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Special affine biorthogonal wavelets on R
and logarithmic regression curves

Waseem Z. Lone?, Firdous A. Shah?

?Department of Mathematics, University of Kashmir, South Campus, Anantnag 192101, Jammu and Kashmir, India

Abstract. In the article “Special affine multiresolution analysis and the construction of orthonormal
wavelets in L2(IR)”, [Appl Anal. 2022; D.O.I: 10.1080/00036811.2022.2030723], we introduced the notion
of multiresolution analysis (MRA) in the realm of the special affine Fourier transform. In continuation to
the study, our aim is to present the construction of special affine biorthogonal wavelets in L>(R). Besides,
we provide a complete characterization for the biorthogonality of the translates of the scaling functions of
two special affine MRA’s and the associated special affine biorthogonal wavelet families. We show that
the wavelets associated with the biorthogonal special affine MRA’s are also biorthogonal in nature. To
extend the scope of the present study, we present the biorthogonal special affine MRA and its biorthogonal
properties on a logarithmic regression curve %'

1. Introduction

The premiere development in the theory of wavelet analysis was reported in 1986, when Stéphans Mallat
and Yves Meyer came up with the remarkable discovery of a new formalism, known as the multiresolution
analysis, for the construction of orthogonal wavelet bases [1]. Mallat’s brilliant work served as the pedestal
for many subsequent developments, including the construction of orthogonal spline wavelets [2]. Using
MRA, wavelet spaces are constructed by splitting the frequency domain dyadically and their bases are
obtained with the help of translated and dialated form of a single function. Some of the prominent
wavelets obtained via the multiresolution analysis include Shannon wavelet, Meyer wavelet, Franklin
wavelet, spline wavelets, nonuniform wavelets, harmonic wavelets, and Daubechies wavelets [3,/4]. Despite
the remarkable success over the past few decades, compactly supported orthonormal wavelets suffer
from certain apparent limitations. For instance, they lack symmetry, that is, the processing filters are
non-symmetric and do not possess a linear phase property. The lack of these properties puts a strong
limitation on the construction of symmetric, orthogonal and compactly supported wavelets and also results
in severe undesirable phase distortion in signal processing. To overcome such limitations, Cohen et al.
[5] developed another elegant approach in the form of biorthogonal multiresolution analysis. Unlike the
classical multiresolution analysis, the biorthogonal MRA has the prime feature of efficiently resolving
linear phased finite impulse response filters adapted to the fast wavelet transform. As of now, the theory of
biorthogonal wavelets has fascinated the scientific, engineering and research communities both with their
versatile applicability and lucid mathematical framework [6, [7].
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On the other hand, the special affine Fourier transform (SAFT) is a recent addition in the context
of phase-space transforms which embodies a wider class of integral transforms ranging from the classical
Fourier to the much recent linear canonical transforms [§]. The SAFT is an integral transformation associated
with a general inhomogeneous lossless linear mapping in phase-space that depends on six parameters
independent of the phase-space coordinates. The six-parameters constitute an augmented matrix M =
(A,B,C,D:p,q) = [A|A] consisting of a2x2 unimodular matrix A = (4, B, C, D) and areal 2x1 augmentation
vector A = (p, q). Due to the offset by the vector A, the transformation is also referred as the offset linear
canonical transform [9-12]]. As of now, the special affine Fourier transforms has received immense attention
from researchers working in different branches of science and engineering, including harmonic analysis,
sampling, signal and image processing, and so on. For instance, Srivastava et al. [13] investigated the
convolution operations associated with the Bessel wavelet transform and obtained the bounds of the
normalized Bessel wavelet transform on the generalized Sobolev space B;l (D) via the theory of Hankel

transformation. Moreover, the authors dig deep into the localization operators associated with the integral
representation of locally compact groups and study their Schatten-von Neumann properties [14]. Shah et al.
[15] proposed the notion of the linear canonical wavelet transform in the framework of quantum mechanics
and derived the inner product relation and inversion formula for the linear canonical wavelet transform in
the realm of quantum mechanics. Mishra et al. [16] presented a systematic study of various characteristics
and properties of the continuous and discrete fractional Bessel wavelet transform. Srivastava et al. [17]
formulated a novel and efficient collocation method based on Fibonacci wavelets for the numerical solution
of the non-linear Hunter-Saxton equation, where the operational matrices of integration associated with
the Fibonacci wavelets are constructed by following the strategy of Chen and Hsiao. Srivastava and Shah
extended a unified treatment for the continuum and digital realm of multivariate data by establishing several
sufficient conditions under which the AB-wavelet system constitutes a frame for L*(R") [18]. Panday et al.
[19] defined a continuous wavelet transform of a Schwartz-tempered distribution f € S’(R") with wavelet
kernel ¢ € S(R") and then derived the corresponding wavelet inversion formula interpreting convergence
in the weak topology of 5'(R").

