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L-(resp. concave) down-directed convergence relation spaces and
L-(resp. concave) filter convergence spaces

Xiu-Yun Wu?, Hui-Min Zhang?, Yu-Jie Liu®

?School of Mathematics and Statistics, Anhui Normal University, Wuhu—243001, Anhui, China

Abstract. Convergence structure and relation are useful tools in interpreting many mathematical structures
such as topological spaces and convex spaces. The aim of this paper is to study convergence structures
in the framework of L-concave spaces by using relations. Specifically, the notion of L-down-directed
relations is introduced and some simple examples are presented. Based on this, notions of L-down-directed
convergence relation spaces and L-concave down-directed convergence relations are introduced. It is
proved that the category of L-concave internal relation spaces can be embedded into the category of
L-down-—directed convergence relation spaces as a reflective subcategory. In addition, the category of L-
concave down-directed convergence relation spaces is isomorphic to the category of L-concave internal
relation spaces.

In order to characterize L-down—directed convergence relation space and L-concave down—directed
convergence relation space, notions of L-concave filters, L-filter convergence spaces and L-concave filter
convergence spaces are introduced. It is showed that the category of L-down—directed convergence relation
spaces is isomorphic to the category of L-filter convergence spaces. It also showed that the category of
L-concave down-directed convergence relation spaces is isomorphic to the category of L-concave filter
convergence spaces and the category of L-concave spaces.

1. Introduction

In an abstract convex space, a convex structure on a nonempty set is a family of subsets containing the
empty set and the underling set and is closed under arbitrary intersections and nested unions. Its theory
is called the abstract convex theory which involves many mathematical structures such as lattice, graph,
median algebra, metric space, poset and vector space [19].

Convex structure has been extended into fuzzy settings by many ways. Maruyama introduced L-fuzzy
convex structure [6] which has being studied by many scholars [8, 12, 22, 26, 28, 34]. Also, Shi and Xiu
introduced M-fuzzifying convex structures [13]. Many subsequent studies have been done [10, 20, 21, 29].
Later, Shi and Xiu introduced (L, M)-fuzzy convex structure which is a unified form of L-convex structure
and M-fuzzifying convex structure [14]. It characterizations have been studied recently [11, 23, 24]. Now,
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these fuzzy forms of convex structures have being applied to many fuzzy mathematical structures such as
fuzzy topology [5, 16, 20, 24, 27], fuzzy convergence [4, 7, 9, 10] and fuzzy matroid [15, 21, 29].

Relation is a useful tool to characterize fuzzy mathematical structures. In L-setting, Shi et al introduced
L-topological internal relation and L-topological enclosed relation by which they characterized L-topologies
[17]. Also, Liao et al introduced L-convex enclosed relation and characterized L-convex structures. Based
on this, they introduced L-topological-convex enclosed relation and characterized L-topological-convex
structure [5]. In (L, M)-fuzzy setting, Shi et al introduced (L, M)-fuzzy topological internal relation and
(L, M)-fuzzy topological enclosed relation which are used to characterize (L, M)-fuzzy topologies [18, 25].
Wu et al introduced (L, M)-fuzzy convex enclosed relation and characterized (L, M)-fuzzy convex struc-
tures. Meanwhile, they introduced (L, M)-fuzzy topological-convex enclosed relation and obtained some
characterizations of (L, M)-fuzzy topological-convex structures [24].

Convergence structures constructed by either filters or ideals are often used in interpreting topologies
or convexities. To interpret fuzzy topologies, Giiloglu defined I-fuzzy convergence structure and discuss
its relations with I-fuzzy topology [1]. Hohle and Sostak defined stratified L-filters and developed a direct
way to constructing fuzzy convergence structures [2]. Jager introduced stratified L-fuzzy convergence
structures by using stratified L-filters and established categorical relations between stratified L-fuzzy con-
vergence structures and stratified L-topologies [3]. Yao introduced L-fuzzifying convergence structure by
L-filters and showed that L-fuzzifying convergence structures and L-fuzzifying topologies are categorically
isomorphic [30]. Later, Pang further discussed categorical properties of L-fuzzifying convergence struc-
tures [9]. Also, Pang introduce (L, M)-fuzzy convergence structures by (L, M)-fuzzy filters and characterized
(L, M)-fuzzy topologies [7]. To interpret fuzzy convexities, Pang introduced L-fuzzifying convex conver-
gence structures by L-fuzzifying filters and established its relations with L-fuzzifying convexities [10]. Xiu
and Pang introduced L-convex convergence structures by convex ideals and discussed its relations with
L-convexities [26]. Recently, Zhang and Pang studied convergence structures via residuated lattices [31-33].

As being described above, most of discussions on fuzzy convergence structures are focused on fuzzy
topological spaces. In addition, L-convergence structures in L-topological spaces or L-convex spaces are
constructed by either L-filters or L-convex ideals. Then, how to interpreted L-filters in terms of relations in
the framework of L-concave internal relation spaces? Further, how to construct L-convergence structures in
L-concave internal relation spaces? Motivated by these problems, we present this paper. The arrangement
of this paper is as follows. In Section 2, we recall some basic concepts, denotations and results related
to L-concave spaces. In Section 3, we introduce notions of L-down-directed relations, L-down-directed
convergence relation spaces and L-concave down-directed convergence relation spaces. We find that
the category of L-concave down—directed convergence relation spaces is isomorphic to the category of L-
concave internal relation spaces. In Section 4, we introduce notions of L-concave filters, L-filter convergence
spaces and L-concave filter convergence spaces. We prove that the category of L-filter convergence spaces is
isomorphic to the category of L-down-directed convergence relation spaces and that categories of L-concave
down-—directed convergence relation spaces, L-concave filter convergence spaces and L-concave spaces are
all categorically isomorphic.

2. Preliminaries

In this paper, X and Y are nonempty sets. The power set of X is denoted by 2X. L is a completely
distributive lattice. The smallest (resp. largest) element in L is denoted by L (resp. T). An elementa € L
is called a co-prime element, if for all b,c € L, a < bV cimpliesa < b or a < c. The set of all co-primes in
L\{1} is denoted by J(L). For any a € L, there is an L; C J(L) such thata = \/,¢;, b. A binary relation < on
L is defined by a < b if ad only if for each L; C L, b < \/ L; implies some d € L; with a < d. The mapping
B: L — 2L, defined by B(a) = {b: b < a}, satisfies B(\ ic; ai) = U, B(ai) for any {ai}ier € L. Forany a € L, we
denote f*(a) = f(a) N J(L). We havea =\ B(a) =\ B*(a), f(@) = Upes@) B(D) and (@) = Upep-(a) B () [16].

