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Abstract. In this paper, we establish some necessary and sufficient conditions for constructing continuous
Gabor frames in L*(G), where G is a second countable locally compact abelian (LCA) group. More precisely,
we reformulate the generalized Zak transform defined by A. Weil on LCA groups and later proposed by
Grochenig in the case of integer-oversampled lattices, however our approach is regarding the assumption
that both translation and modulation groups are closed subgroups. Moreover, we discuss the possibility of
such a generalization and apply several examples to demonstrate the necessity of standing conditions in
the results. Finally, by using the generalized Zak transform and fiberization technique, we characterize the

continuous Gabor frames of L*(G) in terms of a family of frames in /> (HY) for a closed co-compact subgroup
Hof G.

1. Introduction

The Zak transform is one of the fundamental tools in both pure and applied mathematics, and was
originally introduced by Gelfand [10] due to some problems in differential equations. This transform
was studied by Weil on locally compact abelian(LCA) groups [21] and by Zak in solid state physics [22].
Later on, it has been considered by many of authors for identifying and characterizing Gabor frames in
L*(G) [2, 4, 6, 11]. Most studies in this field are associated with a discrete, co-compact (uniform lattice)
subgroup. In particular, Grochenig [11] presented some new aspects of Zak transform to analyze uniform
lattice Gabor systems on LCA groups. In recent years this aspect has been extended to closed subgroups for
the characterization of continuous Gabor frames. Indeed, by considering a closed subgroup H of an LCA
group G and applying the Zak transform associated with H some equivalent conditions for the existence of
continuous Gabor frames in the form of {E, T)g}1en,en+ have been obtained [2, 16].

The main purpose of this paper is to achieve some characterization results regarding continuous Gabor
frames as {E, Trg}aea yer in L?(G), for closed subgroups A € G and I' C G, in which I' is not necessarily the
annihilator of A. To this end, we extend and reformulate the idea of integer oversampling for uniform lattices
[11]. However, our formulation relies on the assumption that both the translation and modulation groups
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are only closed subgroups and remove some other limited conditions. Moreover, we discuss the existing
conditions for such a generalization. Finally, by using the generalized Zak transform and fiberization
method, we give some characterizations of continuous Gabor frames in L*(G) in term of a family of frames
in 2(H™) for a closed co-compact subgroup H of G.

This paper is organized as follows. In Section 2, we present some basic facts about locally compact
abelian groups and the required definitions of continuous frame theory. Then we provide a sufficient
condition for the existence of continuous Gabor frames in L?(G). In section 3, we extend the idea of
integer oversampling. Moreover, we present some existing conditions for this generalization. Applying
the generalized Zak transform, we obtain some equivalent conditions for a Gabor system to be a frame
family, orthonormal basis, minimal system or a complete family in LZ(G). Finally, in section 4, we use
the fiberization method to build a relationship between continuous Gabor frames in L[*(G) and a family of

frames in [2(H) for a closed co-compact subgroup H of G.

2. Notations and preliminaries

Let G be a second countable locally compact abelian (LCA) group. It is known that such a group
carries a translation invariant regular Borel measure so called Haar measure and is denoted by p¢, which
is unique up to a positive constant. We will use the addition as the group operation and equip discrete

groups with the counting measure. Let G denote the dual group of G, then the Pontryagin duality theorem

states that the character group of Gis topologically isomorphic with G, i.e., G = G. The Fourier transform
F : LY(G) — Co(G) is defined by

F (&) = f(&) = fo(X)E(X) duc(x) (£ €G).

We can recover a function from its Fourier transform, by the Fourier inversion Theorem. Let f € L'(G) such
that f € L}(G), then

Ff() = fx) = ]G;ﬁé)é(x) duz(&) (aexeG).

The Fourier transform can be extended from L!(G) N L?(G) to an isometric isomorphism between L*(G) and
LZ(E), which is known as the Plancherel transform. See [9, 14, 15].

The mathematical theory for Gabor analysis in L*(G) is based on two classes of operators on L%(G). The
translation by A € G, which is defined as T f(x) = f (x — A), for all x € G. Also, the modulation by y € 6, is

defined by E, f(x) = y(x) f(x), x € G. These classes of operators are unitary on L*(G) and satisfy the following
relations;

T\E, = y(\)E, T\, FTy = E_,F and FE, = T, F.