Much recently, we introduced the notion of multiresolution analysis in the framework of special
affine Fourier transform [20]. This article focuses on the introduction and study of the continuous special
affine wavelet transform. It covers the orthogonality relation and inversion formula, the construction of
orthonormal special affine wavelets in L*(R), and a fast wavelet transform associated with the special affine
MRA. In particular, it allows a smoother construction of orthonormal discrete special affine wavelets in a
simple and insightful way. However, much to dismay, the theoretical manifestation of the special affine
MRA is still in its infancy and needs to be explored exclusively. Taking this opportunity, we are deeply
motivated to initiate an exclusive study of the biorthogonal wavelets associated with the special affine
MRA. To facilitate the narrative, we shall briefly recall the prerequisite and then introduce the notion of
the biorthogonal wavelets associated with the special affine MRA in L%(R). We show that, if the translates
of the scaling functions of the special affine multiresolution analyses are biorthogonal, then the associated
special affine wavelet families are also biorthogonal. Moreover, we extend the scope of biorthogonal
special affine MRA on the logarithmic regression curves. The special affine biorthogonal wavelets are
expected to provide better compression and representation capabilities as they can represent a wider range
of functions. Additionally, special affine biorthogonal wavelets also offer more freedom in design and
construction, which can lead to special affine wavelets better suited for specific applications.

The highlights of the article are given below:

To introduce the special affine biorthogonal multiresolution analysis in L*(R).

To investigate the characterization for the biorthogonality of the translates of the scaling functions of
a pair of special affine MRA's.

To study the biorthogonal properties of a dual special affine wavelets.

To study the biorthogonal properties of a dual special affine wavelets on a logarithmic curve .
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The layout of the article is as follows: Section2)is completely devoted for the exposition of the prelim-
inaries including the notion of multiresolution analysis associated with the SAFT. Section [3]is exclusively
concerned for the establishment of necessary and sufficient conditions for the translates of a function to
form a Riesz basis for its closed linear span. In Section 4, we show that the wavelets associated with
the biorthogonal special affine MRA's are also biorthogonal in nature. Section [5|is solely concerned with
the notion of biorthogonal special affine MRA on a logarithmic regression curve. Finally, a conclusion is
extracted in Section[6l

2. Special Affine Fourier Transform and the Associated MRA

In this section, we shall formally recall the fundamentals of special affine Fourier transform and the
associated multiresolution analysis, which serves as a corner stone for the development of the subsequent
sections.

2.1. Special Affine Fourier Transform

Here, we shall briefly present the notion of the special affine Fourier transform and some of its fundamental
properties.

Definition 2.1. For any f € L%(R), the special affine Fourier transform with respect to a real, augmented matrix
M = (A,B,C,D:p,q) is defined by

L[ f(w) = fR £t Kou(t, w) dt, (1)

where Ky (t, w) denotes the kernel of the SAFT given by

1 i(AP +2t(p - w) - 20(Dp — Bq) + D(a? + p?))
ex , B#0
27iB 2B
7(M(tl a)) =

VDexp {w + iqa)} f(D(a) - p)), B=0.

Throughout the article, we shall only consider the case B # 0, since for the case B = 0, the SAFT () is just
a chirp multiplication operation. We also note that phase-space transform defined in (1)) is lossless if and
only if the matrix M = (A, B, C, D) is unimodular, that is, AD — BC = 1.

From (T)), we observe that the special affine Fourier transform %y [ f ] (w) of any function f € L*(R) can
be recast as:

; 2. 2) _ _
.,S”M[f ](w) = \/;nﬁ eXp{Z(D(w +p )2B2a)(DP Bq))} fR AP 128 £t e—i@=pH/B gy
1 i(D(w? + p?) - 20(Dp - By))| _ _
" VB eXp{ 2B J[P](¥)/ @)

where .Z[F] represents the Fourier transform of F and F(t) = ¢/4"/2B f(1).

The Plancheral and inversion formulae corresponding to (1) are given by

(f®),90)), = (Luu[f]@), Zu|g]@), Vfgel’R) and ®)
2 2
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70 =1 [ Oul @)Kt 0) e @
where
i(CDp* + ABg? — 2ADPy)
Im =exp 5 ’ (5)

M = [A7YA7] with A = (D,~B,~C,A) and A~! = (Dp — Bq; Ag — Cp)”. Besides, the kernel Kiy(t, )
satisfies the following properties:

(1) 7<‘M‘1 (t/ w) = jM 7(M(tl a))/
(ii). f Kia(t, ) Kigr (¢, ) dt = Iy 5w — ),
R

(iii). fR K (t, ) K1 (z, 0) dw = Ly 8(t — 2).