An L-fuzzy set on X is a mapping A : X — L. The set of all L-fuzzy sets on X is denoted by LX. The
smallest (resp, largest) element in L is denoted by L (resp. T). A subset {A;};c; C L¥ is said to be down-
directed, if for all i, j € I there is an index k € I such that Ay < A; A A;. In this case, {A;}ie; C LXand A, A, are
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respectively denoted by {A;}%4" ¢ [X and A% A;. An L-fuzzy point x, (A € L\{L}) is an L-fuzzy set defined

by x1(x) = A and x,(y) = L for any y € X\{x}. The set of all L-fuzzy points on L* is denoted by P+(LX). We
also denote J(LX) = {x; € PHL¥) : A € J(L)}. For a mapping f : X — Y, the mapping f,” : L* — LY is
defined by f;7(A)(y) = V{A(x) : f(x) = y} for A € LX and y € Y, and the mapping f;~ : LY — L¥ is defined
by f~(B)(x) = B(f(x)) for Be LY and x € X [16].

Definition 2.1. ([8]) A set A C LX is called an L-concave structure on X and (X, A) is called an L-concave
space if

(LCAD) T,LeA;

(LCA2) V{Ai}ier C A, Vg Ai € A;

(LCA3) V{A}r € 7, AU ¢ 71
Theorem 2.2. ([8]) Let (X, A) be an L-concave space. The L-concave hull operator caz : LX — LX of A is defined
by cac(A) = \V{B € A : B < A} for any A € LX. It satisfies

(LCAH1) can(T) = T;

(LCAH2) can(A) < A;

(LCAH3) cag(can(A)) = can(A);

(LCAH4) caz(N9" A)) = A can(A)).

Conversely, if an operator ca : LX — LX satisfies (LCAH1)~(LCAH4), then the set A, = {A € LX : ca(A) = A}
is an L-concave hull operator satisfying can,, = ca.

Let (X, Ax) and (Y, Ay) be L-concave spaces. A mapping f : X — Y is called an L-concavity preserving
mapping, if A € Ay implies f;~(A) € Ax for any A € L'. The category of L-concave spaces and L-concavity
preserving mappings is denoted by L-CAS [8].

Definition 2.3. ([8]) A family N = {N,, € L* : x, € J(L¥)} is called an L-concave neighborhood system on
LX and the pair (X, N) is called an L-concave neighborhood space, if for any x, € J(LY),

(LCAN1) T e Ny, and L ¢ N,,;

(LCAN2) A € N, implies x) < A;

(LCAN3) A € Ny, implies a set B € N, such that B € N, for any y, € $(B);

(

LCAN4) A% A; € N, if and only if A; € Ny, forany i € I.

Let (X, Nx) and (Y, Ny) be L-concave neighborhood spaces. A mapping f : X — Y'is called an L-concave
neighborhood preserving mapping if B € Ng-(y,) implies f~(B) € Ny, for all x, € J(LX) and B € LY. The
category of L-concave neighborhood spaces and L-concave neighborhood preserving mappings is denoted
by L-CANS [8].

Theorem 2.4. ([8]) (1) For an L-concave space (X, A) and any x, € J(LX), the set N = (N1 : x € J(LX)} is an
L-concave neighborhood system, where N;j‘ ={BelX:3A €A, x; <A<B).

(2) For an L-concave neighborhood system N = {Ny, : x) € J(LX)}, the set Ax = {A € LX : Vx, € B*(A), A €
N, }is an L-concave structure on X.

(3) N;}[N = N and ﬂNﬂ = A.

(4) The category L-CANS is isomorphic to the category L-CAS.

Definition 2.5. ([22]) A binary relation < on L¥ is called an L-concave internal relation and the pair (X, <)
is called an L-concave internal relation space, if < satisfies

(LCIR) T < T;

(LCIR2) A < Bimplies A < B;

(LCIR3) Vs Ai < Bifand only if A; < Bforalli € [;

(LCIR4) A < B implies a set C € LX such that A < C < B;

(LCIR5) A < A% B if and only if A < B; forany i € .
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Let (X,<x) and (Y, <y) be L-concave internal relation spaces. A mapping f : X — Y is called an
L-concave internal relation preserving mapping, if A <y B implies f;(A) <x f;(B) for all A,B € LY.
The category of L-concave internal relation spaces and L-concave internal relation preserving mappings is
denoted by L-CIRS [22].

Theorem 2.6. ([22]) (1) For an L-concave internal relation space (X, <), the operator ca< : LX — LX, defined by
ca<(A) = \V/{B € LX : B< A} for any A € L%, is an L-concave hull operator of an L-concave structure Ax.

(2) For an L-concave space (X, A), the binary relation <g, defined by A <a B if and only if A < caz(B) for any
A, B e LX, is an L-concave internal relation.

(3) A<, = Aand <a.=<.

(4) The category L-CAS is isomorphic to the category L-CIRS.

3. L-down-directed relation spaces and L-(resp. concave) down-directed convergence relation spaces

In this section, we define the notion of L-down-directed relations and present some of examples. Based
on this, we further introduce notions of L-filter convergence relation spaces and L-concave filter convergence
relation spaces. Then we study their relations with L-concave internal relation spaces.

Definition 3.1. A binary operator < on L* is called an L-down—directed relation and the pair (X, <) is called
an L-down—directed relation space, if for any A, B, C € Lx,

(LDDR1) L€ Land T T;

(LDDR2) A< Bifand onlyif A < B< B;

(LDDR3) A < A" C; if and only if A < C; foralli € I.

In the sequel, the set of any L-down—directed relations on LX will be denoted by R%"(LX). For <1, <z€
RIir(1X), <1 is coarser that <,, denoted by <;<<; provided that A <; B implies A <; B for all A, B € LX.

For examples L-down-directed relations, we provide some L-down-directed relations via an L-fuzzy
point x, € J(LX) by the following proposition.

Proposition 3.2. (1) Let x, € J(LX). Define a binary relation <., on LX by
VA,BelX, A<, B < x,VA<B.

Then <, is an L-down—directed relation.
(2) Let (X, <) be an L-concave internal relation space and x, € J(LX). Define a binary relation <3, on L* by

VA,BeLX, A< B «— IADel* st. x, <D<D<DVA<B.

