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Abstract. This article presents sufficient conditions for the positive definiteness of even-order weakly
symmetric tensors, based on some new Brauer-type Z-eigenvalue inclusion sets. In fact, these inclusion
sets are obtained using the partitions of the index set, which improves some of the existing results.

1. Introduction

The positive definiteness of a homogeneous polynomial

n

fa(x) = Ax™ = x" (A" ) = Z Biyiy. i Xiy Xiy e Xi s (1)

i1, e im =1

where A = (a,4,..i,) € RI" is an m-order n-dimensional real tensor with ije[n]:=11,2,...,n}for j € [m],
and Ax™! is an n-vector in R", whose i-th component is

n

m—1y _
(AX"); = Z Biy...ipy Xiy - Xy

12,13 im=1

is widely used in spectral hypergraph theory [9], automatical control [7] and etc. For higher order tensors,
the following concept of Z-eigenvalues have been introduced in [8].

Definition 1.1. Let A € RI™™. If there exists a nonzero real vector x and a real number A such that
A"V =Ax and x"x =1, )

then A is called a Z-eigenvalue of A and x a Z-eigenvector of A associated with A.
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A Z-identity tensor was defined in [4, 8] to propose a shifted power method for calculating Z-eigenpairs
and investigate an extension of the characteristic polynomial for symmetric even-order tensors, respectively
(for details, see [5, 10, 11]). In this article, we establish some Z-eigenvalue inclusion sets with parameters
by Z-identity tensors.

Definition 1.2. A tensor Iz = (ei,i,.,,) € R"M with m being even is called a Z-identity tensor if
]-me—l — X, (3)
for any vector x € R" with xTx = 1.

Note that the even-order n dimension Z-identity tensor is not unique in general. For instance, each of the
following tensors is a Z-identity tensor:
Case L. Let I1 = (ej, ;,.-;,) € R, where

(4)

)1 i1=1dy, 3 =14y...,ipm1 = ip
Cir iy i 0 otherwise
Additionally, define [],, is the set of all permutations of (1,...,m) and 6 is the standard Kronecker delta,
i.e.,61-]-=1ifi=]',and6,-]- =Oifi¢j.
Case IL. Let 7, = (e;,,-;,) € R, where

1
% 2 6in(1) in(2) 6171(3) ingg) *** 6in(m—1) ir(m) * (5)
" melly

€y iyeiyy =

Recently, many people have focused on the Z-eigenvalue localization sets of higher order tensors (see for
instance [1, 2, 12]). Unfortunately, the inclusion sets always include zero and could not be used to determine
the positive definiteness of higher order tensors. In order to overcome this defect, Li et al. [5] presented a
Z-eigenvalue inclusion interval for even-order tensors as follows:

Theorem 1.3. [5, Theorem 2] Let A = (aj,;,..;,) € R and T = (e;,4,.;,) € R"™" be a Z-identity tensor with m
being even. Then for any real vector yt = (1, .., i)' € R

o2 CGAW = (G Am) ={zeR : f-u|<r(Aw)), (6)
i€[n]
where ri (A, ui) = Y, |11,-1-2“,im - yieii2,~‘im|. Further, oz (A) € () G(A, ).
ip,...im€[n] UER"

As pointed out in [8] that an m-degree homogeneous polynomial f(x) defined by (1) is positive definite,
ie., f(x) > 0 for any x € R"\ {0}, if and only if the real symmetric tensor A is positive definite, and that an
even-order real symmetric tensor is positive definite if and only if all of its Z-eigenvalues are positive. Here,
a tensor A is said to be symmetric [8] if its entries a;,;,._;, are invariant under any permutation of m indices
(24,iy...i,,), and weakly symmetric [1] if the associated homogeneous polynomial (1) satisfied VAx™ = mAx"1L,
It should be noted for m = 2, symmetric tensors and weakly symmetric tensors are the same. It's worth
noting that a symmetric tensor must be a weakly symmetric tensor, but not vice versa. Therefore, some
conclusions that are valid for symmetric tensors maybe not be applicable for weakly symmetric tensors.

Recently, several significant results have arisen to solve the problem of deciding positive-definiteness
of an even-order symmetric tensor based on their special structure [3, 5, 6, 10]. For even-order real weakly
symmetric tensors, Shen et al. [11] proposed two Brauer-type inclusion sets for identified the positive
definiteness. In this paper, by improving the existing the Brauer-type inclusion sets, we will propose some
sufficient conditions for the positive definiteness of even-order weakly symmetric tensors.

