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Abstract. We give necessary and sufficient conditions for doubly warped product manifolds to be gradient
Ricci-harmonic solitons. We also give a physical application for this kind of solitons.

1. Introduction

The notion of gradient Ricci-harmonic soliton is defined by Müller in [25]. Let
(
M, 1

)
and

(
N, 1

)
be

(pseudo)-Riemannian manifolds, h : M → R a smooth function and ϕ :
(
M, 1

)
→

(
N, 1

)
a smooth map.((

M, 1
)
,
(
N, 1

)
, ϕ, h, λ

)
is called a gradient Ricci-harmonic soliton (briefly GRHS), if it satisfies the coupled

elliptic system{
Ric +Hessh − α∇ϕ ⊗ ∇ϕ = λ1,

τ1ϕ − 1(∇ϕ,∇h) = 0, (1)

where α is a positive constant, λ ∈ R, Ric is the Ricci curvature of
(
M, 1

)
and τ1ϕ = tr1

(
∇dϕ

)
is the tension

field of ϕ. GRHS is called shrinking, steady or expanding depending on whether λ > 0, λ = 0 or λ < 0,
respectively. If h occurs as a constant, GRHS is called trivial. The case α is a constant and ϕ is a smooth
function was first studied by List in [22]. It is clear that the concept of gradient Ricci-harmonic soliton is a
generalization of the concept of gradient Ricci soliton [23]. For some research about gradient Ricci solitons
see ([10], [11], [12] and [31]). The map ϕ is called a harmonic map flow. A gradient Ricci soliton is a
Ricci-harmonic soliton, if ϕ is a constant map [15]. If h is constant and ϕ is harmonic, then (1) defines a
harmonic-Einstein metric, which is a natural generalization of Einstein metric [15].

In [25], Müller defined the notion of the Ricci-harmonic soliton. Complete non-compact gradient
shrinking Ricci-harmonic solitons were considered by Yang and Shen in [35]. A classification of compact
gradient Ricci harmonic solitons was given in [15] by Guo, Philipowski and Thalmaier. In [29], a lower
diameter bound for compact domain manifolds of shrinking Ricci-harmonic solitons was studied by Tadano.
In [30], Tadano studied gradient shrinking almost Ricci-harmonic solitons on a compact domain. In [36],
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Zhu studied on the relation between Ricci-harmonic solitons and Ricci solitons. In [34], Wu and Zhang
studied the shrinking gradient Ricci-harmonic soliton and obtained a logarithmic Sobolev inequality. In [4],
Abolarinwa obtained necessary and sufficient conditions for a gradient shrinking almost Ricci-harmonic
soliton on a compact domain to be almost harmonic-Einstein. In [5], Abolarinwa, Oladejo and Salawu
introduced some entropy formulas and gave a classification of gradient almost soliton for Ricci-harmonic
flow. In [6], Batista, Adriano and Tokura considered gradient Ricci-harmonic soliton with the structure
of warped product manifolds. In [3], the notion of rigidity for harmonic-Ricci solitons was given by
Anselli and some characterizations of rigidity were obtained. In [19], the first author considered gradient
Ricci-harmonic solitons with the structure of multiply warped product manifolds and gave some physical
applications. For more information on solitons with the structure of warped product manifolds and their
generalizations, see also ([8], [14], [18], [20], [21] and [26]). By a motivation from the above studies, in
the present paper, with the structure of doubly warped product manifolds, we consider gradient Ricci-
harmonic solitons. We obtain some characterizations for this kind of solitons. We also give a physical
application.

2. Gradient Ricci-harmonic solitons

In this section, we consider gradient Ricci-harmonic solitons with the structure of doubly warped
product (briefly DWP).

The notion of warped product was defined by Bishop and O’Neill in [9]. Warped products are important
in a variety of physical applications, including general relativity, string theory and supergravity theories.
As a generalization of the notion of warped product, the notion of doubly warped product was defined by
Ünal in [33].

