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Degree of convergence of a function
of trigonometric series in Besov spaces

H. K. Nigam?, Manoj Kumar Sah®
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Abstract. In this paper, we study the degree of convergence of the functions of Fourier series and derived

Fourier series in Besov spaces using product Hausdorff (HK) means. We also study some applications of
our main results.

1. Introduction

The Besov spaces B‘;‘ (L") is aset of functions f from L" spaces, which have smoothness A and the parameter
g gives finer gradation of smoothness (see (4) and (10)). This is a tool to describe the smoothness properties
of a function and contains a large number of fundamental spaces such as Sobolev, Lipschitz and Holder
spaces. These spaces appear naturally in many fields of analysis. Currently, there are two definitions of
Besov spaces which are in use. First uses Fourier transforms and the second uses the modulus of smoothness
of function f. These two definitions are equivalent only with certain restrictions on the parameter, e.g., they
are different when r < 1 and A is small.
It can be noted that the Besov spaces defined by the modulus of smoothness appear more naturally in many
areas of analysis including approximation theory ([17]).
Further, we observe that the degree of approximation of a function only gives the degree of polynomial
with respect to the given function while the degree of convergence of a function gives convergence of the
polynomial with respect to the given function. Therefore, we aim to study the degree of convergence of the
functions f and f’ of Fourier series and derived Fourier series respectively in Bosov norms using product
Hausdorff (HK) means. Detailed objectives of this paper will be presented in section 3.
The organization of the paper is as follows: In section 2, we give preliminaries and notations related to the
present work of the paper. In section 3, we propose our main results for obtaining best approximation of
a function f of Besov spaces B,;‘(L’) ;72 1,1 < g £ oo using product Hausdorff means of Fourier series and
derived Fourier series. Applications supported by numerical results, are discussed in section-4.
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2. Preliminaries and notations

2.1. Fourier series and derived Fourier series

Let f be a 2n-periodic Lebesgue integrable function defined on [0, 27]. Then the Fourier series of f is
given by

flx) ~ % + Z(an cosnx + b, sinnx), (1)

n=1

where ag, a, and b, are Fourier coefficients.
The n'" partial sum of (1) is given by

su(f;x) = sn(x) — f(x) = %fo Px()Dy(t)dt,

where
Ox(t) = flx+1) + flx —t) = 2f(x)
and D, (t) (Dirichlet kernal) is defined by

sin(n + %)t

D,(t) =
® sin(%)
The derived Fourier series of (1) is given by
f(x) ~ Z n(b, cos nx — a, sin nx), (2)
n=1

which is defined by differentiating (1) term by term.
The n'" partial sum of (2) is given by

70 =500 = 0 = 3= [ Da0Mgn()

where
gx(t) = flx+1) = flx — ) = 2tf'(x)
and

dge(t) = d{f(x + 1) — fx — D) = 2f ().

2.2. Besov spaces

Let Cy5; := C[0,27] denote the Banach space of all 2r-periodic continuous functions defined on [0, 27]
under the supremum norm and

27
L' :=L"0,2n] := {f :[0,2n] — ]R,'f [f(x)['dx < oo, 7 > 1}
0

be the space of all 2m-periodic integrable functions.
The L"-norm of a function f is defined by

I, = e gor 1<

€8S SUP, (.2 |/ (X)] for 7= co.
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When r = 2, then we have
1 (o
I = (5 [ b

The modulus of continuity of a funtion f € L" space is defined by

w(f;l):= sup |f(x+h) - f(x)
x,x+|l;§£(l),2n]

The j order modulus of smoothness of a function f € L" space is defined by

w;i(f, 1), = sup 1AL (f, M, >0,
0<h<l

where
A(f,%) = Z( 1)/ P(p)f(x +ph), jeN.
p=0
A function f € LipA class of function if
flx+h)— f(x) = O(n") for0<A <1

and f € Lip(A, r) class of function if

27T %
(f If(x +h) — f(x)l’dx) = O(h/") for0<A<1,r>1.
0

Let A >0,j> Aie. j=[A] +1, where j being smallest integer. For f € L', if
wi(f, 1), = 0", 1>0,
then f € Lip*(A, r) (generalized Lipschitz class) and its semi-norm is given by

w(f/l)r
|flzipAn) =Sll>1(}]>( ]lA ),

Remark 2.1.

(i) Ifr = oo, j = 0 and f being a continuous function, then wj(f, 1), reduces to w(f,!).

(ii) If0 <r <oo,j=1and f being a continuous function, then w;(f, 1), reduces to wy(f,1),.

(iii) If f € Cor and w(f,1) = O(I), then f € LipA.

