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Deferred Cesaro means of fuzzy number-valued sequences with
applications to Tauberian theorems
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Abstract. In this paper, the deferred Cesaro means of fuzzy number-valued sequences are studied and
their summability by the deferred Cesaro method with respect to the supremum metric is introduced. Also,
Tauberian conditions to retrieve the convergence of a fuzzy number-valued sequence from its deferred
Cesaro summability are investigated.

1. Introduction

The concept of fuzzy sets has been initiated by L. A. Zadeh [49] as an alternative way of dealing with
uncertainties. Following the seminal work of Zadeh, many researchers from different fields of science have
made significant contributions to the development of fuzzy set theory and its applications.

The commonly accepted theory of fuzzy numbers was presented by Dubois and Prade [12]. Fuzzy
numbers extend “classical” real numbers and more precisely a fuzzy number is regarded as a fuzzy subset
of the real line, which fulfills some supplementary properties. The value of a fuzzy number is not as precise
as that of a classical number. Hereby, fuzzy numbers describe the real world more accurately than classical
numbers in various aspects.

The study on sequences and series of fuzzy numbers has been started with the works of Matloka [26] and
Nanda [30] presenting the classes of fuzzy number-valued convergent, bounded, and Cauchy sequences
and their several properties regarding the supremum metric. Later, various summation techniques such
as Cesaro summability (Canak [8], Talo and Cakan [43]), Abel summability (Yavuz and Talo [47]), log-
arithmic summability (Sezer [38]), weighted mean summability (Braha and Et [6], Tripathy and Baruah
[45]), power series summability (Sezer and Canak [37]), Borel summability (Yavuz and Coskun [46]), sta-
tistical convergence (Savas [36], Talo [44]) and statistical summability (Altin et al. [2], Yavuz [48]) have
been introduced to deal with fuzzy number-valued sequences that are not convergent in the fuzzy number
space and Tauberian type theorems are investigated to retrieve the convergence. Moreover, using several
summability techniques (see, e.g., Das et al. [10], Gogoi and Dutta [19], Kadak et al. [22], Mohiuddine et al.
[27]) approximation theorems for sequences of fuzzy positive linear operators have been obtained.
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The deferred Cesaro means of any sequence (u,) are given by

In
Z u, neN, 1)
k=p,+1

1

DYy =
Qn - pn

where p = (p,) and g = (g,) are sequences of non-negative integers satisfying

Pn <qn, n€N, 2)
and
JEIOIO qn = +00. 3)

The notion of deferred Cesaro means was first introduced by Agnew [1]. Agnew also proposed a
necessary and sufficient condition so that deferred Cesaro means may include the (C, 1) mean. Obviously,
in the particular case of p, = 0 and g, = n for all n € IN, the corresponding deferred Cesaro mean is reduced
to the (C, 1) mean.

Due to its applications in approximation theory and summability theory, deferred Cesaro means has
received increased attention from researchers in recent years. Combining the concepts of deferred Cesaro
means and statistical convergence (see [17]), Kiictikaslan and Yilmaztiirk [24] defined the deferred statistical
convergence of sequences and compared this new concept with the statistical convergence and strong
deferred Cesaro means. Jena et al. [20] then introduced the statistical deferred Cesaro summability method
and applied it to derive Korovkin type approximation theorems over a Banach space. Later, Srivastava
et al. [40, 41] presented the notions of deferred weighted and deferred Norlund statistical summability
and established analogous approximation results. Paikray et al. [33] proved a Korovkin-type theorem for
statistical deferred Cesaro summability based upon the (p, q)-integers. Recently, Sezer et al. [39] obtained
some Tauberian theorems for the deferred Cesaro summability of real or complex sequences. Moreover,
deferred Cesaro means have been studied by several researchers on time scales [9], sequence spaces of
random variables [21], normed spaces [14], sequence spaces of uncertain [31] and fuzzy numbers [32]. For
more recent studies in this direction, see [15, 23, 35].

In view of the above-mentioned studies, we investigate the deferred Cesaro means of fuzzy number-
valued sequences and provide related Tauberian theorems in this paper.

1.1. Fuzzy numbers

A fuzzy set F (fuzzy subset of X) is a function F : X — [0, 1] where F(x) is the membership grade of x
to the fuzzy set X (Zadeh [49]). We mean by 7 (X) the family of all fuzzy subsets of X. Fuzzy sets may
be regarded as generalizations of classical (crisp) sets, in which only total membership and certain non-
membership are allowed. Consequently, fuzzy sets are good tools to represent ambiguous and imprecise
expressions of natural language.