The rest of this paper is organized as follows: In Section 2, we establish some new Brauer-type Z-
eigenvalue inclusion sets of even-order tensors. Moreover, by an example we show that the inclusion
sets are more precise than existing results. In Section 3 based on the inclusion sets, we obtain some
sufficient conditions to identify the positive definiteness of even-order weakly symmetric tensors. Finally,
the numerical example shows the validity of our results.
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2. Some new Brauer-type Z-eigenvalue inclusion intervals for even-order tensors

In this section, we present some new Brauer-type Z-eigenvalue inclusion sets by categorizing the
elements of tensors, and show that this inclusion sets are sharper than existing results.
By partitioning the index set, we shall use the following notations and conventions.

Aii={a, ooyin) = D)y oy =1, By imenl), i€n],
Nii={l, i)+ )iy, =0, By ooyim€lnl}, i€ln].

A ={(ia, ..., 0m) 12 # ... # iy, oronly two of iy, ..., 1y € [n]are the same},
A =l i) (o) in) @A, o, iy € [1]}.
Q; =|{(ia, ..., 0m) 2 iy = j for some k € {2,...,m}, where j,iy,...,i,, € [n]},

5]- =A{(ia, ..., im) tix # ] foranyk €{2,...,m}, where jiy... i, € [n]}.
For A = (a;,4,.1,) € RUmH 4+ jand & € {Ai, A,Q j} the following notations are used repeatedly in our proofs.

ri (A) = Z |aii2...im

, A = (A) -

y
1 (A) = Z it .

1.y ITHER 12,0ey in€R
i s i) = i /--~/‘n1 - iCii --~‘m 4
r (ﬂ ‘Ll;) Z |a112 i Hi€ii,...i
inrimeR
(A, ) = Z |ﬂii2,...,i,,, — MiCiis...iy, |,
(7P lm€§
Bi = mlax {|a,,2 i — Hi€iiy . lm}
1 , AR
Mi(A, ) = Bi + W??“(ﬂ) + 1),
m — 2
. 1
m — 2
i 1 iANA ANA
MI(A, ui) = i+ (—2 ' A) +r ] "2 (A).
m—

Obviously, for any i € [1n], we have r; (A) = r} (A) + r'?(ﬂ) and r{(A, @) = r}(A, pi) + 1) (A, ).
To begin with, we need the following lemma.

Lemma 2.1. [10, Lemma 2.2] Let x% +--+x2 =1, where x; € R, i € [n]. If y1,...,yx are arbitrary k entries of
X1,...,%X, then

1
k_% .
By modifying the Theorem 1.3, we have the following theorem.

[yillyal. .-yl <

Theorem 2.2. Let A € R with m being even. Then for any real vector u = (u1, ..., yn)T eR"

o7 (A, ) SO(A,u) = U (@i (A, pi) ={A e R : |A = | < Mi(A, ui)}).
i€[n]
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Proof. Let A € 07 (A) with a corresponding Z-eigenvalue x, then (2) holds. Let |x;| = m[a? |x;|, and p; be an
1€(n

arbitrary real number. By the th-equality of (2), one can obtain that

A—uw)x; = E (Atiy, .y = Wt iyy) Xiy ~ -+ Xim 7)
iZ ///// imeAt
+ E Atiy,... iy Xin + - Xi,, T E Atin, iy Xin =+« Xipy e
iZ rrrrr im GEDA i2 ----- Z'm EEHK

Taking modulus and using the triangle inequality for (7) give

A-plbed < Y x| el Y e,

12,0 im €A 12,00 i €ANA 12,00 i €EANA

|-xl‘|m_1 ’

where | yﬂ P ym_2) are taken by the following methods:

Casel. Ifi, # ... # i,, then we can enlarge any one of |xi2
as |y1

x;,| to |x;| and keep the others (can be taken

TARRRY]

TARRRY)

ym_z}) unchanged;

Case II. If only two of i,...,i, are the same, then we can enlarge one of the two same elements to |x;| and
keep the others (can be taken as |y1 ym_2|) unchanged.

EEEY)

Using Lemmas 2.1 and Eq. (3), we have

1 _ —_
[A = wellxe] < Ixel | Be + (—MT?'M(?{) + T?'OA(?{) , (8)
m — 2

which implies that A € ®; (A, u) € ® (A, ) . Thus, we complete the proof. O
In the next, we establish some Brauer-type Z-eigenvalue inclusion sets for even-order tensors.

