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Golden Riemannian submersions

Semsi Eken Meri¢?

*Department of Mathematics, Faculty of Science, Mersin University, 33343, Mersin, Turkey

Abstract. In this paper, we study a Golden Riemannian submersion between Golden Riemannian mani-
folds. Here, we investigate the geometric properties of such a submersion and obtain some results. Also,
we study the relations between the Ricci curvatures of any fibre, base and target manifolds of Golden
Riemannian submersion and using these relations obtain two sharp inequalities. Moreover, we give some
characterizations of Golden Riemannian submersion whose total space admits a Ricci soliton with the hori-
zontal or vertical potential field. Finally, we construct some examples of Golden Riemannian submersions.

The theory of Riemannian submersions is very interesting topic in Differential Geometry and Theoretical
Physics, since such theory has many applications in Kaluza-Klein theory, Yang-Mills theory, supergravity
and superstring theories (see [9]).

The Riemannian submersions goes back to five decades ago, when B. O’Neill and A. Gray studied
the basis of such theory, independently (see [12, 14]). From the geometric point of view, Riemannian
submersions are important tools in Riemannian geometry since the total space of such submersions carry
additional structures (of contact, complex, quaternionic type, etc.) Hence, the geometry of Riemannian
submersions have been studied and developed in the last three decades (see papers, [3, 9, 18, 20, 21]).

On the other hand, the number ¢ = @ is a solution of the equation x> — x — 1 = 0 which is called a
Golden ratio. The notion of Golden ratio has occupied in many different areas such as arts, architecture,
music, philosophies and besides it is also appears in Nature. Being inspired by the Golden ratio ¢, the
concept of Golden manifold was introduced in [7] with a (1, 1)—tensor field @ on such a manifold satisfies
®? — @ — [ = 0 and they obtained the eigenvalues of ® are Golden ratios ¢ and 1 — ¢. In [19], the authors
defined Golden maps between Golden Riemannian manifolds and gave some properties of the induced
structure on their submanifolds. Moreover, the authors studied two types of submersions whose total space
is an almost trans-1-Golden manifold (see [22]). Nowadays, there are several works on Golden Riemannian
manifolds in literature and they are still in progress (see [1, 4, 10, 11, 17]).

The notion of Ricci soliton is firstly appeared after Hamilton was introduced the Ricci flows and showed
that the self-similar solutions of such flows are Ricci solitons (see [13]).

From a mathematical point of view, a Riemannian manifold (M, g) is called a Ricci soliton, if

L;,g+Ric+kg = 0 1)
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is satisfied, where £, denotes the Lie-derivative with respect to the vector field o which is called potential
field, Ric is the Ricci tensor on M and k is a constant. Such a Ricci soliton is denoted by (M, g, o, k). Moreover,
if the constant k is positive, zero or negative, then the Ricci soliton (M, g, 0, k) is said to be expanding, steady
or shrinking, respectively. Ricci solitons became popular after Perelman used them to solve the Poincare
conjecture in [16] and since then, the theory of Ricci solitons has been studied intensively in many different
areas (more details, see [5, 6, 8, 15]).

Our purpose is to study in the present paper a class of submersions between Golden Riemannian
manifolds which is called Golden Riemannian submersion. Here, we characterize the Golden Riemannian
submersions between such manifolds by investigating the ®—invariance of horizontal and vertical distri-
butions and the fundamental tensor fields 7~ and A of such distributions in Sect. 3. Also, we investigate
the Ricci curvatures of any fibre, base and target manifolds of Golden Riemannian submersion and present
the relations among them. Using these relations, we obtain sharp inequalities for Golden Riemannian
submersion. Moreover, we deal with the total space of such a submersion admits a Ricci soliton and study
here the necessary conditions for Ricci soliton to be either shrinking or expanding, depending on whether
the potential field is horizontal or vertical. In Sect. 4, we give some examples of Golden Riemannian
submersion.