For a subgroup A of an LCA group G its annihilator defined by
At i={yeGy(\) =1, forall A € A},

which is a closed subgroup of G. We denote a closed subgroup A of G by A < G. It is shown that A = AQZ
and (%) = A* [9]. These relations show that for a closed subgroup A the quotient & is compact if and only
if At is discrete. See [9, 14, 19] for more details.

Also, we recall here the Weil’s formula, which presents a relationship between the integrable functions

on G and the quotient &, for a closed subgroup A of G. More precisely, consider the canonical map
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mip: G — %, 1ia(x) = x + A from G onto /—G\ and let two out of the three Haar measures on G, A and /—G\ are
given. Then the third one can be normalized in a unique approach such that

[ s ducto - f [ 7+ 2 s s, )

where f € L1(G) and % := 1o (x). If (1) holds, then the respective dual measures on E, At = ;—% and QL = A
satisfy

J o= [ [ fewnnorig,. o ®

In fact, for every two given measures on G, 5, A, AL, and %, so that these two are not the dual measures,
then the other measures can be uniquely determined so that (1) and (2) hold simultaneously. For a closed
subgroup A of G, a Borel section or a fundamental domain is a Borel measurable subset X of G such that
every y € G can be uniquely written as y = A + x, where A € A and x € X. We equip the Borel section X of
G with the restricted Haar measure uclx. In [6] it is shown that the mapping x — x + A from (X, y) into

(&, tt¢) is measure-preserving, and the mapping Q( f) = f, defined by

G
fx+A) = f(x), x+AeX,xeX 3)
is an isometry from L*(X, uc) onto L*(%, u c). Also, if A is a discrete subgroup, then ug(X) is finite if and
only if A is co-compact, i.e., A is a uniform lattice [5]. For more information of harmonic analysis on locally
compact abelian groups, we refer the reader to the classical books [9, 14, 15, 19].

2.1. Frame theory

The major aspect of this paper is related to continuous frames which was introduced in [1]. In what
follows, we give some basic definitions and notations of continuous frames.

Definition 2.1. Let H be a complex Hilbert space, and let (M, }. 1, tim) be a measure space, where Y, denotes the
o-algebra and up the non-negative measure. A family of vectors {filkem is called a frame for H with respect to
(M, Yo, im) whenever:

a) the mapping M — C, k v+ (f, f¢) is measurable for all f € H,

b) there exist constants A, B > 0 such that

AllfIPs fﬂ/jl(f,fwl2 dum®) < B fI?, (f € H). (4)

The constants A and B in (4) are called frame bounds. If { f¢}xem is weakly measurable and the upper bound
in inequality (4) holds, then {fi}em is said to be a Bessel family with bound B. A frame {fi}xenm is said to
be tight if A = B, if furthermore A = B = 1 then {fi}xem is called a Parseval frame. Also, a family { fi}kepm is
called minimal if f; ¢ span{fi}i4; for all j € M.

For a Bessel family {filtem of H, the synthesis operator T : L*(M, uy) — H is defined by T{cplkem =
chk fidun(k), in which the integral is defined in the weak sense and is a bounded linear operator. Its
adjoint operator T* : H — L*(M, un) the analysis operator, is obtained by T*f = {(f, fi)lkem. The frame
operator S : H — ‘H is defined as S = TT*. We remark that the frame operator is the unique operator
satisfying (Sf, g) = fM( 7 flfir g0 dum(k), (f, g € H) and is well-defined, bounded and self-adjoint for any
Bessel system { fy}xem- Also, it is invertible if and only if { f¢}xem is a frame [1, 18]. Also, for more information
in regard to continuous frame theory on LCA groups, see [3, 7, 16, 17, 20].

Let P be a countable or an uncountable index set, g, € L*(G) for all p € P and H be a closed co-compact
subgroup of G. The translation invariant system generated by {g,},cp with translation along the closed
co-compact subgroup H is as {T},gp}neh pep- Also for a topological space T, let the Br denote Borel algebra of
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T. Then, consider the following standing assumptions of [16, 17];
(M) (P, Xp, up) is a o-finite measure space,
(IT) the mapping p +— g,, (B, ¥.p) — (L%(G), Bj2(c)) is measurable,

(II) the mapping (p, x) — g,(x), (P X G, X.p @) Bs) — (C, Bc) is measurable.

