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Abstract. In this present work, the existence and uniqueness of solutions for fractional pantograph differ-
ential equations involving Riemann-Liouville and Caputo fractional derivatives are established by applying
contraction mapping principle and Leray-Schauder’s alternative. The Mittag-Leffler-Ulam stability results
are also obtained via generalized singular Gronwall’s inequality. Finally, we give an illustrative example.

1. Introduction and fractional calculus

Fractional differential equations have recently been studied by many scholars, these equations will
be used to describe phenomena of real world problems. For more information, see the monographs
[1, 18, 20] and the references therein. Many interesting and important area concerning of research for
fractional differential equations are devoted to the existence theory and analysis of the solutions, see works
[1, 3,17, 27, 29, 31]. Hybrid differential equations using fractional calculus have also been studied by
several scholars, for instance, see, [2, 10, 13, 22, 25]. Recently, several researchers have discussed the
existence, uniqueness and Ulam-stability of solutions for hybrid differential equations involving fractional
derivatives, for instance, see [2, 14, 19, 33]. In recent years, considerable attention has been given to
the study of existence, uniqueness and Ulam stability of solutions for sequential fractional differential
equations, we refer the reader to the monographs [24, 26, 28, 34] and thereference therein. The pantograph
type equation is considered as a special delay differential equation, it arises in quite different fields of pure
and applied mathematics such as number theory, dynamical systems, probability, electro dynamics and
quantum mechanics, see [9, 12, 32]. The classical form of the pantograph equation is given by the following
differential equation [6]:

Z (t) = Az(t) + Bz (nt),
z(0) = zg, (1.1)

0<t<T,0<n<l
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In recent years, there are many scholars have discussed the existence, uniqueness and different types of
Ulam stability of solutions of the above equation invoving different fractional derivatives. For some recent
work on pantograph equation of fractional-order, we refer to [4, 5, 11, 15, 16, 30] and references therein.
In [6] the authors established existence and uniqueness of fractional pantograph equation with Caputo
fractional derivative of the form:

D%z (t) = ¢ (t,z(t),z (ut)),
z(0) = zo, 1.2)
0<t<T,0<06<10<pux<l,

where “D? is the Caputo fractional derivative. On the other hand, in [7], the authors discussed the existence
and uniqueness for the fractional hybrid pantograph equation involving Riemann-Liouville fractional
derivative:

z (t) _
RL[)6|§;Z;7£zgngz;ﬁ55]-—IP(S/Z(t)/Z(#t)),

(1.3)

0<t<1,0<6<1,0<nu<l,

where RED? denote the Riemann-Liouville fractional derivative, ¢ € C ([O, 1] x R%, R\ {O}) and
y € C([0,1] x R%, R).
Motivated by the aforementioned papers, in this article, we study the existence, uniqueness and Mittag-

Leffler-Ulam-stability of solutions for the following fractional hybrid pantograph equation with mixed
Riemann-Liouville and Caputo fractional derivatives:

z (t) _
0 0| S | = 0,

z(0)=0, z(1)=0, (1.4)
0<t<1,0<nu<1l,0<5A<1,

where RLD? and D" denote the Riemann-Liouville and Caputo fractional derivatives, ¢ : [0, 1]xR? — R\ {0}
and ¢ : [0,1] X R? - R are given continuous functions. The operator RLD?® is the fractional derivative in the
sense of Riemann-Liouville [20, 23], defined by

d
t

RLDY, (f) = 1 (d_

no ot
_ no-1 —
T(n-20) ) j(; (t—5s) z(s)ds,n =[0] +1,

where I' (.) is the Euler gamma function given by

T ) =f e 2% dz.
0

The operator “D* is the fractional derivative in the sense of Caputo [20, 23], defined by

¢
D'z (t) = ﬁ fo (t =) 120 (5)ds,n = [A] + 1,
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and the Riemann-Liouville fractional integral [20, 23] of order a > 0, defined by

#z(t) = ﬁ fo (t—3s) "z (s)ds, t > 0.

