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Existence and uniqueness of a mild solution for a class of the fractional
evolution equation With nonlocal condition involving φ-Riemann

Liouville fractional derivative

Mouhssine Zakariaa, Abdelaziz Moujahida, Arij Bouzelmatea

aLaR2A, FS, Abdelmalek Essaad University,Tetouan, Morocco

Abstract. In this paper, by using the fractional power of operators and theory fixed point theorems,
we discuss Existence and uniqueness of mild solution to initial value problems for fractional semilinear
evolution equations with compact semigroup in Banach spaces with nonlocal conditions. In particular,
we derive the form of fundamental solution in terms of semigroup induced by resolvent and φ-Riemann-
Liouville fractional derivatives. These results generalize previous works where the classical Riemann-
Liouville fractional derivative is considered. In the end, we give an example to illustrate the applications
of the abstract results.

1. Introduction

Fractional differential equations have been an exciting field of applied mathematics, it s gives very
important tools for describing and studying natural phenomena, on fractional calculus more authors are
interesting by the theory of fractional evolution equations since they are abstract formulations for many
problems in physics, engineering, chemistry, finance ... (see [1]–[12], [31], [32], [33]).
Our work is inspired by many studies on the existence and unique solutions of partial evolution equations
based on semi-group and fixed point theory (see [13]–[17]).

Consider the following nonlocal Elliptic problem of fractional evolution equation with Riemann-Liouville
fractional derivative:{

D
α;φ
0 (u(t)) = Au(t) + f (t,u(t)), a.e. t ∈ [0, a] = J
D
α−1;φ
0 (u(0)) = u0 − 1(u),

(1)

whereDα;φ
0 is φ - Riemann–Liouville fractional derivative of order α, 0 < α < 1.

A is the infinitesimal generator of a C0 - semigroup of bounded linear operators {S(t)}t≥0 in Banach space
U. f : J × U → U is a given function, 1 : C(J,U) → L(J,U) is a given operator satisfying some assumptions
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and u0 is an element of the Banach space U.

This study will be organized as follows. In Sect 2, we will briefly recall some definitions and preliminary
concepts about fractional calculus and auxiliary results used in the following sections. We construct a mild
solution by using semigroup for the problem (1) in Sect 3. We prove the existence and uniqueness of mild
solutions of the problem (1) under compact analytic semigroup by Darbo-Sadovskii’s fixed point theorem
in Sect 4. Finally, we give some examples to illustrate the application of the results obtained in Sect 5.

2. Preliminaries

We give some indications about the semigroups of linear operators. [18], [19]. For a strongly continuous
semigroup (i.e., C0-semigroup) {S(t)}t≥0, the infinitesimal generator of {S(t)}t≥0 is defined by

Au = lim
t→0+

S(t)u − u
u

, u ∈ U.

We denote by D(A) the domain of A, that is,

D(A) =
{

u ∈ U : lim
t→0+

S(t)u − u
u

exists
}
.

Lemma 2.1. . [18], [19] Let {S(t)}t≥0 be a C0-semigroup, then there exist constants C ≥ 1 and a ≥ 0 such that
∥S(t)∥ ≤ Ceat for all t ≥ 0.

Lemma 2.2. . ([18],[19]) A linear operatorA is the infinitesimal generator of a C0-semigroup if and only if:

(i) A is closed and D(A) = U
(ii) The resolvent set ρ(A) of A contains R+and, for every λ > 0, we have

∥R(λ,A)∥ ≤
1
λ
,

where R(λ,A) := (λαI − A)−1 u =
∫
∞

0 e−λαtS(t)udt
let A be the infinitesimal generator of a compact C0-semigroup of uniformly bounded linear operators {T(t)}t≥0 on U.
Then there exists ξ ≥ 1 such that ξ = supt∈[0,∞) ∥T(t)∥.

Definition 2.3. The gamma function Γ(z) is defined by

Γ(z) =
∫
∞

0
tz−1e−tdt (Re(z) > 0) z ∈ C,

Definition 2.4. ([21]). Let α > 0, f be an integrable function defined on [a, b] and φ ∈ C1([a, b]) be an increasing
function with φ′(t) , 0 for all t ∈ [a, b]. The left φ-Riemann-Liouville fractional integral operator of order α of a
function f is defined by:

I
α,φ
a+ f (t) =

1
Γ(α)

∫ t

a
φ′(s)(φ(t) − φ(s))α−1 f (s)ds.

Definition 2.5. ([21]). Let n− 1 < α < n, f ∈ Cn([a, b]) and φ ∈ Cn([a, b]) be an increasing function with φ′(t) , 0
for all t ∈ [a, b]. The left φ-Riemann-Liouville fractional derivative of order α of a function f is defined by:

D
α,φ
a+ f (t) =

(
1

φ′(t)
d
dt

)n

In−α,φ
a+ f (t)

=
1

Γ(n − α)

(
1

φ′(t)
d
dt

)n ∫ t

a
φ′(s)(φ(t) − φ(s))n−α−1 f (s)ds,

where n = [α] + 1.
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Lemma 2.6. ([21],[22]). Let α > 0 and β > 0, then

(i) Iα,φa+ (φ(s) − φ(a))β−1(t) = Γ(β)
Γ(β+α) (φ(t) − φ(a))β+α−1,

(ii)Dα,φ
a+ (φ(s) − φ(a))β−1(t) = Γ(β)

Γ(β−α) (φ(t) − φ(a))β−α−1.

Lemma 2.7. ([20]). Let f ∈ Cn([a, b]) and n − 1 < α < n. Then we have
(1)Dα,φ

a+ Iα,φa+ f (t) = f (t);

(2) Iα,φa+ D
α,φ
a+ f (t) = f (t) −

∑n
k=1

f [k−1](a+)
Γ(k−α) (φ(t) − φ(a))k−a,

where f [k](t) :=
(

1
φ′(t)

d
dt

)k
f (t) on [a, b]. In particular, given α ∈ (0, 1), one has

Iα,φa+ D
α,φ
a+ f (t) = f (t) − c(t − a)α−1,

where c is a constant.

