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On some new tpes of convergence for double-indexed sequences
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Abstract. In this paper, we define and study analogous of some new types of convergence for double-
indexed sequence and the inter-relation among them is investigated. Also, their certain basic properties are
discussed.

1. Introduction

Much of classical probability theory and its applications to statistics concerns limit theorems, i.e.,
the asymptotic behavior of a sequence of random variables. In [4], for the first time, P. Hsu and Robbins
proposed the new concept of complete convergence and had led to many follow-up studies. Baum and Katz
[2] extended the idea to the case of fractional moments and higher-order moments. Asmussen and Katz [1]
studied the complete convergence of subsequences of partial sums of i.i.d. random variables in 1980. After
that, Gut [3] improved the results in [1] and simplified the proof, and obtained the equivalent conditions for
the existence of first-order moments with complete convergence of a certain class of subsequence. Rosalsky
[8] studied on complete convergence in mean of normed sums of independent random elements in Banach
spaces. Sung [9] presented a note on the complete convergence of moving average processes. Zhou [11]
investigated complete moment convergence of moving processes under ¢-mixing assumptions. Wang et
al. in [10] studied the complete moment convergence of double-indexed randomly weighted sums of NSD
random variables and the almost sure convergence and mean square convergence of the state observers of
linear-time-invariant systems. Motivated by the above work, in [5] Hu and Sun gave some new concepts of
convergence of random variables and discussed some properties. In this paper, we extend these concepts
of convergence to double-indexed sequence and prove some analogues.

Suppose we are given a probability space (Q2, ¥, P). Let {X;j, (i, j) € IN?} be a filed of random variables
where IN denotes the set of nature number. Firstly, recall some basic definitions and notations for double-
indexed sequence. As everyone knows, there are different type definitions for limit of double-indexed
series, in this paper we only consider the following three definitions.

Definition 1.1. (See [7]) We say that a double-indexed series {x,j, (i, j) € N?} lim(min)-converges to a number
x(0,0) if, for all positive ¢, there exists a positive integer ng such that |x ;) — xo0| < € for all elements (i, j) whose
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coordinates are such that
1A ] = Ny,

and we write lim(min)x, j = x(0,0-

Definition 1.2. (See [7]) We say that a double-indexed series {x, (i, j) € N2} lim(max)-converges to a number
X,) if, for all positive ¢, there exists a positive integer ng such that |xj — x| < € for all elements (i, j) whose
coordinates are such that

iV ] = Ny,

and we write lim(max)x(,j) = X(0,0)-
Both modes of convergence discussed above are particular cases of the following general concept.

Definition 1.3. (See [7]) Let a function f of 2 arquments be defined for all (i,j) € N2 We say that a field
i, (@ 7)€ IN?}is f-convergent to x(,0) if, for all positive ¢, there exists a positive integer ng such that |x j—x,0)| < €
for all elements (i, j) whose coordinates are such that

[, ) = no,
where f is non-decreasing with respect to each of its arguments and we write im(f)x j) = X(0,0)-

Based on the Definition 1.1, 1.2 and 1.3, we define the analogues of different types of convergence for
double-indexed random sequence as follows:

* {X(j, (i, j) € N?*}issaid to f-almost surely converge to X(o), if there existsaset N € ¥ such that P(N) = 0
and Yo € Q\N, lim(f)X(i,j)(a)) = X(O,o)(a)) (resp. lim(min)X(i,j)(a)) = X(O,O)(a)), lim(max)X(i,]-)(a)) = X(O,O)(a))),

and we write X(i‘,]‘) f_—ui X(O,O) (resp. X(,"]') min_fz)z.s X(O,O)/ X(l‘,]') m”;il's' X(O,O))-

Each of the following definitions has three forms. For the sake of brevity, only one form of definition is
given here, and the other two definitions are completely similar, which are omitted.
* {X(,j), (i, j) € N?} is said to min —converge to X(o) in probability, if for any & > 0, lim(min)P({|X;j —