We recall the following lemmas [18, 23].
Lemma 1.1. Let & > ¢ > 0and ¢ € L'([a,b]). Then D¢1%z(t) = [*z(t), t € [a, b] .
Lemma 1.2. For a > 0 and € > —1, we have

F'e+1)

T(a+e+1) (F-w)™*.

(- w)] =
Also we recall the following lemmas

Lemma 1.3. [18] Let 6 > 0 and z € C(0,1) N L' (0,1) . Then the fractional differential equation R:D°z (t) = 0 has a
unique solution

n

z(t) = Z ot

i=1
wherec;eR,i=1,2,..,nandn—-1< 06 < n.
Lemma 1.4. [18] Let 6 > 0. Then for z € C(0,1) N L' (0,1) and R.D°z € C(0,1) N L' (0, 1), we have
n .
PRDz(0)] =20+ ) it
P
wherec; e R,i=1,2,..,n,n=[0] +1.

Lemma 1.5. [18] For A > 0, the general solution of the fractional differential equation “D*z (t) = 0 is given by

H

n—
z( =Y ctheeRi=0,1,2,.,n—landn—1<A <n.

i

Lemma 1.6. [18] Let A > 0. Then

I
o

n-1
& [CDAZ (t)] =z(t) + Zciti, ¢ e€R,i=0,1,2..,n—1,n=[A]+1.
=0

In what follow, we need an important singular type Gronwall inequality.

Theorem 1.7. [21] Forany t €[0,1). If

n ¢
yO <m0+ Y k0 [ =9y s
i=1

where all the functions are not negative and continuous. The costants v; > 0, k; (i = 1,2, ..., n) are the bounded and
monotonic increasing functions on [0, 1), then

y(t)Sm(t)+i[ i H k (t)r(V f( _ )lev,/ 1m(s)ds].
1,2 ’

=12 oy
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Remark 1.8. For n = 2, if v1,v, > 0,k1,ky > 0,m (t) is nonnegative and locally integrable on [0,1) and y (t) is
nonnegative and locally integrable on [0, 1) with

t t
y(t) <m(t)+k fo (t—s)""y(s)ds +ky fo (t—9)"""y(s)ds,

then

y(t) < m(t)+Z((k11,1;(:3) f(t s) 7 m (s) ds

(k;r(](:;-)) f (t — sV i (s) ds)
Remark 1.9. Under the conditions of Remark 1.8, let m (t) is a nondecreasing function on [0, 1). Then we have
y (&) <m(t) (Ey, [T (v1) £7] + Ey, kol (v2) £72]),
where E, is the Mittag-Leffler function [1] defined by: E, [w] = Y72 r(],?—il), w e C.
The following proposition includes important findings that form the cornerstone of deriving the main
results in the current article.

Proposition 1.10. Let 0 < 5,A < 1. Ifp € C([O, 11 xR% R - {0}) and h € C([0,1],IR), then, the solution of the
problem

- () )
o [CDAZ ® Lp 0202 (nt))” =ho,

2(0)=0, z(1)=0, (1.5
0<t<1,0<nu<1,0<06A<]1,
is given by
_ etz®),z(n) A1
z() = F(5+A) f(t h(s)ds
(1.6)
sero1 P (5 2(6),z (1)) oAl
—t T+ | (t s) h(s)ds.
Proof. Let z be a solution of the problem (1.5). Then, we have
t)
oz | o,
Ootz0zmm) ="
Now, applying the operator I° to both sides of the above equation and by Lemma 1.4, we can write
t) -
Dz (t) [L] = P [h(®)] +at, 17
#E20,20) -

where a € R. Taking the Riemann-Liouville fractional g—integral of order A to both sides of (1.7) and using
Lemma 1.6, we get

z(t)=<p(t,z<t>,z(nt)>[r’“ O+ 5 b, (18)
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where b € R. Using the conditions z (0) = 0 and z (1) = 0, we find that

F(O+A)16+A

) [h(1)] and b = 0.