Lemma 2.8. ([21]). Let u, φ : [a,∞) → R be real valued functions such that φ(t) is continuous and φ′(t) > 0 on
[0,∞). The generalized Laplace transform of f is denoted by

Lφ{u(t)}(s) =
∫
∞

a
e−s(φ(t)−φ(a))u(t)φ′(t)dt

for all s.

Lemma 2.9. ([21]). Let u and v be two functions which are piecewise continuous at each interval [0,T] and of
exponential order.
We define the generalized convolution of u and v by

(u ∗ψ v)(t) =
∫ t

a
u(τ)v

(
ψ−1(ψ(t) + ψ(a) − ψ(τ))

)
ψ′(τ)dτ

Theorem 2.10. (Gronwall’s inequality [23], [24])
Let u, v be two integrable functions and h be a continuous function on [a, b]. Let φ ∈ C1([a, b]) be an increasing
function such that φ′(t) , 0 for all t ∈ [a, b]. Assume that (1) u and v are nonnegative; (2) h is nonnegative and
nondecreasing. If

u(t) ≤ v(t) + h(t)
∫ t

a
(φ(t) − φ(s))α−1u(s)φ′(s)ds,

then

u(t) ≤ v(t) +
∫ t

a

∞∑
k=1

[h(t)Γ(α)]k

Γ(nα)
(φ(t) − φ(s))kα−1v(s)φ′(s)ds

for all t ∈ [a, b].

Definition 2.11. ([25],[26]) The Wright function ϕα is defined by

ϕα(z) :=
∞∑

n=0

(−z)n

n!Γ(−αn + 1 − α)

=
1
π

∞∑
n=1

(−z)n

(n − 1)!
Γ(nα) sin(nπα), z ∈ C

with 0 < α < 1
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Proposition 2.12. ([25],[26]) For −1 < r < ∞, λ > 0, the following results hold.

(i) ϕα(θ) ≥ 0 for θ ≥ 0 and
∫
∞

0 ϕα(θ)dθ = 1;
(ii) ϕα(t) ≥ 0, t > 0
(iii)

∫
∞

0
α

tα+1ϕα
(

1
ta

)
e−λtdt = e−λα

(iv)
∫
∞

0 ϕα(t)trdt = Γ(1+r)
Γ(1+αr)

(v)
∫
∞

0 ϕα(t)e−ztdt = Eα(−z), z ∈ C
(iv)

∫
∞

0 αtϕα(t)e−ztdt = eα(−z), z ∈ C.

When Eα and eα are a Mittag-Leffler functions

We introduce the definition for Kuratowski measure of noncompactness, which will be used in the
proofs of our results.

Definition 2.13. ([27])Let U be a Banach space and B(U) be the bounded subset of U. The Kuratowski measure of
noncompactness is the map µ : B(U)→ [0,∞) define by

µ(B) = inf

ε > 0 : B ⊂
∞⋃
j=1

B j,diam
(
B j

)
< ε for i = 1, 2, . . . ,n

 ,
where diam

(
B j

)
= sup

{
|x − y| : x, y ∈ B j

}
.

Lemma 2.14. ([27],[28]) Let U be Banach spaces and W,V ⊂ U be bounded. Then the noncompactness measure has
the following properties:
(i) µ(W) = 0 if and only if W̄ is compact, where W̄ means the closure hull of W;
(ii) µ(λW) = |λ|µ(W), where λ ∈ R;
(iii) µ(W) = µ(W̄) = µ(conv W), where conv W means the convex hull of W;
(iv) µ(W ∪ V) = max{µ(W), µ(V)};
(v) µ(W) ≤ µ(V) if W ⊂ V;
(vi) µ(W + V) ≤ µ(W) + µ(V); where W + V = {u | u = w + v,w ∈W, v ∈ V};
(vii) µ(W + u) = µ(W), for any u ∈ U;
(viii) If the map Q : dom(Q) ⊂ U → X is Lipschitz continuous with constant k, then µ(Q(S)) ≤ kµ(S) for any
bounded subset S ⊂ dom(Q), where X is another Banach space.

Lemma 2.15. ([29])Let U be a Banach space, and let D ⊂ U be bounded. Then there exists a countable set D0 ⊂ D
such that µ(D) ≤ 2µ (D0).

Theorem 2.16. (Darbo-Sadovskii’s fixed point theorem [28]). If B is a bounded, closed and convex subset of a Banach
space U, and the continuous map T : B→ B is an α-contraction, then the map T has at least one fixed point in B.

3. Mild Solutions

Lemma 3.1. The nonlocal Elliptic problem 1 is equivalent to the integral equation,

u(t) =
(φ(t) − φ(0))α−1

Γ(α)
[u0 − 1(u)]

+
1
Γ(α)

∫ t

0
φ′(s)(φ(t) − φ(s))α−1[Au(s) + f (s,u(s))]ds.

(2)

for t ∈ (0, a],
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Proof. Suppose 2 is true, then:

D
α−1;φ
0 u(t) = Dα−1;φ

0

(
(φ(t) − φ(0))α−1

Γ(α)
[u0 − 1(u)]

)
+D

α−1;φ
0

(
1
Γ(α)

∫ t

0
φ′(s)(φ(t) − φ(s))α−1[Au(s) + f (s,u(s))]ds

)
We use de lemma 2.6 so:

D
α−1;φ
0 u(t) = [u0 − 1(u)] +

∫ t

0
Au(s) + f (s,u(s))ds

When t=0 we conclue the intial codition,Dα−1;φ
0 is absolutely continuous on [0, a] then:

D
α;φ
0 (u(t)) =

d
dt
D
α−1;φ
0 (u(t)) = [Au(s) + f (s,u(s))]

for the other side:
If u satisfies the problem 2, then applying to both sides of 1, we have

I
α;φ
0 D

α;φ
0 (u(t)) = Iα;φ

0 [Au(s) + f (s,u(s))], almost all t ∈ [0, a]

By Lemma 2.7, we obtain

u(t) = c(φ(t) − φ(0))α−1 +
1
Γ(α)

∫ t

0
φ′(s)(φ(t) − φ(s))α−1[Au(s) + f (s,u(s))]ds. (3)

for t ∈ (0, a],
And

u(t) = c(φ(t) − φ(0))α−1 + I
α;φ
0 [Au(s) + f (s,u(s))]. (4)

for t ∈ (0, a],
Then, we appliqueDα−1;φ

0 :

D
α−1;φ
0 u(t) = cDα−1;φ

0 (φ(t) − φ(0))α−1 +D
α−1;φ
0 I

α;φ
0 [Au(s) + f (s,u(s))]. (5)

Also

D
α−1;φ
0 u(t) = c +

∫ t

0
Au(s) + f (s,u(s))ds. (6)

of the following condition:
D
α−1;φ
0 (u(0)) = u0 − 1(u)

Then:
c = u0 − 1(u)

The proof is complete.