2.2. Special Affine Multiresolution Analysis in L*(R)

Much recently, we introduced the notion of multiresolution analysis in the framework of special affine
Fourier transform and then studied the construction of more flexible orthogonal wavelets coined as special
affine wavelets [20]. Here, our main aim is to recall the definition of multiresolution analysis associated
with the SAFT and some of its results, which serve as a building block for the construction of biorthogonal
special affine wavelets in L%(R).

Definition 2.2. Given a real parametric matrix M = (A,B,C,D : p,q), B # 0, an associated special affine multires-
olution is a collection { V;VI : j € Z} of closed subspaces of L*(IR) satisfying the following properties:

@) Vj.VI C V;.\’I forall j € Z;

+17
(i) Ujez V;.VI is dense in L*(R);
cee M _ .
(iiD). Njez V" = {0}/
(iv). f(t) € VI if and only if 4712 f(2t) € VI, forall j € Z;
(v). There exists a function ¢(t) € L*(R) in V)" such that

—i(A# + Dp? - AR?)
Ot = Pt k) exp 5 , kez

(6)

is an orthonormal basis of subspace V.

The function ¢ whose existence is guaranteed in (v) is called a scaling function corresponding to the
given special affine MRA. Now, if we assume that set of functions {cﬁ)g’fk(t) ke Z}, then

_i(AR 2 Ap2
qb%((t)zzj/z(i)(zjt_k)exp{ Z(At +2[;P Ak)}

(7)

forms a complete orthonormal basis for V?A, j € Z. Given a special affine multiresolution analysis {ij :
je€ Z}, we define another sequence {Wj"I j€ Z} of closed subspaces of L*(R) by Vj.‘fl = Vﬁ.\’l ® W;VI, jeZ.

Followed by Definition (2.2), these subspaces inherit the scaling property of {V;VI S Z}, namely

f(tye V¥ ifand only if SALI2E £(0f) € Wi, jez. 8)
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Moreover the subspaces W;.VI are mutually orthogonal with the following decomposition formula:

L*(R) = Hw. (9)

ez

Note that condition (@) means that any orthonormal basis for L?(R) can be constructed by finding out an
orthonormal basis for the subspace W;VI .

Undoubtedly, orthogonal wavelets enjoy many desirous properties, including compact support, good
frequency localization, and vanishing moments. However, they suffer from certain apparent limitations due
to the lack of continuous symmetry. For example, in medical imaging, noise reduction, image compression
and signal processing. The biorthogonal special affine wavelets achieve symmetry where the orthogonality
is replaced by the biorthogonality. As such, we define the biorthogonal special affine scaling functions and
the associated biorthogonal wavelets as follows:

Definition 2.3. A pair of special affine MRA’s {V;VI = Z} and {"7;/1 : j € Z} with scaling functions ¢ and
¢, respectively are said to be biorthogonal to each other if {cpg’lk(t) = P(t — k) e (APHDY-AR) 2B . ) ¢ Z} and
:534,((1?) = Pt —k) emi(AP+DPI-AR) /2B . o Z} are biorthogonal. The functions ¢ and ¢ are called a pair of biorthogonal
special affine scaling functions.

Assume that {V;VI :j€Z}and { V;VI : j € Z)} are the biorthogonal special affine MRA’s in L?(RR). Then,

for any fixed matrix M = (A,B,C,D : p,q), B # 0, the associated scaling functions satisfy the following pair
of equations:

Poo(t) = V2 Z h (2t — k) o~ i(AP+Dp*~AR?) /2B w0
kez

53/,10(’5) = V2 Z hy 5(2t -k o~i(AP+Dp*~AR?) /2B o
kez

On taking the special affine Fourier transform on both sides of (10), we obtain

()=o)

()R
where

Ao (w]; P) _ % é B e H-PIB M py A "

Ao (w; P) — % éﬁiﬂ e k@-p)/B j{kM = Iy eiAR/B -

Equation is a 2nB—periodic function and is called the biorthogonal special affine low-pass filter.

Similar to the special affine refinement equation (10), we have the biorthogonal special affine wavelet
equations of the form

Yoo = V2 Z d (2t — k) oA +Dp-AK) 28 -
kez
Jéflo(t) = V2 Z dy 1?)(215 —k o i(AP+Dp2-AR) 2B -

keZ



W. Z. Lone, F. A. Shah / Filomat 37:19 (2023), 6289-6306 6294

Implementing SAFT on both sides of (16), we obtain

—~(w — W—=P\~[{W—
Pl = () (2 (18)
B 2B 2B
=(w—p\ —~ (W—p\T(w—P
lP( B )‘Al( 2B )w( 2B ) (19)
where
w—py_ 1 M —ik(w—p)/B M _ 3 iAK/B
A1( - )— \/E;Z‘dk e , A =dye (20)
ol i 4 1 M —ik@-p)/B  GM [AI2/B
M ()= = Y detwnm, i = g, 21
N\7B \/Eé k k k (21)

Equation is a 2mB—periodic function and is called the biorthogonal special affine high-pass filter.

