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Nonlinear Langevin time-delay differential equations with generalized
Caputo fractional derivatives

Nguyen Minh Dien®

*Faculty of Education, Thu Dau Mot University, Binh Duong Province, Vietnam

Abstract. In a Banach space, we consider the nonlinear Langevin time-delay differential equations with
p-Caputo fractional derivatives. Using weighted norms involving Mittag-Leffler functions, we obtain
some existence and uniqueness of solutions of the problem. Besides, in some cases, the condition for the
problem having a unique solution can be relaxed using Burton’s method. We also obtain some Ulam-Hyers
and Ulam-Hyers-Rassias Mittag-Leffler stability results for the main equation. Two examples are given to
illustrate our theoretical findings.

1. Introduction

The Langevin equation plays an important role in describing the fluctuation phenomenon in Brownian
motion. It brings many benefits in depicting the time evolution of the velocity of the Brownian motion.
However, the classical Langevin equation has been restricted for some complex systems such as dynamical
processes in media (see [15]). The fractional Langevin equations have been proposed as one of the ways to
overcome the restriction (see e.g. [1, 11, 16] and reference therein). The fact shows that the fractional form
of the Langevin equations has provided a useful tool for investigating anomalous diffusion.

In recent years, fractional Langevin delay equations have attracted the attention of many researchers.
In fact that Kumar et al [13] investigated the problem of controllability of linear and nonlinear fractional
Langevin delay dynamical systems with multiple delays and distributed delays. Mahmudov [14] intro-
duced delayed Mittag-Leffler type functions and applied them to investigate non-homogeneous fractional
delayed Langevin equations with Riemann-Liouville fractional derivatives. Recently, Ahmadova and Mah-
mudov [2] considered both homogeneous and inhomogeneous fractional Langevin differential equations,
presented explicit analytical solutions, investigated Ulam-Hyers, and applied them to electric circuit theory

In 2017, Almeida [3] followed the idea in [12] to propose a concept of a Caputo fractional derivative of
a function with respect to another (called y-Captuto fractional derivatives) and has attracted the attention
of numerous researchers. In particular, Langevin equations involving i-Caputo fractional derivatives
without delays have been studied in [6-9], but, Langevin time-delays differential equations regarding these
derivatives are still not considered.

Inspired by the derivative concept and motivated by the above analyses, we study the nonlinear
Langevin time-delay differential equation involving 1p-Caputo fractional derivatives. Explicitly, let 0 <
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a,B < 1 and B be a Banach space with the norm |-|. Let u,a,b be real numbers with 4 < a < b, and let
0 € C([u,a],B), o € C([a, b], [, b]) with o(t) < t. We consider the following nonlinear Langevin time-delay
differential equation

DYF (CDY + AYu(h) = f(t,u(), u(o(®)), t € la,b] (1)
subject to the conditions

u(t) = ot), p <t <aand °D} ua) = &, @

where CD;bjra, CD;p;ﬁ are Y-Caputo fractional derivatives and A € R is a friction constant. The main aim of the
current paper is to discuss the existence and uniqueness of solutions of the problem as well as investigate
Ulam-Hyers and Ulam-Hyers-Rassias Mittag-Leffler stability for the equation.

Our main contributions are that: (i) we prove that the problem has a unique solution by using weighted
norms involving Mittag-Leffler functions; (ii) if o() > r for some positive number r, then the problem has
a unique solution under some weaker conditions than the general cases; (iii) we derive some Ulam-Hyers
and Ulam-Hyers-Rassias Mittag-Leffler stability results for the main equation.

The paper is organized as follows. In section 2, we present the concept of y-Caputo fractional derivative
and its properties. We also introduce some preparatory lemmas for the proof of the main results. In section
3, we present the main results of the paper. In section 4, we construct some examples to illustrate the

theoretical findings.

2. Preliminaries

This section presents some definitions and preliminary lemmas that we will use in the subsequent
section. We begin by recalling the Gamma function

I'(a) = f t* et dt, a> 0.
0

We also recall the definition of the Mittag-Leffler function.
Definition 2.1. Let o, > 0 and z € C. The Mittag-Leffler function is defined by the power series as follows

Eap@) =Y =
5 k;- T(ka + )

Throughout the present paper, we write E,(z) stands for E, 1(z). Next, we give here some properties of
the Mittag-Leffler function.

