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Functional differential inclusions with maximal monotone operators
and nonconvex perturbations

Myelkebir Aitalioubrahim?, Taha Raghib?

*University Sultan My Slimane, Faculty polydisciplinary, BP 145, Khouribga, Morocco

Abstract. In this paper, we study the existence of solutions for functional differential inclusions governed
by time-dependent maximal monotone operators with nonconvex perturbations depending on all the
variables.

1. Introduction

Let H be a separable Hilbert space with the norm || - || and the scalar product (-, -), and I be a closed
bounded interval in IR. We denote by C(I, H) the Banach space of continuous functions from I to H equipped
with the norm

lIxlleo = sup{llx()ll; t € I}.
For a a positive number, we put C, := C([-4,0], H) and for any ¢ € [0, b], we define the operator T(t) from
C([—a,b], H) to C, with
(THEEN) = (T(Hx)(s) := x(t +5), s € [-a,0].

In this paper, we are mainly interested in the evolution problem :

x(t) € —At)x(t) + G, T(t)x), a.e. t € [0, 7];
x(t) = p(t), Vte[-a,0]; (1)
x(t) € D(A(t)), Vte]l0,1],

where A(t) is a maximal monotone operator with domain D(A(t)), ¢ is a continuous function, and G :
[0,b] X C, — 2H is a multivalued mapping with non-empty, closed and non-convex values.

This kind of problems has been studied by several authors in the last few years. Azzam et al. [1] have
studied the problem

du
dr
where du is the Stieltjes or the differential measure of u and dr is a positive measure. They have assumed that

the mapping t — A(t) has continuous bounded or Lipschitz variation on [0, 7], in the sense of Vladimirov’s
pseudo-distance, and the perturbation f is separately integrable on [0, 7] and separately Lipschitz on H.

(t) € A(t)u(t) + f(t, u(t)),
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Tolstonogov, in [11], has considered the same last problem with set-valued perturbation. The author
has assumed that the mapping t +— A(f) has Lipschitz variation on [0, 7], in the sense of Vladimirov’s
pseudo-distance, and the set-valued perturbation F is separately measurable on [0, 7], separately Lipschitz
on H, has non-convex values and satisfies

d(0g, F(t,0m)) < b(t) a.e. or ||E(t, O)l| := sup{|lx|l; x € F(t,0n)} < b(t) a.e., )

where b € L'([0, 7], IR*) and O is the zero element of H.
In [2], Azzam et al. have considered the problem

—1(t) € A(tu(t) + f(t, u(t)), 3)

in the case where the mapping t — A(t) has absolutely continuous variation on [0, 7]. This case has been
investigated by several authors, see for example [3, 7].
Vilches and Nguyen [12] have presented the existence of solutions for (3), where D(A(t)) = H, for all
t € [0, ], but without assumptions concerning time regularity on A.
In [1, 2], the authors have solved the problem (1) with and without memory. The perturbation G has
convex and weakly compact values and G(t, .) is scalarly upper semicontinuous. The set | D(A(t)) is ball
t

compact, i.e., its intersection with any closed ball of H is compact. The mapping ¢t — A(t) has Lipschitz
variation in the functional case, and absolutely continuous variation in the ordinary case. For Lipschitz
perturbation, we refer the reader to [8].

The main objective of the present work is to develop the existence theory of functional differential
inclusion dependent of maximal monotone operators. We are interested in proving the existence results
for (1), when G is a Lipschitz multivalued mapping with non-empty, closed and non-convex values. The
main results of this work extend, to the functional case, some existence results in [1, 2, 8, 11, 12] and in the
literature related to this kind of problems. We consider weaker hypothesis on A and G. The set |J D(A(t))

i

is not necessary ball compact in the first result. The perturbation G satisfies a weaker growth condition in
the second result. Some remarks deserve mentioning: the methods used in this work are different from
those used in the papers [1, 2, 8, 11, 12] and it is not trivial to obtain the existence of solutions for (1) with
the assumptions (2) and the method applied in [11].

The paper is organized as follows. In the next section, we introduce some notations that will be used
in the sequel and we recall several properties of maximal monotone operators analysis which are involved
throughout the paper. We establish in Section 3 the first existence result for the problem (1). In the last
section, we give the second result for (1).

2. Preliminaries

Forx € Hand r > 0, let B(x, r) := {y € H; ||y — x|| < r} be the open ball of center x with radius 7, E(x, r) be
its closure and put B = B(0,1). For ¢ € C; and r > 0, let B;(¢,r) := {{ € Cs; |l — ¢llo < 7} be the open ball of
C, centered at ¢ with radius r and Ea((p, r) be its closure. For closed subsets A and B of H, the Hausdorff
distance between A and B is defined by

du(A, B) = max {e(A, B),e(B, A)},

where
¢(A, B) = sup [d(a, B);a € A} and d(a, B) = inf [l — .
Xe

Now, we shortly review the definition and some useful properties of maximal monotone operators. We
refer the reader to [4, 6, 14] for their basic theory and more details.

A set-valued operator A from H to H is a mapping from H into 2. The domain, the range and the graph
of A are respectively the following sets:

DA)={xeH:Ax #0}, R(A) ={y € H: Ix € D(A), y € Ax}
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and
gph(A) = {(x,y) e HX H : x € D(A), y € Ax}.

We say that A : D(A) ¢ H — 2H is monotone, if

(Y1 — Y2, x1 —x2) 20,

whenever (x;, y;) € gph(A), i = 1,2. It is maximal monotone, if its graph could not be contained strictly in
the graph of any other monotone operator. In this case, for all A > 0, R(Iy + AA) = H, where Iy stands for
the identity mapping of H. If A is a maximal monotone operator, then, for every x € D(A), Ax is nonempty,
closed and convex. So that, the projection A%(x) of the origin into Ax, exists and is unique. We define the
resolvent of a maximal monotone operator A by J4 = (I + AA)™ where A > 0. This operator is single valued
and defined on all of H. Now, let A : D(A) ¢ H — 2" and B : D(B) ¢ H — 2 be two maximal monotone
operators. We denote by dis(A, B) the pseudo-distance between A and B defined by

<]/_]7/3_C—x>

st =sup T

: (x,y) € gph(A), (x,7) € gph(B)} : (4)

We'll need the following Lemmas to prove our results.