The family {g,}yep is called admissible or when g, is clear from the context, it is simply stated that
the measure space P is admissible. The nature of these assumptions are presented in [17]. Every closed
subgroup P; of G with the Haar measure is admissible if p — g, is continuous.

A Gabor system in L*(G) with the window function g € L*(G) is a family of functions of the form

{EyTag}ren,yer, where I' € G and A € G. In the following, we derive some sufficient conditions for
{EyTag}ren,yer to constitute a frame for L*(G) that is a generalization of a known result, see for example
Theorem 11.4 of [13] and Corollary 3.5 of [7]. The proof of this result is straightforward and so will be
omitted.

Proposition 2.2. Let (A, ua) € G be an admissible measure space, I' < G be a closed and co-compact subgroup and
g € LX(G). If for all o € T+ we have suppg (\ suppTag = 0, up to a set of measure zero in G and there exist constants
A, B > 0 such that

A< fA ITAg(x)* dua(A) < B, ae. (x € G). (5)

Then {E, Trg}aen yer is a frame for L3(G).

Also, the converse of the above result was proven by M. S. Jakobsen et.al., see Corollary 5.6 of [16].

3. Generalized Zak transform

In this section, we address the generalized Zak transform in relation to the continuous Gabor systems
on LCA groups. We extend the idea of integer oversampling, proposed in [11], from several aspects. In fact,
we deal with closed subgroups instead of uniform lattices and remove some other limited assumptions.
Especially, we discuss a new aspect with regards to the existence conditions and provide equivalent
conditions for a continuous Gabor system to be a frame family, orthonormal basis, complete and minimal
family.

Definition 3.1. Let A be a closed subgroup of G. The Zak transform of a function f € L*(G) with respect to A is the
mapping Z f, defined on G X G as

Zaflx, &) = fA Fx+ MEA) dua(h).

It is known that, the continuous Zak transform can be extended to a unitary operator from L*(G) onto

L2(M,), where M, := % X Aﬁl The next lemma states the basic properties of continuous Zak transform. See
[2, 11].

Lemma 3.2. Let A be a closed subgroup of G and f € L*(G). Then
(I) Quasi-periodicity: Zxf (x + A,y + @) = (M) Zaf (v, @), forall A€ A,y € A*, xeGand w € G

(I) Diagonalization: if (y,A) € A* X A, then E, T, f € L*(G), and ZANE,T)f = Ey)Znf, where Ep,(x,w) =
Y@)w(A) for all (x,w) € GX G.
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Now, let G be an LCA group, A < G and I' < G be closed subgroups. Also, let there ex1st a closed
subgroup H < A so that H* <T. In case A, T and H are uniform lattices so that the quotients 4 and 7 are
finite, Grochenig [11] briefly presented the idea of studying the Gabor system {E, T) g},cr,1ea in regard to the
Zak transform on H. In what follows, motivated by thatidea, we consider A,T and H closed subgroups and
let the quotients % and ¢ L to be countable. So, in this case we can choose A; € A so that A = Uz, (A + H)and

each coset of & contams only one A;. Moreover, there exist y; € I' so that I' = U;?": . (y i+ Hl) and each coset

of % contains only one y;. Then the frame operator of the Gabor system {E, T)g},er,1ea, for a well-fitted
window function g (e.g., g € Cc(G)), can be written as follows

Sf f f (f,EyTA)E, Thrg dua(A) dur(y)

(9]

ZZ f f (f, EoTiTEy, ) EuTiT,Ey, g dpn(h) dpsrs ()
HJ_

i=1 j=1

8

(9]

Z Z fJ. L(f/ EmThgij>EmThgi]' duH(h) d‘qu(Ct))

i=1 j=1

for all f € L*(G) where
gii = TrEy,9. (6)

Thus

ZuSf = (Znf,Zn (EwThgij)>ZH (EwThgij) dup(h) dup: (w)

