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Abstract. We consider canonical F-planar mappings of spaces with affine connection onto 3-symmetric
spaces. The main equations for the mappings have been obtained as a closed system of PDEs of Cauchy
type in covariant derivatives. We have found the maximum numbers of essential parameters which the
general solution of the system depends on.

1. Introduction.

The paper is devoted to further study of the theory of almost geodesic mappings of affinely connected
spaces. The theory goes back to the paper by T. Levi-Civita [20], in which the problem on the search for
Riemannian spaces with common geodesics was stated and solved in a special coordinate system. We note
a remarkable fact that this problem is related to the study of equations of dynamics of mechanical systems.

The theory of geodesic mappings has been developed by T. Thomas, H. Weyl, P.A. Shirokov, A.S. Solodov-
nikov, N.S. Sinyukov, A.V. Aminova, J. Mike$, and others, see [23, 31].

Issues arisen by the exploration were studied by V.F. Kagan, G. Vrangeanu, Ya.L. Shapiro, D.V. Vedenyapin.
The authors discover special classes of (1 — 2)-spaces. In [24] A.Z.Petrov introduced the notion of quasi-
geodesic mappings. In particular, holomorphically projective mappings of Kéhlerian spaces are special
quasi-geodesic mappings; they were examined by T. Otsuki, Y. Tashiro, M. Prvanovi¢, J. Mikes, and others,
see [23, 31].

A natural generalization of these classes of mappings is the class of almost geodesic mappings introduced
by Sinyukov (see [30-32]). He also specified three types of almost geodesic mappings 71, 712, 3. The theory
of almost geodesic mappings was developed by V.S. Sobchuk [33, 34], N.Y. Yablonskaya [40], V.E. Berezovski,
J. Mikes [2-15, 39], Lj.S. Velimirovi¢, N. Vesi¢, M.S. Stankovi¢, [25, 27, 28, 35-38] et al.
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F-planar mappings were introduced by N.S. Sinyukov and ]. Mike$ (see [21]) as a further generalization
of almost geodesic and holomorphically projective ones. In the same manner, F-planar mappings were
studied between manifolds endowed with non-symmetric linear connection [26].

Definition and theorems of the F-planar mappings theory which are given below are presented in
monographs [22, 23] and in an expository article [19].

Our study is restricted to the local theory, and we assume that all geometric objects we consider not
only continuous but also sufficiently smooth.

2. Basic definitions of the F-planar mappings theory of spaces with affine connection.

Let us consider an n-dimensional space A, with an affine torsion-free connection V and affinor structure
F (# Id). The space is referred to a local coordinate system x = (x!,x%,...,x"), T' Z.(x) and F!(x) (# a - 0]) are
components of V and F, where 6? is the Kronecker delta and a is some function.

A curve € given by the equation ¥ = x/'(t) is called F-planar if its tangent vector A"(t) = dx"(t)/dt subjected

by the parallel translation along the curve belongs to the distribution generated by the vector fields A and FA.
According to this definition, a curve ¢ is F-planar if and only if the following condition holds

NoA™ = p1(0A" + pa(x)AFy,

where p1(t) and p,(t) are some functions of the parameter t, we denote by comma ”’,” the covariant derivative
with respect to the connection V of the space A,.

The set of F-planar curves in a space A, is a very wide one. It includes geodesics, planar curves,
quasi-geodesic curves, and others.

Suppose two affinely connected spaces A, and A, are given and there are defined structural affinors F
and F respectively. J. Mike$ and N.S. Sinyukov [21] introduced the following terms:

A mapping 7 : A, — A, is an F-planar mapping if any F-planar curve of A, is mapped under f onto an
F-planar curve in A,

Let us consider the spaces A, and A, which are referred to a common coordinate system x!,x%,...,x
with respect to the F-planar mapping. The tensor

n

P = Tj(x) ~Tj(x), 5

is called a deformation tensor [1, 31]. Here I’?j(x) and I_’?].(x) are components of the affine connection in A,

and A,,.
From [19] it follows that a mapping 7 : A, — A, (n > 2) is F-planar if and only if the deformation tensor
P?j(x) of the mapping 7 in a common coordinate system x!,x?, ..., x" satisfies the condition

ho_ ol I
Py =04y + Fipjy,

where ¥;(x) and ¢;(x) are some covectors, we denote by the round parentheses an operation called sym-
metrization without division with respect to the indices i and ;.