Inserting the values of a and b in (1.8) yields the solution (1.6). [

2. Existence results

Let Z = C([0,1],R) denote a Banach space of continuous functions from [0, 1] into R with the norm
llzll = sup{lz(#)| : t € [0, 1]},

and the multiplication is defined by (zw) (t) = z (t) w (t) for all w,z € Z.
By L'([0,1],R) we denote the space of Lebesgue-integrable functions z : [0, 1] — IR with the norm

1
Izl = f 12 (D] dt.
0

By Proposition 1.10, we define an operator Q : Z — Z by

@ (t,z(t),z(nt))
ro+A) 0

t,z(t t
_ o= 19 ( Zé)-’_igﬂ ))f (=) (s,2(5), 2 (us)) ds.

Qz () t(t Y (s,2(s), 2 (us)) ds 2.1)

Obviously, the fixed points of operator Q are solutions of the fractional hybrid pantograph problem (1.4).

Before starting and proving the main results, we introduce the following conditions.

(C1) ¢ : [0,1] X R> - R — {0} is continuous function and there exists a constant w > 0, such that for all
tel0,1]andzj,w; € R,j=1,2,

o (t,21,22) = @ (t, w1, wa)| < @ (21 — w1 + |22 — w2

(C2) ¥ : [0,1] X R? - R is continuous function and there exists a constant 9 > 0, such that for all # € [0,1]
andzj,w; € R,j=1,2,

o (t,21,22) = @ (t, w01, w2)| < 8 (121 — wil + |22 — wal),

(C3) There exists A, B € IR, where ((p (t,z1, < Aand |¢ (t, zl,zz)| < B, forallt€[0,1]andz; € R,j=1,2.
(C4) There exists a function ¢ € L' ([0,1],R), such that for all t € [0, 1] and zieR,j=1,2,

¥tz z)| <o ()
The following uniqueness result is based on Banach’s fixed point theorem.
Theorem 2.1. Assume that conditions (C;),i =1, ...,3 hold. If the inequality
4(Av+BS) <T(0+A+1), (2.2)

is valid, then the fractional hybrid pantograph problem (1.4) has a unique solution on [0, 1].
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Proof. We show that the operator Q is a contraction. Let z, w € Z, then we have

1Qz (£) — Quw (¥)]

t,z(t), t t
< |(P( rz(fslj\gn ))l j; (1?—5)5M71 Il/}(s,z(s),z(ys))—w(s,w(s),w(ys))|ds
) t,z(t), t 1
(A ‘(p(rz((élign l fo (t =9y (5,2(5),2(us)) = ¥ (s, w (s), w (us))|ds

tz(t),z(nt) — @ (Lw®),wnt ' ;
otz Z("F))(éf)f)w() w( ))|f0(t—S)DM_l|1/’(S,z(s),z(HS))|dS

it o (t,2(®),2(1) — @ (L, w (B),w (nt)|
ro+A)

So, thanks to (C;),i =1, ...,3, we get

1
fo (E= 9" | (5,2(5), 2 (us))| ds.

4(Aw + BY)
1Q(z) - QW) < m llz —wl|.

In view of condition (2.2), we infer that Q is a contraction operator. The proof is complete.

In the next result, we show the existence of solutions for the hybrid fractional pantograph problem (1.4)
by applying the following theorem. [J

Theorem 2.2. [8] Suppose that W is a non-empty subset of Z, which closed convex and bounded, Q1 : Z — Z, and
Q> : W — Z are two operators satisfying the following conditions:

1. Q; is Lipschitizian with a constant w,

2., is completely continuous,

3.2=0Q1zQw =z € Wforallw e W, and

4. wB < 1, where B = [|Q, (W)|| = sup {l|Q2 (2)I| : z € W}.
Then the operator equation z = Q1zQ»z has a solution.

