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Hyperbolic Ricci soliton on warped product manifolds

Shahroud Azami?®, Ghodratallah Fasihi-Ramandi?®

*Department of Pure Mathematics, Faculty of Science, Imam Khomeini International University, Qazvin, Iran

Abstract. In this paper, we investigate hyperbolic Ricci soliton as the special solution of hyperbolic
geometric flow on warped product manifolds. Then, especially, we study these manifolds admitting either
a conformal vector field or a concurrent vector field. Also, the question that:” whether or not a hyperbolic
soliton reduces to an Einstein manifold?” is considered and answered. Finally, we obtain some necessary
conditions for generalized Robertson-Walker space-time to be a hyperbolic Ricci soliton.

1. Introduction

The concept of warped product metrics was first introduced by Bishop and O’Nill [4] to construct
examples of Riemannian manifolds with negative curvature. In pseudo-Riemannian geometry, using
of warped product manifolds and their generic forms, many new examples with interesting curvature
properties have been constructed. For instance, Einstein spaces [3, 22] and symmetric spaces [2].

On the other hand, geometric flows are important topic in differential geometry, because by these flows
we can find canonical metrics on their underlying Riemannian manifolds. A geometric flow is an evolution
of a geometric structure under a differential equation with a functional on a manifold.

One of these geometric flows is hyperbolic geometric flow which is a system of nonlinear evolution partial

differential equations of second order, it is very similar to wave equation flow metrics, and defines as

follows
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where kj is a symmetric 2-tensor field on M. Also, one can see that this flow is similar to Einstein equation
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The existences and uniqueness of (1) studied in [11] on closed Riemannian manifolds. Also, Lu in [25]
studied the Ricci flow and hyperbolic geometric flow on warped product manifolds.

Suppose that (M", g(t)) is a solution of the hyperbolic geometric flow on a time interval (g, b) containing 0,
and set gop = g(0). We say that g(f) is a self-similar solution of the hyperbolic geometric flow if there exist
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a scalar functions o(t) and a diffeomorphism ¢; on M" such that g(t) = o(t)¢;(go) for all t € (a,b). We may
assume without loss of the generality that 0(0) =2, ¢’(0) = A, 0¢”(0) = -2y, and ¢¢ = id. Then we have

Ric(go) + ALxgo + (Lx o Lx)go = ugo ()

where X = Y(0) and Y(¢) is the family of vector fields generating the diffeomorphisms ¢. In this case, we say
go is a hyperbolic Ricci soliton and, we show it by (M, go, X, A, u). If X vanishes identically, a hyperbolic Ricci
soliton is an Einstein metric. If A = % and the vector field X is a 2-Killing vector filed, i.e., (Lx o Lx)g0 = 0
then a hyperbolic Ricci soliton is a Ricci soliton. When the vector field X = Vf for some smooth functions
f M — R, we say that (M, go, Vf, A, p) is a gradient hyperbolic Ricci soliton. 2-Killing vector fields were
firstly introduced by Németh in [28] and, Cruz Neto et al. in [10] showed the importance of 2-Killing vector
fields on Lorentzian geometry. However all Killing vector fields are 2-Killing vector fields, but there are
also examples of 2-Killing vector fields that are not Killing vector fields (see [28]).

The concept of Ricci solitons was introduced by Hamilton [18], which are natural generalizations of Einstein
metrics. Since then, Ricci solitons have been extensively studied for different reasons and in different spaces
[5,7,8,15,26,27,30,31].

In [21], the authors obtain a criteria that the Riemannian manifold M is Einstein or a gradient Ricci soliton
using of the second derivative of warping function f in the warped and Lorentzian warped product spaces
of the form R Xy M with gradient Ricci solitons. Also, in [1, 6, 13, 14, 19, 20, 23, 24, 36], have been studied
the Ricci solitons and gradient Ricci solitons on warped product manifolds.

