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Abstract. This manuscript proves the existence and regularity of solutions with respect to the summability
of second member g € L"(Q)), to the obstacle problem associated to nonlinear elliptic equation

—divA(x,o, Vo) =g in Q, 1
u=0 in 0Q. @

The arguments are based on the rearrangement techniques to obtain some priori estimates in Marcinkwicz
spaces with variable exponents.

1. Introduction

Let Q be an open bounded set in RY, (N > 2). In this paper, we are concerned in proving the existence
and regularity of entropy solutions to the following obstacle problems:

Find v measurable function such thatv > 1 a.e. in Q, and, for everyt > 0, T:(u) € Wé’p(')(Q) and

)

fA(x, v, VO)VT(v — @) dx < f g T (v — @) dx, Vo € Ky(Q) N L(Q),
Q Q

where A : Q x Rx RY — R is a Carathéodory function satisfy the following assumptions:

A(x,5,8)E 2 alePY, and (A(x,s, &) = A(x,s5,E))(E ~ &) > 0, for & # E'and a > 0, )
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AG, s, O < B () + s + 1P, 3)

where > 0, and ¢ is a non-negative function that belong to L” (Q).

and K = {v € Wé’p(')(Q) :v>tPae in Q}, Ti(s) := max{—t, min{t,s}}, s€R
Our main novelty is to prove some regularity of entropy solutions to a problem (#), when the second
member g in L"(Q) and m~ < (p7)’ in which we extend the results in the case of integrable datum m = 1

or in the dual space. Indeed we prove that entropy solutions v € MPO(Q) and Vo € M™O(Q), with go(-) and
g1(-) are the variable exponents defined by

a00) = 20 N
ooypop)  dr="" n;—((?—) —(nf> =, @
(m=) (p«() +y) — (p)~

with all variable exponents are in C,(Q) = {log-Hélder continuous function p : Q — Rwith 1 < p~ < p* <

q1() =

N,
N }, andp, = N_P The proof is based on a priori estimates obtained in Marcinkiewicz spaces with variable

exponent M? 0(Q) introduced in first by the authors in [25].

Remark that for the case m = 1in (4), we have y = (p7)’, qo(-) = (F;_()), and q1(-) = qoﬁ(l‘o)(_')_ 7
the same quantities obtained in [24] and [25] where the authors established the existence and uniqueness
of an entropy solution to the obstacle problem for nonlinear elliptic equations with variable growth and a
second member L.

Other results in the same context where the source is Ll—integrable, the reader can be refer to [2, 3, 28] in
which the authors established the solvability of the equations with fractional Laplacian or balanced growth
on the operators. Also see [1, 11, 12, 27], where the authors have proved the existence of solutions by using

the rearrangement properties.

p(-) which are

A nice overview of the recent work on such equations with the variable exponents and the second
member is in the dual space can be found in in [21]. See also [4-8, 13, 15, 19, 20, 23, 29] for other research in
Sobolev spaces with variable exponent and the references therein for more background.

Note that, our results can be seeing as a continuation for the regularity results obtained in [9, 16, 17]
in classical cases, namely, when p(-) = p and m(-) = m, the exponents go(-) and ¢i(-) in (4) becomes
O = a0 = Nm(p —1) Nm(p —1)
P =00 = "N-m N —m
above references.

and qi1() = q1 = which coincide with the regularities results in the

The contributions of the paper are as follows. In Sect. 2, we recall the most important and relevant
properties and notations of Lebesgue spaces with variable exponents, and we review several rearrangement
properties and Marcinkiewicz spaces with variable exponents, as well as their relationship to Lebesgue
spaces. In Sect. 3, we show fourth new results (a priori estimates of entropy solutions and their gradients),
and we establishes our main existence and regularity results.