(iv) If f € L,0 < r < o0 and w(f,1) = O(I"),0 < A < 1 then f € Lip(A, 7).
(v) Ifr = oo, then Lip(A, 1) class reduces to LipA, i.e., Lip(A) C Lip(A, r).
(vi) From (6) and (8), Lip(A,r) C Lip*(A, 7).

6207

©)

(6)

Let A >0and j > Aie. j=[A]+1 For0 <r < g < oo, the Besov space B;(Lr) is a collection of all

2m-periodic function f € L” such that

w7 @ 1
”w]‘(f, -)”/\,q = |f|BQ(L') = {j(; ( (f)l) } , 0< q<oo
Supl>0( /1/\ y),

q:OO,

(10)
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is finite ([15, p. 237]). It is further observed that (10) is a semi-norm if 1 < 7,4 < oo and a quasi semi-norm
in other cases ([16]).
The quasi-norm for BQ(U) is given by

AUy = Il + 1 flarary = Dl + 0j(f, llag: (11)
For r = 2, the semi-norm for B,? (L?) is given by
Iflgsz) = IA1 + | flgyaz) = Ifll + loi(F, Mlag: (12)
2.3. Summability Means
Let
wruru s =Y (13)
n=0

th

be an infinite series with the sequence of its #n"" partial sum {s,}.

2.3.1. C* Means
For a > -1, the Cesaro means o%(f, x) of order a or C* means of (13) are defined by

n

an(fix) = % ZA’,ijk(f; x),

" k=0

where

A0 = a+n) (a+1)(a+2)---(a+n)
O 7 n!

forn=1,2,--- and Aj = 1.
If 0% — s asn — oo, then (13) is said to be summable by C* method to a definite number s.

2.3.2. E* Means
If

_ra _ 1 ' ny -k .
(E'a)_E”_—(1+a)kZ_O(k)u sk(f;x) = sasn — oo,
then (13) is said to be summable by (E?) method to a definite number s.

2.3.3. HK Means
Let the Hausdorff matrix H = (h,,,) or K = (k,, ) have the entries

(A" 1y, 0<m<n;

14
0, m>n, (14)

H(or K) = hy, (07 kym) = {

where {u,,} is any real or complex sequence and for any sequence (i, the operator A is defined by Au,, =
tn = Wmer and A", = AA™ ).
The product Hausdorff (HK) means of s,(f; x) is defined by

yIn{K(f; x) = Z hn,m(z km,psp(f} X))
m=0 p=0

If yHK — s as n — oo, then (13) is said to be summable by HK method to a definite number s.

Remark 2.2.
(i) HK means reduces to C*CP means if x(u) - x(v) = [T, H’;Zl vl a > Tand B > 1.

(ii) HK means reduces to E"E? means if hy, yky,p = (Z)(';)%%, O<m<nand0<p<m.
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2.4. Degree of Convergence

The degree of convergence of a summation method to a given function f is a measure that how fast y,
converges to f, which is given by

If =yl =0 (Ai) (1),

where y,, is a trigonometric polynomial of degree n and A, — co asn — 0.

We write
Px(t) = fx+ B + f(x = 1) = 2f(x).
sin(p + 2)i,‘
M) = 5 Zhnm[Zk D) ] (15)

L) = YK (fi) - () = fo ox(OM (B,

3. Main Results

3.1. Degree of Convergence of a Function of Fourier Series

The degree of approximation of a function in function spaces viz, Holder, generalized Holder, gener-
alized Zygmund and Lipschitz using different means of Fourier series, has been studied by the authors
[2,3,5-11, 13, 14] etc.

In this subsection, we study the degree of convergence of a function f of Fourier series in Besov spaces
(Bj(L"),r 2 1;1 < q < o0) using HK means.

First, we establish a following theorem to obtain the degree of convergence for f of Fourier series in
Bj(L"),r 2 1;1 < ¢ < oo using HK means:

Theorem 3.1. Let f be a 2n-periodic and Lebesgue integrable function. Then for 0 < 6 < A < 2, the degree of
convergence of f of Fourier series in the Besov space BQ(L’), r>1;1 < q < oo using HK means, is given by

n+171, )\—6—%>1,
ILuOllgsary = O+ 1744, A-s-1<1, (16)
(n+1) Hogn+Dm}" 7 A-6-1=1.
& g
The following lemmas are required for the proof of Theorem 3.1.
Lemma3.2. M,(t)=O(m+1)for0<t<-L
Proof. For0 <t < n—}rl,sin(%) > %,Isin(p + lt‘)l <(p+ %t), sup,_,<; IX'(0)| = N and sup,_,; IxX' ()| = M
1 < i sm(p + 2)t
M) = |7=
MO = |7 2 (Z D
n i 1 sin(p + 1)t
- |- (”) f (1~ )Ml Y (’") [ wa- o T 2
2 = \m) Jo =\r)Jo |sin(4)]
MN”nf1 g - (m\ ([ o PEDE
< — u™(1—u)""dx(u) - ( )f o’(1 —v)" Pdo
e 1) 2 p)) @
MN |§~ (n fl B} - (m) [ -
<— u™(1—u)""dx(u) - ( )f (1 —0v)"Pdv- (2p + 1)‘ (17)
4 ;:0(’”) 0 ; P/ Jo g
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We consider