X0l = €}) =0, and we write X(i,j) mgp X(0,0)-
* {X(j), (i, j) € N?} is said to min —L” — converge to X(o,0) (p > 0) if lim(min)E[|X; — X(0,0)P] = 0, and we

. min -L?
write X(i,]') —> X(0,0).
o { X, (i, ]) € IN?} is said to min —L® — converge to Xo,0) if im(min)||X;,j — X0)lle = 0, and we write
min -L%

Xijp — Xoo-

o (X, (i,]) € N2} is said to min-converge to X ) in distribution, if for any bounded continuous function
£, lim(min)E[f(X(;)] = E[f(X(0,0)], and we write X(i, j) minsd %(0,0).
Definition 1.4. (See [7]) The limit of the field {S(u,n), (m,n) € IN?} in the sense of lim(min)-convergence (if exists)
is called the sum of the limit of the double-indexed series constructed from the field {x,j, (i, j) € N?}. The sum of a
double sequence is defined by

Z x(i,j) = lim(min)s(m,,,),

(i,)EN?
where sy, = N Y. X, (mn)e€ IN? ((i, j) < (m,n) means that i < m and j < n). If the limit exists, we say that
the double—inde(lylc]:l(zgguence
Z X(i,) = Z X(i,)
(i,j)eN?

converges. If the lim(min)-limit for {Suun), (m,n) € IN?} does not exist, we say that the double-indexed sequence
diverges.

We are now consider some new type concepts of convergence for double sequence of random variables.
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Definition 1.5. {X; ), (i, j) € IN?} is said to completely min —converge to X), if forany e >0, Y, P({|X¢j —
(i,)eN?

min —c.c.

X(0,0)| ) < 0o, and we write X(l N X(OO

Definition 1.6. Let a > 0, {X;j, (i, j) € IN?} is said to strongly almost surely min —converge to X o,0) with order a,
if
Z 1X¢i,j) — Xl < oo as.
(i,j)eN?

. i _Sa_ O
and we write X —> X0,

Definition 1.7. {X; ), (i, j) € IN?} is said to min —S — L —converge to X0 (p > 0)if Y. lE[IX(Z »—Xooll <
(i,j)EIN’

and we write X; ;) min 510 X(0,0)-

Definition 1.8. {X;j, (i, j) € IN?} is said to strongly min —L* — converge to X o) if

Z X5 = X,0)lleo < 00
(i,j)eN?

. in—$—L*
and we write X " — X0

Definition 1.9. {X;j, (i, j) € IN?} is said to min —S; — d converge to X (o), if for any bounded Lipschitz continuous
function f,

Y IELf(Xip) — f(Xeoll < o0

(i j)eN?
. min —51 —d
and we write X5 — X

Definition 1.10. Let F(; j and F,) be the distribution functions of X jy and X ), respectively. {X, (i, j) € N?}
is said to min —S, — d converge to X o), if for any continuous point x of F,

Z IF(i,jy(x) = Fo,0) ()| < o0

(i,j)eN?

min — Sz

and we write X(,‘,]) X(O 0)-

Definition 1.11. Let {X(00), X, (i, j) € IN?} be a field of random variables. If for any bounded Lipschitz continuous

function f, o ])% E[lf (X)) — f(X©,0)l] < o0 holds, then {Xj, (i, j) € IN?} is said to min —§] —d converge to X(,0),
. min -5} —d
and we write X(,',]) — X(0,0)-

Definition 1.12. Let {X00), X,j), (i, /) € IN?} be a field of random variables. If for any real number t, it holds that
; j)ze:]NZ [E[¢Xin ] — E[eX00]| < oo, then X, @))€ IN?} is said to min—S; — d converge to X, and we write

X,

min —S 3

X(o 0)-

The rest of this paper is organized as follows. In Section 2, we prove the relations among some types
of convergence for double-indexed sequences we proposed. In section 3, we present some examples to
compare the relations between any two types of convergence.
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2. Main results and Proofs

With the preliminary preparation, we now state and prove some analogues for double-indexed random
variables. For single sequence such results have been proved by Hu et al. [5, 6].