Let M;, i = 1,2 be two smooth pseudo-Riemannian manifolds with pseudo Riemannian metrics g; for
i=1,2. Letmty : My X My = M and mp : My X My — M, be the natural projections on M; and M,. Also, let
f : M1 — (0, ) be a smooth positive function. The warped product manifold M = M; X ¢ M, is the manifold
M x M, equipped with the metric g = g1 @ f2¢, defined by g = 7}(g1) @ (f o m1)*7,g2, where * denotes
the pull-back operator on tensors. The function f is called the warping function of the warped product
manifold M; Xs My. In following we assume that Vi, i =1,2, Ric' and L are the Levi-Civita connections,

Ricci tensors and Lie derivatives on M;, respectively. Also, we denote the hessian of a smooth function f
by H'.

In this paper, we will consider the warped product metrics combining with hyperbolic Ricci solitons
and we obtain some results about hyperbolic Ricci solitons on warped product manifolds.

2. Preliminaries
Now, we have the following two proposition from [4, 9, 29, 35].

Proposition 2.1. Let (M, g) = (M1 X Ma, 1 @ f2g>) be a warped product manifold with function f > 0 on M;.
Then

1) Vy,Y =V} Yy,

Xif
f

3) Vx, Yo = —fg2(Xo, Y2)Vf + VizYzf

2) Vx, Yo =Vy, X1 = =Y,

4) (Lz9)(XY) = (-E%lgl)(Xl, Y1) + (f2L2,92)(X2, Y2) + 2f(Z1)92(Xa, Y2),

for all vector fields X = X1+ Xo, Y =Y1+ Yoand Z = Z1 + Zy on M where X;,Y;,Z; € X(M;), i=1,2and Vfis
the gradient of f.

Proposition 2.2. Let (M, g) = (My Xy My, g1 ® f>g2) be a warped product manifold with function f > 0 on My and
dim(M;) = ny. Then

1) RiC(le Yl) = Ricl(xll Yl) - %Hf(xlr Yl)/
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2) Ric(X1,Y2) =0,
3) Ric(Xp, Y2) = RicX(Xa, Y2) = figa(Xa, Ya),
for all vector fields X;, Y; € X(M), i=1,2where f* = fAf + (ny — 1)|Vf]2.
Corollary 2.3. Let (M, g) = (M1 Xs M, g1 ® f*g5) be a warped product manifold with function f > 0 on Mi. Then
1) (LzLz9)(X1, Y1) = (£}1£1zlgl)(X1,Y1),
2) (Lz2Lz9)(X2, Y2) = fALY L5 92)(Xa, Y2) +2Z1 ()L, 92)(X2, Y2)
+Z1(Z1(f*))92(X2, Y2),
3) (LzLz9)(X,Y2) = —XTlf(fz(Lézgz)(er Y2) + Zi(f)g2(25, Y2)),
for all vector fields Z = Z1+ Zyon M and X;,Y;, Zi € X(M;), i=1,2.

Proof. From the Proposition 2.1 we have

L7Xy = VzXi -V, Z=VzX1+Vz X - Vilzl
X f
= V, X+ N Vi, Z1
X
if

N

L%le +

Therefore

(LzLz9)(X1,Y1) = Lz(Lz9(X1, Y1) — Lzg9(Lz X1, Y1) — Lz9(X1, LzY1)
= Lz(ﬁélgl(xh Yy)) - .5121571(-52?(1, Yq) - L%lgl(Xl, L7Y1)
1,01 1 1 Xy f
= Ly(L; (X, Y1) - Ly 1(Ly, X + TZZI Y1)
Yif

—-E%lgl(xl/ lel Yy + TZZ)

= (L3, £7,90(X1, Y.