2. Mathematical Background and Auxiliary Results

In what follows, we give some definitions and properties of Sobolev spaces and Marcinkiwks spaces,
which we will use to prove our main results. For more details,[21, 29] and many references given therein.
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2.1. Sobolev space with variable exponent
A real-valued continuous function p(-) is said to be log-Holder continuous in Q if

Ip(x) — p(y)| < | Vx,y € Q such that |x — yl < %,

__c
log |x — yll

where c is a constant. We denote
C.(Q) = {log—Hdlder continuous functionp : Q — Rwith 1 <p~ <p* <N },

where
p~ =inflp(x), Yx € Q} and p* =supfp(x), Yxe Q}.

For p(-) and 4(-) in C,(Q) we means by p() < q(-) that igf(q(-) -p()) > 0.
For p € C,(Q) the Lebesgue space with variable exponent is defined by

Q) = {U : Q = R measurable : f

P dx < oo},
Q

the space L’V(Q) under the norm

[l = inf{/\ >0: f |¥|”"‘) dx < 1}
Q

is reflexive since it is uniformly convex. We denote by LV'?(Q) the conjugate space of [/?(Q), where

L+L=1,forallx€f2.

p(x)  p'()

Proposition 1 (Holder inequality [21,29]). (i) For any functions u € LF(Q) and v € L O(Q), we have

'L u(x)o(x) dx

(ii) Forall p1,p2 € C+(5) such that p1(x) < p2(x) for all x in Q3, we have

1 1
< (= + == Jllullpollolly -
(p P il

L29(Q) — [MO(Q),
moreover the embedding is continuous.

Proposition 2 ([21, 29]). If we denote

P = [ P voe o),

then, the following assertions hold
1. |ollpey < 1 (resp. =1, > 1) if and only if p(v) <1 (resp. =1, > 1);
2. We have the following implication
lollyy > 1 implies ol < p(@) < Il
lolly <1 implies Nl < p(o) < ol

3. l0llpy = 0 if and only if p(v) — 0, and |[v]l,) — oo if and only if p(v) — oo.
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We define Sobolev space with variable exponent by
W0(Q) = fv € L'9(Q) and |Vo| € L")},

with the norm
0ll1,p) = 0llpy + IVOllpyy Yo € WHO(Q).

We denote by W;’p (‘)(Q) the closure of D(Q) in W#9(Q), and we define the Sobolev exponent by p*(x) =
Np(x)

N=p@) with p(x) < N.

Proposition 3 ([211). (i) The spaces W*9(Q) and W(l)’p Q) are separable and reflexive Banach spaces.
(ii) The embedding Wé’p(')(Q) s L1O(Q) is continuous and compact, if g(x) < p*(x), Vx € Q.
(iii) (Poincaré inequality). For all v € W(l)’p(')(Q) there exists a constant ¢ > 0, such that ||0||,) < cl|VO||y().

(iv) (Sobolev-Poincaré inequality). For all v € Wé’p (')(Q) there exists a constant ¢ > 0, such that |[o||,.) < c|[VOl|p.).

Remark 1. We conclude that the norms [[V9||,) and [[0]|1 p() are equivalent in Wé’p(')(Q) using (iii) of Theorem
3.

The truncation functions Ty : R — R is defined by
r if |r<k
Ti(r) =
ksign(r) if |r| > k.

Now, we define
7'01’p Q)= {v : Q — R measurable such that T, (v) € Wé’p (')(Q)}.

Proposition 4. ([14]) Let v € 7.01,;7 (')(Q), there exists a unique measurable function w : Q — RN such that
WX i<kt = VIk(v) fora.e. x € Qand forall k > 0.
We will define the gradient of v as the function w, and we will denote it by w = Vo.

2.2. Marcinkiewicz spaces

In the following, we review several rearrangement properties and Marcinkiewicz spaces with variable
exponents, as well as their relationship to Lebesgue spaces; for more details, see ([10], [22], [26]) and [25].
We recall some definitions about decreasing rearrangement of functions. Let Q be a bounded open set of
RN and v : Q — R a measurable function.