Then <§\ is an L-down—directed relation. In addition,
<fin

(i) <5, £<x,=<,]", where <y, defined by A <giy B if and only if A < B for any A, B € L%, is the finest L-concave
internal relation on LX;
(ii) A <3, Bifand only if A <3 B forany p € f'(A).
(3) Let (X, A) be an L-concave space and let N/ be the L-concave neighborhood system of x € J(L¥). Define a
binary relation <' on LX by
VA,BeLX, A<]'B & 3Ce N/ st. A<C<B.

Then < is an L-down—directed relation satisfying <1 <<.,.

Proof. (1) (LDDR1) is trivial. We check that (LDDR?2) and (LDDR3) hold for <, .
(LDDR?2) For any A, B € L¥,

A<, B &= x3VA<B & A<B=BVxy & A<Bg, B
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(LDDR3) For any A € LX and {B;}4ir ¢ X,

ddir ddir
A<y \Bi = uVA< \B e Viel, x VA<B < Viel, A<, B,
iel iel

Therefore <,, is an L-down—directed relation.
(2) (LDDR1) L £5 L holds trivially. Also, T <, T since x, < T < T by (LCIR1).
(LDDR?2) For any A, B € L¥,

A< B & ADel¥stx,; < DVA<B

D<Dc<
& dADelXstx;<D<D<DVB<BandA<B
& A<B< B

(LDDR3) If A < C <5, D < B, then it is easy to check that A <j, B.

Let A € LX and let {B;}#%" C LX. Itis clear that A <5, A" B; implies that A <, B; foranyi € L.
Conversely, assume that A SZ B; for any i € I. For any i € I, there is a set D; € LX such that
x) < D; <D; £D;V A < B;. Further, for each i € I, let

¢i={CiELX:x/\SCj<CiSCiVASBi}.

Clearly, D; € ¢;. Let E; = \/ ¢;. Next, we check that {E;};ef C LX is down-directed.

Let i,j € I. Since the set {B;}ic; is down-directed, there is an index k € I such that By < B; A B;. For any
Ck € Yy, itis clear that x) < G < Cp < G VA < By < B;AB;. Thus C; € ;Ny; which implies that Ex < E; AE;.
So {E;}icr is down-directed.

Foranyi € IandanyC; € ¢, itis clear that C; < C; < E;. Thus C; < E;and E; = \/C,-ap, Ci < E; by (LCIR3).

C
Hence /\?ﬁ,"’ E; < E; for any i € I. Therefore Nddirp. < A3 g, by (LCIR5). Let E = AYirE. Then

iel iel iel

ddir
xASADiSE<ESE\/A§/>Bi.
1€ 1€

Thus A <, A" B;.
Therefore SfA is an L-down-directed relation. Next, we prove other results.
(i) Forany A, B € L%,
A< B & dADel*st. x,<D<D<DVAZB
— ADelX st. x, VA<DVAZ<B
— dHelX st. x, VA<H<B
= Ax, B

Thus <fAS<x,\. Further, it is clear that <y;, is an L-concave internal relation. Thus it follows that <f{ i”S<x/\.
To check that <xA£<;ﬂ”, let A, B € LX with A <, B. Then thereisaset C € L* such thatx; < Cand A < C <B.
Thus C <5y C = C V A < B which implies that A <f{ " B. Therefore <ms<f{ ",

(i) If A <5 B, then it is clear that A <5 B for any u € g*(A). Conversely, assume that A <5 B for any
p € B*(A). Forany u € f*(A), thereisaset D, € LX such that X, <D, <D, <Dy,VA<B.LetD= \/yeﬂ*(/\) D,.
Then D, < D for any p € p*(A). Thus x; < D < D <DV A < Bby (LCIR3). Therefore A <;, B.

(3) (LDDR1) Since T € N7 and L ¢ N7 by (LCAN1), itis clear that T <! Tand L £« L.

(LDDR?2) For any A, B € L, it follows that

A<]'B & IEeN, ASE<B & Be N/, A<B & A<B<]'B.

(LDDR3) Let A € LX and {B;}#ir c [X. If A <J! A% B; then it is clear that A </ Biforanyi € I.
Conversely, assume that A <f} B for any i € I. Then, for any i € I, there is a set D; € N;j‘ such that
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A<D;<B;. LetE;=\{Die N':A<D;<Bj}foranyie€l Then E; € N7'and A < E; < B;. In addition, it
is clear that {E}ie; is down-directed. Thus A" E; € N7 and A < A9 E; < A" B;. Hence A <2 N\ B,
Therefore Sfj is an L-down—directed relation. [

Lemma 3.3. Let (X, <) be an L-down—directed relation space. For any A,B,C,D € L%,
(1) A < C< D < Bimplies A< B;
(2) A< Bimplies AVC<BVC.

Proof. (1) Since A < C < D, it follows that A < C < D < D and A < D by (LDDR2). Further, since the set
{D, B} is down-directed and A < D = D A B, we have A < B by (LDDR3).

(2) Since A < B< BV ,itisclear that A < BV Cby (1). Thus A < BV C < BV C by (LDDR2). Hence
AVC<BVC<KBVC. Therefore AVC<BVC. O

Proposition 3.4. Let f : X — Y be a mapping and let <x€ R (LX). Then <fx)€ R (LY), where <jx is defined
by
VA,BeL', A<sx)B & A<Band f(A) <x f(B).

Proof. (LDDR1) It is clear that T <fx) T and L £x) L.
(LDDR?2) For any A, B € L¥,

A<pxB & A<Band f (A)<x f{(B)
& A<Band f{ (A) < f{ (B) <x f; (B)
& A<B<sxB.

(LDDR3) For any A € L* and {B;}#r C X,

ddir ddir ddir
A< [\Bi < A< [\Biand f(4) <x £7(/\ B)
i€l i€l i€l
ddir ddir
= A< A\Biand f(4) <x /\ £ (B)
i€l i€l
& Viel, A<B;and f (A) <x f (B))
— Viel A SF(X) B;.

Therefore <f(x) is an L-down-directed relation. [

Based on examples of L-down—directed relations presented in Proposition 3.2, we introduce the notion
of L-down—directed convergence relation spaces and study its relation with L-concave internal spaces.