Lemma 3.2. If (2) holds, then we have

u(t) = α
∫
∞

0
(φ(t) − φ(0))α−1ϕα(θ)S

(
(φ(t) − φ(0)αθ)

)
(u0 − 1(u))dθ

+ α

∫ t

0

∫
∞

0
(φ(t) − φ(s))α−1θϕα(θ)S

(
(φ(t) − φ(s)αθ)

)
× f (s,u (s)) dθφ′(t)ds
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Proof. Let λ > 0. Applying the generalized Laplace transforms to (2) , we have

U(λ) =
u0 − 1(u)
λα

+
1
λα

(AU(λ) + F(λ)),

where

U(λ) =
∫
∞

0
e−λ(φ(τ)−φ(0))u(τ)φ′(τ)dτ, F(λ) =

∫
∞

0
e−λ(φ(τ)−φ(0)) f (τ,u(τ))φ′(τ)dτ.

Then we have:

U(λ) = (λαI −A)−1 (u0 − 1(u)) + (λαI −A)−1 F(λ)

=

∫
∞

0
e−λ

αsS(s)(u0 − 1(u))ds +
∫
∞

0
e−λ

αsS(s)F(λ)ds

= α

∫
∞

0
t̂α−1e−(λt̂)αS

(
t̂α
)

(u0 − 1(u))dt + α
∫
∞

0
t̂α−1e−(λt)αS

(
t̂α
)

F(λ)dt

= e1 + e2.

Now putting: t̂ = φ(t) − φ(0), next we consider the following one-sided stable probability density in
[30]

ρα(θ) =
1
π

∞∑
k=1

(−1)k−1θ−αk−1 Γ(αk + 1)
k!

sin(kπα), θ ∈ (0,∞)

whose integration is given by ∫
∞

0
e−λθρα(θ)dθ = e−λ

α
, where α ∈ (0, 1).

e1 = α

∫
∞

0
(φ(t) − φ(0))α−1e−(λ(φ(t)−φ(0)))αS

(
(φ(t) − φ(0))α

)
(u0 − 1(u))φ′(t)dt

= α

∫
∞

0

∫
∞

0
(φ(t) − φ(0))α−1e−λ(φ(t)−φ(0))θρα(θ)S

(
(φ(t) − φ(0))α

)
(u0 − 1(u))φ′(t)dθdt

= α

∫
∞

0

∫
∞

0
e−λ(φ(t)−φ(0)) (φ(t) − φ(0))α−1

θα
ρα(θ)S

(
(φ(t) − φ(0))α

θα

)
(u0 − 1(u))φ′(t)dθdt

=

∫
∞

0
e−λ(φ(t)−φ(0))

∫
∞

0
α

(φ(t) − φ(0))α−1

θα
ρα(θ)S

(
(φ(t) − φ(0))α

θα

)
(u0 − 1(u))φ′(t)dθdt

Similar procedure:

e2 = α

∫
∞

0

∫
∞

0
(φ(t) − φ(0))α−1e−(λ(φ(t)−φ(0)))αS

(
(φ(t) − φ(0))α

)
× e−(λ(φ(s)−φ(0)))α f (s,u(s))φ′(s)φ′(t)dsdt

=

∫
∞

0
e−λ(φ(t)−φ(0))

∫
∞

0

∫
∞

0
α

(φ(t) − φ(0))α−1

θα
ρα(θ)S

(
(φ(t) − φ(0))α

θα

)
× e−(λ(φ(s)−φ(0))) f (s,u(s))φ′(s)dθdsφ′(t)dt

=

∫
∞

0

∫
∞

0

∫
∞

0
e−λ(φ(t)+φ(s)−2φ(0))α

(φ(t) − φ(0))α−1

θα
ρα(θ)S

(
(φ(t) − φ(0))α

θα

)
× f (s,u(s))φ′(s)dθdsφ′(t)dt
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=

∫
∞

0

∫
∞

t

∫
∞

0
e−λ(φ(τ)−φ(0))α

(φ(t) − φ(0))α−1

θα
ρα(θ)S

(
(φ(t) − φ(0))α

θα

)
× f

(
φ−1(φ(τ) − φ(t) + φ(0)),u

(
φ−1(φ(τ) − φ(t) + φ(0))

))
φ′(τ)dθdτφ′(t)dt

=

∫
∞

0

∫ τ

0

∫
∞

0
e−λ(φ(τ)−ψ(0))α

(φ(t) − φ(0))α−1

θα
ρα(θ)S

(
(φ(t) − φ(0))α

θα

)
× f

(
φ−1(φ(τ) − φ(t) + φ(0)),u

(
φ−1(φ(τ) − φ(t) + φ(0))

))
φ′(τ)dθφ′(t)dtdτ

=

∫
∞

0
e−λ(φ(τ)−φ(0))

∫ τ

0

∫
∞

0
α

(φ(τ) − φ(s))α−1

θα
ρα(θ)S

(
(φ(τ) − φ(s))α

θα

)
× f (s,u (s))φ′(τ)dθφ′(t)dsdτ

Then we get:

U(λ) =
∫
∞

0
e−λ(φ(t)−φ(0))

