σ(b)−σ(ρn−1(z))] p

√
b−ρn−1(z)

In the light of the relations (38)-(40), relations (37) and (8) reduce to

Lq(y, z)≤
(y − a)nq−q+1 + (ρn−1(z) − ρn−1(y))nq−q+1 + (b − ρn−1(z))nq−q+1

[(n − 1)!]q . (42)

∥K3(y, z)∥∞,[a,b] ≤∥(σ(t) − a)hn−1(y, σ(t))∥∞,[a,ρn−1(y)] + ∥(σ(t)−b)hn−1(z, σ(t))∥∞,[ρn−1(z),b]

+
∥∥∥(σ(t)−ρn−1(z))hn−1(y, σ(t))

∥∥∥
∞,[ρn−1(y),ρn−1(z)]

≤∥(σ(t) − a)∥∞,[a,ρn−1(y)]
(ρn−1(y) − a)n−1

(n − 1)!
+
∥∥∥(σ(t)−ρn−1(z))

∥∥∥
∞,[ρn−1(y),ρn−1(z)]

×
(ρn−1(z) − ρn−1(y))n−1

(n − 1)!
+ ∥(σ(t)−b)∥∞,[ρn−1(z),b]

(b − ρn−1(z))n−1

(n − 1)!

≤max
{

(σ(ρn−1(y))−σ(a))(ρn−1(y) − a)n−1

(n − 1)!
,

(σ(ρn−1(z))−σ(ρn−1(y)))(ρn−1(z) − ρn−1(y))n−1

(n − 1)!
,

(σ(b)−σ(ρn−1(a +b −x)))(b − ρn−1(z))n−1

(n − 1)!

}
=
α + β + |α − β| + 2γ + |α + β + |α − β| − 2γ|

4
(43)
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∥K4(y, z)∥∞,[a,b] ≤∥σ(t) − a∥∞,[a,ρn−1(y)] +
∥∥∥σ(t)−ρn−1(z)

∥∥∥
∞,[ρn−1(y),ρn−1(z)]

+ ∥σ(t)−b∥∞,[ρn−1(z),b]

≤max{(σ(ρn−1(y))−σ(a)),(σ(ρn−1(z))−σ(ρn−1(y))),(σ(b)−σ(ρn−1(z)))}

=
−σ(ρn−1(z)) − σ(a) + 2σ(b) + |2σ(ρn−1(y)) − σ(ρn−1(z)) − σ(a)|

4

+
|3σ(ρn−1(z)) − σ(a) − 2σ(b) + |2σ(ρn−1(y)) − σ(ρn−1(z)) − σ(a)||

4

=
D(y, z; a, b) − 4σ(ρn−1(z)) + 4σ(b) + |D(y, z; a, b)|

4
(44)

Here, we have used the identity

max{a, b, c} =
a +b +|a − b|+2c+|a + b +|a − b|− 2c|

4
.

Theorem 3.6. Let T be a time scale, f : [a, b]T → R a function such that f ∈ C(n)
rd ([a, b]) for some n ∈ N0; let

hn(x, t) be a generalized polynomial, µ(y) a graininess function such that K3(t; y, z) f∆k
(t) ∈Crd([a, b]). Moreover, if

ϕ ≤ K3(t; y, z) ≤ φ and γ ≤ f∆k
(t) ≤ Γ, then

|O( f ; y, z,n)| ≤
(ϕ − φ)(Γ − γ)

4
(45)

Proof. By using the relations (3), (4), (7) and (46),we get the desired result (45)∫ b

a
K4(t; y, z)∆t =

∫ ρn−1(y)

a
(σ(t) − a)∆t +

∫ ρn−1(z)

ρn−1(y)
(σ(t) − ρn−1(z))∆t +

∫ b

ρn−1(z)
(σ(t) − b)∆t

=

∫ ρn−1(y)

a
[t2]∆∆t +

∫ b

ρn−1(z)
[t2]∆∆t +

∫ ρn−1(z)

ρn−1(y)
[t2]∆∆t

−

∫ ρn−1(y)

a
t∆t −

∫ b

ρn−1(z)
t∆t −

∫ ρn−1(z)

ρn−1(y)
t∆t + a[a − ρn−1(y)]

+ρn−1(z)[ρn−1(y) − ρn−1(z)] + b[ρn−1(z) − b]
= h2(a, ρn−1(y)) − h2(ρn−1(z), ρn−1(y)) − h2(b, ρn−1(z)) (46)

Remark 3.7. By setting h→ a, b and h→ a+b
2 in Theorem 3.4, respectively, we can find the bounds of the trapezoidal

type and midpoint type inequalities. Inequalities (35) and (45), respectively, provide different bounds for two point
Ostrowski type and Čebyšev-Gruss type functionals.

