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Abstract. In the previous studies, the notion of antisymmetrically connected Tp-quasi-metric space is
described as a type of the connectivity in the framework of asymmetric topology. Actually, the theory of
antisymmetric connectedness was established in terms of graph theory, as the natural counterpart of the
connected complementary graph. In this paper, some significant properties of antisymmetrically connected
Ty-quasi-metric spaces are presented.

Accordingly, we study some different aspects of the theory of antisymmetric connectedness in terms of
asymmetric norms which associate the theory of quasi-metrics with functional analysis. In the light of this
approach, antisymmetrically connected T\-quasi-metric spaces are investigated and characterized for the
first time in the theory of asymmetrically normed real vector spaces.

Besides these, many further observations about the antisymmetric connectedness are dealt with es-
pecially in the sense of their combinations such as products and unions through various theorems and
examples in the context of Ty-quasi-metrics. Also, we examine the question of under what kind of quasi-
metric mapping antisymmetric connectedness will be preserved.

1. Introduction and preliminaries

In [10], the theory of symmetric connectedness for a Ty-quasi-metric space was described and investi-
gated in detail. In the same framework, the notion of antisymmetrically connected Ty-quasi-metric is introduced
for the first time, as a kind of dual structure of symmetrically connected space. Actually, these types of
To-quasi-metric spaces were especially discussed in the sense of graph theory [4, 9] as corresponding
counterparts of the connectedness for both a graph and complementary graph.

When we consider this paper, firstly, it is natural to ask how antisymmetric connectedness behaves in the
context of asymmetrically normed real vector spaces. Accordingly, many interesting properties and some
characterizations of the antisymmetrically connected Ty-quasi-metric spaces will be presented in terms
of asymmetric norms. Following that we observed some combinations of anstisymmetrically connected
spaces such as products and unions in the context of Ty-quasi-metrics. With this viewpoint, it is also natural
to inquire whether the images of antisymmetrically connected spaces under an isometric isomorphism have
the same property or not. Hereby, we will also obtain some crucial and useful results within the framework
of these questions.
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In the light of all these considerations, the content of paper is as follows:

Some necessary background material for the remaining of paper is presented in Section 1. After recalling
the preliminary information, as one of the purposes of the paper, in Section 2 we studied some properties of
the theory of antisymmetric connectedness in the framework of asymmetric norms peculiar to asymmetric
topology. Indeed, it is known from [10] that the problem to determine the antisymmetry components of
points in X turns out to be easier when it is formulated for a To-quasi-metric induced by the asymmetric
norm of an asymmetrically normed real vector space which is introduced by Cobzas (see [1]) in Functional
Analysis. Specifically, some characterizations of antisymmetric connectedness are presented in the context
of the Tp-quasi-metrics induced by the asymmetric norms.

As the last part of paper, Section 3 is devoted to discussing some observations about the products,
unions,... of the antisymmetrically connected Ty-quasi-metric spaces and their preservation under the
specific metric mappings. Additionally, we investigate a few future properties of these spaces besides the
related (counter)examples.

The remainder of this section will present some background material on To-quasi-metrics and in particu-
lar, it consists of the required information about the theories of symmetric and antisymmetric connectedness.

Definition 1.1. Let (X, d) be a To-quasi-metric space. Then d is called a Ty-quasi-metric on X if

(@ d(x,x)=0
(b) dx,y)=0=d(y,x) = x=y
(c) d(x,z) <d(x,y)+d(y,z)

whenever x, y,z € X. We will also say that (X, d) is Ty-quasi-metric space.

If d is a To-quasi-metric on X, then d™1: XxX — [0, ) defined by d=(x, y) = d(y, x) whenever x, y € X is
also a To-quasi-metric, called the conjugate Ty-quasi-metric of d. Obviously, a Tp-quasi-metric d on X satisfying
d = d~! will become a metric.

For any To-quasi-metric d, note that

a° = sup{d, d Yy =dvd!

is a metric and 4° is called the symmetrization metric of d.

We will use the notation 7, to denote the topology induced by the (symmetrization) metric d°.

The literature on the Ty-quasi-metric spaces is vast, so we only present here some basic facts which are
relevant to our purpose. An adequate introduction to the theory of Ty-quasi-metrics and the motivation for
their study may be obtained from the works [3, 5-8].

Example 1.2. On the set R of the reals take

ux,y)=x-y)vo

whenever x, y € R. It is easy to verify that u satisfies the conditions of Definition 1.1, and so u is a Ty-quasi-
metric, called the standard Ty-quasi-metric on IR.