Definition 1. We define the distribution function of v as follows

Uo(t) = meas{x € Q : [v(x)| > t},t > 0.
Uy is right continuous and decreasing function.
Definition 2. We define the decreasing rearrangement of v as follows

0.(s) ;= sup{t > 0 : py(t) > s},5 > 0.
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Definition 3. A measurable function v : Q — R belongs to the Marcinkiewicz space M (Q)(or weak-LP) if

c

VZ Vs >0,

Uo(t) < %, YVt >0, or v.(s) <

for some constant c.
The norm in MF(Q) is defined by

[ollpr ) = sup U*(s)s%.
>0
The Marcinkiewicz spaces are 'intermediate’ between Lebesgue spaces, i.e. for any 1 < q < p, we have
LP(Q) ¢ MP(Q)) c L1(Q).

Let q(-) be a measurable function such that - > 0. We say that a measurable function v belongs to the
Marcinkiewicz space M if there exists a positive constant C such that

f 1% dx < C, forall t> 0.
{lol>t}

When g(:) is constant i.e. g(-) = g this definition is coincides with the classical definition of the
Marcinkiewicz space M((2). Moreover we have

f #10) gy < f [0]1%) dx, forall > 0.
{lo|>t} Q

Thus if [0 € LY(Q), we have v € M10(Q) and L10(Q) ¢ M1)(Q), for all g(-) > 1.
In the Marcinkiewicz space with constant exponent, if v € M'(Q), then |0]7 € L'(Q), forall 0 < g < r.
This claim is extended to the non constant setting by the following Lemma, whose proof is given in [25].

Lemma 1. Let #(-) and q(-) be bounded functions such that 0 < q(-) < r(-)and let e := (r—q)” > 0. Ifv € MOQ),
then

f |07 dx < 2|Q| + (r* — €)C/e,
Q

where C is the constant appearing in the definition of M(Q). In particular, MQ) c L1OQ) foralll < g(-) < r(:).

The following are our main results, in which we obtain a priori estimates in Marcinkiewicz spaces with
variable exponent for an entropy solution of the obstacle problem ((#), and we state our existence Theorem.

3. Main Results

Let ¢ € W'*O(Q), such that " € Wé’p (')(Q) N L*(€Q), and define the convex subset K, by
Ky(Q)={ve Wé’p(')(Q) such that v > ¢ a.e. in Q}

3.1. A priori estimates

Definition 4. A measurable function v is an entropy solution for obstacle problem (P) if, v > P a.e. in (), for every
t >0, Ti(v) € Wy(Q) and

f A(x, v, Vo)VTi(v — @) dx < f g T (v — @) dx, (5)
Q Q

forall ¢ € Ky,(Q) N L*(Q).
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+() 5 5
Remark 2. For y > 0,0 € MVT(Q) implies that v € MHT/(Q), witch gives ,(t) < clt_%, with ci is a positive
constant.

Remark 3. Since g € L"(Q) ¢ M™(Q) we have g € M™ (Q), witch gives g.(t) < czt_m%, with ¢, is a positive
constant.

Theorem 1. Under assumptions (2), (3)and g € L"(Q) withm™ < (py). Ifvisasolution in the sense of Definition
0

4 that belongs to M : (Q), then there exists a positive constant C, depending only on p(-), N, and Q, such that

(p«)”
f IVoP® dx < CH 7707
{lol<t}

forallt = ||¢* ||l and y > ((Z—,);

Proof. We denote by C a constant that varies from line to line.
Since v is an entropy solution to the unilateral problem (), for all ¢ € K,,(QQ) N L*(Q) we have

[ Awovovie-gric< [ swre- e
Q Q

for p= TS+”I1[)+”06 ('U), we have

f A(x,v,Vo)Vodx <t f lg(x)| d x. (6)
{s+lIY* lleo <lv|<t+s+H1)* [0} {lol>s+[* I}

Dividing (6) in the both sides by ¢, (2) gives

o
- f IVolP® dx < f lg(x)| dx. 7)
t {sHllYHlloo <lvl<t+s+[P* [loo} {lol>s+lP*[loo}