Lemma 2.1. [13] Let A and B be two maximal monotone operators. Then,
1. for A > 0and x € D(A)

Il = JR@)Il < MA@l + dis(A, B) + VAL + IA°()) dis(4, B),
2. ]f is nonexpansive, that is, for A > 0 and x,x € H
173G = @I < llx — I
Lemma 2.2. [13] Let A be a maximal monotone operator. If x € D(A) and y € H are such that
(A%(2)—y,z—x) >0, VzeD(A),
then x € D(A) and y € A(x).

Lemma 2.3. [13] Let A,,, n € IN, and A be maximal monotone operators such that dis(A,, A) — 0. Suppose that
xn € D(A,) with x, — x and y,, € A, (x,) with y, — y weakly for some x, y € H. Then x € D(A) and y € A(x).

Lemma 2.4. [13] Let Ay, n € IN, and A be maximal monotone operators such that dis(A,, A) — 0. Suppose further

that z, € D(A,) with z, — z for some z € D(A) and that | = sup |A%(z,)|| < 0. Then there exists a sequence (),
nelN
such that

Cn € D(Ay), Ty — zand AYC,) — A%z). (5)

We can take C, = ]f” (z) with A, = (||z,, —z|| + dis(A,,,A))% . In particular, if dis(A,, A) — 0and [|AS(x)|| < c(1 +]|x|])
for some ¢ > 0, all n € IN and x € D(A,), then for every z € D(A), there exists a sequence (C,), such that (5) is
satisfied.

Let us recall the following lemmas that will be used in the sequel. We recall that a multifunction is said to
be measurable if its graph is measurable.

Lemma 2.5. [15]. Let Q be a nonempty set in H. Assume that F : [a,b] x Q — 2! is a multifunction with nonempty
closed values satisfying:

o for every x € Q, F(., x) is measurable on [a, b];
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o forevery t € [a,b], F(t,.) is (Hausdorff) continuous on €.

Then for any measurable function x(.) : [a, b] — Q, the multifunction F(., x(.)) is measurable on [a, b].

Lemma 2.6. [15]. Let G : [a,b] — 2H be a measurable multifunction and y(.) : [a,b] — H a measurable function.
Then for any positive measurable function r(.) : [a,b] — IR*, there exists a measurable selection g(.) of G such that
for almost all t € [a, b]

llg(t) = y®Il - < d(y(®), G®) + r(@).

Lemma 2.7. [5] Let < be a given preorder on the nonempty set B and let ¢ : B — R U {+00} be an increasing
function. Suppose that each increasing sequence in B is majorated in B. Then, for each xg € B, there exists x; € B
such that xy < x1 and P(x1) = P(x) if x1 < x.

Definition 2.8. If D is a bounded set of H, then the Kuratowski’s measure of noncompactness of D, B(D) is defined
by
B(D) = inf {d > 0 : D is covered by a finite number of sets with diameter less than d}.

In the following lemma, we recall some useful properties for the measure of noncompactness f.

Lemma 2.9. [9] Let X be an infinite dimensional real Banach space and D1, D, be two bounded subsets of X. Then

(i) B(D1) = 0 & Dy is relatively compact,
(ii) B(AD:) = IAIB(D1), A € R,
(ii)) D1 C Dy, = B(Dq) < B(Dy),
(iv) B(D1 + D2) < B(D1) + B(D2),
(v) if xo € X and r is a positive real number then B(B(xo, 1)) = 2r,
(vi) B(D1 U Dz) = max{f(D1), B(D2)}-

Definition 2.10. The variation of a function u : [0, T] — H is defined as
N-1
var(u) = sup{z li(tis)) — Ut 0=t <t < ... <ty <ty=T

i=0

is a partition of [0, T]}.

u is called of bounded variation if var(u) < oco.

In the sequel, we will apply the following theorem.

Theorem 2.11. [10] Let H be a Hilbert space and (u,)qen a sequence of functions u, : [0, T] — H that is bounded
uniformly in norm and variation, i.e.,

[, (D] € My, Yn € N, Yt € [0,T], and var(u,) < M,, Yn € N
for some constants M1, M, > 0 independent of n € IN and t € [0, T]. Then there exists a subsequence (U, )keN

and a function u: [0,T] — H such that var(u) < M, and u, (t) — u(t) weakly in H for all t € [0,T], ie.,
(U, (t),z) = (u(t),z), forall z € H,as k — oo.
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3. First Result

In this section, we state and prove the first result of our paper. First, let us introduce the following
hypotheses which will be used throughout this section.

(H1) Let A(t) : D(A(t)) ¢ H — 2!, for all t € [0, b], be a maximal monotone operator satisfying:
(a) there exists K > 0 such that
dis(A(), A(s)) < K|t —s|, Vt,s€]0,b],
(b) there exists ¢ > 0 such that

A x| < c(1 + ||x||) for all ¢ € [0,b] and x € D(A(t)),
(H2) G:[0,b] x C, — 2H is a set-valued map with nonempty closed values satisfying:

(i) for each ¢ € C,, t = G(t, 1) is measurable,
(ii) there exists a function m € L1([0, b], R") such that for all ¢ € [0, 5] and for all 1,1, € C,

du(G(t, ¥1), G(t, 1)) < m(®)llp1 = Yalles,

(iii) for all ¢ € C,, there exist r > 0 and M > 0 such that for all t € [0,b] and for all ¢ € Ea((p, 7)

IGE I = sup [lyll < M1 + [[Ylle),
yeG(ty)

Now, we are able to state the first result for (1).

Theorem 3.1. If assumptions (H1) and (H2) are satisfied, for all ¢ € C, such that ¢(0) € D(A(0)), there exist T > 0
and a continuous function x : [—a, 7] — H, that is absolutely continuous on [0, ], such that x is solution of the
evolution problem (1).

Proof. Fix ¢ € C, such that xj := ¢(0) € D(A(0)). There exist r > 0 and M > 0 such that

IG(E Yl < M +1[Yll),  Y(t,¥) € [0,b] X Bo(gp, 7).