∫
∞

0
α

(φ(t) − φ(0))α−1

θα
ρα(θ)S

(
(φ(t) − φ(0))α

θα

)
× (u0 − 1(u))φ′(t)dθdt

+

∫
∞

0
e−λ(φ(τ)−φ(0))

∫ τ

0

∫
∞

0
α

(φ(τ) − φ(s))α−1

θα
ρα(θ)S

(
(φ(τ) − φ(s))α

θα

)
× f (s,u (s))φ′(τ)dθφ′(t)dsdτ

Now we invert the generalized Laplace transforms:

u(t) = α
∫
∞

0

(φ(t) − φ(0))α−1

θα
ρα(θ)S

(
(φ(t) − φ(0))α

θα

)
(u0 − 1(u))dθ

+ α

∫ t

0

∫
∞

0

(φ(t) − φ(s))α−1

θα
ρα(θ)S

(
(φ(t) − φ(s))α

θα

)
× f (s,u (s)) dθφ′(s)ds

= α

∫
∞

0
(φ(t) − φ(0))α−1θϕα(θ)S

(
(φ(t) − φ(0)αθ)

)
(u0 − 1(u))dθ

+ α

∫ t

0

∫
∞

0
(φ(t) − φ(s))α−1θϕα(θ)S

(
(φ(t) − φ(s)αθ)

)
× f (s,u (s)) dθφ′(s)ds

where ϕα(θ) =
1
α
θ−1− 1

αρα
(
θ−

1
α

)
is the probability density function defined on (0,∞).

Proof is completed.

We define the operator Υαφ(t):

Υαφ(t)u = α
∫
∞

0
θϕα(θ)S (tαθ) udθ

for u ∈ E, 0 ≤ s ≤ t ≤ T.

Definition 3.3. A function u ∈ C([0,T],E) is called a mild solution of 1 if it satisfies:

u(t) = (φ(t) − φ(0))α−1Υαφ(φ(t) − φ(0))(u0 − 1(u))

+

∫ t

0
(φ(t) − φ(s))α−1Υαφ(φ(t) − φ(s)) f (s,u (s))φ′(s)ds t ∈ [0,T].
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Lemma 3.4. The operator Υαφ have the following properties:

(i) For any fixed t ≥ 0,Υαφ(t) are bounded linear operator with

∥∥∥Υαφ(t)(u)
∥∥∥ ≤ αξ
Γ(1 + α)

∥u∥ =
ξ
Γ(α)
∥u∥

for all u ∈ E.

(ii) The operator Υαφ(t) are strongly continuous for all t ≥ 0, that is, for every u ∈ E and 0 ≤ t1 < t2 ≤ T we
have: ∥∥∥Υαφ (t2) u − Υαφ (t1) u

∥∥∥→ 0

as t1 → t2.

(iii) If S(t) is compact operator for every t > 0, then Υαφ(t) are compact for all t > 0.

(iv) IfΥαφ(t) is compact strongly continuous semigroup of bounded linear operator for t > 0, thenΥαφ(t) are continuous
in the uniform operator topology.

(v)Assume that S(t)t>0 is compact operator. Then S(t)t>0 is equicontinuous.

Proof. See the argument of [17].

4. Main results

U is a Banach space with the norm |.|. Let a ∈ R+, J′ = (0, a]. Denote C(J,U) as the Banach space of
continuous functions from J into U with the norm:

∥u∥ = sup
t∈[0,a]

|u(t)|,

where u ∈ C(J,U), and B(U) be the space of all bounded linear operators from U to U with the norm
∥S∥B(U) = sup{|S(u)|; |u| = 1}, where S ∈ B(U) and u ∈ U.

We put

U(α)
φ (J′) =

{
u ∈ C (J′,U) : lim

t→0+
(φ(t) − φ(0))1−αu(t) exists and is finite

}
.

For any x ∈ U(α)
φ (J′), let the norm ∥ · ∥α,φ defined by:

∥u∥α,φ = sup
t∈(0,a]

{
(φ(t) − φ(0))1−α

|u(t)|
}
.

is not difficult to verify ∥ · ∥α,φ is a norm, the norm is covenable with U(α)
φ (J′), Then

(
U(α)
φ (J′) , ∥ · ∥α,φ

)
is a

Banach space .

For r > 0, define a closed subset B(α)
r (J′) ⊂ U(α)

φ (J′) as follows

B(α)
r (J′) =

{
u ∈ U(α)

φ (J′) : ∥u∥α,φ ≤ r
}
.



M. Zakaria et al. / Filomat 37:18 (2023), 6041–6057 6049

Thus, B(α)
r (J′) is a bounded closed and convex subset of U(α)

φ (J′). Let B(J) be the closed ball of the space
C(J,U) with radius r and center at 0 , that is

B(J) = {u ∈ C(J,U) : ∥u∥ ≤ r}.

Thus B(J) is a bounded closed and convex subset of C(J,U).

We introduce the following hypotheses :

(H0) S(t)(t > 0) is equicontinuous, i.e., S(t) is continuous in the uniform operator topology for t > 0;
(H1) for each t ∈ J′, the function f (t, ·) : U→ U is continuous and for each u ∈ U, the function f (·,u) : J′ → U
is strongly measurable;
(H2) there exists a function ℏ ∈ L (J′,R+)such that

I
α;φ
0 ℏ ∈ C (J′,R+) , lim

t→0+
(φ(t) − φ(0))1−α

I
α;φ
0 ℏ(t) = 0,

and
| f (t,u)| ≤ ℏ(t) for all u ∈ B(α)

r (J′) and almost all t ∈ [0, a];

(H3) there exists a constant L ∈
(
0, Γ(α)

M

)
such that the operator 1 : C (J′,U)→ L (J′,U) satisfies:

|1 (u1) − 1 (u2) | ≤ L ∥u1 − u2∥α,φ , for u1,u2 ∈ B(α)
r (J′)

(H4) there exists a constant r > 0 such that

M
Γ(α) −ML

|u0| + |1(0)| + sup
t∈(0,a]

{
(φ(t) − φ(0))1−α

I
α;φ
0 ℏ(t)