—P . —da.s.
Proposition 2.1. If X(; Lt X(0,0), then there exists a subsequence {X;, i} of {X,j} such that X, i, gl X0,0) as
k — oo

Proof. Noticing that X; f;P> X(0,0), then we have, for any ¢ > 0, im(f)P(|X(;;) — X, > €) = 0. Denote,

foreach i, j € N, E(i, j) = {IX¢,j) — X0l > /%j)}' choose a subsequence (i1, j1), (i2, j2), - - - such that P{|X;, ;) —

Xo,0l > @} < 217 It is easy to see that Y. P{|X ;) — X0 > ﬁ} < 1, hence we have by the Borel-Cantelli
§ k=1

lemma that P{N?, Up, E(ix, jx)} = 0. Therefore, X j,) f_—ui Xpoask— oo, [

~d -P
Proposition 2.2. Let C be a constant. Then, X(; Zee X)) Le

Proof. 7 < ” Obviously.
” = ” The distribution function of the random variable degenerated to C is

0, x<(C,
Fo,0)() = ey = { 1, x>C

-d
where x = C is the unique discontinuity point of Fpp). Since X; j T C, we have

. 0, x<C

Thus, for any € > 0, we have

1im(f)P(|X(i,j) -Clze)= lim(f)[P(X(i,j) >C+eée)+ P(X(i,]‘) <C-9)]
= hm(f)[l - F(,’J)(C + 8) + F(,-,j)(C —&+ 0)]
=0.

Hence, X(i,j) f;P> C. O
_1P
Proposition 2.3. Let {X(0,0), X)), (i, j) € N?} be a double-indexed sequence of random variables. Then, X, g
f-P
X0 = Xij) — Xoo-
Proof. By the Chebyshev’s inequality

ElXj) — X0l
&ep

P(|X(i,]') — X(0/0)| > é’) < ’

Xi,j) f;P> X(0,0) follows immediately. [

-P —d
PI‘OPOSitiOl’I 2.4. X(i,]‘) f—) X(O,()) = X(i,]') f—) X(0,0).
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Proof. Assume that g is a bounded Lipschitz continuous function, such that |g] < M, and exists a positive
constant C such that |g(x) — g(y)| < Clx — yl, Vx, y € R. Note that

IE[9(X,5) — 9(X0,0)11(X1x4)-X 00 2e) T Lixe)-Xool<e) SEIF(X5) = (X0, (Lixg)-Xeo=e) + L0x4)-Xool<e)
S2MEL(x, ) -X g lze) + CEL(X, )X o0/<e)
<2MP(|X Gj) — X(o 0)| €) + CEP(IX(l i)~ X(o 0)| <eé).

—d
Thus, X(i,j) f—) X(O,O)- [}

_L® L
Proposition 2.5. X(i,]‘) f—> X0,0 = X(i,j) f—> X(0,0)-
Proof. Since E|X;j — X0l < 1X(j — Xk, it follows directly. [

—a.s. -P
Proposition 2.6. X(,',j) f—gi X0,0 = X(,',]') f—> X(0,0)-

. f_ O [ [eS)
PTOOf. Since X(i,j) —M> X(o/o),we have P{mkzl Un:l mf(i,j))n{(‘) : |X(,-,]')(a))—X(0,o)(a)) %}ﬁp Uf(z ])>n(|X(lj ( )
-P
X(O,())(a))l > 8)}, therefore, X(j,]') f—) X((),O)- [

—L*® —a.s.
PI‘OpOSitiOII 2.7. X(i,j) f—) X(O,O) = X(i,j) f—ai X(O,O)-

PTOOf. Note that |X(i,]‘) - X(0,0)| < ||X(,',]‘) - X(O,O)“oo/ X(,',j) f_li. X(o,o) follows immediately. O

Remark 2.8. Put f = iAjor f =iV j(i,j € N), the above results also true for min-convergence and max-
convergernce.