3. Riesz Basis of Translates

The orthogonality property puts a strong limitation on the construction of wavelets. For instance, orthogonal
MRA cannot produce symmetric scaling filter coefficients. The generalization to biorthogonal structure has

been considered to gain more flexibility. Here, a biorthogonal scaling function 5340 and a biorthogonal
wavelet JSAO exist that generate a biorthogonal special affine MRA with subspaces W\A and VT/;VI such that
’\7?4 L Wiand V¥ L V~V;VI

Theorem 3.1. Assume that ¢ and 5 are square integrable functions. Then, the collections {¢84k(t) = ¢t -
k) e~AP+Dp*~AR)/2B . | ¢ Z} and {~g/fk(t) = @(t — k) e TAPDP-AR2B . | ¢ Z} are biorthogonal to each other
with respect to a parametric matrix M = (A,B,C,D : p,q), B # 0 if and only if

~(w—p =w-p .\
Z¢( . +2nn)¢( . +2nn) =1, e (22)
nezZ
Proof. We have

1 i(At2=2t(w—p)—2w(Dp— w?+p?
D [(P{)\f[k] (w) = 2niBL¢yk(t)€7(At 2t(w—p)-20(Dp-Bg)+D(w*+p”)) /2B 44

— 1 ei(Akz—Zm(Dp—Bq)+Dw2)/ZB f (p(t—k) o 2i@-p)/2B g4
R

V2miB

_ 1 ei(Akz—2k((u—p)—2w(Dp—Bq)+Dw2)/2B f P(2) e~ izw-p)/B 1,
R

2miB
_ 1 (AR =2K(w—p)-20(Dp-By)+Da?) /2B :?5 ( w = P) '

ViB B
By invoking the orthonormality of ¢, we have
(S0, L)) = Ber. (23)

Therefore, by virtue of (23) and the Parsevals formula (3), we obtain

Be = (D50, PhL(B))
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= (Zu ot} ) 205 @)

_ 1 ia@e-e)rak-op)/28 f —i(k—()w/B"(C‘)__P):(w__p)
=—e e ¢ B ¢ B dw

|B| R
L i(A(@-2)+2-0p) /2B T et N (0P =(w—p
= ﬁe' k=0p e k=0 Zq)( +2nn)<p( +2nn)dw.
0 nez.

Hence, we deduce that

LS

This completes the proof of Theorem O

P +2nn)$(w;p+2nn):1, a.e.

Remark 3.2. For the suitable choices of the parametric matrix M = (A,B,C,D : p,q),B # 0, Theoremboils down
to their counterparts for the respective integral transforms.

Lemma 3.3. Assume that for any square integrable function ¢, there exist positive constants 11 and 1, such that

<Y a(w_

nez
Then, the collection { M(t) = Pt —k) e i(AP+DP-AR) . o ¢ Z} is linearly independent.

2

P + 2nn)

<1, Ywek (24)

Proof. Inorder to prove the result, it is sufficient to find another function ggwhose translates are biorthogonal
to the translates of ¢. We define ¢ by

g(w;p)z 5 Aa(wT?p)

w=-p 5
¢( B + mn)
meZ.

5"

Then, relation (24) implies that ¢ is well defined and

+ Znn)

(Lol e 2u) 5(E) = Y m) o(5" 2]

nez nez (

)3

nez

),

teZ
=1.

2

+ 2(m + n)n)
meZ

w— 2

P + 2nn)

7

2

P +2€TL)

o[

Therefore, it follows from Lemma 3.1 that the collection {ql) (t):ke Z} is linearly independent.

This completes the proof of the Lemma O
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Proposition 3.4. Assume that the scaling function ¢ satisfies the relation (24). Further, assume that f =
Ykez ik O (1), where f € span {ngffk(t) ke Z} and hy € (*(Z.) is a finite sequence. Then, we have

21B

O A Y R 1 T [ o 5)

where (@) = Yogeg hy /AP ~24@—)200p-B+D(@*+7))/28 s the discrete-time SAFT of the sequence hy.