Let
(
M1, 11

)
and

(
M2, 12

)
be (pseudo)-Riemannian manifolds, respectively and f1 : M1 → (0,∞) and

f2 : M2 → (0,∞) be positive smooth functions. The doubly warped product manifold (briefly DWPM)
(M, 1) is the product manifold M = f2 M1 × f1 M2 endowed with the metric tensor

1 = f 2
2 11 ⊕ f 2

1 12. (2)

The functions f1 and f2 are called warping functions of the doubly warped product manifold [33].
Throughout this work, we use the following notations:

Notation 2.1. Let M = f2 M1 × f1 M2 be a DWPM endowed with the metric tensor 1 = f 2
2 11 ⊕ f 2

1 12.
1) The manifolds M1 and M2 have dimensions m1 and m2, where m = m1 +m2.
2) We denote the Ricci curvatures of M,M1 and M2 by Ric, RicM1 and RicM2 , respectively.
3) We denote the Hessian operators on M,M1 and M2 by Hess,HessM1 and HessM2 , respectively.
4) We denote the Laplacians on M,M1 and M2 by ∆, ∆M1 and ∆M2 , respectively.
5) We denote the gradients on M,M1 and M2 by ∇, ∇M1 and ∇M2 , respectively.

Let M = f2 M1× f1 M2 be a DWPM endowed with the metric tensor 1 = f 2
2 11⊕ f 2

1 12, where f1 : M1 → (0,∞)
and f2 : M2 → (0,∞) are positive smooth functions. Let ϕ : M → R be a harmonic map flow and denote
the components of the ϕ and h on Mi (for i = 1, 2) by ϕMi and hMi , respectively. That is, ϕMi : Mi → R and
hMi : Mi → R. So firstly, we have:

Theorem 2.2. (M = f2 M1 × f1 M2, 1, h, ϕ, λ) is a GRHS if and only if the functions f1, f2, h, ϕ, λ satisfy:
(1) If ϕ = ϕM1 and h = hM1 , then

RicM1 −
m2
f1

HessM1

(
f1
)
+HessM1 hM1 −

α
f 4
2
∇M1ϕM1 ⊗ ∇M1ϕM1

=

[
λ f 2

2 + (m1 − 1)
∥∇M2 f2∥

2
M2

f 2
1

+
f2
f 2
1
∆M2 f2

]
11,

∆w1ϕM1 = 0 in M1,

(3)

where ∆w1 = ∆M1 − 11
(
∇M1 ,∇M1 w1

)
, w1 = hM1 −m2lo1

(
f1
)

and
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M2 is Einstein with RicM2 = µ112, where

µ1 = λ f 2
1 +

f1
f 2
2

∆M1 f1 + (m2 − 1)

∥∥∥∇M1 f1
∥∥∥2

M1

f 2
2

−
f1
f 2
2

∇M1 hM1

(
f1
)
+

m2

f2
β1, (4)

when HessM2

(
f2
)
= β112.

(2) If ϕ = ϕM1 and h = hM2 , then
RicM1 −

m2
f1

HessM1

(
f1
)
−
α
f 4
2
∇M1ϕM1 ⊗ ∇M1ϕM1

=

[
λ f 2

2 + (m1 − 1)
∥∇M2 f2∥

2
M2

f 2
1

−
f2
f 2
1
∇M2 hM2 ( f2) + f2

f 2
1
∆M2 f2

]
11,

∆w2ϕM1 = 0 in M1,

(5)

where ∆w2 = ∆M1 + 11
(
∇M1 ,∇M1 w2

)
, w2 = m2lo1

(
f1
)

and
M2 is Einstein with RicM2 = µ212, where

µ2 = λ f 2
1 +

f1
f 2
2

∆M1 f1 + (m2 − 1)

∥∥∥∇M1 f1
∥∥∥2

M1

f 2
2

+

(
m2

f2
− f 2

1

)
β1, (6)

when h = hM2 = f2 and HessM2

(
f2
)
= β112.