Lemma 2.2 (see [10, 18]). Let o and p be two positive numbers.
(i). Suppose that A € C is not eigenvalue of the Abel integral operator. Then, we have

A ' a—1 ay a
m j(; (t—1)* T Ef(AT%) = E4(AtY) — 1.
(ii). For any t > 0, we have
0 < Eqp(—t) <1/T(B).

We continue by introducing the concepts of fractional integral and fractional derivative of a function
depending on another function. To this aim, we firstly define the class of the function

Hi[a,b] = {¢: ¢ € Cla,b] N C'(a,b) and y/(t) > 0 for all t € [a, b]}.
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Definition 2.3 (see [3, 12]). Leta > 0,a < b, € H.[a,b].
(i). For f € L'(a,b), the fractional integral of a function f with respect to the function  is defined by

EYfm = -1 f W) — ) f(0) d.

T(@)
(ii). For f € C"[a, ], the Caputo fractional derivative of a function f with respect to the function 1 is defined by

1
Yr(t) dt

wheren = [a]+1forn # Nandn = a fora € N.

DY F(D = Ly ‘“P( ) £,

To further investigate the properties of the fractional integrals and fractional derivatives of a function
concerning another function, we refer to [3, 12].

To end this section, we define the concepts Ulam-Hyers and Ulam-Hyers-Rassias stability. These
concepts were adapted from paper [17].

Definition 2.4. Equation (1) is called Ulam-Hyers stable if there exists a positive number Cy such that for each € > 0
and for each solution v € C([y, b], B) of the following inequality

D% (DL + 1) ott) - £t 00), o0t < €, e la b, 3)
there exists a solution u € C([u, b], B) of Equation (1) such that

lu(t) = v(t)l < Cre, te€[u,bl.
Remark 2.5. A function u is a solution of inequality (3) if there exists a function h € C([a, b], B) such that

Ih(B] < €
forall t € [a,b] and satisfying the following equation

DYF(CDY + A)o(t) = f(t,0(b), v(a(t)) + h(t), t€ [a,b].

Definition 2.6. Equation (1) is called Ulam-Hyers-Rassias stable with respect to @ € C([a, b], R) if there exists a
positive number Cy such that for each € > 0 and for each v € C([u, b], B) satisfying the following inequality

D27 (DL + ) ott) = f(t,000), o0t < eptt), ¢ € [a,b], )
there exists a solution u € C([u, b], B) of Equation (1) such that

lu(t) = (Ol < Creq(t), t € [u,b].
The Ulam-Hyers-Rassias stable with respect to ¢ = E,(-) is called Ulam-Hyers-Rassias Mittag-Leffler stable.

Remark 2.7. A function u is a solution of inequality (4) if there exists a function h € C([a, b], B) such that

IR(O] < ep(t)

forall t € [a,b] and satisfying the following equation

DYF(CDYS + A)o(t) = f(t,v(), v(a(t)) + h(t), t € [a,b].
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3. Uniqueness and Ulam-Hyers-Rassias stability

This section is devoted to state and prove the main results of the present paper. Thanks to Lemma 3.2
in [9], we find that if u is a solution of the problem (1) and (2) the u satisfies the following integral equation

u(t) = 0(0)Ea (=AW () — (@))*) + (A0(0) + O (#) — Y(@))* Ex a1 (=AW () — p(a))*)
t
+ f V(O = P(O) P Egarp (A1) = (1)) f(z, (1), u(0(7))) dT (5)

for t € (a,b] and u(t) = o(t) for t € [y, al.
For convenience in stating the main results, we make the following assumptions.

e Assumption (A1). ¥ € Hl[a,b], f € C([a,b] x Bx B,B) and ¢ € C([a, b], [, b]) satisfying o(t) < t on
[a, b].

o Assumption (A2). There exists L > 0 such that
[£t, w1, 00) = £t uz,0)] < Ll = 2] + for = w2l)
for any uy, u>,v1,v2 € B and for every t > a.
o Assumption (A3). There exists L > 0 such that
|£(t u1,0) = £t 1, 0)]| < Ll = ual
for any uq,u, € B and for every t > a.

To obtain the main results, we use the following weighted norm involving a Mittag-Leffler function as
follows

Jul, = max { G st b} , ©

where w is a positive number, and G is a positive and continuous function (with respect to t) defined by

Gl ) — | Eors (90O = p@)F) for € [a,b]
1 for t € [y, a).
We are now in position to state and prove the first result of the paper.

Theorem 3.1. Suppose that Assumptions (A1) — (A2) are satisfied. Then the problem (1) and (2) have a unique
solution belongs to C([p, b], B).