Proof. Invoking the Plancherel theorem for SAFT, we have

fR Fo|at = fR .,Z”M[f](w)lzda)
2
:fRthkﬂb () Ku(t, w) dt| dw
keZ

= f ﬂz (AR =20(Dp= Bq)+Da?)/2B f ot — Ky et p)/Bdtzdw

R TUD }ez,
= f \/1_ I ei(AkZ_2k(w—p)—2(‘)(Dp_Bq)+sz) 128 5 ( wT?p )2dw

R | V2B &

2

- [ éﬁM@)a(%) da
= [ P (452 e

21tB 2

f rM(w)' Z‘qﬁ +2nn) dw. 26)

By implementing Lemma 3.3]in (26), the desired result follows. [J

Theorem 3.5. Let { M) ke Z} be a Reisz basis for its closed linear span. Assume that there exists a function
gb such that {qb @) : k € Z} is biorthogonal to {qb (t) ke Z} Then for every M = (A,B,C,D : p,q), B # 0 and
f € span {(j) (t):ke Z} we have

FO =Y (f o0 b 27)

nez

and there exist positive constants 101 and 1, such that for every f € span{qb (t):ke Z} we have

<3 Ke <l -

Proof. Since { M) ke Z} forms a Riesz basis for its closed linear span, then there exist positive constants
m and ), such that (24) holds true. We first prove the results for f € span{qb (t):ke Z} and then generalize

the established results to span{gb (t) : ke Z} Suppose that f € span{qb (t) : ke Z}, then there exists a
finite sequence K such that

FO =Y o).

keZ
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Invoking the condition of biorthogonality, we have

(108} = (Lot L) = o (ot ) =

kez kezZ
which evidently proves (27).
Since equation (24) holds. Therefore by virtue of Proposition 3.4, we have

wl= [ Pl do < Tl

By using Plancherel formula of the SAFT and the fact that i = ( f@), ¢ (t)> we have

[ o ao= T uf = i)

which establishes (28).

7

Finally, we proceed to generalize the results to span{qb (f) 1 ke Z} For f € span{cp () k€ Z} there
exists a sequence f,, € (*(Z) in span{ () ke Z} such that lim,,—,co i = f. Thus for each k € Z, we have

<fm/ 53?]) - <f, 58/,Ik> as m — oo,

Hence, the result holds for each f,,. Thus, we have

L = X g o )

k=-N
N
= lim 3 |(
m—oo
k=—N

g ]

ol ™

Letting N — oo in (29), we obtain

T Ja n b

Thus, the upper bound appearing in holds. Moreover, by the Cauchy Schwarz inequality for sequences,
we have

(Chnae) <{mhesaf) - ()

keZ keZ

f )|

Since the upper bound appearing in holds for each f,, — f and the lower bound holds for each f,,, we
have

1/2

fm

1/2
_n;fzufm-fu;{gg,w} . o



W. Z. Lone, F. A. Shah / Filomat 37:19 (2023), 6289-6306 6298

Therefore, from we conclude that
Al < Dl
kez

which establishes (28) completely. On the similar lines, we can prove (27) for span{qbffk(t) ke Z}.

7

This completes the proof of Theorem O

4. Biorthogonal Properties of Special Affine Wavelets

Biorthogonal properties performs a key role in virtually all standard approaches when analyzing or syn-
thesizing higher-level signal proceedings. In this section, we shall investigate biorthogonal properties of
the special affine wavelets.

Let ¢ and $ be scaling functions associated with the biorthogonal special affine MRA'’s {V;VI S Z}
and {Vﬁw ] € Z}, respectively. For each j € Z, we define a pair of operators {7)?4,73;”} and {Q;\A,aéw} on
L*(R) by

P = L A% o) o GY)

PIf = LAf ol o (32)
and e

Q'f= L {f 0 v 33

Q' = LA v v (34

respectively. It is easy to verify that both these operators are uniformly bounded on L*(R) and both the
series are convergent in L?(R).

Remark 4.1. The operators P]j\/f and ?’;‘A satisfy the following properties:

) ??Af = fifandonly if f € V?A and 57)?4 = fifonlyif f € V;VI,
(ii) lim ||7°§Af - sz =0and lim ”P;WfHZ = 0 for every f € LA(R).
jooo

j—o—o0

Theorem 4.2. Let ¢ and (}5 be the scaling functions associated with the biorthogonal special affine MRA'’s {ij 1j€ Z}

and {ij tjE Z}, respectively. If  and 1? are the associated special affine wavelets satisfying the matrix condition

M(w) ﬁ(w) = laxo, (35)

where

M(w) =
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Then, we have

@) {IpM ke Z} is biorthogonal to {¢M te Z}'
i) (455 0%) = (Vo

Proof. We have,

le}\(a)—p +2nn)’¢: @

LA -2l
=%ZZ[A1(MZEP )

M), vk teZ

—Pp

+ Znn)