} ≤ r

(H5) For any r > 0, there exists k(t) ∈ L∞([0, a],U) such that

| f (t,u1(t)) − f (t,u2(t)) | ≤ k(t)|u1 − u2|, for u1,u2 ∈ B(α)
r (J′)

For any u ∈ B(α)
r (J′), define an operatorℜ as follows

(ℜu)(t) = (ℜ1u) (t) + (ℜ2u) (t),

where
(ℜ1u) (t) = (φ(t) − φ(0))α−1Υαφ(t, 0)(u0 − 1(u)), for t ∈ (0, a],

(ℜ2u) (t) =
∫ t

0 (φ(t) − φ(s))α−1Υαφ(t, s) f (s,u (s))φ′(s)ds, for t ∈ (0, a]

It is easy to see that limt→0+(φ(t) − φ(0))1−α(ℜu)(t) = u0−1(u)
Γ(α) . For any v ∈ B(J), set

u(t) = (φ(t) − φ(0))α−1v(t), for t ∈ (0, a].

Then, u ∈ B(α)
r (J′). DefineΨ as follows

(Ψv) (t) = (Ψ1v) (t) + (Ψ2v) (t),

where

(Ψ1v) (t) =

(φ(t) − φ(0))1−α (ℜ1u) (t), for t ∈ (0, a]
u0−1(u)
Γ(α) , for t = 0

(Ψ2v) (t) =

(φ(t) − φ(0))1−α (ℜ2u) (t), for t ∈ (0, a]
0, for t = 0
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Obviously, u is a mild solution of (1) in B(α)
r (J′) if and only if the operator equation u = ℜu has a solution

u ∈ B(α)
r (J′).

Before giving the main results, we firstly prove the following lemmas.

Lemma 4.1. Assume that (H0) − (H4) hold, then {Ψv : v ∈ B(J)} is equicontinuous.

Proof. I. {Ψ1v : v ∈ B(J)} is equicontinuous.
For any v ∈ B(J), let u(t) = (φ(t) − φ(0))α−1v(t), t ∈ (0, a]. Then u ∈ B(q)

r (J′). For t1 = 0, 0 < t2 ≤ a, we get

| (Ψ1v) (t2) − (Ψ1v) (0)| ≤ |Υαφ(t2)) −
u0 − 1(u)
Γ(α)

|

≤ |

(
Υαφ(t2) −

1
Γ(α)

) (
u0 − 1(u)

)
|

≤ |

(
Υαφ(t2) −

1
Γ(α)

)
|

(
|u0| + L∥u∥α,φ + |1(0)|

)
≤ |

(
Υαφ(t2) −

1
Γ(α)

)
|
(
|u0| + Lr + |1(0)|

)
→ 0, as t2 → 0

For 0 < t1 < t2 ≤ a, we get

| (Ψ1v) (t2) − (Ψ1v) (t1) | ≤ |Υαφ (t2)
(
u0 − 1(u)

)
− Υαφ (t1)

(
u0 − 1(u)

)
|

≤ |

(
Υαφ (t2) − Υαφ (t1)

) (
u0 − 1(u)

)
|

≤ |

(
Υαφ (t2) − Υαφ (t1)

)
|

(
|u0| + L∥u∥q + |1(0)|

)
≤ |

(
Υαφ (t2) − Υαφ (t1)

)
|
(
|u0| + Lr + |1(0)|

)
→ 0, as t2 → t1.

Hence, {Ψ1v : v ∈ B(J)} is equicontinuous.
II. {Ψ2v : v ∈ B(J)} is equicontinuous.
For any v ∈ B(J), let u(t) = (φ(t) − φ(0))α−1v(t), t ∈ (0, a]. Then u ∈ B(q)

r (J′). For t1 = 0, 0 < t2 ≤ a, we get

| (Ψ2v) (t2) − (Ψ2v) (0)| = |(φ(t2) − φ(0))1−α
×∫ t2

0

(
(φ(t2) − φ(s))

)α−1Υαφ
(
(φ(t2) − φ(s))

)
f (s,u(s))ds|

≤
M
Γ(q)

(φ(t2) − φ(s))1−α
∫ t2

0

(
φ(t2) − φ(s)

)α−1 ℏ(s)ds

→ 0, as t2 → 0.

For 0 < t1 < t2 ≤ a, we have

| (Ψ2v) (t2) − (Ψ2v) (t1) |

≤ |

∫ t2

t1

(φ(t2) − φ(0))1−α(φ(t2) − φ(s))α−1Υαφ
(
(φ(t2) − φ(s))

)
f (s,u(s))ds|

+ |(φ(t2) − φ(0))1−α(φ(t2) − φ(s))α−1Υαφ
(
(φ(t2) − φ(s))

)
f (s,u(s))ds

−

∫ t1

0
(φ(t1) − φ(0))1−α(φ(t1) − φ(s))α−1Υαφ

(
(φ(t2) − φ(s))

)
f (s,u(s))ds|
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+ |

∫ t1

0
(φ(t1) − φ(0))1−α(φ(t1) − φ(s))α−1Υαφ

(
(φ(t2) − φ(s))

)
f (s,u(s))ds

−

∫ t1

0
(φ(t1) − φ(0))1−α(φ(t1) − φ(s))α−1Υαφ

(
(φ(t1) − φ(s))

)
f (s,u(s))ds|

≤
M
Γ(q)
|

∫ t2

t1

(φ(t2) − φ(0))1−α(φ(t2) − φ(s))α−1ℏ(s)ds|

+
M
Γ(q)

∫ t1

0

(
(φ(t1) − φ(0))1−α(φ(t1) − φ(s))α−1

− (φ(t2) − φ(0))1−α(φ(t2) − φ(s))α−1
)

× ℏ(s)ds

+ |

∫ t1

0
(φ(t1) − φ(0))1−α(φ(t1) − φ(s))α−1

×

(
Υαφ

(
(φ(t2) − φ(s))

)
f (s,u(s)) − Υαφ

(
(φ(t2) − φ(s))

)
f (s,u(s))

)
ds|

≤E1 + E2 + E3,

where

E1 =
M
Γ(q)
|

∫ t2

0
(φ(t2) − φ(0))1−α(φ(t2)

