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An integral transform via the bounded linear operators on abstract
Wiener space

Hyun Soo Chung?

?Department of Mathematics, Dankook University Cheonan 31116, South Korea

Abstract. In this paper, we obtain some results of a more rigorous mathematical structure that can
guarantee the orthogonality of an orthogonal set even when results and formula on abstract Wiener integrals
or some transforms using bounded linear operators. We then establish the existence of an integral transform
on abstract Wiener space. Finally, we obtain some fundamental formulas with respect to the integral
transform involving the Cameron-Storvick type theorem.

1. Introduction

Let H be a real separable infinite-dimensional Hilbert space. Let (-, -)y be an inner product on H with
thenorm |- |y = V{-,-)u. Let||-]lo be a measurable norm on H with respect to the Gaussian cylinder measure
vo on H. Let B denote the completion of H with respect to || - [|p. Let i be the natural injection from H to B.
The adjoint operator i* of i is one to one and maps B* continuously onto a dense subset H*, where B* and H*
are topological duals of B and H, respectively. By identifying H* with H and B* with i*B*, we have a triple
B* ¢ H* = H c Bwith (x,y) = (x,y) for all x in H and y in B*, where (-, -) denotes the natural dual pairing
between B and B*. By some results of Gross [11], vo o i"! has a unique countably additive extension v to
the Borel o-algebra B(B) of B. The triple (B, H,v) is called an abstract Wiener space. For more details, see
[4, 11-13, 16, 20, 21].

Let {a ]-}]‘?"1 be a complete orthonormal set in H with &;’s are in B*. For each h € H and for x € B, we define

a stochastic inner product (1, x)~ by

- = { lim Yy apdu(x, ), if the limit exists

0, otherwise

Then for h(# 0) in H, the stochastic inner product (1, x)~ exists for all x € B, (h,-)™ is a Gaussian random
variable on B with mean zero and variance |1[?, and is essentially independent of the choice of the complete
orthonormal set. If both /1 and x are in H, then (k,x)~ = (h,x). Furthermore, (h, Ax)~ = (Ah, x)™ = A(h, x)~
forall A € R, h € H and x € B. One can see that if {hy,...,h,} is an orthonormal set in H, then the random

variables (f, x)’s are independent and for k € B* C H, (h,x)~ = (h, x), see [10, 13, 16].
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Lee defined an integral transform

T s (B)(y) = fB F(yx + By)dv()

of analytic functionals on abstract Wiener space [20]. One can see that many transforms : the Fourier-
Wiener transform [1], the modified Fourier-Wiener transform [2], the Fourier-Feynman transform [3] and
the Gauss transform are special cases of Lee’s integral transform ¥, . Later, many mathematicians have
studied integral transforms in conjunction with related topics for functionals in various classes. Recently,
the authors obtained basic formulas for integral transforms and convolution products of functionals in
several classes, see [4-7,9, 17, 18].

In [10], there are many research results and formulas for the integral transform via the bounded linear
operators with related topics. Consider a cylinder functional of the form

F(x) = f((91,%), .-, (gn, X)) (1)

where f is an appropriate function on IR”. According to the results in [4, 10, 17, 20], when we calculate the
abstract Wiener integrals or transforms of functional of the form (1), the orthogonality of a set {g1, ..., g}
is very important. Using the orthogonality of the set {g1,..., 91}, we can use the change of variable
formulas (3) from the abstract Wiener integrals into the Lebesgue integrals. For this reason, the papers
on abstract Wiener integrals or some transforms using bounded linear operators have only been done on
one-dimensional functionals. Studies on multi-dimensional functionals have not been conducted yet.

In this paper, we give an idea to solve these mathematical difficulties, and use it to obtain research
results for the integral transform. We then establish some formulas and results with respect to the integral
transform.

2. Definitions and notations

In this section, we give some definitions and notations to understand this paper.
We first give an integration formula for the abstract Weiner integrals used in this paper. Let {g1, ..., g4}
be an orthogonal set in H with g;in B* for j=1,...,nand F : B — C a functional defined by the formula

F(x) = f((91,%), .-, (gn, X)) )

where f : R" — Cis a Lebesgue measurable function. Then

fo((gL x), ., (G, x))dv(x)
n 2 3)

3 nooous
= (H 2n|§]]-|%{) fR f@ eXp{_ JZ_; 2|g;|§i }dﬁ

j=1

in the sense that if either side of (3) exists, both sides exist and equality holds, where i = (u1,...,u,) € R"
and diZ = duq - - - du,,.