+ nm

:Al(wz—;p)m éa(a)z;p
()R () | S (S
j[Al(wzzzp)Xl( 2B )+A1(

A (wzzzp " "“)a(

+2kn)¢(

o) (G

6299

w —

2B

=o=p .\
75 + 2kn)l

2 s} (L

=

+@k+1)n )5(‘”2;’9

A (S )

+ 2k + 1)7‘[)}

Hence by virtue of Theorem. ng ke Z} is biorthogonal to {ng ke Z}

We shall now proceed prove (ii). For any fixed constants k, £ € Z, an application of Plancherel formula

for SAFT yields

(Vi @6r) = (L[ vhk]@), L [95] (@)

- [P

_ 1 (AR =0)+2p(k=0)) /2B f

27B R

_ 1 i(A(K-*)+2p(k—0)) /2B f

1 ) s 21 B
- (AR =02)+2p(k=0)) /2B f
B 0

)7((k ) K(6, @) dw
e )

a(*5) 3
2nB ¢ <\ 728

(e T

A(“’_
él 2B

~(w~—p —(w—p ) —i(k—=0)w/B
X(;Z)( B +nn)¢)( 5p T ]e dw
_ L a@e-e)r2pie-0)/28 f i (a’—P)~ (W—P)
~2nB°¢ A T R T
qu( + 2kn)qb(w2Bp +2kn)
P T (PP (¥ P =(w-p —i(k—b)w
+A1( B +n)A0( B +n)[é¢( B +n)¢>( B +n) o~ik=0w/B 4.,
€.
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21 B o
= LB (AR =) +2p(-0)) /2B f [ Ay (a) P) Ao (cu - P)

2n o 2B 2B

N
+1ZB TU) N

p ) —i(k-Ow/B
B +7 ]e dw

=0.
On the similar lines, we can show that
(P, oty =0, VkteZ
This completes the proof of Theorem{4.2, [

Theorem 4.3. Let ¢, qb Y and ¢ beasin Theorem.such that Yo = ¢p and lpo = qb Then for every M = (A,B,C,D :
p,q9),B#0and f € LZ(IR we have

(i).
QF=PyF+ Y (F N v (36)
kezZ
éllwf = E)gdf + Z <f , %@ ‘%V,Ik/ (37)
kezZ

where the series B6) and B7) converges in L*(R).
(ii). The collection { tjke Z} is biorthogonal to { tjke Z}

Proof. We shall only prove (36) as the proof of (37) follows in the similar manner. Moreover, It is sufficient
to prove in the weak sense, that is, for all £, g € L*(R)

(@'f.9) = (Pi'f.0)+ ) (1.9 (o vt = D (19800 (o k)

keZ keZ

Therefore, we have

é;<fﬁﬂﬂ><% MY
IBlé{ f [ f](@) A8 -20p )7 25 mdw}
ot s ssar soo(et))
IBIZ{f X i+ 2oty (7 E + 2 }
{f méZMM(wﬂnnB)w(“’ P+ anm) }
B'2ﬁ2:ﬁdﬂ@+%m3x“%£p+mﬂ¢(ﬂa+mﬂ

+"n)$(a;;p

x}:iwbkw+2mm%A« éf

+ nn) dw
nez.
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|B|f ZZZM[f](w+2mnB).$M[f](w+2mnB qb( ZBP +mn)$(w2;” +nn)dw_ (38)

meZ neZ.

Similarly, we can show that

Y (f o) (g ot =5 f " Y'Y [ f](@ + 2mmB) L[ f(@ + 2mmeB)

keZ meZ neZ.
=/ — P
X
qb( 2B

From equations (38) and (39), the desired result follows.

+ mn)a(wzgp + nn) dw. (39)

In order to prove that the collections { ﬁvfc 1 ke Z} and {7";{ 1 ke Z} are biorthogonal to each other,
we shall show that for each j € Z

(vt Tt = @
The case j = 0 is ascertained by Theorem[4.2} Further for j # 0, we have

<1/’?/11< ‘P?@ - <‘5*f Yo O ‘/’ffk’) = <‘P10\,4k'¢3,4k'> = O
Letk, k' € Z be fixed and j, j € Z with j < j’. We show that

(i i) =0

Since i, € V)", hence 1/1%1( = 0- Yy, Vj\_’il C VM Therefore, it is sufficient to show that {/)v?dk is orthogonal
to every element of VM Let f € VM Since {¢>] p k€ Z} is a Riesz basis for V?,A . Hence, there exists a

sequence dy € (*(Z) such that f = Z rez Ak ML, in L*(R). By virtue of Theorem (i), we have

jr
<{l;§wk ’ ;VIk> = <5—J” 0k 7 0 > <¢o 1% f¢0k> (41)
Hence,
<1P] * /f ] k’ ’Z dy ¢] K Z‘ik <1E/Ik /¢§\'A,k> =0, (42)
keZ keZ

which evidently proves that the collections { ?/,{ tjke Z} and {7\/]{ 1 ke Z} are biorthogonal to each other.