Let 71 > 0 be such that
T < Z,
where
1 3 3
L1 =2(M + M(r + [lpll)) + 3 + Ec(l + llpO)[| +7) + EK
and L =Ly + M + M(7 + [|¢llo ). (6)
Let 7, > 0 be such that

T 1
ds < —.
jo‘ m(s)ds < 5

For ¢ > 0, set
1(e) = sup {7/ €10, ] : llp(tr) — p(t)ll < €, if [th —ta] < 7/}-

Note here that 77(¢) is well defined because ¢ is uniformly continuous on [-a, 0]. Put T = min{ % n(5), 11, 2,4, b}.
On the other hand, for all 0 < ¢ < aand y € L'([0,b],H), set B(e, y) the set of all (d,9,x,6, 5), where

d €]0,7], g € L'([0,d[, H), x : [-a,d] — H is a continuous function and 6, 0:[0,d[— [0,d] are step functions
such that:
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x = @ on [-a,0], x(O(t)) € D(A(6(t))), forall t € [0,d],

x(t) € B(p(0), 1), T(O(t))x € Bu(p,7), for all t € [0,d[,

x(d) € D(A(d)), T(d)x € Bu(p,7),

lx(£) = x(s)|| < (t —s)L, for all t,s € [0,d] withs < ¢,

g(t) € G(t, T(O(1)x), 0 < t—0(t) < in(§), 0<O(t) -t < in(), Vte[0,d[,
llg(t) — y(D)Il < d(y(t), G(t, T(O(t))x)) + ¢, for almost all f € [0, d[,

[I%(t) — g(O)ll < L1 and ||x(f)|| < L, for almost all t € [0, d],

8. x(t) — g(t) € —A(O(t)x(O(t)), for almost all t € [0, d].

NSO R ® D=

The result in the following lemma is also needed in our proof.

Lemma 3.2. If assumptions (H1) and (H2) are satisfied, then for all 0 < ¢ < a and y € L}([0,b], H), there exists at
least one (7, 9,x,0, 0) € B(e, ).

Proof. Let 0 < ¢ < a and y € L}([0,b], H). Set x(s) = ¢(s) for all s € [—a,0]. Put xo = ¢(0) € D(A(0)) and fix
t €]0,inf{z, }In(;‘i)}]. The set-valued map t — G(t, T(0)x) is measurable, in view of Lemma 2.6, there exists
a function go € LY([0, 1], H) such that go(t) € G(t, T(0)x) for all t € [0, #] and

llgo(t) — y(t)l| < d(y(t), G(t, T(0)x)) + ¢, for almost all t € [0,#].

t
X1 = fl(xo +j(; go(s)ds),

where J1(x) := (I + hiA(t1)) "} (x) for all x € H and h; = t;. Notice that, by construction, x; € D(A(t;)) and

Put

t
X1 — X9 — f go(S)dS € - A(ty)xy.
0

Hence, by (H1) and Lemma 2.1, we have

151
h(xo +f go(S)dS)—h(xo)
0

1
fo lg0(3)llds + I llA©)xoll + dis(A(t:), A(0))

[l2x1 — xoll

IA

+ I]1(x0) — xoll

IN

+ /i (1 + [IA(0)0xol]) dis(A(t1), A(0))

t
[ anos + et + ol + Kt
0

IN

1 1
+§t1(1 +c(1 + ||xoll)) + EKtl

IA

1 3 3
H(M+ Mgl + 5 + S +lixol) + 5K).

Then, using this last relation, we get

t
X1 — (xo + f go(s)ds)
0

Now, setdy = t; and

<tLg.

do t
xo(t) = xp + di(ﬁﬁ — X0 — f go(S)dS) + f go(s)ds, (7)
0 0 0
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for all t € [0, dp]. Observe that
lxo(t) — xo(s)Il < (t — s)L, forall t,s € [0,dg] withs < t.

Also, for almost all t € [0, do]

Xo(t) = dl—o(xl - X0 — fﬂ 90(5)115) + go(f).

Next, set 6y(t) = 0 and 50(15) =d, for all t € [0, dyg[. We conclude that

o) = go(t) € —A(Bo())x0(Bo(1)), lI%o(t) — go(Hl < Ly and [lxo()l| < L,

for almost all t € [0, dy]. On the other hand, from (H2), (6) and (7), we obtain

t
Ibo(t) — @(O)]| < 1Ly + f ML + llpllo)ds < 1L <
0

N =

Which is equivalent to xo(t) € E(@(O), 3) for all t € [0,do]. Now, we have to estimate ||(T(do)x0)(s) — ¢(s)|| for

each s € [-a,0]. If —dy < s < 0, then (dy + s) € [0,do]. Thus, by the fact that |s| < dy < T < 1(5), we get
I(T(do)x0)(s) — @(s)ll llxo(do + ) = ()l

llxo(do + ) = @(O)II + llp(s) — (O)l

T.

A A

For —a < s < —dj, we have

I(T(do)x0)(s) = ()l = llg(do +5) = (sl <r

Therefore, T(dy)x € B, (@, r). Next, it is clear that (dy, go, Xo, 60,50) € B(¢e,y). Hence B(¢, y) # 0. Now, consider
the following preorder:
(d1,91,%1,01,01) < (d2,92,%2,02,0,) & dy<dy, g1 = Ploap 1 = Xloa),

61 = Oaljoa, and 01 = Oaljoar.
Let ¢ : B(¢e, y) = R be the function defined by

o((d, g,x,0,0)=d, Y(d,g,x06,0) € Ble,y).

By definition, ¢ is increasing on B(¢,y). Also, if ((d;, gi, xi, 61-,5,-)),-611\1 is an increasing sequence in B(¢, y),
we construct a majorant (d, g, x, 9,5) of ((di, gi, xi, Gi,éi))ieN as follows: d = lim d;, g(t) = gi(t), O(t) =
i—+00

0;(t), 6(t) = 6(t), for all t € [0,d;[, x = ¢ on [—a,0], x(t) = x;(t) for all t € [0,d;]. We claim that (d, g, x, 0, ) €
B(e, y). Indeed, for all i € N, we have x(d;) = xi(d;) € D(A(d;)). Then x(d;) € D(A(d;)) N B(xo,r), for all i € IN.
By Lemma 2.3, we conclude that x(d) € D(A(d)) N B(xo, 7). The rest is self-evident. After that, we'll need the
claim below to apply Lemma 2.7.