Using again the Proposition 2.1 we get

L7Xy = VzXo-Vx,Z=VzXo+VzXo—Vx,Z1 - Vx,Z>
= VX, -ViZ
= L X
Therefore,

(LzLz9)(X2,Y2) = Lz(Lz9(X2,Y2)) — Lz9(L2X2,Y2) = Lz9(Xa, L7Y>)
= L7(f2L 00050, V2) + Zi(fAga(Xa, Y2))
— 2L 92(L3 X, Y2) = Za(f?)92(LG, Xo, YVa)
— L2 02(Xa, L3.Y2) = Za(f1)g2(Xa, L3, Y2)
= fALELE 32) (X2, Y2) + 2Z1(f)(LE, 92)(X2, Ya)
+Z1(Z1(f*))92(X2, Ya).
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Also, we have

(LzLz9)(X1,Y2) = Lz(Lz9(X1,Y2)) — Lz9(LzX1,Y2) — Lz9(X1, L7Y?)
X
= —L2g9(Ly X+ %er Y) = L29(X1, £L7,Y>)
X
= —%ng(zzr Y3)
xf

7 (fz(Lézgz)(Zz, Y2) + Z1(f%)g2(Z2, Yz))-
0

Theorem 2.4. Let the connected warped product manifold (My X¢ Ma, g1 & fzgz, & =& + &, A, ) be a hyperbolic
Ricci soliton. Then either f is constant or the operator T : X(My) — R vanishes, where T(X,) = fz(.ﬁéz 72)(Xo, &2) +

E1(fA)92(X2, &2).
Proof. From the definition of hyperbolic Ricci soliton we get
Rie(X,Y) + ALeg(X, Y) + (L 0 L)g(X, Y) = pug(X,Y), )

for all vector fields X, Y on M Xy M,. If we assume that X = X; € X(M;) and Y = Y, € X(M), then the part
4 of Proposition 2.1, the part 2 of Proposition 2.2, and the part 3 of Corollary 2.3, imply that

XN (LE7)(E, Ya) + E1(f)ga(E2, Y2)) = 0, @

or equivalently (X f)T(Y>) = 0 for any vector fields X; € X(M;) and Y> € X(M). This shows that f is
constantor T =0. [J

Theorem 2.5. Let the warped product manifold (My X ¢ My, g1 ® f zgz, & = &1+ &, A, ) be a hyperbolic Ricci soliton
and Hf = 0. Then the manifold (M, g1, &1, A, p) is a hyperbolic Ricci soliton.

Proof. From the definition of hyperbolic Ricci soliton we get
Ric(X,Y) + ALeg(X, Y) + (Le 0 Lo)g(X,Y) = pg(X, Y), (5)

for all vector fields X, Y on My Xy M,. If we assume that X = X; € X(M;) and Y = Y; € X(M,), then by
Hf =0, the part 4 of Proposition 2.1, the part 1 of Proposition 2.2, and the part 1 of Corollary 2.3, we have

Ric' (X1, Y1) + ALy g(X1, Y1) + (L, © L)g1(Xa, Y1) = pgi (X, Y1), (6)
that is (M1, g1, &1, A, ) is a hyperbolic Ricci soliton. [J

A pseudo Riemannian manifold (M, g) is an h-almost Ricci soliton if there exist a vector field X € X(M),
a smooth function y(x) : M — R, and a function & : M — R such that

Ric + hLxg = y(x)g.

In this case we denote it by (M, g, X, I, ). The h-almost Ricci solitons have been introduced by Pigola et al.
[32] and Gomes et al. [17].

Theorem 2.6. Let the warped product manifold (My Xf Ma, g1 & fzgz, &1 + &2, A, ) be a hyperbolic Ricci soliton
and &, be 2-Killing vector field. Then (Ma, g») is an h-almost Ricci soliton with parameters h = A f> + 2&1(f?) and

Y@) = uf? + f = A&(f2) - &(& ().
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Proof. From the definition of hyperbolic Ricci soliton we get
Ric(X,Y) + ALxg(X, Y) + (Lx 0 Lx)g(X, Y) = ug(X, Y), (7)

for all vector fields X, Y on M Xy M,. If we assume that X = X, € X(Mz) and Y = Y5 € X(M), then the part
4 of Proposition 2.1, the part 3 of Proposition 2.2, and the part 2 of Corollary 2.3, imply that

Ric* (X2, Y2) = ffg2(Xa, Ya) + Af2L2 g2(Xa, Y2) + A&1(f2)g2(X2, Y2)
+f2£252£§292(xz, Y,) + 251(f2)£§292(xz, Y5) 8)
+&1(E1(f)g2(Xa, Ya) = pf?g2(Xa, Ya).
Since &, is a 2-Killing vector field then £§2£2§2 g2 = 0 and we can write the equation (8) as
Ric? + (Af2 + 26PN L g2 = (uf2 + F = A& () = E1(Ea(f2)ga-
This completes the proof of theorem. []

Definition 2.7. A vector field & on a manifold (M, g) is called a conformal vector field if Lzg = pg for some smooth
function p : M — R. If p is non-zero constant or zero, then & is called homothetic or Killing vector field, respectively.