Now, let us recall some crucial notions and examples related to the theories constructed in [10]:

Definition 1.3. Let us take a To-quasi-metric space (X, d).

i) A pair (x,y) € X x X will be called symmetric pair if d(x, y) = d(y, x).

ii) A finite sequence of points in X, starting at x and ending with y, is called a (finite) symmetric path
Pyy = (x = x0,Xx1,...,Xn-1,%: = y) (Where n € N) from x to y provided that all the pairs (x;, x;;1) are
symmetric wherei € {0,...,n —1}.

iii) For any x € X the path Py, = (x, x) or the pair (x, x) will be called a loop.



F. Yildiz, N. Javanshir / Filomat 37:20 (2023), 6823-6834 6825

Note 1.4. Note that sometimes it is useful to assume that no point occurs twice in a path P, ,, except that
possibly x = y.

For a Ty-quasi-metric space (X, d), we take
Zi={(x,y) e Xx X :d(x,y) =d(y,x)}

as the set of symmetric pairs in (X, d). It is clear that the relation Z; is reflexive and symmetric.
Incidentally, note that d°(x, y) = d(x, y) = d"'(x, y) for (x,y) € Z,.
Also,
Zi(x) ={y € X| (x,y) € Zy}

is called symmetry set of x € X.
Definition 1.5. a) Let (X,d) be a To-quasi-metric space. We say that x € X is symmetrically connected to

y € X if there is a symmetric path P, ,, starting at the point x and ending at the point y.

By definition, it is easy to verify that “symmetric connectedness” is an equivalence relation on the set
X.

b) The equivalence class of a point x € X with respect to the symmetric connectedness relation will be
called the symmetry component of x.

More clearly, if C; denotes the symmetric connectedness relation then the symmetry component of x € X is
Ca(x) = {y € X : there is a symmetric path from x to y}.

Therefore, we are now in a position to recall from [10] the following important notion via the above
notations:

Definition 1.6. A Ty-quasi-metric space (X, d) such that all the C;-equivalence classes of points in X agree
with X, that is C4(x) = X for all x € X, is called symmetrically connected.

Obviously, a To-quasi-metric space (X, d) is symmetrically connected if and only if for all x, y € X, x and
y are symmetrically connected (see Definition 1.5).

The next result is trivial from the above definition and it forms the fundamental motivation of the
“symmetric connectedness theory” in the context of Tp-quasi-metric spaces.
Corollary 1.7. Each metric space is symmetrically connected.

Now we can recall from [10] a notion opposite to that of “metric”.

Definition 1.8. We shall call a To-quasi-metric space (X, d) antisymmetric if Z; = {(x,x) : x € X}, thatis, Z; is
equal to the diagonal Ax of X x X.

Equivalently, it is clear that each symmetry component of (X,d) is a singleton if and only if (X,d) is
antisymmetric space.

Example 1.9. Observe that (IR, #) in Example 1.2 is an antisymmetric Ty-quasi-metric space by the fact that
Z, = Ar. Note that in (R, u), the only symmetric pairs are trivial, that is the pairs (x, x) for x € X. Also, the
To-quasi-metric space (IR, 1) is not symmetrically connected by the fact that C,(x) = {x} # R forall x € R.

At this stage, we can turn our attention to the dual counterparts of some notions described above.
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Definition 1.10. Let (X, d) be a To-quasi-metric space. A pair (x,y) € X x X is called antisymmetric if it
satisfies the condition d(x, y) # d(y, x).
For a Ty-quasi-metric space (X, d) we will also study the complement set of Z; in X X X, that is, the set

Ry={(x,y) e Xx X :d(x,y) # d(y,x)}

of antisymmetric pairs of the space (X, d). It is clear that the relation R, is symmetric, but neither reflexive
nor transitive. Also, the set

Ri(x) ={y e X| (x,y) € Ry}

is called antisymmetry set of x.

Definition 1.11. A finite sequence of points in X, starting at x and ending with y, is called a (finite)
antisymmetric path P, = (x = xo,X1,...,Xu-1,X, = y) (Where n € IN) from x to y provided that all the pairs
(xi, xi+1) are antisymmetric where i € {0,...,n —1}.