Claim 3.3. Forall(d, g,x,6,0) € B(e, y)withd < 1, thereexists (d1, g1, x1,01,01) € B(e, y) such that (d, g, x, 6, 6) <
(d1, 91,x1,01,01) and ¢((d, g,x, 0, 0)) < P((d1, g1, x1, 01, 01)).

Proof. Let (d,g,x,0, 5) € B(e,y) withd < . Fix h €]0, inf{7 — 4, %n(i)}]. There exists a function § € LY([d,d +
h], H) such that g(t) € G(t, T(d)x) for all t € [d,d + h] and

lg(t) — y(OIl < d(y(t), G(t, T(d)x)) + ¢, for almost all t € [d,d + h].
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Set
d+h
X= ]h(x(d) + f g(s)ds) where J,(x) := (I + hA(d + h)) " (x),
d
for all x € H. Notice that, by construction, ¥ € D(A(d + h)) and
d+h
X—x(d) - f g(s)ds € —hA(d + h)x.
d

Next, setd = d + h and

d t
_d(x—x(d)— f g(s)ds)+ f G(s)yds, Vtel[d,d].
—-d d d

Ih(X(d) + f: ﬁ(S)dS) = Jn(x(d))

t
() = x(d) + =
x(t) = x(d) 3
Now, for all t € [d,d], we have

1% — x(d)ll

IA

+[Jn(x(@)) - x(@)l|

IN

f; 15(s)llds + HllA@) x(d)I| + dis(A(d), A(d))

(L + IA@Px@)) dis(A), A)

IA

jj Ig()ds + (d = d)e(1 + [Ix(@)]) + (d - d)K

+%(J— A)(1 + (1 + [lx@)I)) + %(d_— d)K

IA

(d - DM+ M(r + llglls) + % + ;c(l +7+ llpO)l) + gK]

Then, by (6), we get
d
—[x(d d
[+ [ o

I%(t) — x(@d)|| < (t —d)L, Vte[d,d]

<(d-d)L,,

and

We claim that ¥ is absolutely continuous. Indeed, for all t and s in [d, d], s < t, one has
@ﬂ@fwwvhu

I8 =& < (= 9)|[Ly + M+ Mlplleo +1)] = (¢ = 5)L.

X(t) — x(s) =

Then, we get

Hence, % is absolutely continuous. Remark that, for almost all ¢ in [d, dl,

d
10 = 755 =2 - [ g09s) + 30,
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So, for almost all ¢ € [d,d],
I1%() = gl < Li, 1&ON < L and x(t) - §(t) € ~A(DI(),

Similarly, for all t € [d,d], we have

I1X(H) — Ol < [IX(t) — x(@Il + lIx(d) — @O
< (t—-d)L+dL
< I
=2

Then, %(t) € E((p(O), 3) forallt € [d,d]. Next, we define 71, 61, 6; and x; as follows: qi(t) = g(t), 61(t) =
0(t), 61(t) = O(t) for all t € [0,d[ and g1(H) = §(t), O:(t) = d, O:(t) = d for all t € [d,d, x; = ¢ on
[—a,0], x1(t) = x(t) for all t € [0,d] and x;(¢t) = %(¢) for all ¢ € [d,d]. Now, let s € [—a,0]. If s < —d, we have

IT@)x1(5) = @) = lla(s +d) = @) = llp(s + d) — ()| < 7.

If s > —d, one has
IT@)x1(5) — ()l = llx1(s + d) — @)l < llxa(s + d) — PO + llp(s) — p(O)I| < 7.

Consequently, we obtain T(d)x; € Ea(go, 7). Finally, we conclude that d, g1,%1, 61,51) €B(e,y),d,g,x0, 5) <
d, g1,x1,01,61) and ¢((d, g,x, 0, 0)) < ¢((d, g1,x1,61,01)). O

Now, we are ready to complete the proof of Lemma 3.2. From Lemma 2.7, there exists (4, g, x, 0, 5) € B(e,y)
such that ¢((d, 9, %, 6, 0)) = ¢((d1, g1, %1, 61, 61)) and (d, g, x, 0, 0) < (d1, g1, %1, 61, 61) for all (d1, g1, x1, 61, 61) €
B(e, y). Moreover, if ¢((d, g,x,0, 5)) < 1, by Claim 3.3, there exists (d1, g1, x1, 61,51) € B(e,y) such that
d, g,%,0,0) < (d1,91,%1,61,61) and ¢((d, g, x, 0, 0)) < H((d1, 91,1, 61, 01)). Hence, ¢((d, g,x,0,0)) = 7. O

In the rest, we will finish the proof of Theorem 3.1. Let (&,),>1 be a strictly decreasing sequence of

positive scalars such that 0 < ¢, < aforalln > 1 and ), ¢, < co. In view of Lemma 3.2, we can define
n=1

inductively sequences (g,)n>1 C LY([0, t[, H), (x4)nz1 € C([—a,7],H) and (0n)n>1, (5,1),121 c S([0, [, [0, 7)),

where S([0, [, [0, 7]) denotes the space of step functions from [0, 7[ into [0, 7], such that

Xp = @ on [-a,0], x,(6,() € D(A(B.(1))), Vt € [0, 1], (8)
x(t) € B(p(0),7), Yt € [0,7], T(0,(t)x, € Balp,7), Yt € [0,7[, ©9)
I, (£) — x,(8)|| < (t —s)L, Vs, t€[0,1], s <t, (10)
1%, (t) = g (DIl < L, |I% ()|l < L, for almost all ¢ € [0, 7], (11)
gu(t) € G(t, T(0u(t))xn), Yt €0, 7], (12)

0<t=0,(t) < in(2), 0<0,(t) -t < in®), Vtelo,],
1g:41() = gu (Il < d(gu(t), G(t, T(On+1(t))Xn41)) + €nv1, a-e. on [0, 7], (13)

%a(t) = gu(t) € —A(O,(1))x,(0,,(1)), for almost all t € [0, 7].