Theorem 2.8. Let the warped product manifold (M = My Xy Ma, 9 = g1 & fzgz, &1+ &2, A, 1) be a hyperbolic Ricci
soliton. Then g is an Einstein metric if

i) &; is conformal vector field on M; with factor p;,i=1,2,
ii) uf? = A&a(f2) = &(Ea () - pa (Af2 + 261(f3) = FA(Sa(p2) + p2)
=i = Apr = &i(py) - p3).

Proof. Since &; is conformal vector field on M; with factor p;, i = 1,2 we have L; g1 = p1g1 and Léz g2 = P2g2.
Therefore

Lél-ﬁélfh = (51(P1) + P%)gl, Léz-ﬁézgz = (Ez(Pz) + P%)!]z-

Since (M1 Xf My, g1 ® fzgz, &1 + &2, A, ) is a hyperbolic Ricci soliton we have
Ric(Xy, Y1) + /\-Eélgl(xlr Yq) + -EélLélgl(Xl/ Y1) = ug1(Xq, Y1)

then
Ric(Xy, Y1) = (1 = Ap1 = &1(p1) — p3)g1 (X1, Y1),

Similarly, as (My Xy M, g1 @ fzgz, &1+ &2, A, ) is a hyperbolic Ricci soliton we have

Ric(Xp, Y2) + (Af? +261(f2)) L2 92(Xa, Y2) + (A&1(f2) + E1(E1(f2)) 72(Xa, Y2)
+f2£252£§292(xz, Y)) = pf?g2(Xa, Yo).
Then

Ric(Xa, Y2) = (uf? = A&1(f2) = &1(E (D) — p2 (A +261(f) = F(E2(p2) + p3))92(X2, Ya).
Therefore
Rﬂxw:@—wrémm—ﬁwxw,

that is (M, g) is an Einstein manifold. O
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Theorem 2.9. Let manifold (M1, g1, &1, A1, u1) be a hyperbolic Ricci soliton and (M, g2) be an Einstein manifold
with factor y. Then the warped product manifold (M = My X Ma, g9 = g1 @ f2g2, & = & + &2, Ay, 1) is a hyperbolic
Ricci soliton if

1) &, is conformal vector field on My with factor p,
2) fisa constant function or T = 0 and Hf =0,

3) wifr =y~ (m = DIVFE + 1a(fp + & () + FELp) +p2) + 2050(f) + E1(&(F)).

Proof. We assume that X; € X(M;), i = 1,2. Since Hf =0, we get Af = 0. Since (M, g») is an Einstein
manifold with factor y and according to the Proposition 2.2, for X = X; + X; and Y = Y7 + Y, we have
RiC(X, Y) = RiC(Xl, Yl) + RiC(Xz, Yz)
) n )
Ric'(X1, Y1) - 72Hf (X1, Y1) + Ric* (X2, Y2) = fi92(Xa, Y2) )

= Ric'(Xy, Y1) + (y — (n2 — DIVFP)g2(X2, Y2).