− φ(s))α−1ℏ(s)ds −
∫ t1

0
(φ(t1) − φ(0))1−α(φ(t1) − φ(s))α−1ℏ(s)ds|

E2 =
2M
Γ(q)

∫ t1

0
((φ(t1) − φ(0))1−α(φ(t1) − φ(s))α−1

− (φ(t2) − φ(0))1−α(φ(t2) − φ(s))α−1)ℏ(s)ds

E3 = |

∫ t1

0
(φ(t1) − φ(0))1−α(φ(t1) − φ(s))α−1

×

(
Υαφ

(
(φ(t2) − φ(s)

)
− Υαφ

(
(φ(t1) − φ(s)

))
f (s, x(s))ds|

One can reduce that limt2→t1 E1 = 0, since Iα;φ
0 ℏ ∈ C (J′,R+). We know(

φ(t1) − φ(0))1−α(φ(t1) − φ(s))α−1
− φ(t2) − φ(0))1−α(φ(t2) − φ(s))α−1

)
ℏ(s)

≤ φ(t1) − φ(0))1−α(φ(t1) − φ(s))α−1ℏ(s)

and
∫ t1

0 φ(t1) − φ(0))1−α(φ(t1) − φ(s))α−1ℏ(s)ds exists (s ∈ [0, t1]), then by Lebesgue dominated convergence
theorem, we have∫ t1

0

(
φ(t1) − φ(0))1−α(φ(t1) − φ(s))α−1

− φ(t2) − φ(0))1−α(φ(t2) − φ(s))α−1
)
ℏ(s)ds→ 0,

as t2 → t1

then one can deduce that limt2→t1 E2 = 0.
For ε > 0 be enough small, we have

E3 ≤

∫ t1−ε

0
(φ(t1) − φ(0))1−α(φ(t1) − φ(s))α−1

×

∥∥∥Υαφ (
(φ(t2) − φ(s)

)
− Υαφ

(
(φ(t1) − φ(s)

)∥∥∥
B(U)
| f (s,u(s))|ds

+

∫ t1

t1−ε
(φ(t1) − φ(0))1−α(φ(t1) − φ(s))α−1

×

∥∥∥Υαφ (
(φ(t2) − φ(s)

)
− Υαφ

(
(φ(t1) − φ(s)

)∥∥∥
B(U)
| f (s,u(s))|ds
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≤(φ(t1) − φ(0))1−α
∫ t1

0
(φ(t1) − φ(s))α−1ℏ(s)ds

× sup
s∈[0,t1−ε]

∥∥∥Υαφ (
(φ(t2) − φ(s)

)
− Υαφ

(
(φ(t1) − φ(s)

)∥∥∥
B(U)

+
2M
Γ(q)

∫ t1

t1−ε
(φ(t1) − φ(0))1−α

∫ t1

0
(φ(t1) − φ(s))α−1ℏ(s)ds

≤E3,1 + E3,2 + E3,3,

where
E3,1 =

rΓ(α)
M

sup
s∈[0,t1−ε]

∥∥∥Υαφ (
(φ(t2) − φ(s)

)
− Υαφ

(
(φ(t1) − φ(s)

)∥∥∥
B(U)

,

E3,2 =
2M
Γ(α)
|

∫ t1

0
(φ(t1) − φ(0))1−α(φ(t1) − φ(s))α−1ℏ(s)ds

−

∫ t1−ε

0
(φ(t1 − ε) − φ(0))1−α(φ(t1 − ε) − φ(s))α−1ℏ(s)ds|,

E3,3 =
2M
Γ(α)

∫ t1−ε

0
((φ(t1 − ε) − φ(0))1−α(φ(t1 − ε) − φ(s))α−1

− (φ(t1) − φ(0))1−α(φ(t1) − φ(s))α−1)ℏ(s)ds.

By H0, it is easy to see that E3,1 → 0 as t2 → t1. Similar to the proof that E1,E2 tend to zero, we get E3,2 → 0
and E3,3 → 0 as ε → 0. Thus, E3 tends to zero independently of v ∈ B(J) as t2 → t1, ε → 0. Therefore,
| (Ψ2v) (t2) − (Ψ2v) (t1) | tends to zero independently of v ∈ B(J) as t2 → t1, which means that {Ψ2v : v ∈ B(J)}
is equicontinuous. Therefore, {Ψv : v ∈ B(J)} is equicontinuous.

Lemma 4.2. Assume that (H1) − (H4) hold. ThenΨ maps B(J) into B(J), andΨ is continuous in B(J).

Proof. . I. Ψ maps B(J) into B(J). For any v ∈ B(J), let u(t) = (φ(t1) − φ(0))α−1v(t). Then u ∈ B(q)
r (J′). For

t ∈ [0, a], by (H1) − (H4) , we have

|(Ψy)(t)| ≤ |Υαφ(t)(u0 − 1(u))|

+ (φ(t) − φ(0))1−α
|

∫ t

0
(φ(t) − φ(s))α−1Υαφ(φ(t) − φ(s)) f (s,u (s))φ′(s)ds|

≤
M
Γ(α)

(
|u0| + L∥u∥α,φ + |1(0)|

)
+

M(φ(t) − φ(0))1−α

Γ(α)

∫ t

0
(φ(t) − φ(s))α−1

| f (s,u(s))|φ′(s)ds

≤
M
Γ(q)

|u0| + Lr + |1(0)| + sup
t∈[0,a]

{
(φ(t) − φ(0))1−α

∫ t

0
(φ(t) − φ(s))α−1ℏ(s)φ′(s)ds

}
≤ r

Hence, ∥Ψv∥ ≤ r, for any v ∈ B(J).
II.Ψ is continuous in B(J). For any vn, v ∈ B(J),n = 1, 2, . . ., with limn→∞ vn = v, we have

lim
n→∞

vn(t) = v(t) and lim
n→∞

tq−1vn(t) = (φ(t) − φ(0))α−1v(t), for t ∈ (0, a].