Remark 2.9. f-convergence is often considered for f(i, j) = +/i?> + j2. For this particular function, we use a special
notation for the f-convergence, namely || - ||-convergence. In what follows, we also deal with vol-convergence, which
corresponds to the function f(i, j) = ij. Note that the three types of convergence, namely max —, |-||—, vol-convergence
are equivalent in the space IN?, since for (i, j) € IN?

max{i, j} € {/2+ 2 < \/Emax{i, jl,  max{i, j} < ij < (max{i, j})d.

Theorem 2.10. Let {X(g,0), X j), (i, ) € IN?} be a double-indexed sequence of random variables. Then,

(i) For p > 1, we have X; j, min Z57L* X0 = X)) min —5-17 X(0,0)-
(ii) For a > 0, we have X;,j) minS L X0 = X)) min 5o X(0,0)-

(i) For a > 1, we have Xj,j) M X oo = X, J minZSgnas X(0,0)-
Proof. (i) If [IX(i,j) — Xolle <1and p > 1, we have

E[1 X)) — X001 < 11X6,) — Xoolk < 1X6,j) = X0,0llo- (21)

n—

According to Definition 1.7 and 1.8 and Eq. (2.1), we have X; j min 5L X0 = X)) min 517 X(0,0)-

(il) Let & > 0, if X)) ™5 X, then Y _ElIXi) — Xol'l < co. By the monotone convergence
(i,)eN

Z E[1X¢,) — X0l = E[ Z X5 — X0l

theorem, we have

(i, )eN? (i,)eN?
It follows that IE[ Y, |X(,'/]') - X(0,0)|a] <ooand thus Y, |X(i,j) - X(O,o)la <o as.,ie.,
(i,)eN? (i,j)eEN?

min — a—a s.
X X (0,0

(iii) It is a direct consequence of (i) and (i). O
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min —S-L!

in—S;—d
Theorem 2.11. X(l‘,]') — X(O,O) = X(i,]') mlri)l X(0,0).

Proof. Suppose that f is a bounded Lipschitz continuous function. Then, there exists a positive constant C
such that

If() - fI<Clx—yl, YxyeR
It follows that

IELf(X(,5) — f(Xoo]l < E[lf(X,5) — fXoo)ll < CE[|Xq,) — Xooll (2.2)

min —S§ 1

Based on the Definition 1.7 and 1.9, Eq. (2.2) implies that X;;, " X(O 0 = X, X(o 0- O

min — Sz

Theorem 2.12. Let C be a constant. Then, X; j) C e X mhze
Proof. " =" For any ¢ > 0, we have

P{|X(i/j) - X(0,0)| >¢el=1- P{X(i,]') <C+e}+ P{X([,]') <C-¢}

€
<1- F(,'/]')(C + E) + F(i,]')(c - é‘), (2.3)
where F; j(-) denotes the distribution function of X; j.
If X)) " %77 C, then for any & > 0,

&
Y, FapC+3) =1 <o and ) |F)(C—e)=0l <o

(i,j)eN? (i,j)eEN?
these together with Eq. (2.3) imply that for any ¢ > 0,
Y PliXuy - Cl> e} < oo,
(i, j)eN?
min —c.c.