S
—

(Zuf, EopZugi)EwnZnugi; dun(h) dup: (o)

S
$—

(Zu1 £ Z1gij)(h, )Ewop Znngis dun(h) dup- ()

S
$—

ZHf Zngj Zngj

e il iP: iDs

]
—_

| g KA g ER g Bl ng

Il
—_

j

i i | Zngij |2]ZHf-

i=1 j=1

The forthcoming theorem, which collects the above computations, shows that the Zak transform on H
diagonalize the Gabor frame operator of {E,T)g}ieaer. Specifically, the spectrum of the Gabor frame
operator equals the range of Y.;°; Y72, | Zngij I*.

Theorem 3.3. Let g, A, I and S be as the above and there exists a closed subgroup H of G so that
H<A, and H <T. )

Moreover, assume that % and % are countable. Then, we obtain ZHSZ;F = (Z{'Zl 2}21 | Zugij |2) F, for all
F € L2(Mp).

As a special case of Theorem 3.3 we record the following corollaries.

Corollary 3.4. Let G be an LCA group, g € L*(G), HLA < Gand T < G be closed subgroups. Then,
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(D Zy (E;,TAg) (x,w) = Yy(MEp,(x, 0)Zpg(x,y + w), forall A € A, y € T and a.e. (x,w) € G X G.
(1I) If the closed subgroup H of G satisfies (7), then Zy (E),TAg) =EpyZug, forall A e T+ and y € A*.
Proof. To show (i), suppose that g € L?(G) then

Zi(E/T30) 00) = [ B/ Tagte + o) dp

= fH g(x +h =)y )y (w(h) dun(h)

fH glx +m)(y + @)(I)(y + w)(A)y(x) dun(h)

y + )Ny ) Zug(x,y + w)
)/()\)E,W(x, w)Zyg(x,y + w),

forallA e A,yel,xeGandw € G. The proof of (ii) is similar, we only note that in the above computations,
we have y(A) = y(h) =1, forallh € H,A e I't, y € A*, by using the assumption. [

Corollary 3.5. Let g, A, T', and H satisfy in conditions of Theorem 3.3, and take the sequence { gi]-};?;:l as in (6). Then,
the following statements hold:

(D{E, T)g)acn,yer is aframe for L*(G)ifand only if there exist constants A, Bso that A < (221 2?:1 | Zugij(x, ) |2) <
B, fora.e. (x,w) € G X G.

(I) {E; Tx g} Acn,yer is a Parseval frame for L*(G) ifand only if Y72, Z]ﬁl | Zugij(x, w) 2= 1, fora.e. (x,w) € GX G
(I1I) {E; Txg}ren,yer is an orthonormal basis for L*(G) if and only ifllglliz = 1 and X2, ):j":l | Zngij(x, w) =1,
forae. (x,w) € G X G.

Note that Corollary 3.5 and the following Proposition generalize Theorem 11.31 [13] to LCA groups.

Proposition 3.6. Let g € L*(G), and H be a closed subgroup of G. Then, the following statements hold:
() {E, Trg}AcH,yer is a complete system in L*(G) if and only if Zyg # 0, a.e..

1
(II) If H is a uniform lattice, then {E, Trg}ren,yen> is a minimal system in L*(G) if and only if — € L2 (Mp).

HY
Proof. (I); Let Zpg # 0 a.e., to show the Gabor system {E, T)g}1en,yeq+ is complete in L%(G), it is sufficient to
prove {Ej,Zyg)AcH,yen+ is complete in L2(Mp), by the unitarity of Zy and Lemma 3.2 (II). To this end, let
® € L*(Mp) such that (®, Ey , Zp )2, = 0, forall A € H,y € H*. So we can write

| [, 0 Zaga P s @) s 8) = @, Eny Zuohny =0,

for all A € H,y € H*. Since qbZ_Hg € LY(My) and the functions in L!'(Mp) are uniquely determined by
their Fourier coefficients. Thus, we have ®.Zyg = 0, a.e., and by the assumption ® = 0 a.e., proving the
claim. For the converse, suppose the Gabor system {E,T)g}ieiyer is a complete family in L*(G). Then
{EAyZHY}reH,yen+ is also complete in L>(Mpy). On the contrary, let A, = {(&,f) € My : Zyg(a,p) = 0}
has a positive measure. Put ® = Xa,, that xa, is the characteristic function on A;. Then we obtain
(D,E), Zudi2guy) = 0, for all A € H,y € H*, which is a contradiction. So, Zyg # 0 a.e..