Definition 3.5. A relation C on J(LX) x R%¥"(LX) is called an L-pre-down-directed convergence relation on
LX if for any x, € J(LX) and <1, <p€ R¥r(LX),

(LDDCR1) x) E<y,;

(LDDCR2) x; E<1 and <15<2 1mp1y x) E<o.

Lemma 3.6. Let C be an L-pre-down-directed convergence relation on LX and x, € J(LX). Define a binary relation
<5, on LX by

VA,BeL*, A< Be VY <eR¥(x)), A<B,

where R (x,) = {<e RMIN(LX) : x, C<). Then <5, is an L-down—directed relation.
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Proof. (LDDR1) Since x; C<y, by (LDDCR1) and L &, L, it is clear that L £5, L. For any <€ R™" (LX), itis
clear that T < T by (LDDR1). Thus T <§, T holds trivially.
(LDDR?2) For any A, B € L%,

A< B & V<eR¥(x)), A<B
= V<eR¥r(x)), A<B<LB
& A<B<; B

(LDDR3) For any A € LX and {B;}#" C L%,

ddir ddir
A< \B = V<eRE(x), A< /\B
i€l i€l

= V<eRYr(x))Viel, A<B;

& Viel, A< B

Therefore <7, is an L-down—directed relation. [

Definition 3.7. An L-pre-down-directed convergence relation C on L is called an L-down-directed con-
vergence relation and the pair (X, E) is called an L-down-directed convergence relation space if
(LDDCR3) YA, B € LX, A< B ifandonly if A <i B for any u € B*(A).

Let (X,CEx) and (Y,Cy) be L-down-directed convergence relation spaces. A mapping f : X — Y is
called an L-down-directed convergence relation preserving mapping if x) Ex<x implies f;”(x1) Ey<fx)
for any x, € J(LX) and <x€ R (LX). The category of L-down-directed convergence relation spaces and
L-down-directed convergence relation preserving mappings is denoted by L-DDCRS.

Next, we study relations between L-down-directed convergence spaces and L-concave internal spaces.

Theorem 3.8. Let (X, <) be an L-concave internal relation space. Define a relation C< on J(LX) x R%ir(LX) by

Vx, € J(LX), ¥ <€ R¥1(LX), x) Ci< &= <5 <<

Then Ec is an L-down~directed convergence relation satisfying <;*=<j..

Proof. (LDDCR1) For any x, € J(L¥), it follows from Proposition 3.2(2) that <J <<y,. Thus x) C<<y,.
(LDDCR?) If x) E<<1 and <1<y, then <5 £<1<<. Thus <5 <<,. This shows that x; C<<,.
(LDDCR3) For any A, B € LX and x, € J(LY),

A<PB & V1) E<, ASB &= V<<, A<B & AL] B.

Thus <; Further, It follows from Proposition 3.2(2) that

A

< <
< =<\
A TN

AT &> A< B & Ypef (), A< B < Yuef ), A< B,

This implies that (LDDCR3) holds.
Therefore C. is an L-down—directed convergence relation satisfying <;*=<3. O

Theorem 3.9. Let (X, <x) and (Y, <y) be L-concave internal relation spaces. If f : X — Y is an L-concave internal
relation preserving mapping with respect to (X, <x) and (Y,<y), then f : (X, C<,) — (Y, Ex,) is an L-down—directed
convergence relation preserving mapping.
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Proof. For any x, € J(LX) and <x€ R¥"(LX) with x, C< <, it follows that <*<<x. In order to prove
fi”(x2) E<,<fx), it is sufficient to prove that <Y << f(x)- Indeed, for any A, B € LY,

1 ()
A <§im) B & dADel'st f(xA))<D<yD<DVA<B
" (x)

= A<BandIAD el st xy < f; (D) <x f; (D) < f (D) V f (A) < f;(B)
= A<Band fi (4) < f(B)

= A<Band f{ (A) <x f{ (B)

= A SFX) B.

Thus <zi(x/\)s< foo- This implies that f,”(xa) C«,<fx). Therefore f is an L-down-directed convergence

relation preserving mapping. O

Theorem 3.10. Let (X, C) be an L-down—directed convergence relation space. Define a binary relation <c on LX by
VA,Bel*, A<c B & JA<D<Bst Vxy€p(D),V <€ R¥(x,), A<D.
Then <c is an L-concave internal relation.

Proof. By Lemma 3.3(1), it is easy to see that A < C <c D < B implies A <c B for any A4,B,C,D € LX. In
addition, (LCIR1) and (LCIR?2) hold trivially for <c. We next verify (LCIR3)—(LCIR5) hold for <c.

(LCIR3) If \/;¢; Ai <c B thenitis clear that A; <c B for any i € I. Conversely, assume that A; <c B for any
i € I. By A; <c B, thereis a D; € LX such that A; < D; < B and A; < D; for any x, € 8(D;) and <€ R¥"(x,).
Let D = \/, D;. Then \/,;;A; < D < B. For all y, € *(D) and <€ R‘éd”(yy), there is an index j € I such that
Yy € B'(Dj). Thus A; < D; by A; <c B. Hence Lemma 3.3(2) implies

\/Ai<D=DVA;<DVD;=D

iel

As aresult, \/,;A; < D by Lemma 3.3(1). Therefore \/,;c; A; <c B.

(LCIR4) Let A <c B. We need to find a D € L such that A <¢ D <c B. By A <c B, there is D € L* such
that A <D < Band A < D for any x, € *(D) and <€ R (x,).

We say that D <c B. Indeed, it is clear that D < D < B. In addition, for all y, € (D) and <€ R¥(y,), it
follows that A < D. Thus Lemma 3.3(2) yields that D = DV A < DV D = D. This shows that D <¢ B.

We also say that A <c D. Indeed, itis clear that A < D < D. In addition, for all z, € *(D) and <€ Réd"'(zn),
it is clear that A < D by A <c B. Thus A <c D. Therefore A <¢ D <c B as desired.