4. Applications

For the approximation of
∫ b

a f (w)∆w, the general quadrature rule is defined by:

1
b − a

∫ b

a
f (w)∆w = A( f , x, y, z; n) + E( f , x, y, z; n), (47)

for a ≤ ρn−1(y) ≤ x ≤ ρn−1(z) ≤ b, provided that:

A( f , x, y, z; n) :=
1

n(b − a)
{(x − a) f (y) + (b − x) f (z) − (x − a)[R(y) + U(y)] − (b − x)[R(z) + U(z)]}
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E( f , x, y, z; n) := −
1

n(b − a)

[∫ x

a
K1(t; x, y)hn−1(y, σ(t)) f∆

k
(t)∆t +

∫ b

x
K2(t; x, z)hn−1(z, σ(t)) f∆

k
(t)∆t

]
(48)

For particular choices for y→ h and z→ a + b − h, so that h ∈ [ρn−1(a), ρn−1(x)], in equation (47), yields the
following Ostrowski’s type formula via Fink approach by generalized polynomial

1
b − a

∫ b

a
f (w)∆w = A( f , x, h, a + b − h; n) + E( f , x, h, a + b − h; n), (49)

In particular, for x → a+b
2 and hn(h, .) = hn(a + b − h, .) it reduces to the Guessab-Schmeisser quadrature

formula [2, Theorem 1] and hence utilizing the triangle integral inequality and employing some known
norm inequalities we can retrieve [2, Theorem 2]. Particular consequences for different values of h produce
different quadrature rule. For instance,

1
b − a

∫ b

a
f (w)∆w = A

(
f ,

a + b
2
, a, b; n

)
+ E

(
f ,

a + b
2
, a, b; n

)
(Trapezoidal rule)

1
b − a

∫ b

a
f (w)∆w = A

(
f ,

a + b
2
,

a + b
2
,

a + b
2

; n
)
+ E

(
f ,

a + b
2
,

a + b
2
,

a + b
2

; n
)

(Midpoint rule)

Example 4.1. (Continuous case) Under the conditions of Theorem 3.5 for T = R, inequality (35) reduces to∣∣∣∣∣∣Ac( f , z, y, z; n) −
1

b − a

∫ b

a
f (w)dw

∣∣∣∣∣∣ (50)

≤



Wc(y, z; a, b)
∥∥∥ f (k)

∥∥∥c

1,[a,b]
.

{2b−a−z+|2y−a−z|+|3z−a−2b+|2y−a−z||}
4

×Fc(y, z; a, b; 0, 0, 1)
∥∥∥ f (k)

∥∥∥c

∞,[a,b]
.

{2b−a−z+|2y−a−z|+|3z−a−2b+|2y−a−z||}∥ f (k)∥
c
p,[a,b]

4
×Fc(y, z; a, b; 0, 0, q), 1< p, q <∞
Fc(y, z; a, b; 1, 1, q)

∥∥∥ f (k)
∥∥∥c

∞,[a,b]
, 1< p, q <∞

Example 4.2. (Discrete case) Under the conditions of Theorem 3.5 for T = Z, inequality (35) reduces to∣∣∣∣∣∣∣∣Ad( f , z − n + 1, y, z; n) −
1

b − a

b−1∑
p=0

f (p)

∣∣∣∣∣∣∣∣ (51)

≤



Wd(y, z; a, b)
∥∥∥ f∆k

∥∥∥d

1,[a,b]
.

{n−z+2b−a−1+|2y−n−z−a+1|+|Dd(y,z;a,b)|}
4(n−1)!

×[(y − a)n + (z − y)n + (b − z + n − 1)n]
∥∥∥ f∆k

∥∥∥d

∞,[a,b]
.