Another feasible and appropriate approach is to treat a fuzzy set as a nested family of classical subsets,
through the concept of level set. For F € ¥ (X), the a-level set of F is given by [F], = {x € X | F(x) > a} for
a € (0,1] and [F]y = cl{x € X | F(x) > 0} where cl{S} shows the closure of the set S.

A fuzzy subset of the real line, u : R — [0, 1], is called a fuzzy number if u is upper semi-continuous,
fuzzy convex, normal and [u]y is compact (Dubois and Prade [12]). By R¢ the space of all fuzzy numbers is
represented. The concept of a fuzzy number is fundamental to fuzzy analysis and is an extremely helpful
tool in various applications of fuzzy logic and fuzzy sets (Bede [5]).

Obviously, if u € Ry, then the level set [u], = [u™(a), u"(@)] is a bounded, closed interval for any
a € [0,1]. In this case, the following conditions are provided (Goetschel and Voxman [18]):

(i) u (a) and u*(«) are right continuous functions at a = 0.

(ii) u~ () is a left continuous non-decreasing and bounded function on (0, 1].
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(iif) u* () is a left continuous non-increasing and bounded function on (0, 1].
@iv) u=(1) < u*(1).

On the contrary, there exists a unique # € Ry which has u™(a) and u*(«) as endpoints of its a-level sets [u],,
if u™(a) and u*(a) hold the requirements (i)-(iv) above.
It is plain that R C Rg, due to the fact that any r € R may be thought of as a fuzzy number 7 defined by

77(x)z{l, X=r

0, otherwise.

Given u,v € Ry and m € R, the summation of two fuzzy numbers u + v and the multiplication of a real and
a fuzzy number mu are introduced as

u+v=w iff [w], =[uly+ [0l =[u (@) +0 (@), ut(a) + v (@)],

[mu~(a), mu*(a)], m=0
[mu*(a), mu=(a)], m <0,

[muly = mlul, = {

respectively. Also, the following algebraic properties of R hold true (Dubois and Prade [13]):
(i) u+v=v+uandu+ (v+w) = (u+v)+w, for each u,v,w € Ry.
(ii) 0 € Ry is the zero element according to +, thatis, u + 0 = 0 + u = u, for each u € Ry
(iii) None of u € Ry \ R has an opposite element in R¢ with respect to 0.
(iv) (m+n)u = mu + nu, for all m,n € R such that m,n <0orm,n > 0and all u € R¢.
(v) m(u +v) = mu +mo, foreachm € Rand u,v € Ry.
(vi) (mn)u = m(nu), for eachm,n € Rand u € Re.

As a conclusion, it is observed that R¢ is not a linear space over the real numbers.
The most utilized distance in Ry is the supremum metric (Puri and Ralescu [34]) introduced as

u(a) - U+(D()|}

de(u,v) = sup max{|u‘(a) -0 ()
a€l0,1]

for all u, v € R¢. For the supremum metric do, : R X Rg — [0, ), (Rf, do) is a complete metric space and
additionally, the features below are satisfied (Diamond and Kloeden [11]):
(1) doo(mu, mv) = |m|de(u,v),if m € Rand u,v € Ry,
(i) doo(u+w, v+ w) =de(u,v),if u,v,w € Ry,
(iii) doo(u +v,w +2) < doo(u, W) + deo(v, 2), if u, v, w,z € Ry

For u,v € Ry, the partial ordering relation over R¢ is given by:

u < v if and only if [u], < [v],, thatis u™(a) < v™(a) and u*(a) < v*(a) for each a € [0, 1].

Assume that u, v, w, z are fuzzy numbers. From Li and Wu [25] and Talo and Basar [42], the properties
below are known:

(i) fu<wandv <z thenu+v<w+z.
(ii)) Ifu <vand v < w, then u < w.

(iii)) fu+w <v+w, thenu <.
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Besides, for given € > 0, Aytar et al. [3] and Aytar and Pehlivan [4] obtained that
(iv) fu <v+¢ thenu <.
(v) u—€<v=<u+éifand only if do(1,v) < €.

A sequence (u,) C Ry is called convergent to p € R, if for every € > 0 there exists an 1y € IN such that
Aoo(tty, ) < € for every n > ny. On the other hand, (1,) converges to u if and only if (u;,(«)) and (u;; («)) are
uniformly convergent to u~ (@) and u*(a) on [0, 1], respectively (Fang and Huang [16]). The sequence (11,,)
is called bounded if there is some real number C > 0 such that de(1,,0) < C. For the traditional sets of
sequences of fuzzy numbers and associated topics, the reader may refer to Mursaleen and Basar [29] and
the references therein.