Passing to the limit in (7), for t goes to zero we have

d

Lo (SHIY o)
a Vo™ dxsf g.(7) dt.
S Jfol<s+Iw lleo} 0

Integrating between 0 and ¢, we get

t o rpo (YT lls)
a( f VolP® dx — f Vo dx)s f f 7.(v) d ds, ®)
{lol<t+[Y ]|} {lwI<lP*lleo} 0 Jo

which gives

t i (HIP o)
a f [VolP® dx < f f g.(t)dt ds + f [VolP® dx. 9)
{lol<t+[Y*lloo} 0 JO {lI<lY* lle}
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For the first term in the right hand side, by using Remark 2 and Remark 3 we have

t o (SHIP (o) t o5+ o) .
f f g(t)ydtds < czf f T w dtds
0 Jo 0 Jo

t
<aalm) [ ol 1971 ds
0

(p+)

.
N e
< cp(m™)'ep " f(5+||¢+||oo) o ds
0

10
- t+||lp+“oo o ( )
<co(m™)'c, m_f s @7 ds
0

1

oY e s
< T (g
1- .2
(m=yy
1- (Vi)j
= o (4 97 e) T

Now we estimate the second term in the right hand side of (9). Indeed by definition of entropy solution for
obstacle problem () we have

fA(x, v, Vo)VT (v — @) dx < f g(xX)Ti(v — @) dx < t|glls, (11)
Q Q

forallt > 0, and ¢ € Ky (Q) NL™(Q),
using assumptions (2)—(3) and Young’s inequality, we have, for all t > 0,

f A(x,v,Vo)V(v — @) dx
{lv—gl<t}

> f Vol dx
{lo—pl<t}

-B ((p(x) + @1 4 |V'U|p(x)_1)|V(p| dx (12)
{lo—q|<t}
>a/2 Vo™ dx
{lo—pl<t}
-C (PG @ + VoP® dx) - (¢t + llgll) 1,
{lo—pl<t}

by (11) and (12), for all t > 0 we have

a/2f |VU|P(X) dx < Cf ((P(x)p'(x) +|V(P|p(x) dx)
{lo=pl<t) {lo-pl<t)

+(t+lllleo)” 1O + Higlh,



B. Aharrouch et al. / Filomat 37:17 (2023), 5785-5797 5792

replacing t with t + [|¢|| in the last inequality, we get

f Vo™ dx < f Vo™ dx
{lol<t} {lv—pl<t+@lle)
sc{ f (0@ + Vo) dx
{lo—pl<t+plle)

+(t + 2lllleo)?”1Q + (£ + ||<P||oo)||g||1}.

Taking t = [|¢" || in the previous inequality, we obtain

f IVolP® dx < C. (13)
{lol<llY*lleo }
By combining (9), (10) and (13) we obtain

_
f IVolP® dx < C(t + [[Y*|le)' " #7 forall >0,
{lol<t+lg*lleo}

which implies
(p2)~
f VT, (0)P® dx < CH" o7 forall ¢ [
Q

O
Theorem 2. Under assumptions (2), (3) and g € L™(Q) withm~ < (p7). Ifvisasolution in the sense of Definition
4 there exists a constant ¢ > 0, such that
mp~ —(p.)"(m™ —1)

m=(p~—=1)

7

1« ()
1. f tpT dx <c,Vt>0,withy =
{[v]>#}

2. Let go(x) = @,for all g(-) such that 0 < q(-) < qo(-), we have |00 e LY(Q). Moreover there exists a

constant ¢y > 0 such that f |07 dx < ¢q.
Q

Proof. 1). We find y such that v € MPT() (Q).
By using Theorem 2 and Sobolev embedding we have

px(x) P
f tr dx =f t
{lv|>t} {[v]>t}

- f (50T, 0)" dx
{lo]>#}

p(x)

T:(v) dx

t

ag a

< Ht<?7‘1>Tt(v) V(5 DT, ()

<c

(14)

pe(x) p(x)

1350 ar/az
SC( f (PO T )P dx)
Q

p(x) ()~ ar/as
< C( f e VIOV 1o dx)
Q
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forall t > || |le, with a1 = (p.)* and a, = p*.