(LCIRD) If A < /\?g’;’* B, then it is clear that A <c B; for any i € I. Conversely, assume that A <c B; for
any i € I. Thus, for any i € I, thereis aset D; € LX such that A < D; < B; and A < D; for any x, € p*(D;) and
any <€ R¥"(x,). Let E; = \/ ¢;, where

@i =(D; € LX: A< D; <B;s.t.Vxy € B (D;),¥ <€ R¥i"(x,), A< Dy

Form Lemma 3.3(1), it is easy to check that E; € ¢;. Since {B;}ie; is down-directed, {E;};cs is also down-
directed. Thus A < A" E; < A% B;. In addition, for any x, € B (A" E;), it is clear that x, € p*(E;) for any
i € I. For any <€ R”;ldi’(xA), wehave A< D; <E;by A <c B;. Thus A< E;foranyie€l. Hence A < /\f’,j,"’ E; by
(LDDR3). Therefore A <c A% B, O

Theorem 3.11. Let (X,Cx) and (Y,Cy) be L-down—directed convergence relation spaces. If f : X — Y is an
L-down—directed convergence relation preserving mapping with respect to (X, Ex) and (Y, Ey), then f : (X, <c,) —
(Y, <c,) is an L-concave internal relation preserving mapping.
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Proof. If A <c, B then thereis D € LX such that A < D < Band A <y D for all yu € B(D) and <ye R‘é’f’(yy).
Thus f7(A) < f7(D) < f(B). In order to prove that f~(A) <c, f;"(B),letx, € g*(f, (D)) and <x€ Rgr(x,\).
Then f;7(x)) € B'(D) and <sx)€ RE"(f;(xp)). Thus A <sx) D which implies that f;~(A) <x f;~(D). This
shows that f~(A) <c, f(B).

Therefore f is an L-concave internal relation preserving mapping. [

Lemma 3.12. Let (X, C) be an L-down—directed convergence relation space. Then < ff< T <<y, forany x) € J(L¥).

Proof. Letx, € J(LX)and A,B € LX. If A <;° B then thereisa D € LX such thatx; <D <c D<DVA < B. So

D<cD & Vy,€pD),Y<1eR¥(y,), DD
= YuepA),¥ <€ R¥(x,), D<1 D
&= Yuep'), D D
" ps b
=  A<B<; B (byLemma3.3(2)
XD 4 &g

This shows that <} <<5,. Further, since x, C<,, by (LDDCR1), it follows that
A< B &= VLS, A<SB = A<, B
This implies that <5, <<,. So <3 <<f <<,,. O

Theorem 3.13. Let (X, E) be an L-down—directed convergence relation space. Then E<C_.

Proof Let x, € J(LX) and let <€ R (LX) with x; E<. It follows from Lemma 3.12 that <;°<<{ <<. Thus
<;E<< followed by x; E<_<. Therefore C<C._. [

=—==c°

Theorem 3.14. <c_ =< for any L-concave internal relation space (X, <).
Proof. Let A,B € L* with A <c_ B. It follows from Theorem 3.8 that <;7=<; . Thus

A<c.B & 3JA<D<B st Vx; € p'(D),¥ <€ R¥"(x,), A<D
— dA<DX<B st Vx,\eﬁ(D)A\x\D
— 3dJA<D<B, s.t. \/erﬁ(D),A\x\

Thereisaset D € L* suchthat A <D < Band A <§, D for any x, € *(D). By A <, D, thereis aset E, € L¥
such that

Xy <Ey, <Ex, <Ey VA<D<B.

Let E = V., ey Ex,- Then D =V, g0y X2 < Vi, ep(p) Ex, = E. In addition, E < E by (LCIR3) of <. Hence
A £ D < E < E < Bwhich implies that A < B. Therefore <c_<x.
Conversely, let A < B. By (LCIR4), there is a set C € LX such that A < C < B. Put

D:\/{CELX:A<C<B}.

Then A < D < B. Further, by D < B and (LCIR4), there is an E € LX such that D < E < B. Thus A < E < B
which implies D < E < D. Hence D < D.
In order to prove that A <c_ B, let x, € ﬁ*(D) and <€ R¥"(x,). Then x; C<< implies <3 <<. Further,
sincexy <D <D =DVA =D, it follows that A <, D. Thus A < D followed by A <c_ B. Therefore <<<c_
In conclusion, we proved that <c_=<, as desired. O
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Based on Theorems 3.8 and 3.9, we obtain a functor [F : L-CIRS — L-DDCRS defined by:
F(X, X)) = (X,Cs) and [F(f) = f.
Similarly, based on Theorems 3.10 and 3.11, we obtain an functor G : L-DDCRS — L-CIRS defined by:
G(X,0) =(X,<c) and G(f) = f.
Based on Theorems 3.8-3.14, we have the following conclusions.
Corollary 3.15. (IF, G) is a Galois connection, where G is a left inverse of IF.
Corollary 3.16. The category L-CAS can be embedded in the category L-DDCRS as a reflective subcategory.

Now, we have established the connection between L-down—directed convergence relations and L-
concave internal relations. Then, is there any L-down-directed convergence relation with special prop-
erties which can enhance this connection? In order to discuss this, we present the notion of L-concave
down-directed relations as follows.

Definition 3.17. An L-down-directed convergence relation C on L* is called an L-concave down-directed
convergence relation and the pair (X, C) is called an L-concave down—directed convergence relation space,
if C satisfies

(LCDDCR1) x, E<5;;

(LCDDCR2) A <, Bifand only if AD € L* s.t. Yy, € p(D), x, <D <§,, D<DVAXB.

The category of L-concave down-directed convergence relation spaces and L-down-directed conver-
gence relation preserving mappings is denoted by L-CDDCRS. Next, we discuss relationships between
L-CIRS and L-CDDCRS.

Theorem 3.18. Let (X, <) be an L-concave internal relation space. Then Ex is an L-concave down—directed conver-
gence relation.

Proof. By Theorem 3.8, it is sufficient to prove that E< satisfies (LCDDCR1) and (LCDDCR?2).
(LCDDFCR1). For any x; € J(LX), <;s<; implies x) C<<5,. Thus x; C< <fj by Theorem 3.8.
(LCDDCR?). For any D € L* and y,, € p*(D), itis clear that D < D implies D <; D. Theorem 3.8 implies

A<B < A< B
& dDel* st x, <D<KD<DVAZ<B
= dADel* st Yy, €f(D), m»<D<; D<DVA<B
— dDelX st Yy, ef(D), <D<, D<DVA<B
—  dDel¥ st Yuep(A), <D< D<DVA<B
T 9perX st xy <D<*D<DVA<B
& 3dDel st x, <D< D<DVA<B (by Theorem 3.8)
=  A<B< B (by Lemma 3.3(2))
—  A<B<; B (by Theorem 3.8)
— A <,%j B.