That is, X(i] —" X0,0)-
" <" Let X(,0) = C and F(g) be the distribution of Xy ). For any ¢ > 0 and x € IR, we have

Fo,0(x — &) = P{IX(ij) — X0l = €} < Fg j(x)
< {|X(,/]) — X(O/0)| > E} + F(O,O)(x + E). (2.4)

«=0) C)

Ifx>C,sete= in Eq. (2.4), we have

— P{IX¢;,j — X0l = €} < Fij(x) < P{IXj) — Xool = €} +1,

ie.,
=P{|X(ij) — Xool = €} < Fgj(x) =1 < P{|Xj) — X0l > &}

Ifx<C,sete= @ in Eq. (2.4), we have
0 - P{IX(,j) — X0l = €} < Fj(x) < P{IX(,j — X0l = €} +0,

ie.,
=P{|X(ij) — Xool = €} < F j(x) =0 < P{|X(ij) — X0l > €}

Note that X; j minge X(0,0), we have for any x # C,
Z IFi,)(*) = Fo,0(x)] < 0.
(i,/)EN?

min — Sz

Thus, X(i i) C O
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min—-S-L!
Theorem 2.13. Assume that X, ]) X(O o) and Y j) =5E C. Then,

min —S;—

(Z). X(i,]‘) + Y(,‘ I X(o 0) + C.

(i1). If {X,j), ( i, /) €N?}isa double indexed sequence of bounded random variables, then X ;Y ; j) Ry CX0,0)-
(iid). If {X¢,j), (i, ) € N?} and { } are two double-indexed sequence of bounded random variables and C # 0,

Proof. Suppose that f is a bounded Lipschitz continuous function. Then, there exits a positive constant K
such that

lf@x) = fWI<Kx—yl, Yx,yeR
(1) We have

IE[f(Xq,j + Yi,)] — ELf (X0 + Ol < [E[f(Xq,j + Y,)] — E[f(X(,j + O)]
+ E[f (X + O] = E[f(X(0,0 + Ol
< KE[|Y(,j) = Cll + [E[f(X(,j + O] = E[f(X(0,0) + O)].

Noticing that Y; ]) C ie,
Y, ElYi)-Cl<eo.
(i,j)eN?
Define g(x) = f(x + C). Then, g is a bounded Lipschitz continuous function and thus by the assumption

in—S;—d
that X(i,j) mm_)l X(o/o), we have

Y E[f(Xg + Ol - E[f(X00) + O)ll < oo.
(1,j)eIN?

According the definition of S; — d convergence, we have X; j + Y ) =g X0 + C.
The proofs for (ii) and (iii) are quite similar to that of (i) and so are omitted.
|

Theorem 2.14. Let {X(00), X j), (i, j) € IN?} be a double-indexed sequence of random variables and {F ), F; j), (i, j) €

min — Sz

IN?} be the corresponding distribution functions. Then, X

fulfilled.

(1). Xy is a discrete random variable such that {x € R : P(Xp0 = x) = 0} is an open subset of R and

X0,0) if one of the following conditions is

Xip =" X
(2). X(,0) has a bounded density function and ), Plij(logi j)“ﬁIX(,-,]') — X0 = 6} < oo for two positive
(i,))EN?
constants p and .

Proof. (1) Assume that x € R with P(X(g0) = x) = 0. Noticing that {x € R : P(X(o,9) = x) = 0} is an open subset
of IR, there exists ¢ > 0 such that

F0,0/(x) = Foo)(x + €) = Fo)(x — €),

which implies that

IFi,j)(x) = Fo,0) ()| < P{IX(j) — X(0,0

2 €} +|F,0)(x + €) — F(0,0)(x)| + |F0,0)(x — &) — Fo,0)(x)]
= P{IX¢,j — X0 =

I
| > ¢}
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It follows that
Y IFop() - Foo@I < Y PliXa) - Xool > €. (25)

(i,/)eN? (i,7)eIN?

Eq. (2.5) together with the definition of complete convergence in the sense of lim(min)-convergence and

min —Sz —d 1mply that X(,‘,]‘) mhﬁ;_d X(0,0)-
(2) By the assumption, we know that there exists a positive constant C such that |f(x)| < C, Yx € R. It
follows that for any x, y € IR,

Yy
Foo®) - FooW)l = | f F(updul < Cly - .