! 1 m m
() rv-or v [ Go-aera E e

m

g

p=0 r=
1
:f(A+B)dv. (18)
0
Now, we consider
= (m
A=2 ( )v”(l —-0)"P.p
2\
m m 0 r
£l
p=0
m . m —
=2(1-0) Z(p)ap v, (wherea— —v)

() . . .
(2 ) 19)

1+a)™ = (g)lm‘oao + (nf)l’"_la1 + (7;)1"1—2“2 +eoe+ (Z)lm_’”a"’

= (1+a)" = (161) + (T)a1 + (T;)az ot (Z)am (20)

Differentiating (20) with respect to a, we get

m(l+a)" =0+ (T) + 2(7;1)11 +e 4t m(Z)am_l (21)

Multiplying (21) by a on both the sides, we get

a-m(l+a)"t = (T)a + 2(7;1){12 +ee+ m(Z)a’” (22)

From (19) and (22), we have
A=201-2)"{a-m1+a)""}
=201 -0 (+ )1+ )"

1
=201~ U)m(l i v)m( 1- U)m—l)

= 2mo. (23)
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Now, we consider
m
Z ( )vp(l —-o)"

p=0
( ) 01— o)™ + ( )vl(l I L U (Z)vm(l _ gynm
=(1
=1.

—v+o)"
(24)
Using (23) and (24) in (18), we get
m 1 1
Y f (m)vp(l—v)m_p(2p+1)dv= f Q@mo + 1)do = (m + 1). (25)
p=0 Jo \P 0
Using (25) in (17), we get
n 1
Mol < ;:O(mm(;) [ - wr
1
SA% f {Z( )m(l—u)” "’m+2( ) u)”"’}du
< MN f(nu+1)du
4
MN(n+2)
<
4 2
=0(n+1)
O
Lemma 3.3. M, (t) = (W)for <t<m.
Proof. For —= n+1 <t<m, s1n( )=~ ,sin?nt <1, SUP <1 X' (W) = M and sup,_,, [x'(v)| =
e sin(p + 1)t
|Mn<t>|—|—2h Z D )
1|\ (n . — 5 (m\ (! ) — Sin(PJr%)t
—£2(m)fo w'(1 - ) |x<u>|-;(m)f0 (-0 "‘(”"Sm—@‘
u™(1 n-m g Y ! my =P Jo si 1
TS Zf 1-u) u-;ﬁ » (1 — ) Usm(p+§)t
m n—m . ! m m—p i(p+1
T {Zf( ) 1 -u) du}'lm;fo (p)vp(l—v) PelPt2)tdy (26)
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We consider

- 1 m |
I P(1 — p)"PeilPt2)tg
m;f(; (p)v( v)" e v
o ‘
=(1-0v)" Im Zf (;’:)v” a 1v)pei”tegdv]
L =0 Y0 -
o T (NS (m\f ot \
=(1-9) -Im_eZJ; pzz(;(p)(l_v) dv]

oo (m\ (m\( vet m\( vett \"
~a-ormlet [ { o) (NS bl }d”]
[ it 1 m m m i m— m it\m

=Im_32£{(0)(1—v) +(1)(vet)(1—v) 1+---+(m)(ve’f) (1—0)0}110]

it

1
= Im|e? f (1-v+ ve”)’”dv]
L Jo

S |
= Im|e? f {1+o(@" - 1)}mdv]
| 0

Now, solving integration

1
it 1\
f0{1+v(e 1)} dv

Considering

{1 + (e’ - 1)} =k
(" — 1)dv = dk
dk
do= ———
T
Thus,

1 m P {1 +o(et - 1)}m+1 ! L[ elomr g
fo (et = 1) k= (eit —1)[ (m+1) L B [(m+ 1)(eif—1)]

Using (28) in (27), we get

L 1 [ i(m+1)t _
Ime m (1 = 0)" PP+ Didy = [m|e? - W—l
o Jo \P [ (m+De"-1)

Pl Dt _
[ (1 + 1)(e? — e‘izt)}
P+t _ 1
| (m + 1)2isin(%)]
[ cos(m + 1)t + isin(m + 1)t — 1]