Step 1: Convergence of (x,,), to some absolutely continuous mapping x. The sequence (x,), is bounded in norm
and in variation. Indeed, by (9), we have

sup [xulleo < 7 + [lpO)]| := Ry,
nelN*

and by (10)

sup var(x,) < tL.
nelN*
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Hence, by Theorem 2.11, there is a continuous map with bounded variation x : [0,7] — H such that
xu(t) — x(t) weakly for all t € [0, 7]. By taking lim inf as n — oo in (10), we obtain

[lx(t) = x(s)| < (f—s)L, forall0 <s<t< T

So, x is absolutely continuous satisfying x(0) = x¢. Next, by (11)

P, = f 1, ()P ds < L2,

Then, the sequence (), is bounded in L*([0, 7], H). Hence, we can extract a subsequence, still denoted
(%4)n, which converges weakly in L%([0, 7], H) to some mapping w € L2([0, 7], H). Then, for all t € [0, 7] and
u € H, one has

(u, x(t) — x(0))

gy%Mm—%@»

= lim <u,f xn(s)ds>: 1imf (X10,(5)u, X (s))ds
n—00 ]O,t] n—00 [O,T]

f (Xoa(S)u, w(s))ds = <M,f w(s)ds>
0] 10,4

where X104 is the characteristic function of 0, t]. Then

t
x(t) — x(0) = fo w(s)ds, forallt e [0,1],

which means that ¥ = w, a.e. on [0, 7]. So (%,), converges weakly to x in L*([0, ], H). On the other side,
using (4), (11) and (12), for almost all ¢ € [0, 7], we get

(20(0n(E)) = %01 B (), 2t = gu(t) = (Esa () = g (1))

(1 + ”xn(t) gn(t)” + ||xn+1(t) gn+1(t)”) dis (A(G (t)) A(9n+1(t)))
(

(

IA

IA

1+ 2L1)(<6n )= DK+ (Ope(t) - t)K)

IN

MQMW—
Also

(50(On(1)) = %01 @rs1 (), () = guar (H)
120 (0 () = X1 @t D] 19 () = Gns1 (D

IA

Next, by (H2) and (13), for almost all ¢ € [0, ], we have

A

192 = 2,01 < du(GE, TO),), Glt, TOra 0)s1)) + 01
mONT(Ons1(1)xns1 — T(On(D)Xulloo + Ensa.

IN

It is easy to verify that ||x,(t) — x,(s)l| < Le,, for all n € IN* and ¢,s € [—-a, 7] such that [s — #| < 2r]("’)



M. Aitalioubrahim, T. Raghib / Filomat 37:20 (2023), 6793-6811 6803

addition, for all t € [0, 7], we see that

IT(0n41(1) 241 — T(On(t))xulloo

< sup 1141 (Onr1(t) +8) = x4 (t + 9)I + sup IxXns1(t +8) — x,(t + 5)|
—a<s<0 —a<s<0
+ sup ||x,(t +5) = x,(0,(t) + 5)l|
—a<s<0
< Leyyr + Ixn41 — Xulloo + Ley
< 2Len + IXn41 — Xnlloo.

This yields, for almost all t € [0, 7],
||!7n+1(t) - gn(t)” < m(D)||xp+1 — Xnlloo + 2Leym(t) + Epg1- (14)

Since, for all t € [0, 7],

112:(0,0(1)) = X041 (Orsa (B
1228 (8)) = X (DIl + 11 (£) = X1 ()] + 101 () = X1 Brsa ()]
”xn+1 - xn”oo +2L¢,,

IN A

we obtain, for almost all ¢ € [0, 7],

[14(0 (1)) = Xns1 st O 19 () = Fusa (B

m(E)lnsr = Xl + ex[ALm(E)lxnsr = Xalloo

IN

+4L2m(t)€n + ”xn+1 - xn”oo + 2L€n]
< mlxne — ango + eqa(t),

where a(t) = (8LR; +4L%a)m(t) + 2R; + 2La. Moreover, using (10) and (11), we obtain, for almost all t € [0, ],
(n(t) = %0 (On(8) = Xns1(8) + X1 Onsa (1)), 2 (8) = T2 ()

< ([l (I + IIxn+1(t)II)(I|xn(t) — X (O (EN + %11 (011 (£)) — xn+1(t)||)
< 2L(Lée, + Lepin)
<4l%¢,.

As a result of the above, for almost all t € [0, t], we deduce that

Qen(t) = X1 (1), Xn(t) — Znga (1))
= (%)) = x4 (Bu())) = X1 () + X041 B (1), % (t) = % ()

+<xn(§n(t)) - xn+1(§n+1 (1), Xu(t) — gn(t) — (na (f) = gn+1(t))>
+<xn(§n(t)) - xn+1(§n+1(t))/ gn(t) - gn+1(t)>

<AL, + (1 +2L1)ey + m(Dlxue1 — xall3, + enar(t)
= mt)l|xn41 — xnllgo + Enﬁ(t),

where S(t) = 412 +1+ 2L + a(t). Since, x,(0) = x,,41(0) = xo, for all t € [0, 7], we get
1 t
E”xn - xn+1||<2>o = f <xn(s) = Xp41(8), Xn(s) — xn+1(s)>d5
0

< bonet =5l f m(s)ds + & f B(s)ds.
0 0
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Hence

;" Bs)ds )
%— fOT m(s)ds !

I, — xn+1”§o <

So, forn < m,
fo B(s)ds ”’21
% fo m(s)ds 4

Consequently, the sequence (x,), is a Cauchy sequence in C([0, 7], H). Therefore (x,), converges uniformly
on [0, 7] to a function x. Since all functions x, agree with ¢ on [-4, 0], we can obviously say that x,, converges
uniformly to x on [—a, 7], if we extend x in such a way that x = ¢ on [, 0].

Step 2: T(0,,(t))x, converges to T(t)x in C,. For all t € [0, 7[, one has

“T(Gn(t))xn - T(t)x”oo
= sup [[xu(6u(t) +5) — x(t + 5l

2
||xn - me =

—-a<s<0

< sup [xu(Ou(t) +5) — x(On(t) + 5)Il + sup [[x(On(t) +5) — x(t + s)
—-a<s<0 —-a<s<0

< v = xllo + sup [[x(6x(F) +5) — x(t + s)II.