Then by (H1), we have

f (t,un(t)) = f
(
t, (φ(t) − φ(0))α−1vn(t)

)
→ f

(
t, (φ(t) − φ(0))α−1v(t)

)
= f (t,u(t)),

as m→∞,
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where un(t) = (φ(t) − φ(0))α−1vn(t) and u(t) = (φ(t) − φ(0))α−1v(t). On the one hand, using (H2), we get for
each t ∈ J′,

(φ(t) − φ(s))α−1
| f (s,un(s)) − f (s,u(s))| ≤ (φ(t) − φ(s))α−12ℏ(s) , a.e. in [0, t].

On the other hand, the function s → (φ(t) − φ(s))α−12ℏ(s) is integrable for s ∈ [0, t] and t ∈ J. By Lebesgue
dominated convergence theorem, we get∫ t

0
(φ(t) − φ(s))α−1

| f (s,un(s)) − f (s,u(s))|ds→ 0, as n→ 0.

For t ∈ [0, a]

| (Ψvn) (t) − (Ψv)(t)| = |(φ(t) − φ(0))1−α (ℜun(t) −ℜu(t)) | ≤ |Υαφ(t)
(
1 (un) − 1(u)

)
|

+ (φ(t) − φ(0))1−α
|

∫ t

0
(φ(t) − φ(s))α−1Υαφ(t)(φ(t) − φ(s))

(
f (s,un(s)) − f (s,u(s))

)
ds|

≤
ML
Γ(q)
∥un − u∥α,φ +

M(φ(t) − φ(0))1−α

Γ(α)

∫ t

0
(φ(t) − φ(s))α−1

| f (s,un(s)) − f (s,u(s))|ds

≤
ML
Γ(q)
∥vn − v∥ +

M(φ(t) − φ(0))1−α

Γ(α)

∫ t

0
(φ(t) − φ(s))α−1

| f (s,un(s)) − f (s,u(s))|ds

Therefore,Ψvn → Ψv pointwise on J as m→∞, by which Lemma 4.1 implies
thatΨvn → Ψv uniformly on J as n→∞ and soΨ is continuous.

4.1. Existence result

In the following, we suppose that the operator A generates a compact C0-semigroup {S(t)}t≥0 on U, that
is, for any t > 0, the operator S(t) is compact.

Theorem 4.3. Assume that (H1) − (H4) hold. Then nonlocal problem (1) has at least one mild solution in B(α)
r (J′).

Proof. . Obviously, u is a mild solution of (1) in B(q)
r (J′) if and only if v is a fixed point of v = Ψv in B(J),

where u(t) = (φ(t) − φ(0))1−αv(t). So, it is enough to prove that v = Ψv has a fixed point in B(J). For any
v1, v2 ∈ B(J), according to (H3), we have

|Ψ1v1(t) −Ψ1v2(t)| = (φ(t) − φ(0))1−α
| (ℜ1u1) (t) − (ℜ1u2) (t)|

≤
M
Γ(α)
|1 (u1) − 1 (u2) |

≤
ML
Γ(α)

∥u1 − u2∥α,φ

=
ML
Γ(α)

∥v1 − v2∥

which implies that ∥Ψ1v1 −Ψ1v2∥ ≤
ML
Γ(α) ∥v1 − v2∥. Thus, we obtain that

α (Ψ1(B(J))) ≤
ML
Γ(α)

α(B(J)). (7)

Next, we show that for any t ∈ [0, a],W(t) = {(Ψ2v) (t), v ∈ B(J)} is relatively compact in U. Obviously,
W(0) is relatively compact in U. Let t ∈ (0, a] be fixed. For every ε ∈ (0, t) and δ > 0, define an operatorΨε,δ
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on B(J) by the formula(
Ψε,δv

)
(t) = α(φ(t) − φ(0))α−1

∫ t−ε

0

∫
∞

δ
θ(φ(t) − φ(s))1−αϕα(θ)S

(
(φ(t) − φ(s))αθ

)
× f (s,u(s))dθds

= α(φ(t) − φ(0))α−1S(φ(εαδ))
∫ t−ε

0

∫
∞

δ
θ(φ(t) − φ(s))1−αϕα(θ)S

(
(φ(t) − φ(s))αθ − φ(εαδ)

)
× f (s,u(s))dθds,

where u ∈ B(q)
r (J′). Then from the compactness of S(φ(εαδ)) (εqδ > 0), we obtain that the set Wε,δ(t) ={(

Ψε,δ
)

(t), v ∈ B(J)
}

is relatively compact in U for every ε ∈ (0, t) and δ > 0. Moreover, for every v ∈ B(J), we
have

| (Ψ2v) (t) −
(
Ψε,δv

)
(t)| ≤ |α(φ(t) − φ(0))α−1

∫ t

0

∫ δ

0
θ(φ(t) − φ(s))1−αϕα(θ)

× S
(
(φ(t) − φ(s))αθ

)
f (s,u(s))dθds|

+ |α(φ(t) − φ(0))α−1
∫ t

t−ε

∫
∞

δ
θ(φ(t) − φ(s))1−αϕα(θ)

× S
(
(φ(t) − φ(s))αθ

)
f (s,u(s))dθds|

≤ α(φ(t) − φ(0))1−α
∫ t

0
(φ(t) − φ(s))α−1ℏ(s)ds

∫ δ

0
θϕα(θ)dθ

+ α(φ(t) − φ(0))1−α
∫ t

t−ε
(φ(t) − φ(s))α−1ℏ(s)ds

∫
∞

0
θϕα(θ)dθ

≤ αM(φ(t) − φ(0))1−α
∫ t

0
(φ(t) − φ(s))α−1ℏ(s)ds

∫ δ

0
θϕα(θ)dθ

+
M
Γ(α)

(φ(t) − φ(0))1−α
∫ t

t−ε
(φ(t) − φ(s))α−1ℏ(s)ds

→ 0 as ε→ 0, δ→ 0.