(m+1)2i sin(%)

2

=Im

=Im

=Im

6212

(27)

(28)
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[1 — cos(m + 1)t]
2(m + 1) sin(%)
sin®(m + 1)§ ]

- (m + 1) sin(%)

Using (29) in (26), we have

M) < ne - sinz(m+l)§
| “'—7 ot S
me — )" "4 1 1

S_ () (1= u) Yo+ [sin(D)

MN (! n\ nem T

S2_t 0 {mzzo(m) (=)™ (m+1)t}du
MNn (! A-u+u)

= o j; {O( n+1 )}d”

1
=0|——
((n + 1)t2)
Hence,

1

0
Lemma 3.4. ([12]) Let1 <r<ocoand 0 < A <2.Iffe L thenfor0 <, t <m.
) |OC, Ll < 4w;i(f, 1),
(ii) 10C, 1, D, < 4wi(f, 1),
(iii) |©.(Dllr < 2w;(f, b)r,
where j = [A] + 1.
Lemma3.5. Let 0 <6 <A <2.Ifg € Bi(L),r > 1,1 < q < o, then

(i) f()nan(t)l(ot H(D(lslqtll”’dl) i=0 {Lﬂ(t/\_ﬁl(MH(t)|)’1_Lldt}l—%

T T || D(-,LE)||T 11 T, A—6+1 A 1_%
(i) |, |Mn(t)|( J —”“,;Z”“’#)’dt:O{ T imuonia)

Proof. This lemma can be proved along the same lines of the proof of Lemma 1 of [12]. [

Proof of Theorem 3.1

Proof. Using the integral representation of s,(f; x), we have

t
5,(F37) — fx) = f Bult >Sm(’° i 2)

6213

(29)

(30)
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Denoting the product Hausdorff mean of s,(f; x) by yiX(f; x), we get

P - ) = Y m(ikmp Sp(f;x)—f(x)})

m=0 p=0
- . 1 (" n(p + Lyt )
= Ry m kppd — () ———————dt
¥ (,Za B s o }
_ 1 - - sin(p + 1)t
Tt fO ¢X(t) — m(; kmp Sll’l( ) )dt
= fﬂ O(HM,(t)dt
0
Let
L) =0 - 0 = [ o omo
We know that
@{(Lu, 1)y = sup |A Ly, Iy, 1> 0
O<h<l
— SupO<hsl ”Ln(’ + h) - Ln(')“r 0<A<1
supg_j,< ILa(- + h) + Ly(- = h) = 2L, (), 1<A <2,
= |, DIl

Using the definition of Besov norm given by (11), we have
L (lgsary = NLn Ol + 110 (L, -llog-

Using generalized Minkowski’s inequality ([4]) and Lemma 3.4(iii), we have
LGl < [ IR oL
0

<2 fo wi(f: DM (Bl

Using Holder’s inequality and the definition of Besov space given in (10), we have

T q 1*% 4 , ; q %
||Ln<->||,32{ fo (Ml ldt} { fo (wt;(fqt) ) dt}
_ - 4 1_%
([l
-0 {(f f )f IMu (DI )(dt} }

n+1

1-1

=L+ L.

q T a9 1_%7
=0 { f T (Ml ) t} + { f (Mo 7) ™ dt}
| {Jo i

6214

(31)

(32)

(33)

(34)

(35)
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Using Lemma 3.2, we get

i o\
I = O{f (IMn(t)It“%)(”’” dt}
0
T 1L 0
=0 f {r+ et} dt)
0

0|+ f R dt]
| 0

-1
7

-1
q

1
q-

[ q n+l Ag+1
=O(n+1)q1f (t)wdt]
0
r (105200 e
- A (L))
=0+ 1) (Aq+q)(n+1) l

N g-1 1
‘OL(””)'(Aq+q)<n+1>A+l]

1
=O(<n+1>A)'

Using Lemma 3.3, we get

1
n+l

S T
A+
O{fl(ml)tz : ) dt}

n+1

s L 17%
L= O{ | (M) dt}

A m 1_%
_ 1\ A+lo\7
of() [, et
n+1
(n+1)71, A>1,
=0{(n+1)™", A<,

(n+1)Yogm+ )™t A=1.
Combining (35)-(37), we have

(n+1)7, A>1,
IL,()lly = O (m+1)74, A<,
(n+ 1) Hogn+ r}'™1  A=1.

Using generalized Minkowsli’s inequality ([4]), we get

i .Lml q %

oLty = | [ (522) 4]
. f DI\ dl]?

