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Abstract. The main goal of this paper is to establish some error bounds for Maclaurin’s formula which
is three point quadrature formula using the notions of g-calculus. For this, we first prove a g-integral
identity involving fist time g-differentiable functions. Then, by using the new established identity we find
the error bounds for maclaurin’s formula by using the convexity of fist time g-differentiable functions. It
is also shown that the newly established inequalities are extension of some existing inequalities inside the

literature.

1. Introduction

The Hermite-Hadamard inequality, named after Charles Hermite and Jacques Hadamard and commonly
known as Hadamard’s inequality, says that if a function W : [/\1, )\2] — R is convex, the following double

inequality holds:
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If ¥ is a concave mapping, the above inequality holds in the opposite direction. The inequality
can be proved using the Jensen inequlity. There has been much research done in the direction of Hermite-
Hadamard for different kinds of convexities. For example, in [1}12], the authors established some inequalities
linked with midpoint and trapezoid formulas of numerical integration for convex functions.

There are many inequalities which gives us the error bounds of the quadrature rules, the error bound
formula for the three point quadrature is that of Simpson’s is given below:
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where W is four times continuous differentiable function over (/Tl, ;2) and ”‘11(4)”00 = SUP. (i, 1) |\IJ(4) (T)| )
There are more three point quadrature formulas like Bullen’s, dual Simpson’s and Maclaurin’s formulas.

For the following error bounds of maclaurin’s formula, one can consult [3]:
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where W is with same properties as given in inequality (2).

On the other hand, quantum calculus is a very important branch of calculus and it has a wide range of
applications in the fields of mathematics and physics. Because of the numerous applications of quantum
calculus (shortly, g-calculus) without limit calculus, many researchers began working on it and applying its
concepts in areas such as differential equations, integral equalitions, mathematical modeling, and integral
inequalities.

In [4, 5], Alp et al. and Bermudo et al. used g-derivatives and integrals (defined in Section 2) to prove
two different versions of g-Hermite-Hadamard inequalities and some estimates. The g-Hermite-Hadamard
inequalities are described as:

Theorem 1.1. [4} 5] For a convex mapping \V : [)Tl, /Tz] — R, the following inequalities hold:
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Remark 1.2. It is very easy to observe that by adding (3) and {@), we have following q-Hermite-Hadamard inequality
(see, [5]]):

)Tl+/\~2 1
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Recently, Ali et al. [6] and Sitthiwirattham et al. [7] used new techniques to prove the following two
different and new versions of Hermite-Hadamard type inequalities:
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Theorem 1.3. [6 7] For a convex mapping \V : [)Tl, /\~2] — R, the following inequalities hold:
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Remark 1.4. By setting the limit as ¢ — 17 in (3)-(7), we recapture the traditional Hermite-Hadamard inequality
(.

There has been much research done in the direction of g-integral inequalities for different kind of
convexities. For example, in [§], some new midpoint and trapezoidal type inequalities for g-integrals and
g-differentiable convex functions were established. The authors of [9H13] used g-integral and established
Simpson’s type inequalities for g-differentiable convex and general convex functions. For more recent
inequalities in g-calculus, one can consult [14H19].

Motivated by these ongoing studies, we are interested to find the error bounds for Maclaurin’s formula
in the framework of g-calculus. We can also obtain some error bounds for Maclaurin’s formula in classical
calculus by setting the limit as 4 — 17 in the newly established results.

2. Preliminaries of g-Calculus and Some Inequalities
We shall recall some basics of quantum calculus in this section. For the sake of brevity, let 4 € (0,1) and we
use the following notation (see, [20]):

n
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=1+q+q*+..+q""
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Definition 2.1. [19] The left quantum derivative or q T -derivative of W : [/Tl, )E] - Ratte [/Tl, )E] is expressed
as:

\y(r)—\lf(q1+(1~—Q)/\1),T¢/\~1' 8)
(1-a)(c-A)

Definition 2.2. [5] The right quantum derivative or qiz—derivative of W : [/\j, /\~2] - Ratte [/\~1, )\~2] is expressed
as:
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Definition 2.3. [19] The left quantum integral or qy--integral of W' : [)Tl, )Tz] — Ratte [)Tl, /E] is defined as:
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Definition 2.4. [4] The right quantum integral or q";—integml of W : [/\~1, )Tz] — Ratte [)Tl, /\~2] is defined as:

n=0

7 .
f‘l’(t) Rdt =(1-q)(ha-1) ) "P (gt + A -g") 1),
Lemma 2.5. [12]] For continuous functions ¥, g : [/Tl, )E] — R, the following equality is true:
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Lemma 2.6. [13] For continuous functions ¥, g : [/Tl, )E] — R, the following equality is true:
C
fo g(t) DV (tAz + (1= 1) Ay)dgt
~ ~\ (C
g (2 + (1 -1 A)
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1
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3. Main Results

In this section, we establish some new Maclaurin’s type inequalities for g-differentiable functions in
g-calculus.

Lemma 3.1. Let ¥ : [/E, )\~2] — R be a g-differentiable function. If XZDq\}’ is g-integrable function, then we have the
following equality:
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Proof. From Lemmas[2.5] we have
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Thus, we obtain the required equality by adding equalities ([10)-(I3). O

Theorem 3.2. Let all the conditions of Lemma be hold. If

Xqu\y‘ is a convex function, then the following

inequality holds:

1
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Proof. Taking modulus in (9), we have
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Thus, by using (16)-(I9) in (15), we get the resultant inequality (14). O

Remark 3.3. If we set limit as q — 17 in Theorem 3.2} then we obtain the following inequality:
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This inequality can be found as a special case of [3].
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Theorem 3.4. Let all the conditions of Lemma|3.1|be hold. If ANqu\y r, r > 1is a convex function, then the following
inequality holds:
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Proof. Taking modulus in (9) and using power mean inequality, we have
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Thus, the proof is completed. [
Remark 3.5. If we set the limit as q — 17 in Theorem 3.4} then we have the following inequality:
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This inequality can be found as a special case of [3].
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Theorem 3.6. Let all the conditions of Lemma|3.1|be hold. If , v > 1is a convex function, then the following

inequality holds:
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Thus, the proof is completed. [

Remark 3.7. If we set the limit as q — 1~ in Theorem 3.6} then we have the following inequality:

Y P P Az
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This inequality can be found as a special case of [3].

4. Conclusion

In this work, some inequalities were proved for g-differentiable functions in the setting of g-calculus.
The newly established inequalities were showing the error bounds for Maclaurin’s formula which is the
three step quadrature formula. The inequalities proved here are very useful in the field of analysis because
these can be used in defining the error bound for Maclaurin’s formula in numerical integration formulas. It
is an intersecting and new problem that the new researchers can obtain similar inequalities for coordinated
functions or other different kind of convexity.
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