An F-planar mapping 7 for which 1; = 0 is called canonical. It is known that any F-planar mapping can
be written as the composition of a canonical F-planar mapping and a geodesic mapping. The latter may be
referred to as a trivial F-planar mapping.

Hence, canonical F-planar mappings in a common coordinate system x
mapping are determined by the equations

L x2,...,x" with respect to the

P} = Fipj). 2)
Suppose that the affinor Fﬁ? defined in the space A, satisfies the condition
hra _ sl
FoF? = ed;, 3)

where e = ¥1. Such F-planar mappings we denote by 7(¢), where e = F1.
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3. Canonical F-planar mappings 7t(e) (e = F¥1) of spaces with affine connections onto 3-symmetric spaces.

A space A, with an affine connection is called (locally) symmetric if its Riemann tensor field is parallel.
Symmetric spaces were introduced by P.A. Shirokov [29] and E. Cartan [17], see also S. Helgason [18].
Precisely, symmetric spaces satisfy the conditions R;’jk_m = 0, where I_{i?].k is the Riemann tensor of the

space A,, the symbol ”;” denotes a covariant derivative with respect to the connection V of the space A,.
A space A, with an affine connection is called 2-symmetric and 3-symmetric if its Riemann tensor Ri?].k

satisfies the conditions R?jk;mlmz =0 and R?jk;mlmm =0.

Canonical F-planar mappings 7t(e) (e = F1) of spaces with affine connection onto 2-symmetric spaces
were studied in [16].

Obviously, symmetric spaces are 2-symmetric spaces, and 2-symmetric spaces are 3-symmetric ones.

Let us consider canonical F-planar mappings 7t(e) (¢ = 1) of spaces with affine connection onto 3-
symmetric spaces A,. The mapping are characterized by the equations (2). Assume that the spaces A,

and A, are referred to a common coordinate system x',x2,...,x" and the affinor F? defined in the space A,
satisfies the condition (3).

R
: sho _ __ UK wh pa _fa ph _fa ph _ fa b . :
Since Ry, = ETI DnaRige = TR e = 1 iRigye = Ty R then taking account of (1) we can obtain
ph _ ph h pa a ph a ph a ph
Rijk;m - Rijk,m +P maRijk -P miRajk - P, ijk -P mkRija‘ (4)

According to the definition of covariant derivative

JOR"
h _ __km  h pa a ph a ph a ph a ph
(Ri]'k;m),p] T oxm + raleijk;m - Fipl Rajk;m - 1—‘jleiozk;m N rkleija;m - 1-|ﬂ1[JlRl‘]‘k;a’

and taking account of (1), we have

(R

— ph _ph pa
Uk;m),pl = K; Pop,R;

a Rh @ ph a  Dh o4 Bh
iikmor ~ Pap Rijom + Pip Rajim + oy Riakom + Peoy Rijam + Ponpy Ri

ajk;m iak;m ijo;m mp1~Yijka” (5)

Differentiating (4) with respect to x”* in the space A,, we get

(Ri'qjk;m),’Jl = R?jk,mpl + Pﬁm,leg’k + PchRz[’;’k,p] - Pgli,leij - sziRij,pl (6)
—P %,legxk -P ?an?ak,pl - P zqk,pl R?ja - P zquflja,pl‘
Substituting in (5) from (6), we have
R?jk,mpl = Rthjk;mpl - PZPlRZ'k;m + P?;h Rij;m + Pl]?(pl thak;m + P?le?ja;m + P?ﬂpl R?jk;a - PI:na,PlRZ'k %
—P ﬁzaRf;k,pl +P Lr:li,leij +P ?niRIZvjk,pl +P ij,le?ak +P :anR?ak,pl + Pl R?ja +P ilehja,pl'
Taking account of (2) and (4) the equations (7) can be written as
Rl . =Rl +6 ®)

ijkmpy T Tijk;mpy ijkmpy”
where
e =_p" (R“ +e )+F“ (Rh +O! )+F“ (Rh +O! )+F“ (Rh + O )
ikmpy = — F@Pe)\Rijem + Cijiom @Pe\Rajim T Cajiom P RNiakm T Diakm «Pe\Rijam + Cijam