We are now in a position to recall the dual notion to symmetric connectedness as follows:

Definition 1.12. i) In a Ty-quasi-metric space (X, d), two points x, y € X will be called antisymmetrically
connected if there is an antisymmetric path P, , = (x = X0, X1,...,X3-1, Xy = Y), Or X = V.
Now, if we take the relation

Ty :={(x,y) € XX X : x and y are antisymmetrically connected in (X, d)}

then T, is an equivalence relation on X, obviously. In addition, note here that R; C Tj.

ii) The equivalence class of a point x € X with respect to T; will be called the antisymmetry component
and it is denoted by

Ta(x) = {y € X : there is an antisymmetric path from x to y}.

iii) If Ty = X X X, or Ty(x) = X for each x € X, then the Ty-quasi-metric space (X,d) will be called
antisymmetrically connected.

Hence, (X, d) is antisymmetrically connected if and only if for all x, ¥ € X, x and y are antisymmetrically
connected (see Definition 1.12).

Because of Definition 1.12 iii), it is trivial that the singleton sets and loops are antisymmetrically con-
nected.

Incidentally, the proofs of the following observations are straightforward.

Proposition 1.13.  a) R;UZ; = XX X, RyNZ; = O and so, Ry(x) U Zs(x) = X, Ra(x) N Zs(x) = O for each
xeX.

b) The relation Ry(Zy) is T4 X Tgs-open (closed) in X x X.
c) The antisymmetry set Ry(x) (the symmetry set Z4(x)) of x € X is tg-open (closed) in X.
d) Z;UT;j=XXX,CagNT;#0and C;UR; = X X X.

Example 1.14. The Ty-quasi-metric space (R, u) given in Example 1.2 is antisymmetrically connected but
not symmetrically connected, by Definition 1.12 iii) and Definition 1.6.

After presenting the preliminary information, now we can start to the main ideas of this study.
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2. Antisymmetric connectedness in asymmetrically normed real vector spaces

Asymmetrically normed real vector spaces in the sense of [1] are also investigated in [10] as a new
approach to the theory of asymmetry measurement for Ty-quasi-metrics. Now, after recalling the notion of
asymmetric norm, we will present some new considerations peculiar to this framework.

Definition 2.1. ([1]) Let X be a real vector space equipped with a given map || - | : X — [0, o0) satisfying the
conditions:

(@) [l =|l-x|=0if and only if x = 0.
(b) ||Ax| = Allx| whenever A > 0 and x € X.
(©) llx+yl < llx| + |lyl whenever x, y € X.

Then || - | is called an asymmetric norm and (X, | - |) an asymmetrically normed real vector space. In (a), 0
denotes the zero vector of the vector space X.

Obviously, an asymmetric norm induces a Ty-quasi-metric on X with the equality dy(x, y) = llx — yl
for each x,y € X, where (X,|| - |) is an asymmetrically normed real vector space. But, naturally some
To-quasi-metrics may not be induced by an asymmetric norm:

Example 2.2. Consider the function s on R as follows:

_ ) minfx-y,1} ; x>y
for each x, y € R. It is easy to show that s is a Tp-quasi-metric, but it cannot be induced by an asymmetric
norm.

Incidentally, the notation d|; will be used for the Ty-quasi-metric induced by the asymmetric norm || - |.
Moreover, the function

P =11V =1
defines the standard (symmetrization) norm on X, where lla|™* = || — a| for a € X, and so
dy = dyp = dyy

Also, clearly we have that Z; (0) = {x € X : d(0,x) = d(x,0)} = {x € X : || — x| = ||x|} and
Ry, (0) = {x € X : dy(0,x) # dy)(x,0)} = {x € X : ||x| # || — x}

If (X, || - ) is an asymmetrically normed real vector space, then Cj;; = {x € X : || — x| = 0} is known to be a
proper cone [2] in X. Accordingly,

Proposition 2.3. Let (X, || - |) be an asymmetrically normed real vector space. In this case,
Rd”_‘ (0)U X\ Gy =X\ {0}.

Proof. Letx € Ry,(0) U X\ Cy. Then x € Ry, (0) or x € X\ Cy. So, [|x| # || — x| thatis x # 0 or || — x| # O that is
x # 0. Thus, x € X\ {0}.

On the other hand, leta € X \ {0} then a # 0. Now, ifa € Ry,(0) U X \ Cy thena ¢ R;,(0) and a ¢ X \ Cy.
Thus |la| = || —al, and || — 4| = 0 since a € Cy,. Finally, a must be 0 because of the definition of asymmetric
norm. This gives a contradiction. [

Lemma 2.4. Let (X, || - |) be an asymmetrically normed real vector space. Then for x € X,

1. Ry, (x) = Ry, (0) + x
2. Ty, (x) = Tg,, (0) + x
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Proof. First of all, let us take d = dj, for the simplicity in the proof.