This completes the proof of Theorem O

Theorem 4.4. Let ¢, 5, Y and 1,Z~) be defined as in Theorem 4.5. Then, for every f € L*(R), we have

F=Y Y AL v=2 Y (L) vl (48)

jEZ keZ JEZ keZ
where the series converges in L2(R).

Proof. The result asserted by Theorem 3.1|follows immediately by using Remark [4.T|and Theorem[4.3] [
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5. Special Affine Biorthogonal Wavelets on a Logarithmic Regression Curve

In this section, we first recall the fundamentals of logarithmic regression curve % and then introduce the
notion of special affine biorthogonal wavelets on a logarithmic regression curve. Moreover, we provide a
complete characterization of the biorthogonal functions corresponding to two special affine MRA’s.

5.1. Logarithmic Regression Curve and the Associated Special Affine MRA

Undoubtedly logarithmic regression trend curve has witnessed a great deal of development in the economic
and financial models, such as Cobb-Douglas production function given by y = AK%xfet [21]]. On taking log
on both sides of this function yields

Iny=InA+alnK+pInx+y, (43)
where y is the white noise and x is a trend variable. For A = 1,K = ¢, relation reduces to
Iny=a+pflnx+p. (44)

The formula given by is called a one-dimensional logarithmic model. Moreover, if the dependent
variable y and the trend variable x satisfy the relation

y=a+flnx+y, (45)

then the equation (@5) is known as one-dimensional semi-logarithmic regression model and y = o + Elnx
is known as logarithmic regression curve, where a and f are the estimators of & and f, respectively.

Assume that a logarithmic regression trend curve
x=x

€ - , a€R, xeR" (46)
y=alnx

satisfies the parametric equation

E=&(xy) = (x, ), teR 47)

where x and y are the functions of parameter . Moreover, we consider the length preserving projection
P (x,y) = (£,0) = (L(x),0) = (X,0), so that the length element dL(&) of ¢ is equal to the length element

dX of R. For all arbitrary functions f, g € L*(¢), we have [22]

(PR, = (Fo 22,70 77%), and (1.0), = (1o 2,90 2) )

[2(€)

The Fourier transform on the space L%(%) is given by [23]:

— 1 ~ BN 1 ~- ;
(@) = —— f (n) e @20 dL(n) = — f 271(X)) e X dX. (49)
J@O= 15z J 0 =7 S /7 ®)
By virtue of the relations (2) and , we have the following definition of SAFT on the smooth curve %.

Definition 5.1. The special affine Fourier transform of any function f~ € L%(%) is defined by

Zu[f]@) =

— A(D(2 @) +p*)-22@)(Dp-Bq)) /2B L AL f~(17) o (2@)-p)20) dn

— 1 H(D(?+p*)~2w(Dp~Bq)) /2B f (AX /2B ]?‘ ( @—1(}{)) emiX 41X (50)
2niB R
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For every f € L?(R), the induced function f¢ € L*(%) can be defined as

f€=fo. (51)

Therefore, by invoking ([@8), we conclude that if the collection { ]A,f tjke Z} are orthogonal, so are

ME _ )
ft =filo 2, VikeZ (52)
For the cases [ = ¢ and f! = ¢/, we have the following pair of functions on the smooth curve %.
J i j j
PN = plio P (53)
Y =ylio 2. (54)

Therefore, the special affine MRA of L?(¢’) can be defined by virtue of the special affine MRA of L*(R) and
the induced function as defined by (5I). For every j € Z, we define the space ZJ?A as

vf:{f}?‘ﬂfg:fJMoW:ﬁevj‘A}. (55)

It is immediate that the sequence {vé” } is a closed subspace of L?(¢). Thus, we have the following definition
of MRA of L?(%) associated with the SAFT. Prior to that, we define a translation operator 7 and a dilation
operator D, by T f(1) = (fo .9”‘1) (Z(n)—k), ke Rand D, f(n) = (fo 9‘1) (a2(M)), a € R, respectively.

Definition 5.2. Given a real parametric matrix M = (A,B,C,D : p,q), B # 0, an associated special affine multires-
olution is a collection {v;."I } of closed subspaces of L*(%) satisfying the following properties:

@) v?’l c vﬁl,for alljeZ;
(i) Ujez U?A is dense in L*(¢);

(iid). Njez )" = {0);

(iv). f¢ € v} if and only if eBAZ /2B @y fC € vy forall j€ Z;

(v). There exists a function ¢% € L*(€) in v} such that {e‘i(Ay (0 +Dp*=AR) /28 7 5 - | € Z} is a Riesz basis of

M
0"

subspace v

For every j € Z, we define another sequence wﬁ” of closed subspaces of L%(%) by vﬁl = vj.” ® w?/l
Moreover, for every j € Z, wﬁw are mutually orthogonal and { ﬁ% tj ke Z} forms an orthogonal basis of
® jezw?/[ = L%(%¥). Further, we can define 1/1?/}1;5 as ybﬁ’%& = gbj\.//l‘( o 2, then ¢ is called the scaling function on

the logarithmic regression trend curve ¢, and ¢ is called the corresponding wavelets on the logarithmic
regression trend curve 7.