—-a<s<0
Since the right term of the above relation converges to 0, T(9,(t))x, converges to T(t)x in C,. Similarly
IT@u(D)xn — T(H)x] = 0, asn — co.

Step 3: x is a solution of (1). By (14), for almost all t € [0, 7], (g.(f))n=1 is @ Cauchy sequence and (g,(f))n1
converges to g(t). Moreover, observe that

d(g(®), G, T(t)x)) < lg(t) = gu(Oll + du(G(E, T(Ox()xn), G(t, T(£)x))
< lg(®) = ga @l + mOIT(O0(5)xn = T(£)x]lco.-

So, g(t) € G(t, T(t)x) for almost all ¢ € [0,7[. Let us prove that x(t) € D(A(t)) on [0, 7[. By (8), x,,(@n(t)) €
D(A(6,())) and x,(6,(t)) — x(t) for all ¢ € [0, 7]. By Lemma 2.3, we conclude that x(t) € D(A(t)) for all
t € [0, 7[. Now, the weak convergence of ¥, to x in L2([0, 7], H) and the Mazur’s Lemma entail

—x(t) + g(t) € ﬂc-o{ — (@n(®) = gm(®) :m > n, ae. on[0,1].

n

Next, for almost all t € [0, 7] and all y € D(A(t)), we have
(y,—x(t) + 9(t)) < infsup(y, —(ix(t) = g(t)))-

k>n

By Lemma 2.4, there exists a sequence (y,), such that y, € D(A(én(t))), Yn — yand A(én(t))oyn — A(t)%.
Since A(6,(t)) is monotone, we get

(= Gult) = gu(®), Y = (0(1))) < (AGUD) Yo, Y = Xu(Bu(8)))- (15)
Consequently, by (11) and (15),
(=Ctat) = gu(®), y = x(t))
(= Gnl®) = gu(®), (y = y) = (x(H) = %, (Bu())
+( = Gnlt) = Gu(t)), Y — X0 (Ou(1)))
Ly (1@ (8)) = XU + 1y = Y1) + CA@E) Yo, Y = xu(Ou(E))).

IA
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Hence

lim sup(—(x,(t) — gu()), y — x(H)) < (AQ®)°y, y — x(t)),

n—oo

and, by Lemma 2.2, we get —(X(t) — g(t)) € A(t)x(t). Finally, we conclude that x(t) € —A(t)x(t) + G(t, T(t)x), for
almost all t € [0, 7]. The proof is complete. [
4. Second result
This section concerns the second result of our paper. We will use the following assumptions.

(A1) Let A(t) : D(A(t)) ¢ H — 2H, for all t € [0, b], be a maximal monotone operator satisfying:

(a) there exists an absolutely continuous function v : [0, b] — R such that

dis(A(f), A(s)) < [o(t) —o(s)l,  Vt,s €[0,b],
(b) there exists ¢ > 0 such that

A x| < (1 + ||x]|) for all t € [0,b] and x € D(A(Y)),

(¢) U D(A()) is ball compact.
te[0,b]

(A2) G:[0,b] X C, — 2" is a set-valued map with nonempty closed values satisfying:
(i) for each ¢ € C,, t = G(t, 1)) is measurable,
(ii) there exists a function m € L1([0, b], R") such that for all ¢ € [0,b] and for all 1,1, € C,
du(G(t, Y1), Gt 12)) < m®lP1 = Yallo,
(iii) for all @ € C,, there exist r > 0 and functions g,p € L'([0,b], R*) such that for all ¢ € [0, b] and for
all Y € By(p,7)
IGE I < q(t) + pOl[Pllco-

In the rest of this work, we prove the following theorem.

Theorem 4.1. If assumptions (A1) and (A2) are satisfied, for all ¢ € C, such that ¢(0) € D(A(0)), there exist T > 0
and a continuous function x : [—a, 1] — H, that is absolutely continuous on [0, ], such that x is solution of the
evolution problem (1).

Proof. Fix ¢ € C, such that xq := ¢(0) € D(A(0)). There exist ¥ > 0 and g, p € L'([0,b], R*) such that

IG(E Yl < q(8) + p(O)llleo,  Y(t, ) € [0,b] X Balg, 7).

T1 r
I'(s)ds < =
[ o<,

1) = 20q(6) + O + lipll) + 5 + 3e(1 + IO + 1) + 1000

Let 71 €]0, b] be such that

with

and
I(t) =T1(t) + q(t) + p(A)(r + |l@ll) for almost all t € [0, D].
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For ¢ > 0, set

tr
m(e) = sup {y €]0,¢] : |ft F(s)dsl <eif|h — | < y},

and

M2(€) = sup {)/ €]0,¢] : llp(t) —pt)ll < eif [t — f] < y}.

Put n(e) = min{m(¢), m2(e)} and 7 = min{%n(%), T1,a}. Set

t
a(t) = f T'(s)ds, Vte]0,1].
0
We will use the following lemma to prove Theorem 4.1.

Lemma 4.2. If assumptions (A1) and (A2) are satisfied, then for all n € IN* and for all y € L'([0, 7], H), there exist
a continuous mapping x, : [—a, t] — H, step functions 6,, 6,, : [0,t] — [0, t] and g,, € L([0, 7], H) such that

Xn = @ on [-a,0], x,(6,4(H) € D(A(B.(1))), Vi € [0, 1],

xX(t) € B(@(0),7), T(Bu(t))x, € Bulp,7), Vt €[0,1],

9u(H) € G(t, T(0n())x), 0 < 0,(t) = 0u(t) < &, Ou(t) < t < Ou(t), ¥t €10, 7],
194(£) = y(OIl < d(y(t), G(t, T(On(t))xn)) + L, for almost all t € [0, 1],

1%,(t) = gu (DIl < T1(8), IXa ()l < T(t), for almost all t € [0, 7],

a(0, () —aOa(®)) ( - _ _A(O o,
(DO (D-04(1) (5.6 = 9:(5) € ~A@O)x:(Bu(8), a.c.0n[0,7].