The proof of (II) is obtained by an adaptive approach of Theorem 11.31 [13]. O

Remark 3.7. It is worth of note that for the closed subgroups AT and H which satisfy (7) we have T+ X A+ C
HxH* € AXT. So, if Zy # 0 a.e. then the Gabor system {E,Targ}rca,yer is complete in L%(G). However, as the
following examples show, the Gabor system {E,T)g}jer+, yens is not necessarily complete. Moreover, in the case of

Z: € L*(Mp) the Gabor system {E, T)g}ren,yer is not minimal, in general.
HY
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Example 3.8. (I) Consider the Gaussian function ¢(x) = e”™". It has already been proven in [12] that the Gabor
system {EuaTupPlmnez in L*(R) is complete for af < 1 and incomplete for af > 1. Moreover, Z,z$ # 0 a.e. on
[0, ) x [O, %), forall non-zeroa € R. Let H =47, A =2Z and T = %Z, then the closed subgroups H, A and T’
satisfy (7). So, the Gabor system {E, T} ren,yen+ is complete, and so Zy¢ # 0, a.e., by Proposition 3.6. Although,
the Gabor system {E, T)}yea+ rer- is incomplete.

(II) Fix 0 < a < 1, set g(x) = |x|* for x € [—%, %] It is known that the system {T,E . g}nmez is a Schauder basis

for L*(R) (but not Riesz basis for LA(R)), [8]. So this system is minimal and complete. Take A = 32, T = 1Z and
H = Z, then the closed subgroups H, A and T satisfy (7). We observe that the Gabor system {E,T)g}aca yer is not
minimal, also the Gabor system {E, Trg},enx rer+ is not complete in L*(R).

3.1. The existence conditions

In what follows, for two given closed subgroups A and I', we discuss the existence of a closed subgroup
H which satisfies (7) so that the quotient groups 4 and 7+ are countable. We first note that, for every LCA
group G, the condition ' < A is necessary for the existence of H. Moreover obviously, for countable groups
it can be considered as a necessary and sufficient condition; especially, for finite group G = Z; = {0, ...,L -1},
L € N, itis known that a closed subgroup of G is as A = NZ . where N € N so that N is a divisor of L. Also,
consider the closed subgroups I' = MZ 1 and H = RZ.. so that M, R € N are some divisors of L. In this case
the condition (7) is equivalent to

N|R|L and M|L/R. (8)
More precisely, (8) is the necessary and sufficient condition for the subgroup H = RZ; of G to satisfy (7).

Lemma 3.9. Assume that H < A are closed subgroups of G so that 4 is finite. Then 4 = %

JE—

Proof. Applying Proposition 4.2.24 of [19] and the fact that any finite group is self-dual we obtain 4 = (1%)

HL
A U

IR

Example 3.10. Suppose that G = Q,, the P-adic numbers group, it is known that every non-trivial closed subgroup
H of Q, is open and compact [9, 14]. Hence, & is infinite and discrete, consequently for every two non-trivial closed
subgroups A and H of Q, so that H < A, the quotient group % is both discrete and compact and so is finite. Similarly,

o~ r H H
a is finite, for a subgroup T < G. By Lemma 3.9 we have T and so T is finite as well. That means every
non-trivial closed subgroup H of Q, with the property I't < H < A satisfies the condition (7).

Example 3.11. Consider G = RX Z,, where Z,, is the group of P-adic integers, and let A, T be two non-trivial closed

subgroups of G and G, respectively. So A = aZ X Ay, for some a € Rand A; is a closed subgroup of Z,,. We show that

for every closed subgroup H which satisfies T* < H < A, the quotients & and 7 are finite. Indeed H < A < RX Z,

implies that H = amZ. X H,, for some m € Z. and Hy < Ay < Z,. Hence a similar discussion as in Example 3.10
Ao o o -

assures that g is finite and consequently

A_aZ A

H - amz ™ H,

is a finite group. Moreover, T* < H < Z, also follows that £+ is finite and so by Lemma 3.9 &= is finite, as well.