{n−z+2b−a−1+|2y−n−z−a+1|+|Dd(y,z;a,b)|}
∥∥∥∥ f∆k

∥∥∥∥d

p,[a,b]

4
×Fd(y, z; a, b; 0, 0, q), 1< p, q <∞

Fd(y, z; a, b; 1, 1, q)
∥∥∥ f∆k

∥∥∥d

∞,[a,b]
, 1< p, q <∞

Example 4.3. (Continuous case) Under the conditions of Theorem 3.4 for T = R, inequality (22) reduces to∣∣∣∣∣∣ f (h) + f (a + b − h) −Sc

2n
−

1
b − a

∫ b

a
f (w)dw

∣∣∣∣∣∣ ≤ Zq(h; a, b)ℸc(h; a, b)
n(b − a)

(52)
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ℸc(h; a, b) :=


Xc(h; a, b)

∥∥∥ f (k)
∥∥∥c

p,[a, a+b
2 ] +Y

c(h; a, b)
∥∥∥ f (k)

∥∥∥c

p,[ a+b
2 ,b]
, q ∈ (1,∞)

Vc(h; a, b)
∥∥∥ f (k)

∥∥∥c

∞,[a, a+b
2 ] +P

c(h; a, b)
∥∥∥ f (k)

∥∥∥c

∞,[ a+b
2 ,b]
, q ∈ (1,∞);

Xc(h; a, b)
∥∥∥ f (k)

∥∥∥c

∞,[a, a+b
2 ] +Y

c(h; a, b)
∥∥∥ f (k)

∥∥∥c

∞,[ a+b
2 ,b]
, q = 1.

Example 4.4. (Discrete case) Under the conditions of Theorem 3.4 for T = Z, inequality (22) reduces to∣∣∣∣∣∣∣∣ f (h) + f (a + b − h)
2n

−
Sd + Td

2n
−

1
b − a

b−1∑
p=0

f (p)

∣∣∣∣∣∣∣∣ ≤ Zq(h; a, b)ℸd(h; a, b)
n(b − a)

(53)

ℸd(h; a, b) :=


X(h; a, b)

∥∥∥ f∆k
∥∥∥

p,[a, a+b
2 ] +Y(h; a, b)

∥∥∥ f∆k
∥∥∥

p,[ a+b
2 ,b]
, q ∈ (1,∞)

V(h; a, b)
∥∥∥ f∆k

∥∥∥
∞,[a, a+b

2 ] +P(h; a, b)
∥∥∥ f∆k

∥∥∥
∞,[ a+b

2 ,b]
, q ∈ (1,∞);

X(h; a, b)
∥∥∥ f∆k

∥∥∥
∞,[a, a+b

2 ] +Y(h; a, b)
∥∥∥ f∆k

∥∥∥
∞,[ a+b

2 ,b]
, q = 1.

5. Graphical Analysis

In this section , We discuss the graphical representation of our main results, which are helpful to
understand theoretical results.
If we choose , f (y) = y2, y = z, n = 2, and [a, b] = [0, 1] in Theorem 3.5 for T = R, then we have

∣∣∣∣∣∣ y2
− y + 0.44

2

∣∣∣∣∣∣ ≤


2y2
−2y+1+|2y−1|

2 .(
1 + |2y − 1|

) (
2y2
− 2y + 1

)
.

0.577
(
1 + |2y − 1|

) (
y

3
2 +

(
1 − y

) 3
2

)
, p = q = 2

2
(
y3 + (1 − y)3

)
, p = q = 2

(54)

Comparison of left and right sides of Theorem 3.5

Figure 1 This is an image showing the comparison between left and right sides of Theorem 3.5.

If we choose, f (h) = h2, n = 2 for [a, b] = [−1, 5] in Theorem 3.4 for T = R, then we have
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∣∣∣∣∣∣h2
− 4h + 7

2

∣∣∣∣∣∣ ≤


[
2|h+3|+|2h−3|+38

24

] √
(h + 1)3 + (2 − h)3, q = 2 h

3
2 +(3−h)

3
2 +2.5

(
(h+2)

3
2 +(1−h)

3
2

)
3

 √
(h + 1)3 + (2 − h)3, q = 2

[
5|h+3|+|2h−3|+10.5

6

] (
(h + 1)2 + (2 − h)2

)
, q = 1.

(55)

Comparison of left and right sides of Theorem 3.4

Figure 2 This is an image showing the comparison between left and right sides of Theorem 3.4.
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