S i h 5 hoB i S i
+F ?mqopl)(Rijk,a + ®ijka) = FiuPa)p Rie = Fu P Ry o, + Fu®i o R + Fu @R o, + F @y o Rie ©)
h h
iak,py ija,p1”

+F€Km(p]‘)R + F?m(pk)rPIR?ja + F?m(pk)R

oo pho B S5 S S
Oin = Fon®PaRiy = Fo @Ry = FGu@pRie = FiuPu R (10

ija’
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Taking account of structure of the tensor @’;jkm defined by the formulas (10), one could see that the tensor

@kapl defined by the formulas (9), depends on the tensors Fr R?jk, @k and their covariant derivatives with

respect to the connection of the space A,,. Also, we assume that the tensor F}' called affinor is given, and the
tensor satisfies the conditions (3).
According to the definition of covariant derivative

R
dh _ ijk;mp h  pa a ph a ph a ph a  ph a  ph
(Rijk;mm ),Pz - oxP2 + Faszijk;mpl - riszajk;mm - 1—‘jsziazk;mp] - rkszija;mpl - rmszijk;am - rPleRijk;ma’

and taking account of (1), we get

ph _ Dh _ph pa a ph a ph a  ph o ph a  ph
(Rz'jk;mm ),pz - Rijk;mplpz Paszijk;mpl + Piszajk;mm + Pjsziak;mpl + Pkszija;mpl + PszRijk;am + Pplszijk;ma' (11)

Because of (2) and (8) it follows from (11) that

ph _ Dh h . ph h
(Rijk;mpl),pz - Rijk;mp1p2 - F(a(pPZ)(Rg'k,mpl - G)?}kmpl) + Pl(j;QDPZ)(Rajk,mpl - ®ajkmp1) (12)

Rh I ph I Rh I h h
+Ft()j’(pp2)(Riak,mp1 - ®iakmp1) + Ft();c(PPZ)(Rija,mpl - ®ijamp1) + F?m(pPZ)<Rijk,ap1 - ®ijkap1) + Fl(xpl(ppz)(Rijk,ma - ®ijkma)'
Let us differentiate the equations (8) covariantly with respect to x*> in the space A,. Taking account of
(12), we get
Rl _ ph h R Rh h
Rijk,mpmz - Rijk;THf)q ;2 F((X(PPZ)(R?}k,mpl - ®?}kmp1) + F?i(pPZ)(Rajk,mp] - ®ajkmpq)
Rh I Rh h
+P€}(PP2)(Riak,mpl - ®iakmp1) + Ff;((PPZ)(Rija,mpl - ®ijamp1) (13)

a ph l a ph h 1
+F(m(pP2)(Rijk,ap1 - ®ijkap1) + F(pl(pPZ)(Rijk,ma - ®ijkma) + ®ijkmp1,p2'

Suppose that the space with affine connection A, is a 3-symmetric space, i.e. R". = 0, and from
ijk;mymoms
(13) we get
Rh _ _rh R Rh h
Rijk,mplpz - _F(a(PPZ)(R?jk,mpl - G);Xjkmpl) + FE(PPZ)(Rajk,mpl - G)ajkmpl)
Rh I Rh h
+F8(PF’2)(Riak,mp1 - ®iakmp1) + Fgc(pPZ)(Rija,mpl - ®ijamp1) (14)

o Rh /1 o Rh h i
+F(W1(PF’2)(Rijk,ap1 - ®ijkap1) + F(pl @PZ)(Rijk,ma - ®ijkma> + ®ijkmp1,pz’

where the tensor 6?]"(”1()1 is defined by formulas (9) and (10).

It is easy to see, that because of (9) and (10) the right hand side of the equations (14) depends on tensors
FZ, R?jk, @k and on their first and second covariant derivatives with respect to the connection of the space A,.
h
i,jk .