In the sequel, we show that, I'* < A is not a sufficient condition for the existence of the desired H with
countable quotient groups, in general.

Example 3.12. Let G = R" and A = T = RXx Z"Y. Then T+ < A and for every closed subgroup H so that
I't < H < A we can write H = Hy X Hy where H; < Rand H, < Z"1. IfHi # R, then Hy = aZ for some o € R.
Thus both 1% and % are uncountable. Moreover, if H; = Rie. H=R X 7" then % is uncountable.
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Suppose G is a compactly generated group of Lie type, that is isomorphic to one of the form G = R" x
7" xT"xF forn,m,r € N and a finite abelian group F. Consider closed subgroups A = Aj XAy XAz XAy <G
and I =T XTI, XT3 xTy < G so that Al =T1=Rx2Z"1, andT; = AI.L, for 2 < i < 4. Then for any closed
subgroup H so thatI't < H < Awehave that H = H; X Ay X Az X Ay and so H* = H XTIy xI'y xI'; by lemma
4.2.8 of [19]. Consider H; < A; = R X Z""!, thus by Example 3.12

is uncountable, as well.
In the next result, we investigate some sufficient conditions for the existence of subgroup H which
satisfies (7) so that }% and % are finite or countable.

, HL is uncountable and consequently =

Theorem 3.13. Let AandT be subgroups of G and G, respectively so that T+ < A. Then the following assertions hold;

(I) If A and T are discrete subgroups, then for every subgroup H such that T+ < H < A, the quotient groups %
and - are finite.

r

(II) If A and T are open subgroups, then there exists a closed subgroup H which satisfies (7) so that either 4 or o~

is countable.

() If G is totally—disconnected and A, T are open subgroups, then there exists a compact subgroup H which
satisfies (7) so that both & and 7 are countable.

Proof. (I) Consider a subgroup H of G such that I'- < H < A. Then, the assumption assures that A, I'and H
are uniform lattices. On the other hand by Proposition 4.2.24 of [19], we have (£3) = 4 and so the duality

relationships of (£) = A* and A= < imply that £ is both compact and discrete. Hence % is finite, similarly
the quotient group = is finite.

(II) Since I' is an open subgroup of G, the duality relation ' = (%) implies that I'* is compact. So, by
proposition 3.1.5 of [19], there exists a unit neighborhood V of e (the identity of G) such that T+ + V C A.
If we take H :=T* +(V), where (V) is the subgroup generated by V, then H satisfies (7) and is open in A.
Thus, 4 is discrete and countable but 7+ is not necessarily countable. On the other hand, the structure of
V assure that there exists a compact subgroup N of G such that N € V, [14]. Set H :=T* + N. Then His a
compact subgroup of Gand I'* < H < A, i.e., H satisfies (7). Moreover,

G G

i = ane = TN

is discrete and so countable. Therefore, 1% is also countable, but not necessarily 1%

(I1I) Using the proof of (II) there exists a unit neighborhood V of e so that I'* + V C A. The assumption
that G is totally-disconnected deduces that there exists an open compact subgroup K so that K C V, by
Theorem 7.7 of [14]. Put H :=T* + K. Then H is a compact open subgroup of G and I' < H < A. Moreover,
H is open in A. Thus % is countable. An analogous discussion shows that 7+ is countable as well. This
completes the proof. [

4. Fibrization method

The fiberization technique is closely related to Zak transform methods in Gabor analysis. Let H be a

closed and co-compact subgroup of G and Q) C G be a Borel section of H* in G, we use the fiberization
mapping which was introduced in [6] 7 : L%(G) — L*(Q, I>(H')), as follows

Tf(@) = {f(@ + Q)aerrr, (@ € Q).

The fiberization is an isometric isomorphic operation as was shown in [6]. Furthermore the frame property
of translation-invariant and Gabor system can be characterized in terms of fibers.
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Theorem 4.1. [16] Let A and B be two positive constants and let H < G be a closed, co-compact subgroup and let
{gp}per € L2(G), where (P, up) is an admissible measure space. Then the following assertions are equivalent.