So we have
IF(i,j)(x) = Fo,0) ()] < P{IX(;,jy — X(0,0) = €} + |F0,0)(x + &) = F(,0)(x)| + [F0,0)(x — €) — F(0,0)(x)|
<P{|X(1])—X(oo | > e} + 2Ce. (2.6)
Take € = Tlog 1])1+ﬂ in Eq. (2.6), we have
IFi,j(x) = Fo,0) (%) < [P{IXi ) — Xoo) 2 —=—==} +2C———]
(i,j)gl‘\h N <i,j>§‘m . ij(log ij)'*F ijlog(ij)'*F
1
= Y Plijllogif)*#1Xs - Xqol > 6} +2Cd —_—
s (e ijlog(ij)'*F
< o0
and thus, X(i] min - SZ Xo0- O

Theorem 2.15. Let {X(), X j), (i, ]) € IN?2} be a double-indexed sequence of random variables and {F (), F(; j, (i, ) €
IN2} be the corresponding distribution functions. If F0,0) is locally Lipschitz continuous at each continuous point x of

-S-L* min — 52

F(O,()) and X(,‘,j) s X(O,Q), then X(,‘ i) X(o 0)-
PT’OOf. Assume that X(i/]') min—_S;L“’ X(0,0). Put Agij) = ||X(i,]') - X(O,O)“oo. Then, QAg,j) 2 Oand Y, Q) < 0.

(i,j)eN2
For any x € R, we have

Fi j(x) = Fo,0/(x) = P(X(ijy < x) = Fo,0/(x) = P(X(0,0) + Xi,jy — X(0,0) < x) — F(0,0(%)
< P(X0,0) < x + g j)) — Fo,0(x) = Fo,0(x + ag,j) — Fo,0(x)

and

Fii,j(x) = Foo(x) =1 = P(Xj) > x) = Fo)(x) =1 = P(X0,0 + X(;,j) — X(0,0) > %) — Fo,0)(%)
> P(X(,0) < x—a,j) — Fo,0(x) = Foox —ag,) — Fo0(x)
= —[F,0/(x) = Fo0/(x + ag )]

It follows that

|Fi,jy(x) = Fo,0(X)| < [Fo,0)(x + a;,j)) = F0,0)(x)] + [F(0,0)(%) — Fo,0)(x — (i j))]-
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Let x be a continuous point of F(yg). By the assumption, there exists two constants K and ¢ such that for any
u,v € (x—0,x+0),
[F0,0(tt) = F0,0)(v)| < Klu — 0]
Since lim(min)a;j = 0, there exists No € IN such that a(; ;) < 6 for any , j > Ny. Then, we have for any
i,j > N,
Foo(x + ag,j) — Fo,o)(x) < Kag,).

So we have
(No,No) oo
Z [Foo( + ag,j) = Foo(®)] < Z [Foo( + ag,j) = Foon)] + K Z ag,j < oo.
(i,))eN? () (i,j)=(No+1,No+1)

Similarly, we have
Z [Fo,0(x) = Foo(x +ag,j)] < o

(i)
and so,
Z Fi,j)(x) = Fo,0)(x)| < o0
(i,7)eIN?
which follows that X ™5 X. O

min —

Theorem 2.16. If X ) 25 X and Y E[Xq ) — X001 Lix)-Xegl<et] < 00 for some positive number ¢,
(i,/)eN?
min -5} —d min — 51

then Xij — X, and thus X X0,0- Where 1,4 denotes the indicator function of set A.