(1) Let y € R4(0). Then |ly| # || = yl. Thus d(x + y,x) = |lyl and d(x,x + y) = || — y| are not equal, so
R4(0) + x C Ry(x).

For the converse inclusion, let y € Ry(x). Then d(y, x) # d(x, y). Thus ||y — x| # |Ix — y| and so, y —x € R4(0).
Therefore y = (y — x) + x € R4(0) + x. Finally, we have the equality R;(x) = Rz(0) + x.

(2) Assume that y € T4(x). Then there exists an antisymmetric path Py, = (xo,x1,...,X;) from x to y,
where xy = x, x, = y. Define the path Py, as (xo —x,x1 =X, ..., x, — x). Then Py ;_, is an antisymmetric path
from 0 to y — x. Thus y — x € T4(0). Therefore y € T;(0) + x and T4(x) € T4(0) + x.

Conversly, let y € T4(0) + x. Then there exists t € T;(0) with y = t + x. Furthermore, there is an
antisymmetric path Po; = (0,1 .. .,t) from 0 to t. Then define P, .. as the path (x, x+x1,...,x+t). Obviously
Py x4t is an antisymmetric path from x to x + ¢. Therefore y = t + x € T4(x) and we have established that
T;0)+xCTyx). O

Specifically, we can present the next characterization in the context of asymmetrically normed real vector
spaces.

Theorem 2.5. Let (X, || - |) be an asymmetrically normed real vector space. Then, (X, d)) is antisymmetrically
connected if and only if Ty, (0) = X.

Proof. (=) Since (X, d) is antisymmetrically connected, we have T, (x) = X for all x € X. So, Ty,(0) = X,
in particular.

(&) We claim that (X, d) is antisymmetrically connected, that is for each x € X the equality Ty, (x) = X
must be proved. Firstly, Ty, (x) € X is clear. For the other inclusion, let y € X. Since X is a vector space,
y—x € Xand so y —x € Ty (0) by the hypothesis. Then we have an antisymmetric path (0, x1, ..., x, = ¥ — X)
from 0 to y — x. In this case, we get a new antisymmetric path (x, x; + x...,x, + x = y)) from x to y. Hence
y € Ty, (x), and we obtain the fact Ty, (x) = X. [

Example 2.6. Let R? be equipped with its usual real vector space structure and the asymmetric norm
lx| = x1 V x2 V 0 where x = (x1,x;) € R%. Here x; = —x; if and only if ||x| = || — x| (see Example 32 in [10]).

First of all, according to definition of the asymmetric norm ||.| on R?, the Ty-quasi-metric generated by
Il is

dyy (e, y), (@, b)) = llx —a,y =)l = (x—a) V(y =) VO

whenever (x, v), (a,b) € R2.

In this case,

Z4,(0) = {(x1,%2) € R* : x1 = —x}.

Also, we obtain the symmetry set
Zay(h, h2)) = {01 + b1, —x1 + ho) | x1 € R} = Cyy (1, h2))

and the antisymmetry set
Ry ((h1,h2)) = {(x1 + hy, x2 + o) | x1 # —x2}

of h = (hl,hz) e R2

We are now in a position to show that Ty, (0) = T4, ((0,0)) = R%. The inclusion Ty, ((0,0)) € R? is clear.
For the other side, let (1,v) € R? such that u # —v. Thus (1,v) € Rg,,((0,0)). So (u,v) € Ty, ((0,0)) by the fact
that Ry € T, given in Definition 1.12 i).

Now for the assumption # = —v we have two cases:

If u = —v =0 then (1,0) = (0,0) € Ty,((0,0)), trivially.

If u = —v # 0 then the pair ((u, ), (0,0)) is a symmetric pair and moreover, the path ((u,v), (5, ), (0,0))
will be an antisymmetric path from (, v) to (0,0). That is, (1, v) € T4,,((0,0)).

Finally, T4, ((0,0)) = R?. Thus, the Ty-quasi-metric space (R?,d),) will be antisymmetrically connected
by Theorem 2.5.