1.2. Deferred Cesaro summability of fuzzy sequences

A fuzzy sequence (u,) is said to be deferred Cesaro summable determined by (p,,) and (g,), (or in short,
DIp, g]-summable) to a fuzzy number p if

lim D)7y = U 4)

n—oo

In other words, for given € > 0 there exists an 19 € IN such that for all n > ng
deo(D2u, ) < e. 5)

It is known from the Agnew’s work that the D[p, g]-summability method is regular under the conditions
(2) and (3). To be more specific, if the conditions (2) and (3) are fulfilled, any convergent sequence is
DIp, g]-summable to the same limit. However, it is shown by the following example that convergence of a
fuzzy sequence may not follows from its D[p, g4]-summability.

Example 1.1. Given the fuzzy sequence (u,) for each x € R by

X
1+=, x€[-2,0
2 [ ] if nis even
0, otherwise
”n(x) = x2
=7 *€l02l Ui is oda.,
0, otherwise

For any a € [0,1], a-level set of the deferred Cesaro means of (u,), specified by the sequences p, = 2n — 1
and g, = 4n, follows as

Dy "ula = [%(a - 2n27+1 T V- “] :

Then, (Dﬁ’qu) converges to [p], = [(x -1, vVl - a] where

1+x, x€[-1,0]
px) =31-x2, x€l0,1]
0, otherwise.

Therefore, (1,) is D[p, g]-summable to 1 € Ry. However, it is not convergent.

In the next section, the converse implication is studied. An answer to the question, “Under which
conditions does convergence occur from the D[p, q]-summability method?” is examined. In the literature,
such a condition is known as a Tauberian condition, and the subsequent theorem is called a Tauberian
theorem.
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2. Tauberian theorems for the deferred Cesaro summability

In the sequel, it is assumed that (g,) is strictly increasing and y,, represents the integer part of the product
yn. Before stating the main results, it is necessary to give the following lemmas.

Lemma 2.1. (Méricz and Rhoades [28]) Assume that (q,) is a non-decreasing sequence of positive numbers. The
assertions

lim inf qq— >1 forevery y>1 (6)
n—oo n
and
lim quq >1 forevery 0<y<1 (7)
n—eo

are equivalent.

Lemma 2.2. Let (6) be satisfied. If a sequence (u,) of fuzzy numbers is D[p, q]-summable to u € Ry, then for all

y>1,
1 Dyn
lim U = W, (8)
n—oo l])/n - l]n k:q;&-l

and forall0 <y <1,

qn
) 1
lim
n—o0 qn -

U = . )
q)’n k:q)’r1+l

Proof. Lety > 1. For all large enough 7 such that g,,, > g,

Tyn qn
Vi 1 1
Do 2P g+ D = pn[q “k]+ ),
Vn

an qﬂ q)’n - q‘ﬂ p‘!l k=p.+1 qu - p‘!l k=p,+1
QH q) n qﬂ
qv Zuk+2uk+ Zuk,
n k=pn+1 k=q,+1 k:p,1+1
whence it follows
ql’n
V n 1 -
o Py ity = D Py Ly, (10)
an q}’l q)’ qn q)’n - qﬂ kzq;q"‘l
1 q}’n
where D!y = Z Ug.
q)/n - p}’l k=pn+1
Then, by (10)
1 Q,Vn q _ P 1 qJ/n q p
- Z 1| = doo | Z—LDEy 4 Z up, ———DVu+
q)’n - q‘rl k=g, +1 q}’n - q‘rl q)/n - qn k=g, +1 q)/n qn

— d (q}/n p‘ﬂ DP Ay U+ DZ,(] qy” B Dp qu + [J)
qy In ’71/” ~n
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and so
1 q}’n q _ p
oo e, 1| < 22— (D7 u, DVut) + doo (D2, 1) (11)
q)/n - qn k;—‘%—l qyn - q” ( ) ( )
Considering (6) gives
limsup 22 P <)y - (hminf@) < oo, (12)
n—oo  y, —fn n—oo gy

Hence, (8) is obtained from (11), (12) and assumed D[p, g]-summability of (u,).
Let 0 < y < 1. For all large enough n such that q,, < gy,

In
~Pre p, = Pru pyay 1
I =P pptyg 4 Dl = P ey ik, (13)
qn - q)’n qn - q)/n q” - q}’n k=flyn +1
1 In
where D)7y = Ug.
qn B an k:pl/n+l
Then, by (13)
1 - dn = Pyu ~pya 1 - dn = Pyu i
doo Z U, Y| =doo | ——D,)"" 1t + ——— Z wy, ———D)"u+pu
qn - q)’n k:%/n +1 qn - q)/n q” - q)/n k:%/n+1 qn - qVVt
- d. (—q” Do gy g ply g, PP ey y),
q" - q)’n qn - an
and so
1 q” qn — Py
doo U, p| € ——deo (DT, DY 7u) + de (D), ). (14)
In =y, k%‘ﬂ Gn =y, (O )+ e (D )

Now, considering (7) gives

n—oo q” - q)’n n—eo qyn

— -1 -1
lim sup fn — Pro < {1 - (lim inf 11 ) } < oo, (15)
Therefore, (9) follows from (14), (15) and assumed D[p, g]-summability of (i,). O

The main results are now ready to be presented.