Therefore, there are relatively compact sets arbitrarily close to the set W(t), t > 0. Hence the set W(t), t > 0 is
also relatively compact in U. Therefore, {(Ψ2v) (t), v ∈ B(J)} is relatively compact by Arzela-Ascoli theorem.
Indeed
For any {un} ⊂ B(α)

r (J′), set

vn(t) =

(φ(t) − φ(0))1−αun(t), if t ∈ (0, a],
vn(0+), if t = 0.

Then {vn} ⊂ B(J). We can find at least one sequence
{
Ψ2vnm

}∞
m=1 which is convergent. Hence,

lim
m→∞

(φ(t) − φ(0))1−α (
ℜ2xnm

)
(t) = lim

m→∞

(
Ψ2vnm

)
(t), for t ∈ (0, a].

This means that
{
ℜ2unm

}∞
m=1 is convergent in B(q)

r (J′). Therefore,
{
(ℜ2u) (t),u ∈ B(α)

r (J′)
}

is relatively compact.

Thus, we have α
(
Ψ2

(
B(α)

r (J′)
))
= 0. By (7), we have

α(Ψ(B(J))) ≤ α (Ψ1(B(J))) + α (Ψ2(B(J)))

≤
ML
Γ(α)

α(B(J))

Thus, the operator Ψ is an α-contraction in B(J). By Lemma 4.2, we know that Ψ is continuous. Hence,
Darbo-Sadovskii’s fixed point theorem 2.16 shows that Ψ has a fixed point v∗ ∈ B(J). Let u∗(t) = (φ(t) −
φ(0))α−1v∗(t). Then u∗ is a mild solution of (1).
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4.2. uniqueness result

Theorem 4.4. Assume that (H1)− (H5) hold. Then problem (1) has a unique mild solution in B(α)
r (J′). Provided that

ξL
Γ(α)

(φ(a) − φ(0))α−1 < 1

Proof. Let u1 and u2 be the solutions of the problem (1) in Bαr ((0, a]). Then, for each i ∈ {1, 2}, the solution
ui satisfies

ui(t) = (φ(t) − φ(0))α−1Υαφ(φ(t) − φ(0))(u0 − 1(ui))

+

∫ t

0
(φ(t) − φ(s))α−1Υαφ(φ(t) − φ(s)) f (s,ui (s))φ′(s)ds t ∈ [0,T].

Then, for any t ∈ [0, a],

∥u1 − u2∥ ≤ (φ(t) − φ(0))α−1
∥Υαφ(φ(t) − φ(0))(1(u1) − 1(u2))∥

+

∫ t

0
(φ(t) − φ(s))α−1

∥Υαφ(φ(t) − φ(s)) f (s,u1 (s)) − f (s,u2 (s)) ∥φ′(s)ds

≤
ξ
Γ(α)

(φ(t) − φ(0))α−1
∥(1(u1) − 1(u2))∥

+
ξ
Γ(α)

∫ t

0
(φ(t) − φ(s))α−1

∥ f (s,u1 (s)) − f (s,u2 (s)) ∥φ′(s)ds

≤
ξL
Γ(α)

(φ(t) − φ(0))α−1
∥u1 − u2∥ +

ξν
Γ(α)

∫ t

0
(φ(t) − φ(s))α−1

∥u1 − u2∥φ
′(s)ds

Then (
1 −

ξL
Γ(α)

(φ(t) − φ(0))α−1

)
∥u1 − u2∥ ≤

ξν
Γ(α)

∫ t

0
(φ(t) − φ(s))α−1

∥u1 − u2∥φ
′(s)ds

under the previous condition

∥u1 − u2∥ ≤
ξν

Γ(α) − ξL(φ(t) − φ(0))α−1

∫ t

0
(φ(t) − φ(s))α−1

∥u1 − u2∥φ
′(s)ds

where ν = sup0≤t≤T |ℏ(t)|. By Gronwall inequality (2.10), we obtain

∥u1(t) − u2(t)∥ = 0 for all t ∈ [0,T]

implies that u1 ≡ u2, then the result.

5. Illustrative application

Let U = L2([0, π],R) equipped with the norm, for all u, v ∈ L2([0, π]) by:

∥u∥ =
(∫ π

0
|u(x)|2dx

) 1
2

.

Consider the following problem of time-fractional parabolic partial differential equation:
D

3
4 ;ln(1+t)
0 u(x, t) − ∂2

∂x2 u(x, t) = t−
1
4 cos (u(x, t)) , t ∈ (0, a], x ∈ [0, π]

u(0, t) = u(π, t) = 0, t ∈ (0, a]

D
−

1
4 ;ln(1+t)

0 u(x, 0) +
∑n

i=0

∫ π
0 e−(y+x)u

(
ti, y

)
dy = u0(x), x ∈ [0, π]
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whereD
3
4 ;ln(1+t)
0 is ln(1 + t) -Riemann-Liouville fractional derivative of order 3

4 , a > 0, n is a positive integer,
0 < t0 < t1 < . . . < tn ≤ a, u0(z) ∈ U = L2([0, π],R).

We define an operator A by Au = ∂2

∂x2 u with the domain

D(A) = {v(·) ∈ X : v, v′ absolutely continuous, v′′ ∈ X, v(0) = v(π) = 0} .

Then A generates a C0-semigroup {S(t)}t≥0 which is compact, analytic and selfadjoint.

f (t,u(x, t)) = t−
1
4 cos (u(x, t)) ,

and the operator 1 : C (J′,U)→ L (J′,U) is given by

1(u) =
n∑

i=0

∫ π

0
e−(y+x)u

(
ti, y

)
dy

for v ∈ U = L2([0, π],R), x ∈ [0, π], and choose:

ℏ(t) = t−1/4, L =
n + 1

2

(
1 − e−2π

)
and

r =
1

Γ
(

3
4

)
− L

(
|u0| + 2

√
a

1
2 ln(1 + a)

)
, provided that

L
Γ(3/4)

< 1.

Then, (H1)-(H4) are satisfied. According to Theorem 4.3, system (1) has a mild solution in B(3/4)
r ((0, a]).

By using the theorem (4.4) provided that we had the uniquensses of solution:

(n + 1)
(
1 − e−2π

)
2Γ( 3

4 ) ln(1 + t)
1
4

< 1
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