“Jo 15 ]

6215

(36)

(37)

(38)
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s s dl %
sv£|wwmw(£|@uhﬂmﬁ;)

" g, Lol di]’ g D L B
SLWMNML——W—mT]m+LLMmﬂI-—ﬁ7_

Using Lemma 3.5, we get

1
-7
+O

_1
1fi

lwi(Ly, Mo = O[fo {|Mn(t)|t/t76}q%l it
= 0(13 + 14)

j;n {IMn(t)|t/\—6+% }0%1 dt}

Since (x + y)" < x" + y" for positive x,yand 0 <r<1forr=1- % < 1then

4 q 1—%
A=6)4-T
[ o) o

1 1-1

= q q i q 1-
A=6)a-T A=6\4-1
LL (IMaDIE*2) di —{j10hMMt) di

n+l

I

=i

=I5 + 1z

Using Lemma 3.2, we have

M=UTMMNWﬂ%ﬂ}

1 1-1

_ m A=0 fril !
_OLL {t m+1ﬁ d4

= Of(n+1)7**4].

1
=3

Using Lemma 3.3, we have

7l 9 1=
ln{f(meﬂ“ﬂ

1
n+1

n , S B
(A-0)
[ A=)} dﬂ

=0

n+l

Tl 1-7
ol |[[

(n+1)7", A-5-1>1,
= 0{(n+1)7"", A-s-1<1,
(n+1)MHogn+ '™ A-5-1=1

Combining (40)-(42), we have
(n+1)7", A=o-1>1,
I =0d(m+1)""%, A-o-1<1,
(n+ 1) {log(n + 1)m}' ™ A-5-1=1

6216

(39)

(40)

(41)

(42)

(43)
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Again using the inequality (x + )" < x" + i for positivex,yand 0 <r <1forr=1- % <1 then

e 0 11
14:o[f {|Mn(t)|t)\—6+%}q-1 dt] 7
0
ﬁ A 1_% id ‘ . 1_}7
= M) ar| + MBI dr
[ o=y al | [ e
0 1

n+1

=1y + Iyp. (44)
Using Lemma 3.2, we have

1

=
Iy = [ f (IMae)1* o+ )*1 dt]
0
1 9 1—%
_ n+1 /\ 6+q =
_OU; (71 + 1)) dt]

1
= >

Using Lemma 3.3, we have

Ip = [f” (|Mn(f)|l‘A B "1 ]

L[ (n+Dﬂ Ab+)] l
o) [ eta]

+1

(n+1)7", )\—6—%>1,
- 0lm+1)7, A-5-1<a, (46)
(n+ 1) log(n+ Dm' "t A-5-1=1.
Combining (44)-(46), we have
(n+1)71 /\—6—%>1,
L= 0{(n+1)7*, A-o-1<1, (47)
(n+ 1) {log(n + 1)m}' ™1 A-o-l=1.
Now, combining (39), (43) and (47), we have
m+1)71, A—é—%>1,
(L, Ysg = O (1 + 1773, A-o-1<1, (48)
(n+ 1) Hlogn + Hr}' ™1 A-5- l=1,
Combining (33), (38) and (48), we have
(m+1)7", /\—6—%>1,
ML Ollgsary = O+ 1744, A-o-1<1, (49)
(n+ 1) Mlogn + Hr}' ™1 A-o5- l=1,



H. K. Nigam, M. K. Sah / Filomat 37:18 (2023), 6205-6228 6218
0

Remark 3.6. When q = oo, then Besov space BQ(U), r > 1,A > 0 reduces to generalized Lipschitz class Lip*(A, 1)
and the corresponding norm || - llg ;) is given by

w(f, Dy
Iflg i = IAlipcan = fll +sup =7
I

>0

(50)

Thus, in view of Remark 3.6, we establish the following theorem to obtain degree of convergence for
feLip(A,r),r>1,g=00:

Theorem 3.7. Let f be a 2m-periodic and Lebesgue integrable function belonging to generalized Lipschitz class
Lip*(A,L"),r > 1;9 = co. Then for 0 < 0 < A < 2, the degree of convergence of a function f of Fourier series using
HK means, is given by

(n+1)71, A=-6>1,
ILa I,y = O3 (1 + 1)7, A-0<1, (51)
(n + 1) Hlog(n + )7} A=6=1.
The following Lemma is required for the proof of Theorem 3.7.
Lemma 3.8. ([12]) Let0 <6 <A <2.If f € B)(L"),r > 1,q = oo, then

T ) = O(t'™?). (52)

sup

0<Lt<m

Proof of Theorem 3.7

Proof. By the definition of the Besov norm given in (50), we have
ILa (Mg, iy = NLn Gl + 1120 (Lo, s 00 (53)

Using (8) in (34), we get

MWMSZLZMﬁWMMMw

= o[ f ! P IM (D)t + f tAIMn(t)|dt]
0 1

n+l
=001+ J2)- (54)
Using Lemma 3.2, we get

h=f“MMNWt
0

1

= O(n+1) f " gy
0
=0m+1)"°. (55)
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Using Lemma 3.3, we get

]z=t[:tﬂA4AﬂMt

n+1

n 1
_ A
- f ! (n+ 1)t2dt

n+l

1 T
= f 124t
n+1 )1

n+l

n+171, A>1,
= (Tl + 1)_/\, A < 1/
(n+ 1) Hlog(n + )7} A=1.