Due to this example, it is obvious that any symmetric pair (here, ((1, —u), (0,0))) can be antisymmetrically
connected as well, from Definition 1.12. m]
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By virtue of Theorem 2.5 we have the following also:

Corollary 2.7. Let (X, || - |) be an asymmetrically normed real vector space. Then (X, d)) is antisymmetrically
connected if and only if Ty, (0) is T4-open.

Proof. (=) Straightforward.

() Firstly, let us prove that T, (x) is 7s-open for all x € X. If z € Ty, (x) then z — x € T, (0) by
Lemma 2.4(2). In addition, since Ty, (0) is T4-open, there exists € > 0 such that Bd‘sH (z —x,€) € Ty,(0).
Therefore, in a similar manner it is easy to verify that Bdﬁ_‘ (z,€) € Ty, (x). Indeed, if a € Bdﬂw (z,€) then
d°(z,a) < €. Onthe other hand, &°(z—a,x—a) = |lz—x—a+x|| = ||z—al| = d°(z,a) < €,and soa—x € Bdﬁ.‘(z—x, €).
By the fact that Bdiw (z —x,€) C Ty, (0) we have a — x € Ty, (0), so a € T4, (0) + x that is a € Ty, (x). It completes
the proof of Bdﬁ,‘ (z,€) C Ty, (x). Finally, Ty (x) is 74-open for each x € X. In this case, it is easy to show
that Ty, (x) is 74-closed, so these sets are clopen. Also, it is well-known that the normed topological spaces
are path-connected, so connected. Therefore, in the topological space T;H = T4 = T4, clopen sets must
be @ and X. Moreover, clearly Ty, (x) # 0 since x € Ty, (x), so the sets T, (x) must be X, that is X will be
antisymmetrically connected by Theorem 2.5. [

Lemma 2.8. Let (X, ||-[) be an asymmetrically normed real vector space. Suppose that x € Ry, (0). Then Ax € Ry, (0)
whenever A € R.

Proof. This is obvious for A > 0, since ||x| # || — x| implies that [[Ax| # || - Ax]|, by property (b) of an asymmetric
norm, so Ax € Ry, (0). It holds also also for A < 0 if we take A’ = —A > 0, which yields the conclusion. []

With the similar argument of Lemma 2.8, we can establish the following more general result, the proof
of which is left to the reader.

Corollary 2.9. Let (X, ||:]) be an asymmetrically normed real vector spaceand A € R\ {0} If(x =x0,x1,..., % = Y)
is an antisymmetric path from x to y in X, then (Ax, Ax1, ..., Ay) is an antisymmetric path from Ax to Ay in X.

Proposition 2.10. Let (X, ||-|) be an asymmetrically normed real vector space and x,y € X. Take n € IN. In this case,
Y€ RZ‘H (x) implies that y € Ry, (0) + ... + Ry, (0) + Ry, (x), where the latter sum has n summands. (Here, R; =Ry
and for each n € IN we have Rg“ = Ry o R}, where d = dy,.)

Proof. Note that y € RZ‘H (x) implies that there are x1, ..., x,-1 € X such that (x, x1),..., (xs-1,Y) € Ry, which
means that there exist x1, ..., x,-1 € X such thatx; € Ry, (x), x2 € Ry, (x1),...,y € Ry, (x4-1). By Lemma 2.4(1),
the condition implies that there are xy, ..., x,-1 € X such that x; — x € Ry, (0), x2 — x1 € Ry,(0),...,y —xp-1 €
R4,,(0), which implies that y—x € Ry, (0)+- - -+Ry,,(0), which finally entails that y € Ry, (0)+- - -+Ry,(0)+ Ry, (x)
(with n summands). O

Proposition 2.11. For a Ty-quasi-metric space (X, d), we have

T, = (| JRD)UAK
nelN

That is, T, is the transitive hull of R; U Ax.

Proof. Trivial from the definitions. [J

Consequently, by virtue of Proposition 2.11, the next result will be obvious in the context of asymmetri-
cally normed real vector spaces.

DIt looks reasonable to exclude the case A = 0 in order to avoid trivialities.
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Corollary 2.12. Let (X, || - |) be an asymmetrically normed real vector space. In this case,

Ty, (0) = | R @ U0}

nelN

Corollary 2.13. Let (X, || - |) be an asymmetrically normed real vector space. Then T, (0) is equal to the smallest
linear subspace containing Ry, (0) (which we shall denote as its linear hull lin Ry, (0) of Ry, (0)).