Proof. Let us define the following operator
Q: C([u, b],B) = C([u, b], B)
defined by

the right hand side of equation (5) fort € [a,b]

Qu(t) = {Q(t) for t € [y, a].

We will show that Q is a contraction mapping on the Banach space C([u, b], B) with the weighted norm
given by (6). Note that Qu(t) = Qu(t) = o(t) on [u, a] for all u,v € C([y, b], B), so we only consider ¢ € (g, b].
Using Lemma 2.2, we have

_TIla+p)

t
[ @00 - v@r 6w dr (Ewsp ()~ p@)*) - 1)

I'(a+p)

@

<

Eass (0(() — p(@)"*) 7)
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for any t € [4,b]. Thanks to the inequality (7) and Lemma 2.2, we get that

t
It = QeOl < 7 (041+ p) f Y (OO — PO f(r, u(r), u(0(1)) - (1, 0(1), v(0(7)))| dr
L t
= T(a +B) fﬂ Y (D@ (t) = ()P Gw, 1)
X (1u(0) = (0] + Ju(o (1) = oo (D /Gw, ) de
: r<a2 IL gyl = 2l f Y (D)) - P(0)F ' Glw,7) dr

< 2B (000 ~ @) ) b ol

This implies that

2L
1Qu = Qullp < —lu = vl

Choosing w > 2L, we obtain from the latter inequality that Q is a contraction mapping. Hence, Q has a
unique fixed point belongs to C([, b], B), which is a solution of the problem (1) and (2). The proof process
is implemented completely. [J

If there exist ¥ > 0 such that o(t) < t — r, then the conditions in order to problem (1) and (2) having a
unique solution can be relaxed. In fact, we have the following result.

Theorem 3.2. Suppose that Assumptions (A1) and (A3) hold. Suppose further that there exists a positive number
rsuch that o(t) <t —r for all t € [a,b]. Then the problem (1) and (2) has a unique solution in C([u, b], B).

Remark 3.3. It is obvious that Assumption (A3) is weaker than Assumption (A2). This shows the conditions in
Theorem 3.1 have been relaxed in Theorem 3.2 in the case o(t) <t —r.

Proof. We follow the Burton’s method (see [4, 5]) to prove the result of Theorem. Indeed, we divide [a, b]
intonpartsbya=Ty <T1 <..<T,=bwithTy = Ty-y =1 (k=1,2,..,n) for some ! < r. Fixed w > L, we
divide the proof into 1 steps as follow.

Step 1. Let (By, lIll,,r,) be the Banach space of all continuous functions u : [u, T1] — B such that u(t) = o(t)
for t € [y, a], where the norm defined in (6). We consider the operator @, : B; — B; defined by

the right hand side of equation (5) fort € [a, T]

Quu(t) = {g(t) fort € [u,a].

Since Qu(t) = Qv(t) = o(t) for all u,v € By and t € [y,a], we only consider ¢t € [a,T1]. We first have
o(t)<t—-r<t-I<aforallt <Ty. Thisimplies u(o(t)) = v(o(t)) = o(t) for t < Ty. Using (7), we obtain

¢
|Qiu(t) — @ o(t)| < F(a1+ 5 f P(T)((t) - ll)(r[))“*'/g_l"f(”[,u(’r),u((j(’l'))) - f(z, U(T),U(O(T)))" dr
t
<o B f Y @) - Y(0)* 1 Glw, D) ~ o(01/Glw, 7) d
< r(aL+ ﬁ) "I” - Ulllm,T] ja‘ QU,(T)(ll)(t) - ¢(T))“+ﬁ_1G(wl T) dt

< = B (w0 = @) ) Bt~ o7,
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This implies that

L
IQiu — @oll, T, < 5|||M = Ollo,, -

Since w > L, we conclude from the latter inequality that Q; is a contraction mapping on B;. Thus, there
exists a unique 1y € C([u, T1], B) satisfying the problem (1) and (2) on [y, T1].

Step 2. We now extend the interval [y, T1] in Step 1 into [y, T1] by using u; as the new initial function. To
this aim, we consider the the Banach space (B, |Ill,, r,) of all continuous functions u : [u, T>] — B such that
u(t) = uy(f) for t € [y, T1], where the norm defined in (6). We consider the operator Q, : B, — B, defined by

the right hand side of equation (5) for t € [Ty, T5]

Quu(t) = {ul(t) fort e [u, T1].