Combining (54)-(56), we get

(n+1)71, A>1,
Ln Il = (1’1 + 1)_A/ A<,
(n + 1) Hlog(n + )7} A=1

Using the generalized Minkowsli’s inequality ([4]), we get

wi(Ly, ),
lw;(Ly, g0 = sup( ! )

5
>0 !

=Sup(HYhCJNb)
>0 1o

1 1 fZR %
sup|—|=— Y, (x, l)|’dx)
l>(l)9 1o (27_( 0

[ 1 1 fZH r )1
sup|—=|=— dx
l>(§) 1o (27‘( 0 ]

[ 1/1 1 s 27 ;
sup | — [ — |, 1, ) - IMn(t)I’dx} dt
l>(1)3 lé (27-[) fO‘ {L

S
sup | fo ||q>(~,l,t)|IrIMn(t)Idf]

f ' D(x, 1, )M, (t)dt
0

IN

>0

>0

IA

Using Lemma 3.8, we get

Wﬂwmm=qfﬂﬂmet
0

= o[ f ! O M, (0)|dE + f t"‘éan(t)ldt}
0 1

= O(Rl + Rz)

6219

(56)

(57)

(58)
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Using Lemma 3.2, we get

R, = { f " M|Mn(t)|dt]
0

o
=0(n+1) f =04t
0

1
:O((n+1)ﬂé)

Using Lemma 3.3, we get

Ry = { f ' t*ﬂ/\@(t»dt]

n+1

— § A=S 1
‘Uut (n+1)t2dt]

n+

i
:O( ! ) f 1024t
n+1/J,

n+1)71, A=6>1,
=04 (n+ 1)+, A=-06<1,
(n+ 1) Hlog(n + m}, A=0=1.
Combining (58)-(60), we get
(n+1)71, A=6>1,
(L, Mseo = OF (n +1)**?, A-06<1,
(n+ 1) Hlog(n + 17}, A-6=1.
Combining (53), (57) and (61), we have
(n+1)71, A=5>1,
ILn (g 1y = O4 (1 + 1), A-6<1,

(n + 1) Hlog(n + n}, A-6=1.

Corollaries

The following corollaries are deduced from Theorem 3.1.

6220

(59)

(60)

(61)

(62)

Corollary 3.9. The error estimation of a function f € B‘;(U), r>1,1 < g < oo by AHC® means of its Fourier series

is given by

n+1)7,
Ato+1
”Ln(')”Bg(y) =0{(n+1) A+ory

(n + 1) Hlog(n + D)} ™1,

A—é—%>1
A—é—%<
_5_1_
A=0 i

~

~

_



H. K. Nigam, M. K. Sah / Filomat 37:18 (2023), 6205-6228 6221

Corollary 3.10. The error estimation of a function f € B;(Lr), r 21,1 < q < oo by AHET means of its Fourier series
is given by

n+1)71, /\—6—%>1,
ILaOllgyery = O (1 + 1) A-5-1<,
(n+1)" {log(n+1)7z i, )\—6—%:1.

Corollary 3.11. The error estimation of a function f € B‘;(U), r>1,1 < g < oo by C*EY means of its Fourier series
is given by

(Tl"l‘l)_l, /\_6—%>1,
ILaOllgsery = O § (n + 1), Aed— Lly <1,
(n+ 1) Mlogn+m}' ™1, A-6-1=1

3.2. Degree of Convergence of a Function of Derived Fourier Series

In this subsection, we study the degree of convergence of a function in Besov space using HK means of
derived Fourier series and establish the following theorem. Also we observe that the result obtained in a
following theorem provides best approximation of the function f” in Besov norm.

Remark 3.12. Since the derived Fourier series converges uniformly in L2-norm, we find the degree of convergence of
derived Fourier series in L*>-norm.