Thus (LCDDCR?2) holds for Cx.
Therefore C< is an L-concave down-directed convergence relation. [

Lemma 3.19. Let (X, C) be an L-concave down—directed convergence relation space. Then <ff=<,%\ for x, € J(LX).
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Proof. For any A, B € LX, (LCDDCR?) yields that

A<FB & ADel* st. x<D<cD>DAB>A
& 3dADeL* st Yy, € p'(D),¥Y <€ R¥"(y,), x» <D<D<DVA<B
& dADelX, Yy, B (D), xx <D <§“ D<DVA<B
= A<B
Therefore <;*=<f. O

Theorem 3.20. C<_=C for any L-concave down—directed convergence relation space (X, C).

NE

Proof. E<C._by Theorem 3.13. In order to prove that C-_<C, let x; € J(LX) and <€ R¥"(LX) with x, C<_<.
Then<;<<. T
C. O

=y

us x) E<§ =<;*<<by (LCDDCR1) and Lemma 3.19. Hence x; C< by (LDDCR?2). Therefore

Based on Theorems 3.8- 3.11, 3.13, 3.18 and 3.20, we have the following conclusion.
Theorem 3.21. The category L-CIRS is isomorphic to the category L-CDDCRS.

Remark 3.22. Based on Theorems 2.6 and 3.21, relationships between L-CDDCRS and L-CAS are as follows.
(1) Let (X, C) be an L-concave down—directed convergence space. The set

Ac = (A e L¥:Vxy € f'(A), AT, A)

is an L-concave structure on LX.
(2) Let (X, A) be an L-concave space. Define a mapping T on J(LX) x R¥"(LX) by

Vx, € J(LX), ¥ <€ R"(LX), x, Cq = <J'<<.

Then C 4 is an L-concave down—directed convergence relation.
(@) Ea.=C and A, = A.
(4) The category L-CDDCRS is isomorphic to the category L-CAS.

4. L-concave filters and L-(resp. concave) filter convergence spaces

In[26], Xiu et al. presented the notion of L-convex ideals by which they introduced L-convex convergence
spaces and discussed its relationships with L-convex space. Then, is it possible to introduce L-concave filter
or L-concave filter convergence space? Further, how about their relationships with L-down—directed relation
and L-concave down-directed convergence relation spaces? In order to solve these problems, we define
L-concave filter and discuss its relationships with L-concave down-directed convergence relations.

Definition 4.1. A set # C L¥ is called an L-concave filter on L* and the pair (X, ¥) is called an L-concave
filter space, if

(LCF1)L¢F and T € F;

(LCF2) Ae ¥ and A < Bimply Be F;

(LCE3) {A)#" C 7 implies A5/ A; € F.

The set of any L-concave filters on LX is denoted by F.(L¥).

Example 4.2. (1) For any x, € J(LX), the set ,, = {F € LX : x, < F}is an L-concave filter on LX.
(2) For any x, € J(L¥) and any L-concave space (X, A), the set N is an L-concave filter on L.

Theorem 4.3. Let (X, <) be an L-down—directed relation space. Then F< = {B € LX : B < B} is an L-concave filter.
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Proof. (LCF1) It directly follows from (LDDR1) that L ¢ F<and T € F<.
(LCF2) If Be < and B < C, then B < B < C. Thus B < C by Lemma 3.3(1). Hence C < C by (LDDR?2).
Therefore C € <. .
(LCF3) Let {B;}#" ¢ ¥_. Then B; < B;foranyi € I. Thus A% B; < B;foranyi € I. Hence N9 B; < \%ir g,

by (LDDR3). Therefore A% B; e F.. O

Theorem 4.4. Let (X, F) be an L-concave filter spaces. Define a binary relation <s by
VA,BelX, A< B < A<BeFT.

Then < is an L-down—directed relation on LX.

Proof. (LDDR1) By (LCF1), itis clear that T <& T and L &# L.
(LDDR?2) For A, B € L%, (LCF2) implies that A <# B if and only if A < B € ¥ if and only if A < B <# B.
(LDDR3) Let A € LX and {B)#" C LX. If A <5 A% B; then it is clear that A <& B; for any i € .
Conversely, assume that A <z B; for any i € I. For each i € I, it is clear that A < B; € ¥ Since {B;}44I" € F, it

follows from (LCF3) that A < A" B, € F. Therefore A <7 AM"B,. O
Theorem 4.5. F(LX) and R4 (LX) are one-to-one correspondent.

Proof. Let (X, <) be an L-down~—directed relation space. For any A, B € L%, (LDDR2) implies that
A<B & A<B<B & A<Befc & A<B<s. B & A<s B

This shows that <=<¢..
Let (X, ) be an L-concave filter space. For any B € L%, it is clear that

Be¥fs, < B<yB < Be¥F.

Therefore <, = F. O

Lemma 4.6. (1) If (X, <) be an L-concave internal relation space then ¥, = F<, and <, =<g, for any x, € J(L%).
(2) If (X, A) is an L-concave space then 7:<s = Nf\i< and <'=<J for any xA € J(L%).
(3) If {Fi}ier € Fo(LX) then (e Fi is also an L- concave filter.
(4) If (X, Fx) is an L-concave filter space and if f : X — Y is a mapping, then Fpx) = (G € L' : f7(G) € Fx}
is an L-concave filter on LY.
Proof. (1) For any F € L%,

Fe¥, & x,<F &< x3VF<F & F<, F &< FeJ

<oyt
Thus ¥, = ?gx/\. Also, for any A, B € L%,

A<y B & A<Bef¥, & A<B<p B < A<y B
Therefore <y, =<, .

(2) For any D € L¥, it is clear that D < D if and only if D € A. For any F € L%,

FeF & F<F & 1 <F<F & x<FeA. = FeN .
xl\ i A
Thus?f\f =Nf\[‘.Also,foranyDELX,itisclearthatDeﬂifandonlyifD <a D. Forany A, B € L%,

A

\x)\

ADelX st. x, <D<aD<DVA<B
ADeAst. xy, <D<DVAZ<ZB
A<BeN{

A< B.