1. Preliminaries

In this section, we recall the following notations:

Let (M, g) be a Riemannian manifold. A non-null tensor field ® of type (1,1) on M is called a Golden
structure, if it satifies

D = D+, (2)

where [ is the identity transformation on the Lie algebra I'(TM) of the differentiable vector fields on M.

Here, we note that the metric g is ® compatible if
9(PX,Y) = g(X, @Y) (3)

is satisfied, for any X, Y vector fields on M. If we substitute ®X into X in (3), it becomes

g(@X, @Y) = g(°X,Y) 9(@ + DX, Y))

g(@X,Y) +g9(X,Y),

for any X, Y vector fields on M. Then, the Riemannian metric g in Eq. (3) is called ®—compatible and
(M, @, g) is called an almost Golden Riemannian manifold. Also, M is called a Golden manifold if it has
an integrable almost Golden structure. Recall that the structure ® is integrable if the Nijenhuis tensor No
vanishes, where

No(X,Y) = ®*[X, Y] + [OX, DY] — D[DX, Y] — D[X, DY],
for all X, Y vector fields on M (see [2]).
It is known that the integrability of @ is equivalent to the existence of a torsion-free affine connection
with respect to which the equation V® = 0 holds (see [7, 10]).
On the other hand, some basic notations about Riemannian submersions from [9] as follows:

Amap¥ : (M, g) — (M, §)is called a C*-submersion between Riemannian manifolds (M™, g) and (M", 7),
if ¥ has a maximal rank at any point of M. For any x € M, ¥ (x) is closed r-dimensional submanifold
of M, such that r = m — n. For any p € M, the distribution ker ., which is integrable. Also, T,% *(x)
are r—dimensional subspaces of ker ., and it follows that ker %, = T,¥ ~'(x). Hence, ker ., is called the
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vertical space of any point p € M.
Denote the complementary distribution of ker ¥, by (ker 7.)*, the one has

T,(M) = ker 7., ® (ker F.)*

where (ker F.,,)* is called the horizontal space of any point p € M.
Let ¥ : (M, g9) — (M, g) be a submersion between Riemannian manifolds. At any point p € M, we say
that # is a Riemannian submersion if ., preserves the length of the horizontal vectors.

LetF : (M, g) — (M, §) be a Riemannian submersion, and denote by V and V the Levi-Civita connections
of M and M, respectively. If X, Y are the basic vector fields, F -related to X, Y, one has:

(i) 9X,Y) = g, V) o F, B
(i) h[X, Y] is the basic vector field ¥ -related to [X, Y],
(i1i) h(VxY) is the basic vector field F -related to VY,
(iv) for any vertical vector field V, [X, V] is the vertical.

A Riemannian submersion ¥ : (M, g) — (M, 7) determines two tensor fields 7~ and A on M, which are
called the fundamental tensor fields or the invariants of Riemannian submersion ¥ and they are defined

by

T(E,F) = T¢F = hV,£oF + 0V,ehE,
ﬂ(E, P) = AgF = vVyghF + hV,coF,

where v and h are the vertical and horizontal projections, respectively and V is a Levi-Civita connection of
M, for any E, F € I'(TM). Indeed, the fundamental tensors 7~ and A satisfy the followings:

TvW =TwV, 4)
AxY = -AyX = 30[X, Y], (5)

forany V, W € ker ¥, and X, Y € (ker F.,)*.

We here note that the vanishing of the tensor field A means the horizontal distribution (ker %.)*
is integrable. On the other hand, the vanishing of the tensor field 7~ means any fibre of Riemannian
submersion ¥ is totally geodesic submanifold of M. Also, any fibre of Riemannian submersion ¥ is totally
umbilical if and only if

TvW = g(V,W)H, (6)
where H denotes the mean curvature vector field of any fibre in M, for any V, W € ker 7.
Also, for any E, F, G € I'(TM) one has

g(TeE,G) + g(TeG, F) = 0, @)
J(ALE,G) + g(ALG,F) = 0. ®)

Using fundamental tensor fields 7~ and A, the following formulas are given as

VyW = TyW + Vi W, )
VyX = hVyX +TvX, (10)
VxV = AxV + vV, (11)

VxY = hVxY + AxY (12)

forany V,W e ker F. and X, Y € (ker F.)*.