Proof. Take x € Ty, (0). Then by Corollary 2.12 there exists some n € IN such that x € RZlH (0). So by

Proposition 2.10 we see that x = )7 t; where t; € R(0) for each i = 1,...,n. Therefore x obviously belongs
to the linear hull of Ry (0).

Now suppose that x is in the linear hull lin R4, (0) of R;,(0). Then x = Y., a;b;where foreachi=1,...,n,
a; is a real number and b; € Ry, (0). However t; := a;b; € Ry,,(0) by Lemma 2.8. Thus x € Ry, (0) + ... + Ry, (0)

(n summands). At this stage, if take h; = Zle tiforeach j € {1,...,n} then
(0,111), (h1, h2), ..., (hy-1,n) € Ry,
by the definition of R. Therefore x = h,, € RZM (0), thatis x € Ty (0). O
For the next theorem, the following notion will be required:

Definition 2.14. Let (X, d) be an antisymmetric Ty-quasi-metric space and A C X. Then the space (A, d,) is
called antisymmetric subspace if d is antisymmetric To-quasi-metric on A, where

da(x,y) = d(x,y)
forall x,y € A.

Theorem 2.15. Let (X, || - |) be an asymmetrically normed real vector space. Suppose that Ry, (0) + Ry, (0) = Ry,,(0).

Then Ty, (v) = Ry, (v) and Ty, (v) is an antisymmetric subspace of X whenever v € X.

Proof. We have Ty,(0) = U RZH‘(O) U {0} by Corollary 2.12 and therefore by Proposition 2.10 the fact that
nelN '

Rg4,,(0) = T4, (0) follows from iterations of the hypothesis Ry, (0) + R4, (0) = Ry,(0). Hence for each v € X,

T4,,(v) = Ry, (v) by Proposition 2.10 and the equalities given in Lemma 2.4.

Let x,y € Ry, (v). Then x —v € Ry,(0) and y — v € Ry,(0), hence v — y € Ry,(0) by Lemma 2.8. Thus
x—y = x—v+v—y € Ry, (0) by our assumption. Consequently d(x, y) = [lx—y| # |- (x—y)| = d(y, x). Therefored
is antisymmetric To-quasi-metric on the subset R, (v) of X and so, T, (v) will be an antisymmetric subspace
of X, clearly. O

3. Further properties of antisymmetrically connected Ty-quasi-metric spaces

First of all, let us describe a function on the product of two Ty-quasi-metric spaces as follows:

Definition 3.1. For the Ty-quasi-metric spaces (X, d), (Y, ¢), the product Tyo-quasi-metric space (X X Y, D) is
defined as
D:(XXY)X(XXY)— [0,00)

D((x1, y1), (x2, y2)) = d(x1,%2) V q(y1, ¥2)

It is easy to verify that D is a Tp-quasi-metric on X X Y since d, q are To-quasi-metrics. Accordingly, we
have:

Theorem 3.2. If (X,d) and (Y,q) are antisymmetrically connected To-quasi-metric spaces then the product space
(X X Y, D) is antisymmetrically connected.
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Proof. Letuschoose (x, y) € XxY and show that Tp((x, y)) = XXY: For (a,b) € XX Yitisclear thata, x € Xand
b,y € Y. Since (X,d) and (Y, q) are antisymmetrically connected, there is a path P, = (a = x¢,x1, ..., X = X)
(n € N), on X'such thatd(x;, xi+1) # d(xi+1,x;)) fori = 0,1, ..., n—1and thereisapath Py, = (b = yo, Y1, - Y = )
(m € N), on Y such that q(yj, yj+1) # q(yj+1,y)) for j=0,1,..,m - 1.

In this case, P,y = (X0, yo) = (a,b), (x1,b), ..., (x, D), (x, 11), (%, y2), ..., (%, ¥)) is an antisymmetric path
on X X Y from (a, b) to (x, y).

Then there is an antisymmetric path from (a,b0) to (x,y) on X X Y, and (a,b) € Tp((x, y)) and so, the
product space (X x Y, D) is antisymmetrically connected. [

By virtue of Theorem 3.2, we have the following result with the help of induction:

Corollary 3.3. The finite product of antisymmetrically connected To-quasi-metric spaces is antisymmetrically con-
nected. O

Example 3.4. Consider the sets X; = {0, 1} with the usual metric ¥* = [x—y|and X, = {0, 1} with the Ty-quasi-
metric u, where u(x, y) = (x — y) V 0. Then the space (Xj, #°) is not antisymmetrically connected because of
the fact that T,:(0) = {0}. Also the space (X, 1) is antisymmetric and so antisymmetrically connected since
T,(0) = X,. Hence, if take the product Ty-quasi-metric space (X7 X Xp, u° V u) then it is not antisymmetrically
connected by the fact that T,:v,(0,0) = {(0,0), (0,1)} # X; X X».