Theorem 2.3. Suppose that (6) is satisfied. If a sequence (1) of fuzzy numbers is D[p, q]-summable to u € R, then
(uy,) is convergent to u, if and only if for given € > 0, there exists y > 1, as close to 1 as we want, such that for all
sufficiently large n

Tyn
1 Y

Ty = 4n k=g, +1

U Z Ug, — €, (16)

and there exists another y with 0 < y < 1, as close to 1 as we want, such that for all sufficiently large n

1 I

qn - an k=g, +1

Up < Ug, +€. (17)
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Proof. Necessity. Assume the convergence of both (u,,) and (D}%u) to p. Given any y > 1, from Lemma 2.2

q/!l q‘/n
1 y 1
lim do U, Ug, | < lim doo g, p |+ lim deo (14, 1) =0,
n—o00 [q}/u - q”l k=‘]n+1 q ] n—oo [q}/n — qn k:q;i-l n—o0 ( q )

which is, even stronger condition than (16).
Similarly, for any given0 <y <1,

1 ¢ 1
lim do, Z ug, ug, | < lim do,

n—oo In = Gy, k=g +1 n—oo
n

In

= k—%Zn+1 v H] " (uq"’ y) =0,

that is stronger than (17).
Sufficiency. Conversely, let conditions (16) and (17) be satisfied. Take any € > 0. Considering (16), y > 1
may be chosen as close to 1 as wished such that

dyn

1 é
Up = Ug, — = (18)
qyu - q” k=g, +1 3
for all large enough n.
Taking (12) and the assumed convergence of (DVu) into account gives
lim de, (D}, 1) = 0, (19)
and so
lim deo (%/" —Pn Dy, Ty~ P Dul=0
n—oo Qyw — 4n Qyw = 4n
which implies that
é é
——<DMuy<u+ =<, 20
["l 3 - n u= ‘U 3 ( )
and
qyrz _p” D};l,qu _ E ﬁ q)’n - P” Dz,q)/u f qyn - p" DZ,qu + E (21)
Gy — n 3 Gy, —an Gy — n 3
respectively, for all sufficiently large n.
Utilizing the identity (10) and combining (18), (20) and (21) gives
Ug, S U +E.
Now, it is needed to show that
lu - é ﬁ uqn'
Since from (17), 0 < ¥ < 1 may be choosen as close to 1 as wished such that
1 S é
Up < ug, + = (22)
qn - an k:(;f‘,/rt+l 3

for all large enough n.
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Further, by virtue of (15) and (19), it is observed that

qn_p)’n qn_pyn

lim d., D, Dyl =0
n—00 n = qy, dn = qy,
which indicates
dn = Pyu Dzy,qyu _€ < qn = Py, D;rzl,,,qu < qn = Pyu DZ‘W%'M n € (23)
n = Gy, 3 Gn—1y, dn = Gyn 3

for all sufficiently large n.
Using the identity (13) and putting (20), (22) and (23) together gives the desired result. [J

Remark 2.4. The above theorem remains valid if (16) and (17) are replaced by the following ones, respec-
tively:

1 Tyn

Tyu — qn

ux < Ug, + €, (24)
k=g,+1
and

In
1

‘771 B q')/n k=q}’r1+1

U = Ug, — €. (25)

Remark 2.5. Following Talo and Basar [42], it is said that (1,) C R is deferred slowly decreasing, if for
each € > 0 there exists y > 1, as close to 1 as wished, such that for all large enough n

uy = ug, — € whenever g, <k<gq,. (26)

In the case of 0 < y < 1, an equivalent definition of a deferred slowly decreasing sequence is given as
follows: for each € > 0 there exists 0 < y < 1, as close to 1 as wished, such that for all large enough n

uy < ug, + €& whenever ¢,, <k <q. (27)

It is plain that (26) and (27) yield the conditions (16) and (17), respectively. Thus, via Theorem 2.3 the
following Tauberian result is established.

Theorem 2.6. Let (6) be satisfied. If a sequence (u,) of fuzzy numbers is D|p, q]l-summable to u € Rg and if (u,) is
deferred slowly decreasing, then (u,) is convergent to .