Proof. Assume that f is a bounded Lipschitz continuous function, then there exist two constants K, M such
that for any x, y € R such that |f(x)] < M and |f(x) — f(y)| < K|x — y|. Note that

Y ElfXap) - fKoo)ll = Y, Elf(Xap) = FXo0) i -xani<e]

(i, )eN? (i, )eN?
+ Z Ellf(Xa,5) — f(Xo,0)Lix,)-Xool>el]
(i.))eN?
<K Z [1X,p — Xo,01x, ) -Xopl<er] +2M Z P(IXij) — Xl = €)
(i,f))eN? (i,j)eN?
< .

in—8;-d
Thus, X " —  Xoo. O

3. Examples and Remarks

In this section we always assume that Q = (0,1] x (0,1], ¥ = B(Q) (the Borel field of Q) and P be the
Lebesgue measure on (.

The following Example 3.1 shows that, in general, X; j minzSL X(0,0) is stronger than X; ]) X(O 0)-

Example 3.1. For (i, j) € IN?, we define random variables X j by

1, ifwe(0,1]1x(0, 1],
. . = ! ]
X(z,])(c‘)) { 0, otherwise.
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For any p > 0, we have

0o ©co lz liz 00 o
Y ElXg)-0r1= ZZfoffo 1”dP=Z‘Z$<oo.

(i,))eN? j=1 i=1 =1
Therefore, X;,j) min=S:L", Obviously, we have ||X;j, — Olle = 1 for any (i, j) € N?. Thus, ||X,j) = Olleo min 2L,
which implies that X; j, min 3,
The following example shows that, in general, X ;) M X 00 i stronger than Xij ZSeas. X00)-

Example 3.2. Let o > 0. For (i, j) € IN?, define random variables X j by

_[ @)Y ifwe© 71% 0, 7],
Xap(@) = { 0, otherwise.
Clearly,
Z PliXqp =0 > €} Z (])1+a
(i,j)eN? (i,j)eN?
By Borel-Cantelli lemma, we have P(|X; ;) — 0|* > ¢,1.0.) = 0. Thus, Y, |X;j—0* <oco as.
(i,)eN?
Noticing that
_ a 1+a o B s s l B
Z:mm>M—ZZf f =YY =
(i,))eN? j=1 i=1 j=1 i=1
The Example 3.2 shows that X; j) N5 ) byt X)) min 2.

in—c.c. . S
The next example shows that X; ;) 25 X(0,0) does not imply X P min Sy " X(0,0) in general.

Example 3.3. Let o > 0. For (i, j) € IN?, define a random variable X; ;, by

1, ifoez1x0 %]

Xi,p(w) ={ L, otherwise.
ija

For any € > 0, there exists No such that = < ¢, for any i, j > Ny, we have —5 < € and thus,
NU ij& NO‘*
(No—1,No—1) 00 1
Y, PlXy—0>el< Y PlXoy-O>el+ Y, 55 <o
(i,j)eN? =11 (i,/)=(No,No) J

min —c.c.

H€1’1C€, X(,'/]') — 0.
Note that for any w € (0,1] X (0,1], we have Y., |X;) -0/ = Y [X;pl* = 0.
(i,j)eN? (i,j)eN?

min —S,—a.s.

This shows that X - 0.

The following two examples give the relationship between the min —S; —d convergence and the min -5, -
d convergence.
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Example 3.4. Let a > 0. For (i, j) € IN?, we define random variables X; ;, by

1L ifwe0E1x( %]
Xip(w) = L, otherwise.

1
1ja

min —c.c. min —S,—d

It is easy to see that X(;;) —" 0. Therefore, X; j, 0.

min—S;—

In the following, we will show that when a > 1, X5 a 0. Let f(x) = sinx. It is obvious that f(x) isa
bounded Lipschitz continuous function. Note that

Y IEf(Xgp - fO) =Y [Elsin X~ sin0]|

(i,))EN? (i,/)EN?
1 . 1 1 . 1
= Y llgzsinl+(5 -1)( - Dsin—]
ipene ! ! J Ok
1 1 1 1 1
=sinl Z —-— + Z —sin — — Z —sin —
22 22 1 2 1
(i,)eEN? ¥] (i, )EN? ¥] (if)e (i,j)EN? ! (if)a
1 1 1
- Z ,—zsin7+ Z sin —-
apene /T @D ghae @)F