Since (M1, g1, &1, A1, p1) is a hyperbolic Ricci soliton we infer
Ric' (X1, Y1) + ML g1(Xa, Y1) + L1 L 1(X1, Y1) = g (Xa, Y1) (10)
Now since &, is a conformal vector field with factor p and using part 4 of Proposition 2.1 we conclude that
(LepX,Y) L 91X, Y1) + f2LE 92(Xa, Ya) + E1(f)92(Xa, Ya)
L} 91X, Y1) + (o + &1(fH)92(Xa, Ya). (11)
Also, since f is a constant function or T = 0, then the Corollary 2.3 implies that

(LeLeg)(X,Y) (LeLeg) (X, Y1) + (LeLeg) (X2, Ya)
= (L} L 90X, Y1) + fALE L 92)(Xa, Ya)
+281(f(LE 72)(Xa, Y2) + E1(E1(F2))g2(Xa, Y2) (12)
= (L1 L)X, Y1) + (FE(p) + p?) + 2p&1(f)
+E1(E1(f%)))92(X2, Ya).
By equations (9)-(12) we obtain

Ric(X,Y) + M(Leg) (X, Y) + (L L:g)(X,Y)
= Ric' (X1, Y1) + (y — (2 = DIVF*)92(X2, Y2)

AL g1 (X, Ya) + (2 + (D)) a(Xa, Vo)
+( L, L1 90X, Y1) + (F(E(p) + p) + 20&1(f2) + E1(E1(F2))g2(Xa, Ya)
= g1 (X1, Y1) + (y = (2 = DIV + Ao f2p + E(f)) + FA(&a(p) + )

+2p&1(f%) + E1(&1(F2))g2(Xa, Ya)
= [11!](X/ Y)
Therefore (M, g) is a hyperbolic Ricci soliton. [J

Theorem 2.10. Let the warped product manifold (M = M; XfMp,g=g019 fzgz, & =&+ &, A, p) be a hyperbolic
Ricci soliton. Then (M, g) is Einstein manifold if one of the following conditions holds.

1) & =&, & is a Killing vector field on My and A&(f?) + &1(&1(f?) = 0.
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2) & =&, & isa Killing vector field on M.
3) & is a Killing vector field on M;, i = 1,2 and A& (f2) + &1(&1(f2) = 0.
Proof. 1If &; is a Killing vector field on M;, i = 1,2 then
Ligi=0, LiLigi=0, i=12

If & = & and & is a Killing vector field on M; and A&;(f?) + &1(&1(f?) = 0 then for any vector fields
X=X1+Xpand Y = Y7 + Yy where X;, Y; € X(M;), i =1,2 we have
(La)(XY) = Ly g1(X1, Y1) + E(f)g2(X2, Y2) = E1(f)g2(X2, Y2),

and

('Lél ‘551 g)(Xr Y)

(LeaLe )X, Y1) + (L Le, 9)(Xo, Y2)
(L:, Li91)(X1, Y1) + +E1(E1(f)g2(Xa, Ya)
&1 ()X, Ya).
Since A& ( fz) + &1 (f 2) =0, the hyperbolic Ricci soliton equation for (M, g) becomes
ng(X,Y) Ric(X, Y) + MLy )X, Y) + (Ley Le, 9)(X, Y)
= Ric(X,Y) + (A&1(fY) + &1(E1(f))92(Xa, Y2) = Ric(X, Y)

that is (M, g) is an Einstein manifold.
If £ = & and &, is a Killing vector field on M, Then

(Leg)(X,Y) = f2LE g2(X5, Y2) = 0,

and

(Le,Le,9)X,Y) = (L2 L2 92)(Xa, Y2) = 0.

c2 62

Then the hyperbolic Ricci soliton equation for (M, g) becomes
‘ng(X, Y) = RlC(X/ Y) + /\(-Eéz!])(X/ Y) + (£52£ézg)(xr Y) = RIC(X/ Y)/

this shows that (M, g) is an Einstein manifold.
If &; is a Killing vector field on M;, i = 1,2 then

(L)X Y) = £(15191(X1,Y1) +f2-£§2!]2(X2, Y2) + &1(f)g2(Xa, Y2)
= 51(f2)92(X2/ YZ)/

and

(L:L:g)(X,Y) (LeLeg)(Xq, Y1) + (LeLeg)(Xa, Y2)

= (L, Le 90X, Y1) + fALE, L, 92)(Xa, Ya)

+2&1(f)(LE,92)(X2, Y2) + E1(&1(f7))g2(X2, V)

= &&(f))g2(X2, Y2).