Proof. Take any € > 0 and assume that hypotheses (26) and (27) are satisfied. Since (26) and (27) imply (16)
and (17), respectively, it is obtained using Theorem 2.3 that

doo(itg,, 1) < € (28)
for all large enough n. Obviously, (28) is equivalent to

p—E=<uy, Spu+E (29)
Now, taking (26) and (29) into account gives

U —2€ 2 uy (30)
whenever k > n and n is sufficiently large. Further, considering (27) and (29) gives

U X U+ 26 (31)

whenever k > n and # is sufficiently large.
Since € > 0 is arbitrary, combining (30) and (31) gives the desired result. [J
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Remark 2.7. A sequence of positive numbers (g,,) is said to be regularly varying of index 9, 9 € R, if

lim I _ y® foreveryy > 0. (32)

n—oo qi’l

It is easy to verify that (6) is satisfied by those regularly varying sequences of index ¥ > 0 (see Chen and
Hsu [7]).

Lemma 2.8. Let (32) be satisfied. If (u,) C R satisfies
nuy, > niy_q — C (33)
for some C > 0 and each n € IN, then (u,) is deferred slowly decreasing.

Proof. It is assumed that (u,) C Ry satisfies (33). Thus, for every a € [0,1]
(@) —u,_4(a) > —% and uj(a) —u;_(a) > _%,

for some C > 0. Therefore, for every a € [0,1] and g, <k < g,

k
(@) =y @) = Y Ty (@) = 7y (@)]

i=g,+1

Since (g,) is regularly varying of index 9 > 0, it follows that

u (@) —ug (a) > =C ()/‘9 - 1)

for all large enough n.
Taking any € > 0 and 1 < y < (1 + €/C)"/?, the inequality

U (@) = uy (@) = —€ (34)

immediately follows.
Similarly, for all « € [0,1] and g, < k < g, it is found that

wi(a) —uy (@) = —e. (35)
Putting (34) and (35) together yields uy > u,, — € which completes the proof. [J
In consequence of Theorem 2.6 and Lemma 2.8, the following corollary is apparent.

Corollary 2.9. Suppose that (32) is satisfied. If a sequence (u,) of fuzzy numbers is D[p, q]-summable to u € Ry
and satisfies (33), then (u,) is convergent to p.

Lemma 2.10. Assume that
n

Gn — Pn
If (un) C Ry satisfies (33), then the sequence (D!u) of deferred Cesaro means of (u,) satisfies

= Or(1). (36)

nDYy > nDPT "y — (37)

for some C > 0 and each n € IN.
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Proof. Assume (36), that is, assume

n
qn _Pn

>-C

for some C > 0 and all n. Hence, for any a € [0, 1]

In qn—
P NN _ (P =] = -
n (DY)~ (a) - (DY) (a)] = — 2 w @) = Z 7 (@)
j=pu+1l j=pnt1
n n =
= u; () - u; (a
qn — Pn q,,( ) (qyl - pn)(Qn ~Pn— 1) j:;;rl ]( )

) ( pn)(qn - 1) Z '171 u]_(a)]

qn— In

T Pn)(qn— Y Z Y @ -, @)

j=pa+li=j+1

n

H

= T - e D[ @ - @)

By virtue of (36) and (37), it follows from the above identity that
n (D))~ (a) = (D) ) (e)] = -C

for some C > 0. Using the similar argument above, it also follows
n [(D)w)* (@) — (D) u)*(@)] = —C.

Considering (38) and (39), it is concluded that
nDYy = nDP ™y - €

which completes the proof. [

By Corollary 2.9 and Lemma 2.10, the following corollary is obvious.

6002

(38)

(39)

Corollary 2.11. Let (32) and (36) be satisfied. If the sequence (D"u) of deferred Cesaro means of (u,) C Ry is

Dlp, q]-summable to u € Ry and satisfies (37), then (D},"u) is convergent to u.

3. Conclusion

The deferred Cesaro means of fuzzy number-valued sequences are investigated in this study. Any
convergent sequence is known to be D[p, g]-summable to the same limit under the restrictions (2) and (3),
i.e., D[p, g]-summability is regular if these conditions are met. To show that the converse of this implication
is not generally true, an example is provided . Later, various Tauberian theorems are proved to recover the

convergence of a fuzzy number-valued sequence from its D[p, g]-summability.

The concept of summability of sequences and Tauberian theorems find applications in various branches
of science. Researchers working on fuzzy analogues of existing results can benefit from this newly studied

approach to summability of fuzzy number-valued sequences.
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