Theorem 2.3. Let A € R with m being even. Then for any real vector u = (u1, ..., ;) € R"
a) oz (ﬂ) c P(ﬂ/ ‘Ll) = U ﬂ Pi,]’ (ﬂ/ ‘Ll),

ieln] jelnl i+

ie[n] je[nl i%j ie[n] je[nl i#j

b) oz (A) S D(A,u) = [ U N X (ﬂ#)] U( U N YA, H)}
where
Py (A w) = (L eR : (A= ] = M (A ) [\ = ] < 2 (A ) My (A, 1))
X (A p) = {1 e R s (1A= s = MO (A ) (A= ] - M (A 7)) < 7 (A )l
Yij( A p)={AeR: (|A- |- M (@A) <0, (]A- |- M (A ) <0}.
Proof. Let A € o7 () with a corresponding Z-eigenvalue x. Let bu| 2 x| > max |, and i be an arbitrary

ks k#t
real number.

a) By the th-equality of (2), one can obtain that

inmrimEQt
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Similar to the proof of Theorem 2.2, we get

1

- rMOAN () MM () |+ e (A ) ™
(m-2)2

A = pelloee] < | Be +

which implies that
(1A = ] = M (A, o)) bl < 72 (A ] ©)

If [x,| = 0, by (9), we deduce (JA| - M (A, 1)) < 0. Thus A € Py (A, 1) P (A, p1).
Otherwise, |x| > 0. Using (8), we have

A = | Ixsl < M (A, ) Ixil. (10)
Multiplying inequalities (9) and (10) yields, (|z - | = M (A, ) | = | < 1™ (A) M, (A, 1), which

implies A € Pys (A, u) € P (A, 1) . Hence, the conclusion follows.
b) By characterization of (9), for any t,s € [n], s # t, we have

(1A = pe] = M (A, o)) bl < 72 (A ] (11)

If |xs| = 0, by (11), we deduce (|A - yt| - M (A, yt)) < 0. When (|/\ - ys| -ML(A, ,us)) > 0, we have

(11 = pe] = M (A 1) (A = ] = LA, 1)) < 0 < 7 (A, ) .l

which implies A € () Xis (A, 1) € D (A, ) from the arbitrariness of s. When (|A - ys) -M (A, ys)) <0,

s€[n] t#s

from the arbitrariness of s, wehave A € (| Ys(A, u) SD(A, ).
s€[n]t#s
Otherwise, |xs| > 0. Moreover, using (2), we have

Wbl <l d b)Y o s ] -
1’2,‘..,1',,,6[71]
5ti2..,1m:O
1 A AR
< last..el lxe + [ﬁs + —L_ng O3 (A) + 1 ANA) (Il (12)
(m—2)7

When (|A = | = My (A, 1)) 2 0 or (|A = ps| = ME (A, 1)) = 0 holds, multiplying (11) and (12) yields,

(JA = pe] = M (A ) (|1 = as] = ME(A, 1)) < 7> (A, 1) lae.ol,

whichimpliesA € () X5 (A) € D(A) from the arbitrariness of s.

s€[n]t#s
When (I/\ - yt| - M (A, yt)) < 0 and (‘/\ - ys| - M (A, us)) < 0 hold, from the arbitrariness of s, we
haveAe () Yis(A) € D(A). Hence, the conclusion follows. O

se[n]t#s

In the following example, we show the efficiency of our results.
Example 2.4. ([11, Example 1]) Consider the tensor A = (ﬂj jkl) e R421 with entries defined as follows:

ann =10, ann =9, anx =ai = -1, a»» =5, anii =6, d4xx» =ann =-1,

and other a;jy = 0. By computations, we get that o7(A) = {5,10}. Taking Z-identity tensor I1. In the following,
setting 11 = (10, 77, 2 =9, 57 and Uz = (9, 5.5)T, we compute Table 1 to show the comparisons different methods
with our results.
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Table 1: The effect of parameters on the inclusion set

Inclusion set with Inclusion set with Inclusion set with
1= (10,7)" w=0,5" iw=9,55"
Theorem 2 of [5] [2,13] [2,12] [2.5,12]
Theorem 1 of [11] [2.595,12.851] [2.522,11.462] [3,11.5]
Theorem 2 of [11] [2.595,12.791] [2.618,11.462] [3.541,11.5]
Theorem 2.3 part (a) [4.078,12.172] [3.078,10.922] [4,10.872]
Theorem 2.3 part (b) [4.264,11.914] [3.264,10.736] [4.197,10.736]

3. Z-eigenvalues-based sufficient conditions for the positive definiteness of even-order tensors

In this section, as an application, some sufficient conditions for testing the positive (semi-)definiteness
of even-order weakly symmetric tensors are given.
Based on variational property of weakly symmetric tensors given in [11], the following result obtained.