1in
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Therefore <;'=<.
(3) Its proof is direct.
(4) We verify that Fx) satisfies (LCF1)~(LCF3).
(LCF1) It is clear that L ¢ Frx)and T € Frx) since f, (L) = L ¢ Fxand f(T) =T € Fx.
(LCF2)If A € Fyxyand A< B € LY then f7(A) € Fx. Thus f(A) < f(B) € Fx which implies B € F(x).
(LCE3) If {A;}" C Fx) then f (A& A)) = N7 f (A1) € Fx. Thus N9 A; € Frg. D

el —

By Theorem 4.5, there is a one-to-one correspondence between L-concave filters and L-down-directed
relations. Next, we introduce L-filter convergence and L-concave filter convergence and discuss their
relationships with L-down-directed relations and L-concave down-directed convergence relations. For
this, we present the following lemma.

Definition 4.7. A mapping lim : F(L*) — 2/ js called an L-filter convergence structure and the pair
(X, lim) is called an L-filter convergence space if lim satisfies

(LFC1) Yx; € J(L¥), x) € lim(¥,);

(LFC2) VF1, F2 € F (L), F1 € F> implies lim(F7) C lim(7>);

(LEC3) ™ = Myepry T2, where 3™ = M climer) F -

Let (X,limx) and (Y, limy) be L-filter convergence spaces. A mapping f : X — Y is called an L-filter
convergence preserving mapping, if x) € limx(¥) implies f;”(x3) € limy(Ffx)) for any x, € J(LX) and
Fx € Fe(L¥). The category of any L-filter convergence spaces and L-filter convergence preserving mappings
is denoted by L-FCS.

Lemma 4.8. Let (X,C) be an L-down—directed convergence relation space. Define limc : F.(LX) — J(LX) by
VF € Fo(LX), limc(F) = {x) € J(L¥) : x) E<#}.

Then F™ = {A € LX : A <&, A} for any x, € J(L¥).

Proof. Let A € LX. Theorem 4.5 implies that

Ac€ Txl/i‘m; VF € Fe(LX), x) € lime(F) implies A € F
VF € Fo(LX), xA E<s implies A <5 A

V <e RUM(1X), x) C<s. implies A € F¢

V <e RMIN(X), x, C< implies A < A

v <e RU"(x)), A<A

A<E A

XA

1rtrrnt

This shows that 7™ = {A e LX: A<§ A}. O

Theorem 4.9. Let (X,C) be an L-down—directed convergence relation space. Define limg : F.(LX) — J(LX) by
VF € Fo(LX), limc(F) = {xa € J(L¥) : x) E<#}.
Then limg is an L-filter convergence structure on LX.

Proof. (LEC1) For any x, € J(LX), (LDDCR1) yields that x C<,,. Since <7, =<x, by Lemma 4.6(1), it is clear
that x, C<s,, - Thus x, € limc(Fy, ).

(LFC2) If 1 € ¥ and x, € limc(%1), then <#<<g, and x; C<g. Thus x3 C<g by (LDDR2). Hence
x) € limc (7). Therefore limc(F7) C limc(%7).
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(LFC3) Let x5 € J(LX) and A € L. Then Lemma 4.8 and (LDDCR3) imply that

AeFi™ = A<
&= Vuep@\), A F
= VYuep@), Aec 7—‘,}24“‘2
— Fec¢ ﬂ ﬁlim;.

)

pep (A

A

limg limg
Hence TX/I\HL :. thlEIﬁ*(/\) ﬁ;m7 .
Therefore limc is an L-filter convergence structure. [

Theorem 4.10. Let (X,CEx) and (Y,Cy) be L-down—directed convergence relation spaces. If f : X — Y is an L-
down—directed convergence relation preserving mapping with respect to (X, Ex) and (Y, Ey), then f : (X, limg,) —
(Y, limg, ) is an L-filter convergence preserving mapping.

Proof. Let ¥ € F (LX) and let A,B € LY. Then

A(<SF)sx)B A<B and f(A) <s f{ (B)
A<Band ff(A)<f B eF
A <BeFx

A<B Sfﬂx) B

A< B.

111101

Freo
Thus (<#)fx) =<g,- For any x; € J(L¥), it follows that
xy €limg (F) & x3 Cx<y
= fi (x1) Gy (SF)fx)

= f{ (xa) Cy<#x
= f (xa) € ime, (Frx)-

Therefore f is an L-down-directed convergence relation preserving mapping. [

Theorem 4.11. Let (X, lim) be an L-filter convergence space. Define a relation Ty, on J(LX) x RI4" (LX) by
Vx, € J(LX), ¥ <€ R¥N(LX), x) Cim< & x, € lim(F<).

Then Eyim is an L-down—directed convergence relation satisfying <%A“'“=<ﬂj\m.

Proof. (LDDCR1) ¥, = F, by Lemma 4.6(1). Since x, € im(#%,) by (LFC1), it follows that x) Ciim<x,.
(LDDCR2) Let <1, <€ Rddir(LX) with ;<< and x) Eim<i. Then ¢, € ¢, and x, € lim(F,) € lim(¥,).
Thus x; Ciim<>.
(LDDCR3). Let x, € J(LX). We check that <§f”‘=<ﬁu\m. Indeed, for any A, B € LX, Theorem 4.5 yields that

A<mB = VY<eRM(x,), A<B
= V<eRUNX), x,elim(F<) implies A <B
== V<eRU(X), x,elim(F<) implies A <B e Fc
= VYF e F(LY), x, €lim(F<,) implies A <Be€ Fe,
= VF e F(LY), x) €lim(F) implies A<BeF
& A<BeFm™
— A Sﬂ:\m B.
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Thus <§;im=<ﬂ;m. For any A, B € L%, (LFC3) implies that

A<I™B & A<smB
A

< ‘
= A4 SNpep oy T B

= VYuepA), A<sm B
u
* Clim

= VYuef), A <x:‘ B.

Hence (LDDCR3) holds for Cyjy,.
Therefore Ty is an L-filter convergence relation satisfying <™ =<gm. O

Theorem 4.12. Let (X, limy) and (Y, limy) be L-filter convergence spaces with respect to (X, limy) and (Y, limy). If
f: X — Yis an L-filter convergence preserving mapping, then f : (X, Elimy) — (Y, Eiim,) s an L-filter convergence
preserving mapping.

Proof. Let x, € J(LX) and <€ R™"(LX) with x; Ciim,<. Thus x; € limx(¥<). Hence £, (x1) € limy((F<)sx))-
So f7(xa) € limy(F< ﬂX)) which implies that f;”(x1) Ciim, <f(x)- Therefore f is an L-filter convergence relation
preserving mapping. [

Theorem 4.13. Let (X, E) be an L-filter convergence relation space. Then Ciim_=C.