Moreover, by using the properties of the fundamental tensor fields 7~ and A, we have
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Y 9Tully, Tully) = ) g(TuX;, TuX), (13)
j=1 i=1

n r
Y 9AX, AX) = ) g(AxU;, AxU), (14)
i=1 j=1

U, respectively.
On the other hand, one has the folloiwng formulas:

R(U, V,E W)
R(X,Y,Z,H)

R, V,E W) = g(TuW, TvE) + g(TvW, TuF), (15)

R(X,Y,Z,H) o F +29(AxY, AzH) (16)
—g(AyZ, AxH) + g(AxZ, AyH),

forany X, Y,Z, H € (ker .)* and U, V,F, W € ker 7.

2. Golden Riemannian Submersions between Golden Riemannian Manifolds
We give the following notion:

Definition 2.1. Let (M, ®, g) and (M, ®, §) be Golden Riemannian manifolds. A surjective map F : M — M is
called a Golden Riemannian submersion if the followings are hold:

i) F is a Riemannian submersion,

ii) F is a (P, ®)—holomorphic, i.e. F. o ® = O o F,.

Proposition 2.2. Let ¥ : (M, D, g) — (M, ®, ) be a Golden Riemannian submersion between Golden Riemannian
manifolds. Then the horizontal and vertical distributions are ®—invariant, i.e.

D(ker F,) = ker 7., D(ker F.)* = (ker F.)*.

Proof. Let U; be a vertical vector field. Since F is a (@, ®)—holomorphic, one has
F(DU) = O(F.Uy) =0,

which gives ®Uj is vertical vector field.

On the other hand, let X; be a horizontal vector field. Then, using (3), we can write
g(@Xq, Uy) = g(X, @U;) =0,

which gives ®Xj is also horizontal vector field. Hence, we obtain that ®(ker 7.) C ker ¥, and ®(ker 7.)* C
(ker F.)*, and so

O(ker 7.) = ker . and @(ker F.)* = (ker F.)*.
[

Proposition 2.3. Let F : (M, ®,g9) — (M, D, §) be a Golden Riemannian submersion between Golden Riemannian
manifolds and Xy, X, be basic vector fields on M which are F —related to X1, X, on M, respectively. Then, one has

1. ®X is the basic vector field which is F —related to ®X;,

2. h(No(X1, X2)) is the basic vector field which is F —related to Ng(X1, X1),

3. h((Vx,P)X>) is the basic vector field which is F —related to (Vx, @)Xo.
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Remark 2.4. Let F : (M, ®,9) — (M, D, ) be a Golden Riemannian submersion between Golden Riemannian
manifolds. From the Proposition 2.2, one has the vertical distribution ker F. is a ®—invariant and so any fibre
inherits a Golden structure @ from M. Hence, any fibre is a closed invariant submanifold of M.

Then, one has the following;:

Proposition 2.5. Let F : (M, ®,g9) — (M, D, ) be a Golden Riemannian submersion between Golden Riemannian
manifolds. If the Golden structure @ is parallel on M, then @ is also parallel on M.

Proof. If the Golden structure @ is parallel with respect to V on M, one has VO = 0, where V is the Levi-Civita
connection on M. For any horizontal vector fields X; and X, we can write (Vx, @)X, = 0. Then, it follows

Vy, ®X; = DVy, X,
h(Vx,®X5) = h(®Vx, Xp).

Using Proposition 2.3, the last statement is equivalent to
(Vx,@Xp) o F = (DPVx, Xp) o F,

which gives (Vy, @)X, = 0, for any vector fields X;, X, on M. Hence, we get the Golden structure ® is
parallel with respect to the Levi-Civita connection Von M. [

Assumption: From now on, we assume that the Golden structures ® and @ are parallel on M and M,
respectively.