Hence, since A&1(f2) + &£1(&1(f?) = 0 the hyperbolic Ricci soliton equation for (M, g) gives
pgX,Y) = Rie(X,Y) + MLeg)X, Y) + (L L)X Y)

Ric(X, Y) + (A& (f2) + E1E(f))92(Xa, Ya)
Ric(X, Y).

This completes the proof of theorem. [
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A vector field Z on a pseudo Riemannian manifold M is said to be a concurent vector field if for any vector
field X € X(M),
VxZ =X.

Since for concurent vector field Z we have (£z9)(X,Y) = 2¢9(X, Y), then Z is a homothetic vector field. Also,
if we assume u = 1g(Z, Z) then for any vector field X on M we get

9(X, Vu) = X(u) = g(VxZ,Z) = 9(X, Z),
thus Z = Vu.

Theorem 2.11. Let the connected warped product manifold (M = My Xy Ma, g = g1 & 292, & = &1+ &, A, w) bea
hyperbolic Ricci soliton and & be a concurent vector field on M. If £, # 0, then M, My, and M, are Ricci flat, gradient
hyperbolic Ricci solitons such that u = 2A + 4.

Proof. Since & is a concurent vector field on M we have L:g = 2g and

(LeLeg)XY) = L(Leg(X,Y)) = Leg(LeX,Y) = Leg(X, LeY)
= 2L:(g(X,Y)) —29(LeX, Y) = 29(X, LeY)
= 2(L:g)XY)=49(X,Y)

for any vectors fields X, Y on M. Definition of hyperbolic Ricci soliton yields

Ric(X,Y) = (1 =24 - 4)g(X, ). (13)
In (13) suppose that X = X, € X(M,) and Y = Y, € X(My), then

Ric* (X5, Y2) = (1 =21 = 4)f* + fg2(Xa, V). (14)
Since & is a concurrent vector field on M we get

Vx, & =X, Vx,& =Xo, VX1 € X(My), X5 € X(My). (15)
On the other hand , the part 1 of Proposition 2.1 gives

Vx, & = Vi & (16)

Thus equations (15) and (16) give V%(lél = X, that is &; is a concurrent vector field on M;. Using the
Proposition (2.1) again we obtain

af

f

Then Vf = 0, this shows that f = c is constant. Therefore the equation (17) becomes Viz & = Xp, thatis &
is a concurrent vector field on M. Also, since f = ¢ we have f* = 0 and we can write (14) as

Xp = Vx,& = V&1 + V&0 = =5 X5 — f(&2, Xo)Vf + V3 & (17)

Ric*(Xa, Y2) = A(u — 21 — 4)g2(X2, Y2). (18)
If we assume that X; = Y, = &, then
Ric* (&, &) = P (u — 24 — 4)|&03. (19)

Let {&y, €1, , en,—1) be orthogonal basis of X(My), then the curvature tensor R? of M, is given by

R2(£2/ i, 52/ ei) = 9(R2(§2/ ei)éZf ei)
92(Ve, Vo = Ve Ve, &0 — Vg, 0182, €1)
92(Ve,ei = Vo, &0 — [E2,6i], ) = 0.
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Hence, Ric%(&,, &) = 0. Replacing it in equation (19) we infer u — 2A — 4 = 0 and so equations (13) and (18)
imply that Ric(X,Y) = Ric*(Xa,Y2) = 0. Therefore M and M, are Ricci flat. If we consider X = X; € X(M;)
and Y = Y7 € X(M;) then

0 = Ric(X3, Y1) = Ric*(Xy, Y1) - %Hf (X1, Y1) = Ricl(Xy, Y7). (20)

This shows that also M is Ricci flat. Thus, the manifods M; and M, are gradient hyperbolic Ricci soliton
with the same factors A and u such that 4 = 214 + 4. Notice that & and &; are gradient vector fields with
potential functions u = 1g(&, &) and u; = 39(&;, &), respectively, wherei = 1,2, [J

In [16], the authors using two (0, 2) tensor fields, have defined bi-conformal vector fields. Then De et al. in
[13] defined Ricci bi-conformal vector fields by taking the metric tensor field g and the Ricci tensor field Ric
as the two tensor fields as follows.