Since Qu(t) = Qiv(t) = ui(t) for all u,v € B, and t € [u, T1], we now consider t € [Ty, T>]. We first have
oty <t—-r<t—-I1<Tiforallt <T,. So,u(o(t)) =v(o(t)) = ui(t) for t < T,. Using the method as in Step 1,
we obtain

L
IQu — @0l T, < 5|||M = Ullo, 7,/

where w > L. Thus, @, is also a contraction mapping on B, and there is a unique u, € C([u, T2], B) satisfying
the problem (1) and (2) on [y, T>].

Step 3. Repeating this process n-times, we can find a unique u = u, € C([y, T,,], B) satisfying the problem
(1) and (2) on [p, T,,] = [y, b]. This finishes the proof of Theorem. [

We continue by presenting results on Ulam-Hyers and Ulam-Hyers-Rassias stability.
Theorem 3.4. Equation (1) is Ulam-Hyers stable when Assumptions (A1) — (A2) are true.

Proof. Since Assumptions (A1) — (A2) hold, by virtue of Theorem 3.1, we conclude that the problem (1) and
(2) has a unique solution u € C([u, T], B), which satisfies the following integral equation

u(t) = (0)Eq (A@W(t) — P(@))*) + (10(0) + E) (1) — Y(@)* Eqas1 (=AW (E) — ¢p(a))®)
¢
+ f Y (OWE) = PO P Eg g (“AG D) = (1)) f(T, u(t), u(o(0))) dr
on interval [a, b].

Let v is a solution of the inequality (3). Then, for each € > 0, it follows from Remark 2.5 that v satisfies the
following integral equation on the interval [a, b]

v(t) = 9(0)Ea (A1) — P(@))*) + (10(0) + E)(W(E) — Y(@)"Eqasrr (-AW() — (@))%
+ f t V(@) = PN Egarp (=A@ = (1)) (f(T, 0(7), v(0(7))) + h(7)) d,
where € C([ua, b], B) with [i(t)] < € for all t € [4,b]. Thus, using Lemma 2.2, we get
[0(t) = 0(0)Ea (A ((t) — P(@))*) — (10(0) + E)(W(H) — Y(@)"Eqasrr (-AW(E) — P(a))")
- f t V()W) — P0)* P Eg aip (AW = P(1))*) £(1, 0(7), v(0(7))) dl|

t
< f P (@) = PN Eqaip (AW = (1)) Ih(r)] de

_ WO 9@ o) = p@)r
T (@+Pl(@+p) T T(@+p+1)
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Moreover, in the process of the proof of Theorem 3.1, we have proved that

t
f V(@O0 = Y)Y f(z, 0(0), v(0()) = £(z,u(7), u(o(2)))| dr

L 2T+ )
w

Easp (0@(5) = $(@)"F) = 0l (8)
Thanks to the two latter inequalities, we get

o(t) = u(®)] < llo(t) = p(0)Ea (~A(W(E) = P(@)*) = (A0(0) + E)W(®) = P(@) Enast (—AG(H) = $(@)")

- f P @O = P Egarp (AR = P(0)*) f(1,u(x), u(0(x)) drll

< oft) ~ GO (~A(H — P@)) ~ Ae0) + O ~ @) Eqer (AL ~ p@)")

- f YO ~ PO Ens (AW - PO f 5, o(2), oo () el

a+;3 1
r(m B f YO — pO) (5, 0(2), o(0() = flz, u(0), u(e()] dr

W(®) - Y@)*F 2L at
< %6 + = Eaep (0@(0) = Y(@)"P) = 0l

Using the fact that E,4 (cu(lp(t) - gb(a))“*ﬁ) > 1/T(a + p) for all t € [a,b] and u(t) = v(t) on [y, a], we get

b _ a+f
e = ol < (I’D()a&€ + ZHIM = Ullgp-

+p

Choosing w > 2L, then ¥ = 2L/w < 1 and we obtain

b a+f
[o(t) = u(®)l/Easg (0(@(t) — 0@)**F) < lu = ol < %e

or

| < () - ¢(a) )‘“ﬁ
© (a+p)(1-
< @) -~y ))“*ﬁ
~ (@+p-x)

due to the function E,,4(-) is increasing on (0, +0). The latter inequality shows that Equation (1) is Ulam-
Hyers stable. The proof of Theorem is completed. [

lo(t) - u(t) Eass (w((t) = p(@)**F)e

Easp (0(@(0) - p(@)**F) e

Theorem 3.5. Assume that Assumptions (A1) — (A2) hold and w > 2L. Then, Equation (1) is Ulam-Hyers-Rassias
Mittag-Leffler stable with respect to p(t) = Ea1p (a)(l,b(t) - ¢(a))a+ﬁ).