(3) If ϕ = ϕM2 and h = hM1 , then M1 is Einstein with RicM1 = µ311, where

µ3 = λ f 2
2 +

f2
f 2
1

∆M2 f2 + (m1 − 1)

∥∥∥∇M2 f2
∥∥∥2

M2

f 2
1

+

(
m2

f1
− 1

)
β2, (7)

when h = hM1 = f1 and HessM1

(
f1
)
= β211 and

RicM2 −
m1
f2

HessM2

(
f2
)
−
α
f 4
1
∇M2ϕM2 ⊗ ∇M2ϕM2

=

[
λ f 2

1 + (m2 − 1)
∥∇M1 f1∥

2
M1

f 2
2

+
f1
f 2
2
∆M1 f1 −

f1
f 2
2
∇M1 hM1

(
f1
)]
12,

∆w3ϕM2 = 0 in M2,

(8)

where ∆w3 = ∆M2 + 12
(
∇M2 ,∇M2 w3

)
, w3 = m1lo1

(
f2
)
.

(4) If ϕ = ϕM2 and h = hM2 , then M1 is Einstein with RicM1 = µ411, where

µ4 = λ f 2
2 +

f2
f 2
1

∆M2 f2 + (m1 − 1)

∥∥∥∇M2 f2
∥∥∥2

M2

f 2
1

−
f2
f 2
1

∇M2 hM2

(
f2
)
+

m2

f1
β2, (9)

when HessM1

(
f1
)
= β211 and

RicM2 −
m1
f2

HessM2

(
f2
)
+ f 2

1 HessM2 hM2 −
α
f 4
1
∇M2ϕM2 ⊗ ∇M2ϕM2

=

[
λ f 2

1 + (m2 − 1)
∥∇M1 f1∥

2
M1

f 2
2

+
f1
f 2
2
∆M1 f1

]
12,

∆w4ϕM2 = 0 in M2,

(10)

where ∆w4 = ∆M2 − 12
(
∇M2 ,∇M2 w4

)
, w4 = hM2 −m1lo1

(
f2
)
.

Proof. (1) Let ( f2 M1 × f1 M2, 1, h, ϕ, λ) be a GRHS with ϕ = ϕM1 and h = hM1 . From Proposition 2.3.1, Theorem
2.5.2, Proposition 2.6.2 in [32] and the first equation of (1) with ϕ = ϕM1 and h = hM1 , we have the first
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equation of (3) for X,Y ∈ χ (M1). Using Proposition 2.5.3 in [32] and the second equation of (1) with ϕ = ϕM1

and h = hM1, we obtain

∆w1ϕM1 = 0,

where ∆w1 = ∆M1 − 11
(
∇M1 ,∇M1 w1

)
, w1 = hM1 −m2lo1

(
f1
)
. Similarly, from Theorem 2.5.2 in [32] and the first

equation of (1) with ϕ = ϕM1 and h = hM1 , we find

RicM2 (U,V) −

 f1
f 2
2

∆M1 f1 + (m2 − 1)

∥∥∥∇M1 f1
∥∥∥2

M1

f 2
2

 12 (U,V) −
m1

f2
HessM2 f2 (U,V)

= λ f 2
1 12 (U,V) −Hessh (U,V) (11)

for U,V ∈ χ (M2). From the definition of the Hessian of a function, we write

Hessh (U,V) =
f1
f 2
2

∇M1 hM1

(
f1
)
12 (U,V) . (12)

When HessM2

(
f2
)
= β112, substituting the equation (12) in (11), we obtain M2 is an Einstein manifold with

RicM2 =

λ f 2
1 +

f1
f 2
2

∆M1 f1 + (m2 − 1)

∥∥∥∇M1 f1
∥∥∥2

M1

f 2
2

−
f1
f 2
2

∇M1 hM1

(
f1
)
+

m2

f2
β1

 12.

For the cases ϕ = ϕM1 and h = hM2 , ϕ = ϕM2 and h = hM1 , ϕ = ϕM2 and h = hM2 , by using the same
method, (2), (3) and (4) are proven. This completes the proof of the theorem.