Definition 2.12. A vector field X on a Riemannian manifold (M, g) is called Ricci bi-conformal vector field if it is
satisfies the following equations

(Lxg)(Y, Z) = ag(Y, Z) + BRic(Y, Z) (21)
and

(LxRic)(Y, Z) = aRic(Y, Z) + Bg(Y, Z) (22)
for some non-zero smooth functions a and p.

Theorem 2.13. Let the warped product manifold (M" = My X Ma, g = g1 @ f292, & = &1 + &, A, ) be a hyperbolic
Ricci soliton and admits a Ricci bi-conformal vector field & as (21) and (22). Then the manifold M is an Einstein
manifold or

1+ AB+2aB+&(B) =0, Aa+E@)+a*+p2—u=0. (23)
Proof. Using (21) and (22) we get

LeLeg = (E(@) +a® + g + (E(B) +2ap)Ric. (24)
Substititing (21) and (24) into hyperbolic Ricci soliton equation, we conclude

(1+AB +2ap + EB)) Ric + (A + E(a) + a® + f = ) g = 0. (25)

If 1+ AB +2aB + &(B) = 0 then Aar + &(@0) + a® + B — u = 0. Otherwise, that is, if 1 + AB + 2ap + &(B) # 0 then
by taking trace of (25) we have

/\a+(§(oz)+a2+ﬁz—y=—(1+/\5+2aﬁ+c§(/3))R

- (26)

Replacing it in (25) yields Ric = 84. This shows that manifold M is Einstein. []

3. Hyperbolic Ricci soliton on generalized Robertson-Walker space-time

In this section we will consider hyperbolic Ricci solitons on generalized Robertson-Walker space-time
and indicate some necassary conditions for this space-time to be hyperbolic Ricci soliton. Let (N, gy) be an
n-dimensional Riemannian manifold, f : I — (0, o) be a smooth function on open, connected subinterval I
of R and d#? be the Euclidean metric tensor on I. Then (1 + 1)-dimensional product manifold I x N with the
metric g = —dt* ® f2gy is called a generalized Robertson-Walker space-time and is denoted by M = I X; N
(see [33, 34]).
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Theorem 3.1. Let the generalized Roberston-Walker space-time (M = IX¢N, g = —dt*® fgn, Vu, A, i) be a gradient
hyperbolic Ricci soliton where u = fﬂ t f(r)dr for some constant a € I. Then Ric = (u —2Af — 2ff — 4f?)g.

Proof. Let & = Vu, then & = f(t)d; where 9; = % € X(I). Thus the vector field & is prependicular to M.
Assume that {d}, d1,0,, -+, d,} is an orthogonal basis for X(M). The Hessian tensor of function u is given by

H'(X,Y) = g(VxViu, Y) = (XF)g@r, V) + fg(Vxdy, Y), VX, Y € X(M).

Now, since V,,0; =0, V,0; = )]—i&i, we have

HY0y,0) = ()90, 9:) + f9(Vo,00,91) = f3(d, ),
Hu(at/ a7) = (8tf)g(atr a1) + fg(vatat/ 8l) = fg(at/ ai)r Vi= 1/21 w1,
Hu(ai/ &]) = (szf)g(gt/ a]) + fg(va,'gtr &j) = fg(al/ a])/ Vl/] = ]-/ 2/ e N

Therefore H*(X,Y) = f 9(X,Y),
(Leg)(X,Y) = g(VxVu, Y) + g(X, VyVu) = 2H"(X, Y) = 2fg(X, Y),

and

(LeLeDXY) = Lo(Leg(X,Y)) = (Leg)(LeX, Y) = (Leg)(X, LeY)
= 2L:(fg(X,Y)) = 2f9(LeX, Y) = 2fg(X, L:Y)

= 2EHIXY) +2f(Leg)(X,Y)

= Qff+4f)9XY).

Since (M =1xs N, g = —d* & f*gn, Vu, A, i) is a gradient hyperbolic Ricci soliton we conclude
Ric = pg—ALeg- LeLeg=(u-20f —2ff -4fg.

O
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