By invoking the length preserving projection operator &, translation operator 7 and the dilation
operator D,, the scaling function ¢¢ in L*(%)) can be written as

i’ ()= V2 Y 1 (97 0 27) @) — ke TP 2D, (56)
kez

where ¢ is called the special affine refinement equation in L*(%) and it is quite easy to prove that b = .
Implementing SAFT as given by (50) on both sides of (56), we have

5‘6(6‘%’7) = Aaf(“’z—;”)w/o\@—l (‘”2;3’7), (57)




W. Z. Lone, F. A. Shah / Filomat 37:19 (2023), 6289-6306 6304

where (@) = w, @ € € and AY ( ZBP) Z WME o=i(2@)-p)ki2B hMCg hee iAR/2B i called the special
kEZ
affine low-pass filter in L*(%). By invoking (57) continuously, we can obtain

5 (550)- [ e 52)

=1

It is immediate that we should must be able to let n — oo.

00 —~

Z’gg(aT?p): HA%( 2/B )MO‘@ 10

=1

since 27/ — 0 as ] — 0. Moreover, it follows that a non-trivial solution must satisfy qb‘g o Z710) #
Assume that qf‘g o #71(0) = 1, then (58) becomes

~¢(w-p _ B e(@-p
[57) =11 (%) ®

Since ¢‘5€\9*1(0) =1, it follows immediately from that Af(O) =1, which is essential for convergence

of the infinite product H AE ( 5 BP)

5.2. Special Affine Biorthogonal Wavelets on a Logarithmic Regression Trend Curve
Let {UM j € Z} and { : j € Z} be biorthogonal special affine MRA of L%(%) with scaling functions ¢<g and

¢ P , respectively. Then the scaling functions ¢ and ¢ P satisfy the following pair of equations:

o2 o
o )2 )
where
Aag (E’Z;BP) — \/_éhzwg (2@ —p)k/ZB hM%” h% iAK? /2B
¢ (a)ZBP) éhM%” (P @-p)ki2B. hM% h% iAK /2B

Assume that there exists a pair of two-scale functions {Ag/{’%), XSA('””} and {AQA’%, Xi/“g} such that

M%(@)ﬁ%(@) = Iy, (62)
where
P(w) - P () =
i (282) (250
M(@) = - - .
P(w) - P(w) -
Aig( % p) A?( 7 p+”)
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Moreover, we define the associated special affine biorthgonal wavelets as ¢ and Jg by

o E52)- e a2 (5
o (552 (oo ()
where

) _ Z gM% -i( 2(@)- p)k/ZB gf(vf,f@” _ g;f oAk 2B

keZ

NG ,C —i( 2 k/2B 6 _ =% ,iAk?/2B
Al( ) Zz,‘M (P @-p)ki2B GUE — 56 (iAR/25,

keZ

Definition 5.3. A pair of special affine MRA’s { 1 j€Z}and { : j € Z} with scaling functions ¢p¢ and ag,

respectively, are said to be biorthogonal to each other wzth respect to an augmented matrixM = (A,B,C,D :p,q), B#0
if

(@)1 = (6 0 27)(P(n) ~ ke ATDIAN ke 7
and

(G ) = (6% 0 271) (2 - Ry e A0 40P-A)28 ;¢ 7)
are biorthogonal.

Theorem 5.4. Let ¢p¢ and ’q}’f be a pair of biorthogonal scaling functions associated with the special MRA’s {v;\/I :

j € Z}and {?)7].\4 1 j € Z}, respectively. If ¢ and Jg are the associated special affine wavelets satisfying (62). Then,
we have

(i) {%\gg ke Z} is biorthogonal to {ybggg :fe Z};
(i) (922, ) = (), o), vkt e 22

Proof. By virtue of induced function (51)) and Theorem 4.2} the result follows. [

6. Conclusion

In the present study, we have accomplished two objectives. Firstly, we introduced the notion of special affine
biorthogonal MRA and then studied the biorthogonal properties of the associated special affine wavelets
in L2(R). Secondly, we accomplished the concept of special affine biorthogonal wavelets on a logarithmic
regression curve ¢ by formulating the notion of special affine Fourier transform in L*(%).
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