Lemma 3.1. [11, Lemma 1] A = (a;,;,..;,) € R be a weakly symmetric tensor. Then, fa(x) = Ax™ is positive
definite if and only if its Z-eigenvalues are positive.

Li et al. [5] proposed the following theorem to test the positive definiteness of polynomial systems via
Gershgorin-type Z-eigenvalue inclusion sets.

Theorem 3.2. Let A € R be a symmetric tensor with m > 4 being even. If there exists a positive real vector
w= (..., 1) € R such that y; > r; (A, w) for all i € [n], then A is positive definite.

Based on Theorems 2.2 and 2.3, the following Z-eigenvalues based sufficient conditions can be obtained.

Theorem 3.3. Let A € R"™" be a weakly symmetric tensor with m > 4 being even. Then A is positive (semi-

)definite, if there exists a positive real vector u = (u, ..., 1,)" € R", such that at least one of the following conditions
holds:

a) > ()M (A, u) Vie[n]
b) (i = M (A ) > ™ (A ) My (A, ) Viojelnl, i # J.
) (Hi - M (A, Hi)) (,Uj - M; (ﬂ, [Jj)) > (2)7’1-(7" (A, wi)laji.ql, Yijeln] i#j,

and
wi> M (A ) and > M(A ), Vijeln] i+ ]

Proof. We prove that A is positive definite, and by a similar way one can prove that A is positive semi-
definite. Let A be a Z-eigenvalue of A.
a) Suppose that A < 0. From Theorem 2.2, we have A € ®(A), hence, there is an iy € [1] such that

|/\ - tul'o| <M; (*7{' ‘uio) .
On the other hand, for this index iy, by u;, > 0 and A < 0, we have
A = i 2 iy = Mi (A, i)

This is a contradiction, and hence A > 0. When A is a weakly symmetric tensor and all Z-eigenvalues are
positive, we obtain that A is positive definite (by Lemma 3.1).
b) Suppose that A < 0. From Theorem 2.3, we have A € P (A, i) . Thus, there exists iy € [n] such that

(JA = pio] = My, 20 (A i) |A = | < V?” (A )M, (A, ) Vo % do.
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On the other hand, it follows from y;, > 0 and A < 0 that

(JA = g = M3, % (A, i) A = o] = (i = Mig % (A, i) o = 7?“ (A, p) Mj, (A, uj,) Vo # io-

This is a contradiction. Therefore, A is positive definite.
) The proof is obtained similar to the proof of part (b) and using Theorem 2.3. [

Compared with Theorems 3 and 4 of [11], our conclusions can more accurately determine the positive
definiteness for even-order weakly symmetric tensors, as we show in the next example.

Example 3.4. Let A = (aijkl) € R*2, be a weakly symmetric tensor with entries defined as follows:

ann =6, apin =3, ap =apwe =1, anxn =an2=0, anuxn =4 dapxn= 3

o111 = o112 = Az121 =1, doon1 =4, axpo1 =ann =0, axip =2, axp» =6.

By computations, we obtain that the minimum Z-eigenvalue is 4.9479. Hence, A is positive definite. Taking the
Z-identity tensor 1 z as Case I or Case 11, we cannot find positive real number py such that

p1 > (A ) and > (A, W),

which shows that Theorem 3.2 of [5] and Theorems 3,4 of [11] fails to check the positive definiteness of weakly
symmetric tensor A. Setting u = (6,6)T, from part (a) of Theorem 3.3, we verify

y1:6>5.1667:M1(ﬂ,y1) and ‘L12=6>5=M2(ﬂ,‘l12),

which implies that A is positive definite. The verification method of other parts are similar to part (a).

4. Conclusions

In this paper, we firstly presented a new Z-eigenvalue localization set ® (A, i) for even-order tensors,
which is a generalization of the set G (A, u) . Then, by classifying the index set, we obtained some optimal
sets P (A, 1) and D (A, u) . By Example 2.4, we showed that these are tighter than existing results. Based
on these sets, we attained some sufficient conditions for the positive (semi-)definiteness of even-order real
weakly symmetric tensors. Finally in Example 3.4, we indicated the efficiency of our results.
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