Theorem 2.3. Suppose that conditions (C1) and (Cy) are valid. Further, if
o[, <TG+A+1), (2.3)
then the fractional hybrid pantograph problem (1.4) has at least one solution on [0, 1].
Proof. We consider a subset W of Z given by
W={zeZ:|z| <d},
28 [|llx
T(S+A+1)—4w||¢]] 1

Then in order to transform problem (1.4) into the operator equation z = Q;zQ»z, we need to define QO
and Q, as

Quzt) = (tz(H),z(nt), (2.4)

where 0 = and Ay = sup, )(p (t,0, O)) .

and

1 ! e
Rz = T5iH fo (t=9)""" (5,2(9),2 (us)) ds (25)

t5+/\—1

1
_m L (t—S)é"'A_l ¢(S/Z(S),Z(ys)) ds.
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We shall show that the operators Q;,i = 1, 2 satisfy all the conditions of Theorem 2.2.
We start by showing that Q; is a w Lipschitzian operator on Z. Let w, z € Z, then by (C;) , we have

o (t,2(),2(nt) — ¢ (£, (1), w (D))
w(jz(t) = w O] + |z (nt) — w (D))

< 2wlz(®®) —w(@)] < 2wlz-w|,

Q12 (t) = Qrw (#)]

IA

A

Then
|01 (z) — O1 (w)|| £ 2wz —w||, forall w,z € Z.

Next, Q, is completely continuous on W. We begin by ensuring the continuity of Q, on W. Let {z,} be a
sequence in W converging to a point z € W. Then by Lebesgue dominated convergence theorem,

t
i (g [ 090620 2 )

lim Q>z, (f)

t6+)\71

1 -
TO+A) fo (=) (5,24 (5) , 24 (us)) ds

t
- r(51+ 1 fo (£ =)™ lim ¢ (5,20 (5) , 20 (ps)) ds

t5+)\—1

1
TE+A fo (=) Tim (5,2, 5) , 20 (1)) ds

1 t e
- mf (=99 (5,2(5),2 (us)) ds

t6+)\71

1 -
TO+A) fo (=9 (s,2(5), 2 (us)) ds
= Qz(h).

Moreover, we show that Q, (W) is a uniformly bounded and equicontinuous set in Z. First we prove the
uniform boundedness of the set Q, (W) in Z.

Forz € Wand t € [0,1], using (C4) , we can write

1 t
1Qz (H < m‘fo (t =) (s,2(s),z (us))| ds
po+A-1
TE+A J

2],
T TO+A+1)

1
(t —s)>1 |z,b (5,2(s),z (ys))| ds

which implies that

2],

Q2 Il < m

On the other hand, we demonstrate that ), is an equicontinuous setin W. Let ¢y, t, € [0, 1] with t; < f, and
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z € W. Then we have

1Q2z (1) — Qaz (f2)
1 " 0+A-1 5+A-1
‘ML [(tZ —5) —(ti—s) ]¢(s,z(s),z(ys))ds
12
vl GRS

O+A=1 _ 10+A-1
et - 5]

1
gy ¢ 0. e

Thanks to condition (C4), we get

|Q2z (t1) — Qaz ()] < % [(tz — t1)5+A + tg+}\ _ t({)+}\]
“(P“Ll |t5+)\—1 _ t5+)\—1|
TG+A+1) M 2 ’

6898

Obviously the right hand side of the above inequality tends to zero independently of z € W as t, —t; — 0.
Therefore, it follows from the Arzela-Ascoli theorem that Q; is a completely continuous operator on W.
Next, we show that hypothesis (3) of Theorem 2.2 is satisfied. For z € Z and w € W, where z = Q1zQ,w,

we get

O = 1Quz(OQaw (#)]

t
< lotz@,200) [ﬁ fo (=" 9 (5,0 (), 0 (us))| ds
t6+/\71 1 it
+F(6+)\)j; (t=5) |¢(S/W(S)IW(MS))(ds]
< et z@t),z(nt) — ¢ (t,0,0)] +|e(t0,0)|
t .
el K A AR
t5+A—1 1 Sl
+r(5+A)fo (=) |‘P(wa(5>/ww8))lds]
2|j¢,.
< (ZwIZ(t)I+A@)r(5+—AL+1).
which implies that