Let
(
M = f2

(
Rm1 , υ−21R

)
× f1

(
Rm2 , τ−21R

)
, 1 =

f 2
2
υ2 1R +

f 2
1
τ 1R

)
be a DWPM, where

(
Rm1 , υ−21R

)
and

(
Rm2 , τ−21R

)
are conformal to m1-dimensional and m2-dimensional pseudo-Euclidean spaces, respectively and

(
1R

)
i, j

= ϵiδi, j, ϵi = ±1 is the canonical pseudo-Riemannian metric. For an arbitrary choice of non-zero vectors
a =

(
a1, a2, ..., am1

)
and b =

(
bm1+1, bm1+2, ..., bm1+m2

)
,we define the functions

ξ
(
x1, x2, ..., xm1

)
=

m1∑
i=1

aixi, ai ∈ R

and

ζ
(
xm1+1, xm1+2, ..., xm1+m2

)
=

m2∑
j=m1+1

b jx j, b j ∈ R,

where x =
(
x1, ..., xm1

)
∈ Rm1 and y =

(
xm1+1, ..., xm1+m2

)
∈ Rm2 .

Now we consider a GRHS on M = f2

(
Rm1 , υ−21R

)
× f1

(
Rm2 , τ−21R

)
with ϕ = ϕM2 and h = hM1 . So we can

state the following theorem:

Theorem 2.3. ( f2R
m1× f1R

m2 , 1 = f 2
2 υ
−21R+ f 2

1 τ
−21R, h = hM1 , ϕ = ϕM2 , λ) is a GRHS with non-constant harmonic

map flow ϕ such that f1 = f1 ◦ξ, h = h◦ξ, υ = υ◦ξ are defined in
(
Rm1 , υ−21R

)
and ϕ = ϕ◦ζ, f2 = f2 ◦ζ, τ = τ◦ζ

are defined in
(
Rm2 , τ−21R

)
if and only if the functions f1, f2, h, υ, ϕ, τ satisfy the following equalities:

(m1 − 2)
υ′′

υ
= 0, (13)
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[
υυ′′ − (m1 − 1) (υ′)2

]
∥a∥2 +

[
(m2 − 1)( f ′2)2 + f2 f ′′2 − (m2 − 2)

τ′

τ
f2 f ′2

] (
τ
f1

)2

∥b∥2

= λ f 2
2 + (

m2

f1
− 1)β2, (14)

(m2 − 2)
τ′′

τ
−m1

f ′′2
f2
− 2m1

f ′2
f2
τ′

τ
−
α

f 4
1

(
ϕ′

)2
= 0, (15)[

ττ′′ − (m2 − 1)(τ′)2 +m1ττ
′

f ′2
f2

]
∥b∥2

−


(m2 − 1)

(
f ′1
f1

)2

−
f1 f ′1
f 2
2

h′ +
f1 f ′′1
f 2
2

 υ2
− (m1 − 2)

f1 f ′1
f 2
2

υυ′
 ∥a∥2 = λ f 2

1 (16)

and [
ϕ′′τ2 +

(
m1

f ′2
f2
τ2
− (m2 − 2)ττ′

)
ϕ′

]
∥b∥2 = 0. (17)

Proof. For an arbitrary choice of non-zero vectors a =
(
a1, a2, ..., am1

)
and b =

(
bm1+1, bm1+2, ..., bm1+m2

)
, we

consider the functions

ξ
(
x1, x2, ..., xm1

)
= a1x1 + a2x2 + ... + am1 xm1

and

ζ
(
xm1+1, xm1+2, ..., xm1+m2

)
= bm1+1xm1+1 + bm1+2xm1+2 + ... + bm1+m2 xm1+m2 ,

where x =
(
x1, ..., xm1

)
∈ Rm1 and y =

(
xm1+1, ..., xm1+m2

)
∈ Rm2 . Assume that h(ξ), f1 (ξ) and υ (ξ) (respectively

f2(ζ), τ(ζ) and ϕ (ζ)) are some functions of ξ (respectively of ζ),where ξ : Rm1 → R and ζ : Rm2 → R. Then,
we have

hxi = h′ai, υxi = υ
′ai, ϕxi = ϕ

′bi,
hxix j = h′′aia j, υxix j = υ

′′aia j, ϕxix j = ϕ
′′bib j,(

f1
)

xi
=

(
f1
)′ ai,

(
f2
)

xi
=

(
f2
)′ bi, τxi = τ

′bi,(
f1
)

xix j
=

(
f1
)′′ aia j,

(
f2
)

xix j
=

(
f2
)′′ bib j, τxix j = τ

′′bib j.