It is known [31] that the Riemann tensors of the spaces with affine connection A, and A, are related to
each other by the equations

Also, we assume, that the affinor F? and its covariant derivatives Ff?j, F!. are known.

- Pt

ph  _ ph h
Rl =Rl +Ph — Pl

I i
ik = Rije + P j + PPy — PP (15)

ij” ak*

Taking account of structure of the deformation tensor (2), transforming the equations (15), we get

(Pi/]'FZ + (pk,]‘l:? — goi,kF}; - (pj,kFl}-l = B?jk’ (16)
where
Blj = Riy = Riy — @ilFy ;= iy + e8jp; + QuFiF} = b = puFSFL) = il Fl; + 0uF{F)) + 0(Fly + @uF{ FY).



P. Peska et al. / Filomat 37:20 (2023), 68356841 6839

Contracting (16) with the affinor Fj} for indices p and h, we have

OF'pij + O] Prj = O Pix = 0"k = eBi Fy. (17)
Contracting (17) for m indices k, we get

Prj = Pik = 7 Bf;ka’; (18)
Finaly, let us contract (17) with respect to m and k. We obtain

nQ;;j—@ji = eBl]ﬁFﬁ (19)

Taking account of (18) the equations (19) could be written in the form
__° p
Pij = n—1 (B?}ﬁ n+1 Bgﬂ)F (20)
It should be remarked that the formulas (20) are obtained for the general case of canonical F-planar

mappings 7t(e) (e = F1) of spaces with affine connection.
Let us introduce the tensors R?jkm and Rf’],kmpl defined by

ho _ ph
Rz]k m Rz]km’ (21)
} S5
Rzljkm Mo Rijkmm' (22)
Taking account of (21) and (22), we could write the equations (14) in the form
Sh _ _rh s Sh y sh I
Rijkmm p2 —F a(ppz)(R?jkmpl - G)zb';'kmpl) + F%(ppz (Rajkmp1 - ®ci]kmp1) + FEX]‘QDPZ)(Riakmpl - G)iakmpl) 23)

i a h R h h
+F(kq0P2)( ijamp; ®z]amp1) F(m(ppz)( ijkap ®1]kap1)+F(p1(PP2)( ijkma ®1]kma) G)ijkmpl,pz’

where
®kap1 —F ha(Pﬂl)(R?}km +0; ]km) +Fip) ( a]km + ®Z]km> +F a(Pm)( iokm T ®?akm) +F tk(Pﬂl)( ijam T ®fl]am)
m(PP1< ik +®Zka) (m(Pa)fpl e~ (m(Pa)Rijkp + F. 9, PlRajk +F Em(Pi)Rajkpl +F; ln(f)f)/Pl o (24)
+F(,ppR 1akp1 +F, 00 Pllea +F(m(Pk ijap’

the tensor ®ka is defined by the formulas (10).

In the following we have assumed that in (24) covariant derivatives of the vector ¢; are expressed

according to (20); in the tensor @l]kmp o We could see at (23), covariant derivatives of the vector ¢; are also

expressed according to (20), and covariant derivatives of the tensor R?Ak are expressed according to (21).
Obviously, in the space A, the equations (20), (21), (22), and (23) form a system of PDEs of Cauchy type
with respect to the functions ¢;(x), Rl (%), Rl]km (x), R (x).

ijkmpy
The functions th(x) and also R”kl(x) R (x), must satisfy the algebraic conditions

ijklm

=0, R:

_ h _ Ko
=0, R iiom = 0s R(z]k)lm 0. (25)

o _ h h
Rl =0, Riy=0, R o

i) k) i(jk)!
Hence we have proved the theorem.
Theorem 3.1. In order that a space A,, with an affine connection admit a canonical F-planar mapping 7i(e) (e = ¥1)

onto a 3-symmetric space Ay, it is necessary and sufficient that the mixed system of differential equations of Cauchy
type in covariant derivatives (20), (21), (22), (23), and (25) have a solution with respect to the unknown functions

Pi(0), R (), R (), Ry (),

Obviously, the general solution of the closed mixed system of Cauchy type (20), (21), (22), (23), and (25)
depends on no more than

1/3n* > -1)(1+n+n*)+n

essential parameters.
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