2nfoll,
TG+A+1)—4w|o,

llzll <
This shows that condition (3) of Theorem 2.2 is satisfied. Finally, we have

N 10 (W) = sup 10 (1 € ) < — 21
o TP “TO+A+1)

From above estimate, we obtain

2 ll,

oN=ore v < b
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Thus, all the conditions of Theorem 2.2 are satisfied and so, the operator equation z = Q;z(Q,z has a solution
in W. In consequence, problem (1.4) has a solution on [0,1]. O

3. Mittag-Leffler-Ulam-stability results

In this section, we consider the Mittag-Leffler-Ulam-Hyers stability and Mittag-Leffler-Ulam-Hyers-
Rassias stability for the hybrid fractional pantograph problem (1.4). For t € [0,1], we give the following
inequalities:

Kps icmz n m (2,2 (1) | < 6, 1)
and
o iCDAZ ® i(p (t,z?tgt,)z (nt)): =P (s,z(s),z (us))ds| < O (1), (32)

where f is positive real number and 6 : [0, 1] — R* is continuous function.

Definition 3.1. Problem (1.4) is Mittag-Leffler-Ulam-Hyers stable, with respect to Es. if there exists a real number
@ such that for each > 0 and for each solution w € Z of the inequality (3.1), there exists a solution z € Z of the
problem (1.4) with

lw (t) —z(O)] < @BEs+a [t], t € [0,1].

Definition 3.2. Problem (1.4) is Mittag-Leffler-Ulam-Hyers-Rassias stable, with respect to OEs, if there exists a
real number yg > 0 such that for each f > 0 and for each solution w € Z of the inequality (3.2), there exists a solution
z € Z of problem (1.4) with

lw (£) —z(D] < yopO (1) Es+a [t], £ € [0,1].

Remark 3.3. Afunctionw € Zisasolution of the inequality (3.1) if and only if there exists a function f € C([0,1], R)
(which depend on w) such that

lf)<p, telol,

and

RL[yS [CDAZ(t) [W” =1 (s,z(s),z(us))ds+ f(t),t€[0,1].

Theorem 3.4. If conditions (C;),i = 1, ..., 3 are satisfied, then the problem (1.4) is Mittag-Leffler-Ulam-Hyers stable

Proof. Let w € Z be a solution of the inequality (3.1) and let us denote by z € Z the unique solution of the
problem

RLDYS [CDAZ 6 [m” =1 (s,z(s),z(us))ds,
z(0)=w(©0), z(1)=w(),

0<t<1,0<nu<1,0<0A<],
Applying Proposition 1.10, we can write

z(t) I'(6) fo+A-1

— 7o+A
ez, 2 1 O IEEES

+b.
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By integration of the inequality (3.1), we obtain

w () I'(6)

_ 70+A _ o+A-1 _
pGom,omy | O TEen! 4
‘B t6+/\ < ‘8
TG+A+1) TTE+A+1)
From these relations, we obtain that
[w (t) =z ()]
< A w(t) B z (t)
T etw®,wh)  ez®),z(n)
w(t) 5+ L©) 51
= Aotem,om T PO TEan
+1 [y, (1) = bz (V)]
w (t) 542 F©) 51
= Astem,omy T O TE D 4

+A | [y (1) = 2 (1)]],
where
hy (t) = (s,z(s),z(us)) and hy, (t) = ¢ (s, w(s),w (us)),

and the constant A is defined in (Cs).

Thanks to (C;) and (3.3), we get

[w (t) — z (t)]
AB 249
TO+A+1) TG+

t
f (t =) w (1) — z (1)] ds.
0
Now, applying Remark 1.8 and Remark 1.9, we obtain

Ap

lw (t) —z ()| < m

(Es+a [2A3t5”]), telo,1].