On the other hand, note that the equality T,:(0) X T,,(0) = Tysv4,(0, 0) in this example.

Particularly, the next theorem can be presented.

Theorem 3.5. Let I = {1,...,n}. Foreach i € {1,...,n} let (X;,d;) be an antisymmetrically connected To-quasi-
metric space. Then (Ilie1X;, d) is an antisymmetrically connected To-quasi-metric space. Here on Il;ierX; we have
defined the Ty-quasi-metric d by setting

A(C)ier, (yidier) = Y diCxi, i)

i€l
whenever (x;)ier, (i)ier € ILierXi.

Proof. Let (x1,...,%n), (y1,--.,Yn) € ILierX;. Since (Xj,d;) is antisymmetrically connected, then there is an
antisymmetric path from x; to y; in (X;, d). Keeping all the remaining 1 — 1 coordinates fixed, we obtain an
antisymmetric path with finitely many steps from (x1, xa, ..., x,) to (y1,x2, ..., %,) in (IL;e X;, d). Also we can
find an antisymmetric path with finitely many steps from x; to v, in (X3, d). Thus, similarly we can obtain
an antisymmetric path with finitely many steps from (y1, X2, X3, ..., %,) to (Y1, Y2, X3, . . ., Xn) in ([L;e1X;, d).

By continuing this process inductively over the remaining 7 — 2 coordinates and concatenating the n
antisymmetric paths in (Il X;, d), we have constructed an antisymmetric path in (I, X;, d) from (x1, ..., x,)
to (y1,-.., Yn)-

Finally, we reached the fact that the product space (Il;c/Xj, d) is antisymmetrically connected. [

Because of Definitions 1.10 and 1.12, the fact that Ry C T} is trivial for a Tp-quasi-metric space (X, d).
Additionally, it is easy to prove the following observations via Definitions 1.8 and 1.12:

Lemma 3.6. (a) A Ty-quasi-metric space (X, d) is antisymmetric if and only if Ry = X X X\ Ax and Ty = X X X.
(b) If Ry is transitive then Ry U Ax = Tj.
(c) Forx € X, the subspace (Ry(x), dr,x) of To-quasi-metric space (X, d) is antisymmetrically connected.

Incidentally, it is clear from the definitions, there is no space with more than one point that is both
antisymmetrically connected and metric.
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Example 3.7. Let us define a Ty-quasi-metric on the set X = {1, 2, 3} by the matrix

0 9 8
F=|7 0 1
6 10

That is, F = (fij) where f(i, j) = fi; for i, j € X. It is easy to prove that f is a To-quasi-metric on X. Here
note that f(2,3) = f(3,2), so the To-quasi-metric space (X, f) is not antisymmetric, thatis Ry \ Ax # Ty \ Ax
by Lemma 3.6 (a).

On the other hand, we can construct an antisymmetric path between 2 and 3 such as (2, 1, 3) since (2,1)
and (1, 3) are antisymmetric pairs. Hence, (X, f) is antisymmetrically connected and moreover f is not a
metric by the fact that f(1,2) # f(2,1).

At this stage, let us turn our attention to the question of whether the antisymmetric connectedness is
preserved under an isometric isomorphism.

Theorem 3.8. Let (X, d), (Y, e) be To-quasi-metric-spaces and f : (X,d) — (Y, e) an isometric isomorphism. Then,
(X, d) is antisymmetrically connected < (Y, e) is antisymmetrically connected.

Proof. The proof is obvious as expected, and left to the interested reader. [

For a Ty-quasi-metric d, the specialization order <, is described as
X<y & d(x,y)=0.
Accordingly, we have the next fact:

Proposition 3.9. Let (X,d) be a To-quasi-metric space with at least two points. If (X,d) has a top element with
respect to the specialization order <; of d then (X, d) is antisymmetrically connected.

Proof. Take x,y € X and the top element z € X. Firstly, let us consider the case x # z, y = z. Then x <; z, so
d(x,z) = 0and d(z, x) # 0. That is, (x, y) = (x,z) is an antisymmetric pair, thus x and y are antisymmetrically
connected. The case y # z, x = z is similar.