(1) The family {Tygp}nerpep is a frame for L?(G) with bounds A and B.

(I) For almost every w € Q, the family {T g,(w)}pep is a frame for I>(H*) with bounds A and B, where Q is a
Borel section of H* in G.

The next result shows that the frame property of a Gabor system in L?(G) under certain assumptions is
equivalent with the frame property of a family of associated Zak transforms in *(H*).

Theorem 4.2. Let g € L*(G), A and T be closed subgroups of G and G respectively and let H be a closed, co-compact
subgroup of G which satisfies (7). Then there exists a sequence {!Jku}keg,ue& in L*(G) such that following assertions

are equivalent.
(I) {E; Trg}aen,yer is a frame for L*(G) with bounds A and B.

(ID {Zp2 gru(@, ')}keﬁfueri is a frame for 12(H™) with bounds A and B, fora.e. w € Q, where Q) is a Borel section
of H- in G.
Proof. Since H < A, so every A € A can be written uniquely as A = t+kwheret € Hand k € 4. Also, A* <T

implies that every y € I has a unique form such as y = u + u where y € A* and u € . Thus,

{T/\Eyg}/\eA,yeF = {TtEygku }teH,ke%,yeA#,ueA%

where G := {gx.} = (TxEughe 8 el Therefore, applying the fiberization method along with Theorem 4.1
for co-compact subgroup H of G, the system {T;E,G}ieH,uen+ (or equivalently {E, T)g})ea yer) is a frame for
L*(G) if and only if {TE uG(@)}yens is a frame in (HY), for a.e w € Q where Q is a Borel section of H* in G.
On the other hand, we obtain

{7~Eyg(a))}y(£/\L = {A7~Eygku(C‘))}‘ue/\l,ke%,ue/\LL

{{Eygku(ﬂ) + a)}aEHL}‘UEAJ‘,kE%,HEA%

{{T,“g/k\u(w + a)}aeHJ- }yeAl,ke%,uE—

r
AL

{{%(a) + a)}oﬁHL }kE%,HGA%’
where the last equality is due to the assumption (7). Consider g ,(w) := {Fru(w + @)} geps+ forallk € %, ueE %

and a.e w € Q. Then the Fourier inversion transform of . ,(w) € I>(H*) is as follows

FrW@ra@)@) = Y Fl+a)a()

acHL
= Zgw(w, &)
for all k € I%, u e % and a.e., & € H: and @ € Q. Hence, the assertion (I) is equivalent to the system

(Z1: (@, .)}ke%,ME 1 being a frame for lZ(I/{I), a.ew € O, asrequired. 0O

AL

In the next corollary, we deduce some connections between the results obtained in [16].

Corollary 4.3. Let g € L*(G), A be a closed co-compact subgroup of G and T be a closed subgroup of G so that
I'* < A. Then the following assertions are equivalent.

(I) {E, TAg} e yer is a frame for L?(G) with bounds A and B.
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(ID {gla +y)}yer is a frame for (A*+) with bounds A and B, for a.e. a € A, where Ais a Borel section of A* in G.

(III) A < f?( |ZAnga +k, x))2 dugc(k) < B, forae. a € Aand x € //\I, where A is a Borel section of A* in F;,
K c T is a Borel section of A~ inT.

Proof. (I) & (II); We note that (I', Xr, ur) is an admissible measure space, since I' is a closed subgroup of G.
Hence, by Proposition 4.5 in [16], (I) is equivalent to {{g{a + y + y)}year lyer = {g{a + ))},er being a frame for

?(A+) with bounds A and B, for a.e. @ € A, where A is a Borel section of A* in G.
(I) & (III) Applying the fact that A is co-compact and A+ NT = A*, it is sufficient to take a Haar measure
ur on I'and a unique Haar measure pron <+ so that for all f € L1(T') we have

frf(x) alyr(x):fr Zf(x+l) dy x ().

AT leAt

In addition, consider K c I a Borel section of A* inT and set a measure on K isometric to pir/a: in the sense
of (3). Then the desired result is obtained by Theorem 4.6 in [16]. [
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