A N

Proof. Fixn € N*andlety : [0,7] — H be ameasurable function. Consider a sequence (P,), of subdivisions
of [0, 7] :

P,={ty=0<t]<...<t! <...<ty =1,

where t! = i5; forall 0 <i < 2" Seth!, =t —t!forall0<i<2"-1.Letus define a sequence (x,), of
approximate solutions as follows. Set x,,(s) = ¢(s) for all s € [—a, 0]. Put xj = ¢(0) € D(A(0)). The set-valued

map t +— G(t, T(ty)x,) is measurable, in view of Lemma 2.6, there exists a function gj; € L([0, '], H) such
that g;(t) € G(t, T(t;)x,) for all t € [0, #]] and

llgg (t) =yl < d(y(t), G(t, T(ty)x,)) + %, for almost all t € [0, t]].

f
Xy = ]{’(xg +f gg(s)ds),
f

where J1'(x) := (I + h’fA(tT))’l(x), for all x € H. Notice that, by construction, x7 € D(A(t})) and

Put

gl
Xy —xp = ft go(s)ds € —h{A(t)x].
0
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Hence, by (A1) and Lemma 2.1, we have

+ 17 (x5) — xgl

+ \/h”(l + IAE ) dis(A(ED), A(E)

"
f llgg( s)||d3+ﬁ c(1+||x0||)ds+f [9(s)|ds

f (1 +c( +lxglD)ds + = f |0(s)|ds

£
- < ]{’(x3+ f g(’)’(s)ds)— o
ty
£
< [T lg6)lds + HIAEY X + dis(AE), AE)
ty
<
<

0
Then, using this last relation, we get

tn
Xy — (xg + f 1 gg(s)ds)
tll

0

Now, set

o alt)—alty) (. ]
xu(t) = xg + —a(t’f) — a(tg)(xl - X5 — j;

0

1
L [4(5) +pOlells + 5 >

f’f
< f [1(s)ds.
f

e+ 1 + S

(16)

t
gg(s)ds)+ jl; go(s)ds, (17)

for all t € [t, t]]. From (A2), (16) and (17), we obtain

[l () = (O)I

IA

IA

IA

f%l t I'(s)ds.

alt) — altl) + f ) + p&)lpllo)ds

f Iy (s)ds + f 65) + PO llpllo)ds
o f

Which is equivalent to x,(t) € E((p(O), 5) for all t € [t} #/]. Now, we have to estimate [|(T(])x,)(s) — ¢(s)]| for
each s € [-a,0]. If —t] < s <0, then (t] + 5) € [t} t{]. Thus, by the fact that |s| < t] < T <7(5), we have

I(T(E)xa)(6) = @)l = llxa(t] + )
”xn(tT +5)
T.

A IA

- o)l
= Ol + llp(s) — pO)]

Therefore, T(t])x, € Ba(p, 7). Next, we reiterate this process for constructing the sequences (¢7); and (x7');
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and the function x, satisfying, for all 0 <i < 2" — 1, the following assertions:
xu(t) € B(@(0), §), g7(t) € G(t, T(t)xw),  VEE[H, 8]
() = 9Ol < [uT@ds, Vit e[, 8,1
x5 € D(A(t)), x!., € D(A(t,,)), T(t)x, € Ba(, 1),
lg? () — y®Il < d(y(t), G(t, Tt )xu)) + 5 1 , for almost all t € [t],#] ]

Xty = l+1(x + ’” gf(s)ds) with J& (x) := (I + B! At )™ L(x),

f T (s)ds,

n 1+l
X' = (x + p g! s)ds)

al)-a(t)

tf’+
Xn(t) = + W(x7+1 - - f,;‘ 19?(5)015) f,, gi(s)ds, Vt € [t1, 1 ].

We claim that x, is absolutely continuous. Indeed, forall 0 <i < 2" —1and forall t and s in [, ! |], s <t,

one has " ,
X, (t) — x,(8) = M(x?ﬂ -x! = " q; (T)dT) + f gl (t)dr.

a(E ) — a(E)) .

tz-zl f

Xy = f g (v)d|| + f g (x)lde
t s

Then, we get

a(t) — a(s)
a(t1+1) Oé(t?)

fs t T(7)dt.

By addition this last inequality holds for all 5, t € [0, 7] with s < t. Hence x, is absolutely continuous.

Remark that for all 0 < i < 2" — 1 and for almost all t € [t!, !, ],

I (t) = xu ()l <

IA

v(t txn+l
X, (t) = W(ﬂﬂ —xl = L gl’f(s)ds) + g (8). (18)

Then, we obtain for almost all t € [t],#] ],
12 (£) = gn (DIl < T1(¢) and (%, (B)I < T(#).

Now, we define the functions 6,,, 6, : [0, 7] — [0, 7] and g, € L'([0, 7], H) by setting for all € [0
0u(t) =y, Ou(D) =t],  gu(t) = g} (1),

0,(1) =1, On(t) =18, | and g,(7) = g,_, (7).

Note that 0 < 0,,(f) — 0,(f) < o and 0,(t) <t < 0,(t) for all f € [0, 7]. Observe that, by construction, we have
gn(t) € G(t, T(0,(t))xy), for all t € [0,7] and

lg. () — y(OIl < d(y(t), G, T(0,(t)x,)) + %, for almost all t € [0, 7].
Hence, from (18), we get

yn(t)(fcn(t) - gn(t)) € —A(0,(1)x4(6,(t)), for almost all ¢ € [0, 1],
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where -
_ a(Bx(h) — a(6u(t)

&(B)(O@a(D) - Ou(t)

Va(t)

O

Now, we are ready to complete the proof of Theorem 4.1. By Lemma 4.2, we can define inductively

sequences (gi’l)n21/ (xn)nzl - C([—IZ, T]/ H) and (671)1’121/ (571)7121 - S([O/ T]/ [0/ T])/ where S([0/ T]/ [0/ T]) denotes
the space of step functions from [0, 7] into [0, 7], such that

X, = @ on [-a,0], x,(0.(t) € D(AB.(1)), Vt € [0,7], (19)
x,(t) € B(p(0),7), T(0,(t))x, € Bo(e, 1), YVt €[0,1], (20)
l(t) — ()l < [ T(2)dt, Vs, t €0, 7], s <, 1)

gu(t) € G(t, T(04()xn), 0 < Ou(t) — 0u(t) < &, 0u(t) <t < 0u(t), VE€0,1],
19n1() = gn(B)ll < d(gn(t), G(t, T(Ops1(t))xni1)) + 5, a.e. ont € [0, 7], (22)
%, (t) = gu (DIl < T1(t), %4 (Bl < T(#), for almost all t € [0, 7], (23)

Yu()(En(t) = 9u(B)) € —A©@u(t)xn(0u(t)), for almost all ¢ € [0, 7].
Claim 4.3. Forallt € [0, t], the set {x,(t),n > 1} is relatively compact in H.