Theorem 3.13. Let f” be a 2m-periodic and integrable function belonging to Besov space BQ(LZ), 1 < g < oo. Then
for 0 <6 < A < 2, the degree of convergence of a function f’ of derived Fourier series using HK mean, is given by

o " ot
“L;z(')“Bg(LZ) = O((?’l + 1)[ ldg.(t)] + - j— - f] | th( )|)

n+l

+O((n+1) f (‘" |dgx(t)|+ (n+ 5 f 5"2 |dgx(t)|) (63)

Proof of Theorem 3.13

Proof. Using the integral representation of s;, (f’; x), we have
L , o1 T sin(p + 5)t
Sp(f, X) — f (.X) = % jo‘ T(%)dgx(t) (64)

Let y/HK(f/; x) represents a product Hausdorff mean of s,(f’; x), then we write

Y Ko 5077520 = ro)
=0

p

ViK(F30) = /() = Zhnm(
i in(p + 1)t
= Z Iy m(z kmp{ %%a)})
p=0 2

1 ™ i sin(p+%)t)
= — h ky ,—————— |dg.(t
=N ) I e 0

p=0

= I) M, ()dg.(t).
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Let
7T
L =V - 10 = [ Mo
0
Using the definition of Besov norm given by (12), we have

L Ol ey = L5 Oz + 1w (L, 2llsg-

Using generalized Minkowski’s inequality ([4]), we have

IOl < fo Mo ldg: )

< fo IMOMgO1+ [ MO0

Now, using Lemmas 3.2 and 3.3, we have

T \d At
IOl = ((n+1) f o1+~ fnL'th()')'

Now, using the definition of Besov space, we have

/ ™ (L, Dl ' |
KoL, Yallsy < { fo (%) T}

Using generalized Minkowski’s inequality ([4]), we have

| . ;o
(L4, el < { I (mon- .o l&,—l}
Tt T dl 117
< { [ oo [ o) }

_ {fon an(t)|.|dgx(t)|(f lbqﬂ) } {f IM,()] - Idgx(t)|(ftn

Using the second mean value theorem, we have

llw;(Ly,, allsg < { f IMu(B)] - |dgx(t)|(t-6-é)}

1;11 —5—7 Tt
s{ fo MBIt )Idgx(t)l} { f

n+l

Using Lemmas 3.2 and 3.3, we have

0y}, Yalsg = O(<n 1) f Didgaol + —— f (£ |dgx<t)|).

n+1

Combining (66), (68) and (72), we have

! w 1 T 1dg.(t)|
L% (allgy e, = O((n + 1)f g (D) + — f gtz( ) )
0 i

+O((n+1> f g |dgx<t>|+L1 f (717) |dgx<t>|).

|Mn(t>|(t‘5‘)|dgx(t)|}

|

6222

(65)

(66)

(67)

(68)

(69)

(70)

(71)

(72)

(73)
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Remark 3.14. When q = oo the Besov space B;(L*), r>1,6 > 0 reduces to generalized Lipschitz class Lip*(6, 1) and
the corresponding norm || - ||y 1+ is given by

,(f D

ANl ey = I lLiprom = IIf1lr + sup (74)
1>0

Thus, in view of Remark 3.14, we estiblish the following theorem to obtain error estimation for f’ €
Lip*(5,2),r =2,q = oo:

Theorem 3.15. Let f’ bea 2m-periodic and integrable function belonging to generalized Lipschitz class Lip*(A, L?), q =
oo. Then for 0 < 6 < A < 2, the degree of convergence of a function f’ of derived Fourier series using HK means, is
given by

’ a1 1 " |dg. ()]
Ly Ollzipo,2) = O[(” + 1)1(; ldg.(£)] + (n+1) f”1 2 ]

1

+0(n+1) sup ( fo " (l‘é)ldgx(t)l) Sup ( f (s 2)Idgx(t)l] (75)

0<Lt<m 0<lt<m

Proof of Theorem 3.15

Proof. By the definition of the Besov norm given in (74), we have
L Ol .22y = ILaOllz + [0 (L5, )alls eo- (76)

Using the generalized Minkowski’s inequality ([4]), we have

, wj(Ly,, )2
lw;i(Ly, )2llse0 = sup (—] B )
0<lt<m

_ I Dll2
= sup | —5—
0<Lt<m

1
5 [ wor o

1 1
Swdﬁ£|mmumw+ﬁ

T

[ mon-as.co)

n+1

Using Lemma 3.8, we get

llw;(Ly, )alls,e0 = O(n +1) sup (fo G b)ldgx(t)l] + O Sup (f (1 2)Iﬂlgx(f)l] (77)

0<lt<m Osltsm\vV 5

From (68), (76) and (77), we have

, oy 1 " ldg.(t)|
L7 OllLipr 0,12) = O((” + 1)f0 g (D] + n+1) fL 2 )