Theorem 2.6. Let ¥ : (M, ®,g9) — (M, D, ) be a Golden Riemannian submersion between Golden Riemannian
manifolds. For any horizontal and vertical vector fields X and Uy, respectively, one has:

(i) Apx, = Ax, oD on kerF,,
(i) Tou, = Tu, o @ on (ker F.)*.

Proof. Let X, be a horizontal vector field. If we use the equalities (8) and (5), respectively in the following,
we have

J(Aox, U1, X2) = —g(Aox, Xo, U1) = g(Ax, X1, U1) = g(OAx, X1, U1)
—g(PAx, Xz, Uy) = —g(Ax, X2, PUy) = g(Ax, PUy, X>),

which follows
Aox, U = Ax, OU;.

Similarly, for any vertical vector field U, and using the equalities (7) and (4), respectively, we can write

9(Tou, X1, Up) —9(Tou, Uz, X1) = —g(Tu, U1, X1) = —g(PT 1, U1, X1)

—g9(Tu, U1, ©X1) = —g(Tu, Uy, X1) = g(Tu, PXy, L),

which gives
TQJLE Xl = Tul q)Xl

Therefore, (i) and (ii) are obtained. [

The next lemma gives the relations the Ricci curvatures of any fibre, target manifold M and base manifold
M, as follows:
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Lemma 2.7. Let F : (M, ®,g9) — (M, ®,q) be a Golden Riemannian submersion between Golden Riemannian
manifolds with totally umbilical fibres. Then, the Ricci curvature on M is given as

ric(@U;) = ric(®Uy) + 1||H|P? + rg(PH, H) — ||dAx, U | (17)
—div(H)|| DU 1%,

ric@Xy) = ric(®Xy) o F - rg(Vox, H, ®X1) + [Ty, X1l (18)
+2|| DA, Xill,

where ric and ric denote the Ricci curvatures of any fibre and M, for any unit vertical and horizontal vector fields Uy
and X3, respectively.

Proof. For any unit vertical vector field U; on M, one has ®Uj is vertical. Considering the equality (15), we
can write

rid(@UY) = Ac(@U) + Y {g(Tou, ®Us, Tu,Uy) = 9(Teu, Uj, Tou, Uj))
7

+ Z {Q(chu] Xi, Tou, Xi) — g(Ax,PUy, Ax, DU ) (19)
3

—g((Vx, T)(@Uh, DY), X)),

Taking into account of the equality (13), above (19) becomes

1

ric(@Uy) = rie(@Uy) + Y (T, ®Uy, Tu,Uj) = Y (A @UL, Ax, OU»)
]

+9((VXiT)(q)U1, olh), Xi)}- (20)

On the other hand, since a Golden Riemannian submersion ¥ has totally umbilical fibre and using the
equalities (2)-(4) and (6), one has

Z g(Tcpul o, Tu/. u]‘)
j

Fg(Tcpulq)ul,H) = Tg(CDTcpul Ul,H) = Tg(T¢ul U1,®H)

rg(Tu, @Uy, ®H) = rg(OT 1y, Uy, PH) = rg(T 1y, Uy, P*H)
rg(Tu, Ur, PH) + rg(T, Uy, H),
rIUs I g(H, ®H) + | U3 PIHIP, (21)

where H is the mean curvature vector field of any fibre in M. Also, since U; is unit vertical vector field,
above (21) gives

Y 9(Tou, Uy, Tu,Uy) = rg(H,®H) + rlH]P (22)
j

Moreover, using the condition of totally umbilical, we get

Z g((VxT@UL DU, X;) = ) [(Vxg)(@Uy, DU )g(H, X))

1

+9(Vx,H, X)g(@Uy, oUy)},
which gives

Z 9((VX;T)(‘DU1, o), Xi)

1

Y 9V H, XllewP. (23)
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Putting (22) and (23) in (20), we get

ric(@Uy) = ric(@Uy) + rIHIP + rg(@H, H) - ) {g(@Ay, Uy, DA, Un)

1
+g(Vx H, X)ll0U |},
where {X;}1<i<; is an orthonormal basis of the horizontal distribution (ker F.)*.