By choosing y such that ()l/ -Dpx)+1- (r(np——))’_y < 0we have
m_p() = (pa)"(m~ — 1)
T wpw-n Y
so it’s enough to choose y = (m_p(ﬁ_(;?x))__(nf)_ — 1))+. By the fact that m_p(jr)l_(;fx;__(n;)_ ) is non-
mp” —(p.)"(m” - 1)

increasing in p(x) since m~ < (p;)’ we have y = . Then by Theorem 1, (14) becomes

m-(p~—1)

For t < [[¢*|l we have
(2

Q.

p (X)
f 5 dx < (Yl + 1)
{lo]>t}

2). Let 0 < g(-) < go(*) and € = (go(-) — q(-))~ > 0. By Theorem 1, we have
f 90 dx < ¢, forall t>0.
{lol>t}

From Lemma 1, we get

%(‘l_ €)+, which give the results.

f [0™ dx < 2|Q + c(
Q
O

Theorem 3. Under assumptions (2), (3) and m~ < (p;)’, if v is a solution in the sense of Definition 4 and there

exists a positive constant c such that f 10 dx < ¢, YVt > 0,
{lol>t}
y(m™)'p()

Ty GO+ 1) — oy Mereover

then |Vo|*©) € MIO)(Q), where a(-) =

f 1 dx < C’, forall t >0, with C' is a positive constant.
{IVol*O>t}

Proof. Using Theorem 1, and the definition of a(-), for t > [|i* ||l we have

f #O dy < f #) dx + f 119
{|Vo]O) >t} {IVo]rO>tin{lo|<t} {IVo]rO>tn{lo|>t}

IVUIa(x) p(x)/a(x)
< t‘”x)( ) dx + ¢
f[lvlst] t

N p(x)
_ f tq(X)Hy({L,)—y -2 VT (@)™ dx + ¢
{lvl<t}

_ )~
t ey

VT;(v)P®
=f NTOM e ve<c.
{lol<t}

_ )™
tl ym=y
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where c and C’ are positive constants,
for t < [[¢*]l we have

f H0 dx < (il + 1)7 1€,
(Voo >4
O

Theorem 4. Under assumptions (2), (3) and g € L"(Q) with m~ < (p7), q0(-) be as defined in Theorem 2 and
71() = go(-)a(-).
If v is an entropy solution of problem (P), then |Vol0) € LY(Q), for all q(-) such that 0 < q(-) < q1(-). Moreover there

exists a constant C such that
f [Vo|7™ dx < C.
Q

Proof. By Theorem 3, we have

p()

Vol e MR O(Q), with a() = Gy
(90()+1) = 55

Let 0 < q()) < q1(-) and 7(-) = g(-)/a(") < qo(").

Using the Lemma 1 we obtain
f IVol'® dx = f [Vo]* @ dx < C.
Q Q

O

3.2. Existence of Solutions

In this subsection we prove the existence and regularity of solutions in the sense of Definition 4, extending
some results known in the constant exponent case.

Theorem 5. Under assumptions (2), (3) and g € L"™(Q), with m~ < (py)'. Then there exists a solution v in the
sense of Definition 4. Moreover

1. [o]9 e LYQ) for 0 < q(-) < qo(*), with go() = p*T()

2. Vol € LY(Q) for 0 < q() < q(), with qi() = <m—>f$?.>’”+"l’?(_’)<p )

where
_mp = () = 1)
m-(p-=1)
. Nm(p - 1)
Remark 4. In the case p(-) = p and m(-) = m, the exponents qo(-) and q1(-) are respectively of the form N-mp
Nm(p—-1)
"N

Let (g4), € L(Q) a sequence that converge strongly to g in L"0(Q), and 1gnllmey < NGllmcy, for all .
Let (P,) the approximate problem defined by

—div A(x,v,, Vv,) =g, in Q,

(Pn)
v, =0, on 2Q.
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The problem (#,) has a weak energy solution v, € K N Wé’p(')(Q) as a result of a standard modification of
the arguments in [21]. Our goal is to prove that v, tend to a measurable function v as n tend to infinity,
and we prove that v is solution in the sense of Definition 4. We will divide the proof in two steps and we
employ the a priori estimates for v, and its gradient derived in the preceding section as our main tool. We
follow the standard method used in the several paper as [9], [14] and [24].