+O(n+1) sup [fo (- O)Idgx(t)|]+O sup [f (I772)dg (1) ) (78)

0<Lt<m 0<Lt<m

n+1
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Corollaries

The following corollaries are deduced from Theorem 3.13:

Corollary 3.16. The error estimation of a function f € BY(L*),1 < q < oo by AHC* means of its derived Fourier
series is given by

, e 1 " ldgx(6)l
||Ln(‘)2||Bg(L2) = O((" + 1)[ ldg(B)l + (n+1) fl 2 J

~ofo f g0+ o [ ()]

Corollary 3.17. The error estimation of a function f € Bg(Lz), 1 < q < oo by AHEY means of its derived Fourier
series is given by

i " ot
IIL;('>2IIB;<L2>=O[<n+1) f |dgx(t)|+( 11) fllgtz( )|]

+ofw+ f a0+ s f 21,0

Corollary 3.18. The error estimation of a function f € Bg(Lz), 1 < g < oo by C*EY means of its derived Fourier series
is given by

w1 Ao
||L7’1(')2||33(L2) = O[(Tl + 1)](; |dgx(t 1) f | vk (t)l]

+O((n+1) fo " (t‘b‘%)|dgx(t)| + (n+ 5 f (t‘b—$-2)|dgx(t)|).

4. Applications

In this section, we study some applications of our main results.

4.1. Degree of Convergence of Fourier Series
n—-m+1
Consider a function f(x) = sinx and hy, , = (’;1”2’ ) forn > mand h,,,, = 0 for n < m.

We have '
KIK(@t) =O(n+1)for0 <t < - and KI'K(t) = O ((n+1t2)for L <t<m
Taking A = 1,6 = 0 and g = oo. Since |sin#| < 1 and sin($ )ZfT for 0 < t <, we have

1
L Ol = O (51 ) and (L, Hllsg = O (RE=E).
Thus, the error estimation of f(x) = sin x is obtained by
ILa()rllgay = NLaCllr + 1w (Lo, -)rllog

:O(l+log(n+1)n).
n+1

Now, we construct a following table for different values of n:
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n L ()| = B
100 0.0669292119
1000 0.0090444402
10000 0.0011354035
50000 0.0002592854
100000 0.0001365752
500000 0.0000305341
1000000 0.0000159602

00 0

Table 1: Degree of convergence of function f(x) = sin(x)

(a) For n = 50000

o

T
2 3 4 5
n x10

(c) For n = 500000

I, el

(b) For 1 = 100000

[el]

2 4 6 8 10
n x10

(d) For n = 1000000

Figure 1: Degree of convergence of Fourier series f(x) = sin(x).
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Remark 4.1. From Table 1 and Fig. 1(a) to 1(d), we observe that the results obtained in Theorem 3.1 and Theorem
3.7 together for 1 < q < oo provide the best approximation of the function f.

4.2. Degree of Convergence of Derived Fourier Series
n—m+1
Consider a function f’(x) = sinx and hy,,, = ( (’;1’2")) forn > mand hy,, = 0 for n < m.

Thus, dgx(t) = —4 sinx(sin® £)dt.
We have
KEK(t) = O (n + 1) for 0 < t < 717 and KEK() = O (ks ) for 77 <t <.

n+1 (n+1)t2 n+1
Taking A = 1,0 = 0 and r = 0. Since |sin{| < 1 and sin(é) > % for 0 < t < r, we have
’ ’ 1+21 1
IOl = O (525 ) and llwj(Ly, allsq = O (F2EF2).
Thus, the error estimation of f’(x) = sinx is obtained by

, , , 1+m+2log(n+1)n
L7 OMgo(r,y = L5 Callz + llwoj(Ly, allsg = O :

n+1

Now, we construct a following table for different values of n:

n IL, ()] = BT
100 0.1550623115
1000 0.0202283337
10000 0.0024849448
50000 0.0005614018
100000 0.0002945663
500000 0.0000653514
1000000 0.000034062

00 0

Table 2: Degree of convergence of derived Fourier series of f’(x) = sin(x).

251

derivative of || 1 (x)I|
derivative of || 1 (x)I|

n x10* n x10*

(a) For n = 50000 (b) For n = 100000
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x10° x10°

)
~ 12

15

derivative of || 1 (x)I|
derivative of || 1 (x)I|

05 1 05F

n x10° n x10°

(c) For n = 500000 (d) For n = 1000000

Figure 2: Degree of convergence of derived Fourier series of f’(x) = sin(x).

Remark 4.2. From Table 2 and Fig. 2(a) to 2(d), we observe that the results obtained in Theorem 3.13 and Theorem
3.15 together for 1 < g < oo provide the best approximation of the function f’.
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