So, the problem (1.4) is Mittag-Leffler-Ulam-Hyers stable. [J

6900

(3.3)

Theorem 3.5. If conditions (C;),i = 1,...,3 are satisfied. Suppose there exists a function 6 € C([0,1],Ry) is

increasing and there exists yg > 0 such that for any t € [0,1]

t
ﬁ fo (t =) O(s)ds < yoO(t).

Then the problem (1.4) is Mittag-Leffler-Ulam-Hyers-Rassias stable with respect to OEs..).

Proof. Let w € Z be a solution of the inequality (3.2). Using Remark 3.3, we can write

w () oid L TO) s
‘@@w@mﬁﬁ)l Ol crGen™ 1

t
%fo (t — )" O(s)ds.

(3.4)
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Let us denote by z € Z the unique solution of the problem

D D0 | || = 62O

z(0)=w(0), z()=w(),

0<t<1,0<nu<1,0<5ALL

We have
z(t) A L'©) 51
oGz, 2y | POItapE b
By (3.4) and (C;), we have
[w(t) — z ()]
- ‘ w(t) 10
T U etw®,wmh)  etzt),z(01)
w (t) S+1 I (6) O+A-1 _
= A’q)(t,wa),w(nt))_l R L
+I [y (1) = iz (1]
O+A-1
< r(6+)\)f(t 41 0(s)ds

r(5+ B f (£ =)™ fw (6) -z (B)l ds

o+A-1
< AByef(t) + =—— F((S oy f (t—s) [w (t) — z ()| ds.
So, using Remark 1.8 and Remark 1.9, we get
[w () - z (O] < AByoO(t) (Eora [2491]), £ € [0,1].

Then, the problem (1.4) is Mittag-Leffler-Ulam-Hyers-Rassias stable. [J

4. Example

Let us consider the following problem

RLD% CD%

z (t)
Htant(Hz () + 13 cosz (%t) + %

_t 3 1
= ﬁcosz(t)+ ﬁsmz( t)+ it t€[0,1],

z(0)=0, z(1)=0,

and the following inequalities

]

RLDS D72 (#) <8,

6901

4.1)
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and

RL% CD%z(t) <po),

@T” 52692 36)

3

where
(t z (1) z(gt)) l’r n- z(t)+l z(zt)+g
P\223 13 133" T3

3 t t 3) 1
l/’(t,Z(t),Z(gt)) ﬁcosz(t)+ ﬁ51nz(5t)+ ﬁt

Forallt € [0,1] and zj,w;€R,j=1,2, we have

o (t,21 (1), 22 (AD) — @ (w1 (1), w2 (AD)] < %(|zl—wl|+|zZ—wz|),

[V 621 0,200) - ¢ o @), 00| < = (- wl+la -,
and

P2 @), 2] < 22 =4, P62 0,200 < = =B.

Hence conditions (C;) and (C;) hold with w = 11—3 and 9 = 11—1 respectively.
Thus condition (2.2) reads

4(wA+9B)=035164 <T(5+A+1)=14934,

It follows from Theorem 2.1, that the problem problem (4.1) has a unique solution on [0, 1], and is Mittag-
Leffler-Ulam-Hyers stable with

lw (t) — z ()| < 1.22548 (E% [0.149181%%]), te[o,1].

Let 6 (t) = t2. Then

(TN
=
By

1
TRAL
3% [0(H)] = I++9 [t%] = 2 — pr¥E+s < — £ = y0(t).
r(%) r(%)
Thus condition (3.4) is satisfied with 0 (t) = t2 and Yo = r%( g) It follows from Theorem 3.5 problem (4.1) is
0

Mittag-Leffler-Ulam-Hyers stable with

161
9r(70)

w (f) -z (t)] € ———pt? (Ess [0 14918ts=]), telo,1].
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