Now assume that x # zand y # z. Thus x <; z and y <; z since z is top element in X. Thatis, d(x,z) = 0
and d(y, z) = 0. In this case, if d(z, x) = 0 then d(z, x) = d(x,z) = 0, so we have z = x which is a contradiction.
Hence, d(z,x) # d(x,z). Similarly, with the assumption d(z, y) = 0 we have another contradiction. That is,
d(z,y) # d(y,z). Finally, the path (x, z, y) will be an antisymmetric path from x to y in (X, d), and it means
that (X, d) is antisymmetrically connected space. [

Lemma 3.10. Let (X, d) be a To-quasi-metric space. Then (X, d) is antisymmetrically connected if and only if (X,d ™)
is antisymmetrically connected.

Proof. (=) Since (X, d) is antisymmetrically connected, there is a path P, , = (x = xo,x1, ...,y = x,;) from x
to y in (X, d) such that d(x;, xi41) # d(xis1,%) (i =0,..,n—1) whenever x,y € X. In this case, dWxi1,xi) =
d(xi, Xiv1) # d(xiv1,x:) = d71(xi, xi41) (i = 0, ..., n—1) which implies the path (x = xo, x1, ..., ¥y = x,) (i = 0, .., n—1)
will be an antisymmetric path from x to y in the space (X,d™?).

(&) It can be seen easily with a similar method. [

Example 3.11. Consider the (unbounded) Sorgenfrey Ty-quasi-metric on R as follows:
_]l X"y, xz2y
d(x,y)—{ 1; x<y
Because of the equality d(x,x + 1) = 1 = d(x + 1,x), we have

Zix)={yeR| y=xF1}={x-1,x+1}



F. Yildiz, N. Javanshir / Filomat 37:20 (2023), 6823-6834 6833

and
Zi={x,y) e RxR| y=xF1}

Thus, Z; # AR, so (R, d) is neither an antisymmetric space nor a metric space.

However, the Ty-quasi-metric space (IR, d) is antisymmetrically connected:

For every x, v € R, x < y, it is easy to verify that the path P, ,(x,x — 2,y + 2, y) is an antisymmetric path
from x to y. Similarly, if y < x then the path P, ,(y, y — 2, x + 2, x) is antisymmetric path from y to x. Hence,
(R, d) is antisymmetrically connected.

Besides this, the dual Ty-quasi-metric space (IR, d!) is also antisymmetrically connected by Lemma 3.10.

Now we are in a position to discuss the unions of antisymmetyrically connected spaces. In this context,
the following will be required for the next theorem.

Remark 3.12. Let (X, d) be a Ty-quasi-metric space and A € X. Thus with the notation d4 described in
Definition 2.14, we have the inclusion
T4,(@) € Tl@) N A

foralla € A.
Incidentally, we can give an example for the fact Ty, (a) # T4(a) N A, as follows:
Example 3.13. Let X = {0} U {27 : n € N} and define the function ¢’ : X — [0, o0) as

x—yl ;x<yand(x,y)# @ "D, 27, ¥ne N
e(x,y) =

2lx —y| ; otherwise

forx,y € X.
It is proved in [5, Example 2.11] that ¢ is a Ty-quasi-metric on X. Also it is easy to show that Te (1) = X
and Tf’xw(%) = {%} for % € X\ {0} = A. Thus, TE'(%) NA¢Z Te/A(%).

Additionally, we proved the following fact as in [5, Lemma 3.14]:
If (X, d) is a To-quasi-metric space and A C X is 74-dense, then

Ta,(x) =Ty(x)NA
for x € A.

Theorem 3.14. Let (X, d) be a To-quasi-metric space and A; C X for all i € 1. In this case, if the subspaces (A;, dg,)
are antisymmetrically connected for all i € I and A; N A; # 0 for i # j, then (U Ai,dU A ) is antisymmetrically
i

iel
i€l
connected.

Proof. The proof mimics that of the corresponding result for path connected spaces, because of Re-
mark 3.12. O

Consequently, we have the following result via Theorem 3.14:

Corollary 3.15. Let (X,d) be a Ty-quasi-metric space and ﬂAi # 0 whenever A; C X for all i € I. If the
iel
subspaces (A;, dga,) are antisymmetrically connected for all i € I, then the Ty-quasi-metric space (U Ai,dUA ) is
il i
iel
antisymmetrically connected. O
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