Hence, the last equality is equivalent to (17) .

Similarly, for any unit horizontal vector field X; on M, we get

ric(®X;) = V?C(@Xﬂ oF + Z {g(TujCDXl,TUjCDXl) - g(‘ﬂq)x1 U], Aox, U])
j

~g((VaxT)(U;, U, @X1)} +3 Y g(Aax, X, Awx, X)), (24)
Using the equality (14) in (24), it gives

rie([®X,) = ric(®X;) o F + Z (9T, @1, T, @X1) (25)
7

—g((Vox, T)(Uj, Up), @X1)} +2 Y g(Aax, X, Aox, X).
Since ¥ has totally umbilical fibres and using (6) in (25), it gives

rie(®X,) = ric(®X;) o F + Z 9Ty, ®X1, Ty, @X1)
7

—Fg(qule, CDXl) +2 Z !](ﬂ@xl X]', ﬂqyxl X]‘).
Then, using the parallelism of Golden structure ® on J, it follows

ric(@X,) = ric(®X1) o F — rg(Vox, H, ®X1) + Z {g(@T 1 X, 9T, X1)
7
+2 Z g(PAx, X, ODAx, X)),

which is nothing but (18). O
Using above Lemma 2.7, we have sharp inequalities with the following:

Theorem 2.8. Let ¥ : (M, ®,g9) — (M, D, 7) be a Golden Riemannian submersion between Golden Riemannian
manifolds with totally umbilical fibres. Then, one has the following inequalities:
ric(dU)
ric(®Xy)

ric(OUL) + r|[H|? + rg(PH, H) — div(H)||OUL |2,

<
> 1ic(®X1) o F — rg(Vox, H ®X1) + |OTy, Xal,

for any vertical vector field Uy and horizontal vector field X;1. The equality cases of both above inequalities are satisfied
if and only if the horizontal distribution (ker 7.)* is integrable.

The next lemma is about a Golden Riemannian submersion whose total manifold admits a Ricci soliton
with vertical potential field.
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Lemma 2.9. Let 7 : (M, ®,9) — (M, ®, §) be a Golden Riemannian submersion with totally geodesic fibres. If M
admits a Ricci soliton (M, g, 0, k) with vertical potential field, then the relation between the Ricci tensor Ric and Ricci
curvature ric on M is given as

Ric(®X1,X1) o F +ric(X1) o F +2 Z |OAx X1 |* + A|DX4|* = 0, (26)

where {Xi}1<i<n is an orthonormal frame on (ker F.)* and Xy is any horizontal vector field which is F —related to X;.

Proof. If the Golden manifold M admits a Ricci soliton with vertical potential field o, from the eq. (1) we
can write

1
E(L,g)((IJXl, ®X,) + Ric(®X;, DXy) + kg(@X;, DX,) = 0, 27)
for any horizontal vector fields Xj, X, on (ker 7)*.

Also, from the definition of Lie-derivative and using the equalities (5), (8) and (11) one has

1
5 (Log)(@X1, @X2) 9(Vax,0,PX2) + g(Vax,0, PX1))

(

{9 (Apx, 0, X2) + g(Awx,0, CDXl)}
{ J(Apx, ©X,,0) — !](ﬂapxzq’XLG)}
{

9(Apx, PX3, 0) + g(Aox, PX3, 0)}

CNIRNIFRNI- N -

Then, the eq. (27) is equivalent to
Ric(®X1, DX,) + kg(®X1, DXy) = 0 (28)
for any horizontal vector fields X, X».
Considering the eq. (16) and putting in (28), it gives
Ric(®X;, DX5) o F — %{g(vq,xl N, ®X,) + g(Vox,N, ®X1))
+2 Z J(Aox, Xi, Awox, Xi) + Z 9(Tu;®Xq, Tu,PX7) (29)
p ;
+hg(DX1, DX,) = 0, ]

where {X;, Uj}1<i<u1<j< is an orthonormal frame on M.