(18)

The Ricci curvatures with conformal metrics 1M1 = υ
−21R and 1M2 = τ

−21R are given by

RicM1 =
1
υ2

{
(m1 − 2)υHess1R (υ) +

[
υ∆1Rυ − (m1 − 1)

∥∥∥∇1Rυ∥∥∥2
]
1R

}
(19)

and

RicM2 =
1
τ2

{
(m2 − 2)τHess1R (τ) +

[
τ∆1Rτ − (m2 − 1)

∥∥∥∇1Rτ∥∥∥2
]
1R

}
, (20)

respectively [7]. From(
Hess1R (υ)

)
i, j
= υ′′aia j, ∆1Rυ = υ

′′
∥a∥2 ,

∥∥∥∇1Rυ∥∥∥2
= (υ′)2

∥a∥2 ,(
Hess1R (τ)

)
i, j
= τ′′bib j, ∆1Rτ = τ

′′
∥b∥2 ,

∥∥∥∇1Rτ∥∥∥2
= (τ′)2

∥b∥2 ,
(21)

we find(
RicM1

)
i, j =

1
υ

(m1 − 2)υ′′
(
aia j

)
(22)



F. Karaca, C. Özgür / Filomat 37:18 (2023), 5969–5977 5974

for ∀i , j = 1, 2, ...,m1 and

(
RicM2

)
i, j =

1
τ

(m2 − 2)τ′′
(
bib j

)
(23)

for ∀i , j = m1 + 1,m1 + 2, ...,m2. Similarly, from the equation (21), we obtain

(
RicM1

)
i,i =

1
υ2

{
(m1 − 2)υυ′′ (ai)

2 +
[
υυ′′ ∥a∥2 − (m1 − 1) (υ′)2

∥a∥2
]
ϵi
}

(24)

for ∀i = 1, 2, ...,m1 and(
RicM2

)
i,i =

1
τ2

{
(m2 − 2)ττ′′ (bi)

2 +
[
ττ′′ ∥b∥2 − (m2 − 1) (τ′)2

∥b∥2
]
ϵi
}

(25)

for ∀i = m1 + 1,m1 + 2, ...,m2. From the definition of Hessian function, we have(
HessM1 (h)

)
i j = h′′aia j +

(
2aia j − δi jϵi ∥a∥2

) υ′
υ−1 h′ (26)

and (
HessM2

(
f2
))

i j = f ′′2 bib j +
(
2bib j − δi jϵi ∥b∥2

) τ′
τ−1 f ′2 . (27)

Then, the Laplacian of f1 with conformal metric 11 is

∆M1 f1 = υ2
∥a∥2

[
f ′′1 − (m1 − 2)

υ′

υ−1 f ′1
]

(28)

and the Laplacian of f2 with conformal metric 12 is

∆M2 f2 = τ2
∥b∥2

[
f ′′2 − (m2 − 2)

τ′

τ−1 f ′2
]
. (29)

Furthermore, we find

∇M1 f1 (h) = υ2
∥a∥2 f ′1h′,∥∥∥∇M1 f1

∥∥∥2
= υ2

∥a∥2
(

f ′1
)2
,∥∥∥∇M2 f2

∥∥∥2
= τ2

∥b∥2
(

f ′2
)2
,(

∇M2ϕ ⊗ ∇M2ϕ
)

i j
=

(
ϕ′

)2
bib j.