Proof. We denote by v a solution of the inequality (3). For each ¢ > 0, it follows from Remark 2.7 that v
satisfies the following integral equation

o(t) = 0(0)Ea (=A@(H) — P(@)*) + (A0(0) + E)(W () — (@) Eaa1 (=AW () - P(@))?)
t
+ f Y (@O0 = PO P Egarp (“AW(E) = (1)) (f(7,0(1), v(0(7)) + (D) d7,

where h € C([a, b], B) with |h(t)| < ep(t) = €Ea+p (a)(gb(t) — lp(a))’”ﬁ) for all t € [a,b]. By using Lemma 2.2 and
direct computation, we have
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llo() = 0(0)Ea (=AW (1) — 9(@))*) = (A0(0) + E)W(H) — (@) En,as1 (=AW(E) — P(a)))
- f Y (O () = P(0) P Earp (A () = ()% f(z,0(0), v(0(7))) drll

€

T+ p) f WO — P s (w0(p() - p(@)™F) dr
< S Eaug (0 - p@)"). o

By straightforward, we obtain from (8) and (9) that
lo(t) = u(®)l < llo(t) — 0(0)Ea (=AW () — P(@))*) = (A0(0) + E)(W(t) — (@) Eqas1 (=AW(E) = 1P(a)))

t
- f Y (O = PO) P Eaaep (-A@ () — (D)) f(7,0(7), 0(0(7))) dr

<

1 t ’ a+p—
e p f ¥ O@O — @) (5, 0(2), 0(0(0) - (5, u(n), u(e())] de
< = Eug (000 - p@)F) + %EM (@(®) = ¥(@)* ) it = vll,p-
This deduces that

€ 2L
it =l p < =+ —lltt = 0l -
It implies that

€
U=y S 77—
I = ohy < g

where x =1 - 2L/w. As a consequent

o(t) = w1/ Easp (@((t) = $(@)**F) < lhut = 0ll,,p <

_°
1-x)w
or

[o(t) - ()] < ﬁaﬁﬁ () - p(@)*F).

The proof of Theorem is done. [

4. Examples

In this section, we present two examples to show the applicability of the obtained results of the paper.

Example 4.1. Let B = R and (t) = Int. We consider the following problem

{CDllff/‘1 (CDM 4 1) ut) = e /(u(B] + 1) + u(t/e), te[1e] 10)

u(ty =sint +t, t €[0,1], DI¥*u(1) =2,
wherea=1,b=e,u=0,a=4/5=2/3,A=1,and f(t,u,0) = e /(Jul + 1) + v with o(t) = t*/e. We can easily
verify that f € C([1,e] x R x R, R), and
|f(t, u1,v1) — f(t, uo, Uz)( <e(lur — ug| + o1 — v2))

for all uy,up,v1,v, € Rand t € [1,e]. Therefore, we conclude from Theorem 3.1 that the problem (10) has a unique
solution. Moreover, based on Theorem 3.4 and Theorem 3.5, we also conclude that the first equation of the problem is
Ulam-Hyers and Ulam-Hyers-Rassias Mittag-Leffler stable.
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Example 4.2. Let B = R and i(t) = t. Consider the following problem

D (CDEY +1/3) u(t) = sinu(t) + ud(t - 1/(t +2)), t€[0,2]

(11)
u(ty =t+ 1, t € [-1,0], °D5u(0) = 0,

wherea=0,b=2, u=-1,a=3/5=1/3,A=1/3,and f(t,u,v) = sinu+v3 witho(t) =t—1/(t+2) <t-1/4.
We can easily verify that f € C([0,2] x R X R, R), and

|£(t,u1,0) = f(t,12,0)| < |1 — 2]

forall uy,up,v € Rand t € [0,2]. Thus, we conclude from Theorem 3.2 that the problem (11) has a unique solution.

5. Conclusions

We have investigated the nonlinear Langevin time-delay differential equations connected to the gen-
eralized Caputo fractional derivatives. By using weighted norm, we have obtained the existence and
uniqueness of solutions of the problem. In some cases, we have proved that the condition for the problem
to have a unique solution can be relaxed. We have also obtained the results on Ulam-Hyers and Ulam-
Hyers-Rassias Mittag-Leffler stability. In the future works, we would like to consider Langevin time-delay
differential equations where source functions may have a singularity.
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