Since ¥ has totally geodesic fibres, above (29) is equivalent to

Ric(®X,, &X,) o F +2 Z I(Aox, Xi, Avx, Xi) + kg(@X1, ®X5) = 0. (30)

Particularly, choosing X; = X; in (30), it becomes

Ric(®Xy, ®X1) 0 F +2 )" g(Aax, Xi, Aox, Xi) + HIOX|P = 0, (31)
i
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On the other hand, considering (5) we can write

Z 9(Aox, Xi, Aax, Xi) Z g(Ax, PX1, Ax, PX1)
7 ;

Y 9(@A Xy, DA X1)

) oAy Xa |2
i

Putting the last equality in (31), one has

Ric(®X,, ®X;) o F +2 Z DA X2 + kDX |2 = o.
i

Since M is a Golden Riemannian manifold and using (2), it follows

Ric(®Xy, X1) o F + ric(X1) o F +2 ) |0Ax Xall? + KIOXa [P = 0,
i

is obtained. [
Using Lemma 2.9, we have the following:

Theorem 2.10. Let F : (M, @, g9) — (M, D, §) be a Golden Riemannian submersion with totally geodesic fibres and
the Golden manifold M admits a Ricci soliton (M, g, 0, k) with vertical potential field. If M has positive or zero Ricci
tensor, then the Ricci soliton (M, g, 0, k) is shrinking.

The next lemma provides a Golden Riemannian submersion whose total manifold admits a Ricci soliton
with horizontal potential field.

Lemma 2.11. Let ¥ : (M, ®,9) — (M, D, 7) be a Golden Riemannian submersion with totally geodesic fibres and
M admits a Ricci soliton (M, g, 0, k) with horizontal potential field. Then, the relation between Ricci tensor Ric and
Ricci curvature ric on any fibre of ¥ is given as

Ric(®Uy, Uy) + ric(Uh) - ) | I0Ax U + KIOUs | = 0,

where {Xi}1<i<n is an orthonormal frame on (ker F.)* and U, is any vertical vector field.

Proof. If the Golden manifold M admits a Ricci soliton with horizontal potential field o, from the eq. (1)
one has

%(ng)((pul,q)llz) + RZC(CDULCDUQ) + kg(dbul,@llz) =0 (32)

for any Uy, U, € ker . Also, from the calculation of Lie-derivative, we can write

1 1
E(ng)((DUL(DUz) E{g(V@ula,CDUz) + g(Vaour,0, CDUl)}

1
= 5{9(Tou,0,0W) + §(Tau,0, PU)|
1
= —5{9Tau Pz, 0) + g(Tor, @U, o))

1
= {9 Tou @, 0) + Tou, P, o)
= g(Tcpul g, CDUZ)
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Then, the eq. (32) gives
9(T o, 0, PU,) + Ric(DU,, PU,) + kg(dU;, PUL) =0, (33)

for any vertical vector fields U, Us.

Using the eq. (15) in (33), we get
g((/—cpula,q)l,b) + RAiC(q)ul,q)Lb) + Z g(Tu/. u]‘, 7'q>u1<1>1,12)
j

=Y gk D@y, D), X)) + g(Ax PUL, Ax, PU)|

+kg(CDU1,®U2) = 0, (34)

where {Xj, Uj}1<i<n;1<j<r is an orthonormal frame on M.