Proof. Let x, € J(LX) and <€ R¥"(LX). By Theorem 4.5, it follows that

X1 Ciim. < & x € limc(F<) & x) LSy, &= x1 C<.

This shows that Cjjp =C. O

Theorem 4.14. Let (X, lim) be an L-filter convergence space. Then limc, = lim.
Proof. Let x) € J(LX) and F € F(L%). It follows from Theorem 4.5 that
x) € img, (F) &= x) Cims$y & 1) € lim(F¢,) & x, € im(F).
Thus limg,, =lim. [J
Based on Theorems 4.9 and 4.10, we obtain a functor T : L-DDCRS — L-FCS by
T(X,E) = (X limg) and T(f) = f.
Based on Theorems 4.9—4.14, T is an isomorphic functor. Thus we have the following result.
Theorem 4.15. The category L-DDCRS is isomorphic to the category L-FCS.

Definition 4.16. An L-filter convergence structure lim : Fo(LX) — 2/ is called an L-concave filter
convergence structure and the pair (X, lim) is called an L-concave filter convergence space if

(LCFC1) x, € lim(F)™);

(LCFC2) A € 7i™ if and only if there is a set B € L* such thatxy < B < Aand B € 7™ for any y, € §"(B).

The category of any L-concave filter convergence spaces and L-filter convergence preserving mappings
is denoted by L-CFCS.

Theorem 4.17. If (X,C) is an L-concave down—directed convergence relation space then (X, limg) is an L-concave
filter convergence space.
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Proof. Based on Theorem 4.9, limc is an L-filter convergence . It is sufficient to check that (LCFC1) and
(LCFC2) hold for limc.

(LCFC1)Letx; € J(L¥). Then<f, =<iimg =<, imc by Theorems 4.13and 4.11. Since x) C<5, by (LCDDCR1),
EA

. lim,
ime. Thus x, € limc (%, ).

(LCFC2) Let A € LX. Then Lemma 4.8 and (LCDDCR?) yield that

it follows that x; C<

AeFy™ &= A< A
& dADel¥ st Yy, € (D), x <D<, D<DVA<A
& dr <D<Ast Yy, ep(D), DeF, ™.

This shows that (LCFC2) holds for limc. O

Theorem 4.18. If (X,lim) is an L-concave filter convergence space then (X, Cym) is an L-concave down—directed
convergence relation space.

Proof. Based on Theorem 4.11, Cji, is an L-down-—directed convergence relation. Thus it is sufficient to
prove that (LCDDCR1) and (LCDDFCR?2) hold for Ejim,.
(LCDDCRI1) Let x, € J(LX). Then <%Fm=<7:lim by Theorem 4.11. Since x, € lim(f}im) by (LCEC1), it
) i

follows that x, E]jmgﬂ;m. This shows that x; Cjim <§f‘“.
(LCDDCR?) Let A, B € LX. It follows from Theorem 4.11 and (LDDR2) that

=lim li
A<;‘ B —= A<¢;i‘mB — A$B<¢le‘mB & A<BefF, ™
Further, it follows from (LCFC2) and Theorem 4.11 that
A<{m"B & A<Befim

* 1i
& dn<DVA<Bst Yy, ep (D), Def, ™"

& I <DVA<B st Yy, €p(D), D<pm D

& Ay <DVA<B st Yy, ep (D), D™D

& 3ADel” st Yy, e (D), m <D™ D<DVA<B,
Thus (LCFCR2) hold for Gy, O

Based on Theorems 4.15, 4.17 and 4.18, we have the following conclusion.
Theorem 4.19. The category L-CFCRS is isomorphic to the category L-CFCS.

Remark 4.20. Based on Theorems 3.20 and 4.19, relationships between L-CFCS and L-CIRS are present as
follows.
(1) Let (X, lim) be an L-concave filter convergence space. Define a binary relation <}, on LX by

VA,BeLX, A<imB & JA<D<B, Vx; €f'(D), D e Fiim

Then <jim is an L-concave internal relation on LX.
(2) Let (X, <) be an L-concave internal relation space. Define a mapping limx on F (LX) x 2/ by

VF € F(LY), Lims(F) = (1 € J(LY) <5 <<7).

Then lim. is an L-concave filter convergence structure on L.
(3) <iim.=< and lim¢, = lim.

(4) The category L-CFCS is isomorphic to the category L-CIRS.
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Remark 4.21. Based on Remark 4.20 and Theorem 2.6, relationships between L-CFCS and L-CAS are as
follows.
(1) Let (X, lim) be an L-concave filter convergence space. Then the set

Fim = 1A € LX : V) € f(A), A € FI)

is an L-concave structure on LX.
(2) Let (X, A) be an L-concave space. Define a mapping lim : 7 (LX) — 2/ by

VF € F (LX), ima(F) = {x, € JL*) : N C F).

Then limg is an L-concave filter convergence structure on LX.
(3) Atim, = Aand limg, = lim.
(4) The category L-CFCS is isomorphic to the category L-CAS.

Conclusions

In this paper, we introduced L-down-directed relations, L-down—directed convergence relations and L-
concave down—directed convergence relations. We proved that the category of L-concave internal relation
spaces can be embedded into the category of L-down-directed convergence relation spaces as a reflective
subcategory, and that the category of L-concave down—directed convergence relation spaces is isomorphic
to the category of L-concave internal relation spaces. We further introduced L-concave filters, L-filter
convergence spaces and L-concave filter convergence spaces. We prove that that L-filter convergence
space and L-down-directed convergence relation spaces are isomorphic. In addition, we also proved
that L-concave down—directed convergence relation spaces, L-concave filter convergence spaces, L-concave
internal relations and L-concave space are all categorically isomorphic.

In [26], Xiu et al introduced notions of L-convex ideals and L-convergence structures. Indeed, if L is
a complete lattice with an inverse involution, then L-concave filter is a dual concept of L-convex ideal.
Similarly, L-concave filter convergence structure is a dual concept of L-convergence structure. However,
L-concave filter convergence structure can adapt to a more general environment where the complete lattice
L has no inverse involution.

In recent years, fuzzy relations have been applied to many mathematical structures such as L-topological
spaces, (L, M)-fuzzy topological spaces, L-concave space, L-convex spaces, (L, M)-fuzzy convex spaces and
M-fuzzifying convex spaces [5, 17, 18, 22, 24]. Thus fuzzy relations may provide some alternative ways to
study convergence structures in these spaces.
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