(30)

Substituting the equations (22), (29) and (30) for i , j in (7) and RicM1 = µ311, we obtain[
(m1 − 2)

υ′′

υ

]
aia j = 0. (31)

From the equation (31), if there exist i, j for i , j such that aia j , 0, then we obtain (13). Similarly, using the
equations (24), (29) and (30) for i = j in (7) and RicM1 = µ311, we find (14).

Furthermore, using the equations (23), (27) and (30) for i , j in (8), we have(m2 − 2)
τ′′

τ
−m1

f ′′2
f2
− 2m1

f ′2
f2
τ′

τ
−
α

f 4
1

(
ϕ′

)2
 bib j = 0. (32)

From the equation (32), if there exist i, j for i , j such that bib j , 0, then we obtain (15). Similarly, replacing
the equations (25), (27), (28) and (30) for i = j in (8), we find (16). Finally, using (29) and (30) in the second
equation of (8), we obtain (17). This completes the proof.
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So we can state the following theorem for ϕ = ϕM2 and h = hM2 :

Theorem 2.4. ( f2R
m1 × f1 R

m2 , 1 = f 2
2 υ
−21R + f 2

1 τ
−21R, h = hM2 , ϕ = ϕM2 , λ) is a GRHS with non-constant

harmonic map flow ϕ such that f1 = f1 ◦ξ, υ = υ◦ξ, h = h◦ζ are defined in
(
Rm1 , υ−21R

)
and ϕ = ϕ◦ζ, f2 = f2 ◦ζ,

τ = τ ◦ ζ are defined in
(
Rm2 , τ−21R

)
if and only if the functions f1, f2, h, υ, ϕ, τ satisfy the following equalities:

(m1 − 2)
υ′′

υ
= 0, (33)

[
υυ′′ − (m1 − 1) (υ′)2

]
∥a∥2 +

(m2 − 1)
(

f ′2
f1

)2

τ2
−

f2
f 2
1

h′ f ′2τ
2

+
f2 f ′′2
f 2
1

τ2
− (m2 − 2)ττ′

f2 f ′2
f 2
1

 ∥b∥2 = λ f 2
2 +

m2

f1
β2, (34)

(m2 − 2)
τ′′

τ
−m1

f ′′2
f2
− 2m1

f ′2
f2
τ′

τ
+ f 2

1 h′ + 2 f 2
1 h′
τ′

τ
−
α

f 4
1

(
ϕ′

)2
= 0, (35)

[
ττ′′ − (m2 − 1)(τ′)2 +m1ττ

′
f ′2
f2
− f 2

1 h′ττ′
]
∥b∥2

−


(m2 − 1)

(
f ′1
f1

)2

+
f1 f ′′1
f 2
2

 υ2
− (m1 − 2)

f1 f ′1
f 2
2

υυ′
 ∥a∥2 = λ f 2

1 (36)

and [
ϕ′′ +m1

f ′2
f2
ϕ′ − (m2 − 2)

τ′

τ
ϕ′ − h′ϕ′

]
∥b∥2 = 0. (37)

Proof. Similar to the proof of Theorem 2.3, the proof is obtained.

3. A Physical Application

Doubly warped space-time is a very nice example of Lorentzian DWPM. This space-time is often utilized
to solve Einstein’s field equations precisely. The geometric properties of doubly warped space-times have
been studied by many authors. For example, see ([2], [24], [27], [28]). In this section, we consider gradient
Ricci-harmonic soliton with the structure of doubly warped space-times.

Let
(
M2, 12

)
be a m2-dimensional Riemannian manifold and I an open, connected interval furnished with

the negative definite metric
(
−dt2

)
. Let f1 : I → (0,∞) and f2 : M2 → (0,∞) be positive smooth functions.

Doubly warped space-time M = f2 I × f1 M2 is the product manifold I ×M2 furnished with the metric tensor

1 = f 2
2 (−dt2) ⊕ f 2

1 12, (38)

(see [33]). If f2 is a constant, then doubly warped space-time (M, 1) turns into a generalized Robertson–
Walker space-time. Furthermore, if f1 is a constant, then doubly warped space-time (M, 1) becomes a
standard static space-time [1].