It is easy to check that the first two sums are convergent. Noticing that

1

sin e
. ij)a
lim LS |
i,j—00 11
(ip=

and the fact that fora > 1, Y, —L = co, we know that the sum Y, sin —r is divergent. Hence,
(i,j)enz @D« Gpene  @)a

Z HE[f(X(iJ)) = f(0)]| = oo0.

(i, )eN?

min —S1—d

It follows that X -+ 0.

Example 3.5. Let «, B be two constants satisfying 0 < o < 1, f > 1. Let X) be a random variable defined on
(Q, F, P) with the density function f(u,v) = (1 —a)(1—u)™*, (u,v) € (0,1] % (0,1]. Forany i, j € IN, define random
variables

1
Xini=Xoo+— i,j€N.
() (0,0) (Z])ﬁ )

Then, we have

1
Xin— X 00 = 0 <o,
Z 11X, — Xl Z @y

(i,)eN? (i )eN?

which implies that X, minZSoLT X(0,0)-
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Denote by F;;y and F ) the distribution functions of X; j and X,0), respectively. Suppose that (1 — a)B < 1. Then,

Z |Fi,j)(1) = Foo) (Dl = Z |F,p(1 - (1.]%) = Foo)l

(i,j)eN? (i,j)eN?

= Y Foo@) - Fo(d-

(i,j)eN?

1
1
= Z f (1 —a)(1 —u)du
(ene Y=g

=(-a) Y O gy

(i, )eNz 0
_ Z 1
- . (1_ )
(i,)eN2 ()P

= 00.
Obviously, X;,;) min_S2~d )
Remark 3.6. (i) By Example 3.4, we get that X; j, iz X(o 0) P X(l i) min=d X,0)- By Example 3.5 and the

e e
fact that X(l ]) mm_S)L X(O,()) = X(,',j) mm_S) L X(O,O) = X(i,]') —> X(O,()), we obtain that X(i,]') mnﬁ; X((),O) E=3
min-S,—d
X(,‘,]) — X(O 0)-
—-S-L*® min —S,—d

(i1) By Example 3.5, we know that X j) minzs; Xoo = Xij) — X(O 0)-
3 _Q_J > 3 _Q_ 1
(iii) By Example 3.5and thefact that X(i,]') n'un_S) L X0,0 = X(i,]‘) —S> X(0,0), we have X(i,]‘) mlri L X0,0) >

min —S,—d

Xiy —  Xoo-

min —c.c. min — 51

(iv) By Example 3.4, we get that X;; —" X0 = Xi) X0 By Example 3.5 and the fact

min -S-L* min —S-L! min —c.c.

that le) — XOO) = X(l ) —> X(O,O) = X(i,]) — XO()), we obtain that X(, ) m_—gc X(O,()) =

min —S,—d

Xip —  Xoo-
Example 3.7. Let a > 0. For (i, j) € IN?, define random variables X; by

(i), ifwe(0,71x(0, %1,
Xii = ot ]
0.)(@) { 0, otherwise.

min —S,—a.s.

From [Example 3.2.], we have that X; ;) 0.
Let f(x) = x. It is easy to see that f is a bounded Lipschitz continuous function. We have

Y EIf(Xp) - fO)1l = ), [EXp]l

(i,)eN? (i,)eN?

-y f f (ijdp)

(i,j)eN?

= ¥ i’

(i,j)eIN?

11
227.7

(i,j)eN?

=00,



and thMS, X(,'/]')
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min —S;—d

0.

in —-S,—a. min —S;—

Remark 3.8. By Example 3.7, we have X; j) TS X ooy (@ > 0) B Xijp P ! X(0,0)-
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