We prove in first step the almost everywhere convergence of the gradient.

First we prove that the sequence (v,,),, of solutions to problem (#,) converges in measure to a measurable
function v.
Define the &1, &, and &; sets as follows

&1 = {lval > 1}, & ={lowl > 1}, and & = {[Ti(vy) — Ti(vm)| > s},

fors>0and t > |[*]|«. Since
{lon —oml > s} CEUEUE;,

it follows that
meas{|v, — v,| > s} < meas(E1) + meas(E;) + meas(Es).

Let € > 0, by Theorem 1, v,, is uniformly bounded sequence, thus there exists f., such that for t > t. we have
meas(&1) < €/3 and meas(&E;) < €/3.

In the approximate problem (#,), we take T¢(v,) as test function and following the outlines of Theorem 1,
we get

@)
f VT, (0,)P® dx < et 507, forall n>0 and ¢ > |||l
Q
Sobolev embedding imply that there exists a subsequence still denoted by (T¢(v,)), such that
Ti(vq) — Ti(v) weakly in W,"(Q),

Ti(v,) — Ti(v) strongly in L10(Q), for 1 <q(-) < p.(), (15)
Ti(v,) — Ty(v) a.e. in Q,

forall t > ||[*||. Thus,

meas(&E3) < f
Q

- q(x)
(M) dx <€/3, forall n > ny(s,e€).

Finely we have
meas{|v, — vyl > s} <€, forall n,m>ny(s,€) ie. (v,), is a Cauchy sequence in measure.

Following the standard argument as in [18], proving that (Vv,,), is a Cauchy sequence in measure is an easy
task.

In the second step we passing to the limit.

Let v, be a solution of approximate unilateral problem (¥,), for ¢ € K, (Q2) we have

f A(x, vy, V0, )V(0, — @) dx < f In(x) (v — @) dx.
Q Q

Taking ¢ = v, — Ty(v, — w) with w € Ky N L7(Q2) we get

fA(x, 0y, VU, )VTi(v, — w) dx < f In(0)Te(v, — w) dx.
Q Q
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For the term in the right hand side, since g, converge strongly to g in L'(Q) and T;(v,, —w) converge weakly-*
to Ty(v — w) in L*(Q), and a.e. in Q we have

f gu(ITx (0, — w) dx —> f 9ITi(v - w) dx.
Q Q
For the left hand side we have

f A(x, vy, Vo) - VT (v, — w) dx =f A(x, vy, Vo) - Vo, dx
Q

”Un*wlsﬂ

—f A(x,v,, Vo) - Vw dx
{lo,—wl<t}
:f A(x, vy, Vo) - Vo, dx
{[v,—w|<t}
- f A(x, Ts(v,), VTs(vy)) - Vw d x,
{lon—wl|<t}

with s = t + ||w]co.
By (3) and (15), we can prove that A(x, Ts(v,), VTs(v,)) is uniformly bounded in (L7 ONQ)N, and converges
weakly to A(x, Ts(v), VTs(v)) in (L¥ 'O(Q))N. Therefore we have

f A(x,v,,Vv,) - Vwdx — A(x,v,Vov) - Vw dx. (16)
{lo,—w|<t}

{lo—w|<t}

Since A(x, vy, Vo) - Vo, — A(x,v, Vo) - Vo a.e. in (), by Fatou’s lemma we have

lim inff A(x, vy, Vo) - Vo, dx > f A(x,v,Vv) - Vodx. (17)
{lon—w|<t}

n {lo—wl|<t}

By (16) and (17), for all w € K, N L*(Q) we have

f A(x,v,Vo)VTi(v — w) dx < f g(xX)Ti(v —w) dx.
o) Q

Arguing as in Theorem 2 and Theorem 4 we obtain the results of regularity.
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