Let ϕ : M→ R be a harmonic map flow. Then we can give the following corollary:

Corollary 3.1. (M = f2 I × f1 M2, 1 = f 2
2 (−dt2) ⊕ f 2

1 12, h, ϕ, λ) is a GRHS if and only if the functions f1, f2, h, ϕ, λ
satisfy:
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(1) If ϕ = ϕI and h = hI, then
m2

f ′′1
f1
− h′′I +

α
f 4
2

(
ϕ′I

)2
=

[
λ f 2

2 + (m1 − 1)
∥∇M2 f2∥

2
M2

f 2
1

+
f2
f 2
1
∆M2 f2

]
ϕ′′I − ϕ

′

Ih
′

I +m2
f ′1
f1
ϕ′I = 0

(39)

and M2 is Einstein with RicM2 = µ112, where

µ1 = λ f 2
1 −

f1
f 2
2

f ′′1 − (m2 − 1)
(

f ′1
f2

)2

−
f1
f 2
2

f ′1h′I +
m2

f2
β1, (40)

when HessM2

(
f2
)
= β112.

(2) If ϕ = ϕI and h = hM2 , then
m2

f ′′1
f1
+ α

f 4
2

(
ϕ′I

)2
=

[
λ f 2

2 + (m1 − 1)
∥∇M2 f2∥

2
M2

f 2
1

−
f2
f 2
1
∇M2 hM2 ( f2) + f2

f 2
1
∆M2 f2

]
ϕ′′I +m2

f ′1
f1
ϕ′I = 0

(41)

and M2 is Einstein with RicM2 = µ212, where

µ2 = λ f 2
1 −

f1
f 2
2

f ′′1 − (m2 − 1)
(

f ′1
f2

)2

+

(
m2

f2
− f 2

1

)
β1, (42)

when h = hM2 = f2 and HessM2

(
f2
)
= β112.

(3) If ϕ = ϕM2 and h = hI, then

λ f 2
2 +

f2
f 2
1

∆M2 f2 + (m1 − 1)

∥∥∥∇M2 f2
∥∥∥2

M2

f 2
1

+
m2

f1
f ′′1 + h′′I = 0 (43)

and 
RicM2 −

m1
f2

HessM2

(
f2
)
−
α
f 4
1
∇M2ϕM2 ⊗ ∇M2ϕM2

=

[
λ f 2

1 − (m2 − 1)
(

f ′1
f2

)2
−

f1
f 2
2

f ′′1 +
f1
f 2
2

f ′1h′I

]
12,

∆w3ϕM2 = 0 in M2,

(44)

where ∆w3 = ∆M2 + 12
(
∇M2 ,∇M2 w3

)
, w3 = m1lo1

(
f2
)
.

(4) If ϕ = ϕM2 and h = hM2 , then

λ f 2
2 +

f2
f 2
1

∆M2 f2 + (m1 − 1)

∥∥∥∇M2 f2
∥∥∥2

M2

f 2
1

−
f2
f 2
1

∇M2 hM2

(
f2
)
+m2

f ′′1
f1
= 0 (45)

and 
RicM2 −

m1
f2

HessM2

(
f2
)
+ f 2

1 HessM2 hM2 −
α
f 4
1
∇M2ϕM2 ⊗ ∇M2ϕM2

=

[
λ f 2

1 + (m2 − 1)
(

f ′1
f2

)2
−

f1
f 2
2

f ′′1

]
12,

∆w4ϕM2 = 0 in M2,

(46)

where ∆w4 = ∆M2 − 12
(
∇M2 ,∇M2 w4

)
, w4 = hM2 −m1lo1

(
f2
)
.

Proof. By substituting ∇I f1 = − f ′1 , HessI f1( ∂∂t ,
∂
∂t ) = f ′′1 , ∆I f1 = − f ′′1 , 1I( ∂∂t ,

∂
∂t ) = −1, 1I(∇I f1,∇I f1) = −

(
f ′1
)2

in
Theorem 2.2, we obtain the equations (39)-(46). This completes the proof.
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