Since ¥ has totally geodesic fibres, above (34) is equivalent to

Ric(dU,, dU,) — Z G(Ax, DU, Ax, D) + kg(PUy, PU,) = 0. (35)

In particular case, by choosing U; = U, in (35), it follows

Ric(®Uy, dU,) - Z [ Ax, PUL I + KlIPUL |I* = 0. (36)

On the other hand, we can write

Y 1A WP = ) g(Ax U, Ax DU = Y g( @A, Us, DA, L)

|OAX, U |2

Putting the last equality in (36), we have

Ric(@Us, Uy = Y [9AK, U P + kIOUL 2 = 0,
i

which gives

Ric(@Us, Uy) + ric(U) = Y [0Ax, Ul + KIOU | = 0.
i

Hence the proof is completed. [

Theorem 2.12. Let ¥ : (M, @, g) — (M, D, 7) be a Golden Riemannian submersion with totally geodesic fibres and
M admits a Ricci soliton (M, g, o, k) with horizontal potential field. If any fibre has zero Ricci tensor, then the Ricci
soliton (M, g, 0, k) is expanding.
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3. Examples of Golden Riemannian Submersions
In this part, we construct some examples of Golden Riemannian submersions with the following;:

Example 3.1. We consider tensor fields @ and ® of type-(1,1) on Euclidean spaces R* and R* with the local
coordinates
) = oV Va2
and
G - 63

respectively. Here, ¢ and ¢ are the roots of the algebraic equation x> — x —1 = 0. Hence, one can see that (M, @, g)
and (M, @, g) are Golden Riemannian manifolds.

Let F : (R, @, 9) — (R?, D, 7) be a map which is defined by

1

V2

By the direct computations, we get

€

V2

F(x1,x2,X3,X%3) = ( (x1 + x2), —=(x3 + X4))-

ker¥, = Span{ulzi(

\/E& d 1(& 8)}

and
J J 1,0 d
( J

1
jf L _ X1 = —— N Xy = — [ — e
(ker£)7 = Span{ ' (8x1 - sz)' 2 V2 \0x3 - x4

V2
Also, it is easy to see that ., preserves the length of the horizontal vectors at each point p € M, that is
9(X1,X1) = §(F.X1, F.X1) and 9(Xa, X2) = §(F.Xo, F.X2),
which gives F is a Riemannian submersion.
On the other hand, we get
FAOX)) = Fo(9X) = (K1) o F = (BKy) o F = B(F-X1)
and similarly,
Fo(DX) = Fu(pX2) = (pX2) o F = (PX3) 0 F = D(F.X2)

where pX; and X are the basic vector fields, F —related to pX1, pXo, respectively. Hence, F is a Golden Riemannian
submersion.

Example 3.2. We consider tensor fields ® and ® of type-(1,1) on Euclidean spaces R* and R* with the local
coordinates

Jd d d o 0 0 0 0
(v 9 e ) = (05 (=05 050 -0)5 )
and
-, d 0 - d - d
q)(3_y1 8_y2) = (¢(9_y2 (1- ¢)8—y1)
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respectively. Here, ¢ and ¢ are the roots of the algebraic equation x> — x — 1 = 0. Hence, one can see that (M, ®, g)
and (M, @, ) are Golden Riemannian manifolds.

Let ¥ : (R*, @, g) — (R?, D, 7) be a map which is defined by
F(x1,%2,X3,X4) = (xlsina — X3C0SqY, X»Sina — x4cosa).

By the direct computations, we get

ker . = Span{U1 = cosozaix1 + sina%, u, = cosoz% + sina8—x4)}

and

d J
L = = g7 _— e — =si _— _—
(kerF)~ = Span{X1 = sina o cosa oy X, = sina 75 cosa o }

Also, it is easy to see that F., preserves the length of the horizontal vectors at each point p € M, that is
9(X1,X1) = §g(F.X1, F.X1) and g(Xo, X2) = §(F.Xa, F.X2),

which gives F is a Riemannian submersion.

On the other hand, we get
Fo(PX1) = Fu(pX1) = (@X1) o F = (PX1) o F = D(F.X1)

and similarly,
FADX2) = Fu(X2) = (§X2) o F = (PX2) o F = D(F.X2)

where ¢pX; and X are the basic vector fields, F —related to pX1, pXo, respectively. Hence, F is a Golden Riemannian
submersion.
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