Proof. Lett € [0,7] and ¢ > 0. There exists 1y > 1 such that

Ou(b)
||j: F(s)ds” <e&  VYn>ng.

By (20),

sup [xulleo < 7 + llpO)]| := Ry,
nelN*

which implies that xn(04(f)) € D(A([0, b])) N RyB. Then, {x,(0,(f)) : 1 > 1} is relatively compact in H. Now,
forall t € [0, 7] _ _
,B{xn(t) in 2> np) = ﬁ{xn(t) = Xn(0u(t)) + x,(0n(t)) : 1 2 np}.

From Lemma 2.9 (iv), we get
Blxa(t) : = no} < Blan(t) — x,(Bn(t)) : 1 = 10} + Plaa(On(®)) : 1 > o).

Since the set {x,(0,(t)) : n > no} is relatively compact in H, by Lemma 2.9 (i), ﬁ{xn(én(t)) :n >ng} =0. Then

t

Blan(t) : 1 > g} < Bla(t) — X, (0n(D) : 1 > np} = 5{[ Fu(S)ds : 1 2 o).

On(t)

On the other hand, since

t 6n(t)
|| fe (t)fcn(s)dsHs f, [(s)ds < ¢,

t
{f Xn(8)ds :n > no} c B(0, ¢).
Ou(®)

for all n > ny, we have

Then, by Lemma 2.9 (iii),(v), we obtain

Blxa(t) : m > np} < B(B(0, €)} = 2.
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Also, by Lemma 2.9 (vi), we get

Blra®) in21) = plixa(®):1<n <o} U fxu() 12 o))

max {5{xn(f) 11 <n <ngpl, Blxp(t):n > no}}
,B{xn(t) 11 > ng)

because f{x,(t) : 1 <n <np} =0.So

Blxn(t) :n>1}) < 2¢,

for all € > 0. We conclude that g{x,(t) : n > 1} = 0 and the set {x,(t) : n > 1} is relatively compact in H.
|

Now, by Ascoli-Arzela Theorem, we can select a subsequence, again denoted by (x,), which converges
uniformly to an absolutely continuous function x on [0, ], moreover %, converges weakly to x in L%([0, 7], H).
Also, since all functions x, agree with ¢ on [—a, 0], we can obviously say that (x,),, converges uniformly to x
on [—a,0], if we extend x in such a way that x = ¢ on [-4,0]. Additionally, observe that (x, (én))n converges
uniformly to x on [0, 7]. On the other hand, by (21), we have

%0 (0n(t) = xBIl < (X4 (0n (1)) = X ()] + Il (E) — X (D)

A

0, ()
f T(s)ds + en(t) - x(O)
t

IN

The right term of the above inequality converges to 0. It follows that (x,,(6,)), converges uniformly to x on
[0, 7]. In addition, by the same technics of the previous section, we prove that, for all t € [0, ], T(6,(t))x,

and T(6,(1))x, converge to T(t)x in C,. Now, from (A2) and (22), for almost all ¢ € [0, 7], we have

A

90410 = ga(Ol < dig(GCE TO0)1), Gt TOra (D) +

IA

MOUTOn () = T(Ons1 ()Xnslloo + ——-

Since the right term of the above relation converges to 0, for almost all ¢ € [0, ], (94(f))n>1 is a Cauchy
sequence and (g,(t))»>1 converges to g(t). Moreover, observe that
d(g(t), G(t, T(t)x)) llg(t) = gu Il + du(G(t, T(0()xn), G(t, T(t)x))
llg(t) = gu Ol + mEOIT(0n(£))xn — T(£)x]|co.-
So, g(t) € G(t, T(t)x) for almost all ¢t € [0, 7]. Let us prove that x(t) € D(A(t)) on [0, 7]. By (19), xn(én(t)) €

D(A(6,(1))) and x,(6,(t)) — x(t) for all ¢ € [0, ]. By Lemma 2.3, we conclude that x(t) € D(A(t)) for all
t € [0, 7]. Now, the weak convergence of %, to % in L([0, 7], H) and the Mazur’s Lemma entail

IAIA

—i(t) + g(t) € [ ) = yu®Con(®) = gu() :m > n}, ace. on[0,7].

n

Note that by construction, lirP yn(t) = 1. Next, for almost all ¢ € [0, 7] and all y € D(A(t)), we have
(Y, —x(t) + g(t)) < infsup(y, —yr(t)((f) — ge(t)))-
" k>n
By Lemma 2.4, there exists a sequence (y,), such that,

Y € DA@(1)), yu — y and A©u(1) yu — ARy

Since A(t) is monotone, we get

(= YOt = ga(®), Yo = x0(On(®)) < (A@u(E) Y, Y = %2(Ou(1))- (24)
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Consequently, by (23) and (24),
(= 7aOCn®) = gu(®), y = x(1))
(= 7a 0O = ga®), (¢ = ya) = (x(0) = x.(6a(H)))
+{ = 7u ) = gu()), Yo = 2(0u())
YOI O @n () = X (O + llyn = YII) + CA@u () Y, Y = Xu(Ou(t)))-

IN

Hence

timsup { = () = a(0), y = x(0)) < ARy, y - x(1),
and by Lemma 2.2, we conclude that —(x(t) — g(t)) € A(t)x(t). Finally, we obtain x(t) € —A(t)x(t) + G(t, T(t)x),
for almost all t € [0, 7]. Then the proof is complete. [
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