We are ready to state the definition of the integral transform, the convolution product and the first
variation via the bounded linear operators.

Definition 2.1. Let F, F; and F, be measurable functionals on B. Let T and S be bounded linear operators from B to
B. Then the integral transform Tt1,s(F) of F is defined by the formula

Trs(F)(y) = fB F(Tx+ Sydv(x),  yeB, @
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and the convolution product (F1 = Fy)r of F1 and F, is defined by the formula

(F1*Fi)r(y) = fBFl(y J:/;x)Fz(y :/;x)dv(x), yeB

if they exist. Furthermore, the first variation OF of F is defined by the formula

, x,w € B

OF (x|w) = %F(x + kw) o

if it exists.

We shall introduce a class of functionals on B. Let A be the class of functionals F of the form

F(x) = f((f]l,x), ceey (gn/ x))r

where f : R" — C is Lebesgue measurable and
F@D] < My exp{Ny Y lul}
j=1
for some real numbers My > 0 and Ny > 0.

3. A class of some angle preserving operators

5543

(7)

In this section, we will explain why these research results and formulas are necessary and important. In

order to do this, we need a class of operators.

First,let T : B* — B* be a bounded linear operator. Although the set {g1, >} is an orthogonal set in B*, the
set {Tg1, Tg>} might not an orthogonal set in B*. Like this assertion, we can find a mathematical problem.
The orthogonality of a set is very important to obtain some abstract Wiener integrals of a cylinder functional

F(x) = f((91,%),- -, (g, %))

where f : R" — C is an appropriate function and {g, ..., g} C B*. If the set {g1, ..., gx} is orthogonal, then

the existence of a following abstract Wiener integral

f F(x)dv(x)
B

exists under some conditions for f. On the other hands, the following abstract Wiener integral

fB F(T1,9, -, (Tgny V)

might not exist or it may be difficult to show its existence unless the orthogonality of the set {Tg1, ..., Tg,}
is given. Therefore, the problem of how to construct the orthogonality of the set {Tgy, ..., Tg,} naturally

arises under giving an orthogonal set {g1, ..., 9.} C B".

Lemma 3.1. Let T : B* — B* be a bounded linear operator and A a positive real number. Then the following

statements are equivalents:
(1) (Tgr, Tg2)er = AXg1, g2)u for all gy and g in B,
(2) |Tglg = Mgly for all g in B*.
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Proof. Suppose that (Tg1, Tg2)n = A2<gl, g2)u for all g1 and g, in B*. Then we see that
ITglz; = (Tg, Tgdu = AXg, 9)u = A*|gl3;.

Since A > 0, we can conclude that |Tg|ly = Alg|y for all g in B*. Conversely, let [Tgly = Algly for all g in B*.
Then for all g; and g, in B*, we have

1
(91,9208 = Z[Wl + golyg — g1 — _172|H]

1

= m[le + Tgoly — |Tg1 — T92|H]

171 1

= ﬁ[zﬁgl + Tgaly — Zngl - T92|H]
1

= ﬁ(Tgl/Tg2>H/

which completes the first argument in Lemma 3.1 as desired. [

In our next theorem, we are going to suggest a method to solve the previously presented mathematical
problem.

Theorem 3.2. Let T be as in Lemma 3.1 above. Suppose that there is a A > 0 such that
(Tg1, Tg2du = A1, 92)m )
forall g1 and g, in B*. Then T preserves angles between non-zero elements in B*.

Proof. Let g1 and g; are given with g, g, # 0. Let 0 be the angle between g; and g,, and let 6 be the angle
between Tg; and Tg,. Then using Lemma 3.1, we have

_ _ AXg1, 920m _ (91, 9201 _
TalalTaln  A2galalgela 1911|920

—  Tg1,Tg2)n

cos 6 0s 6.

Thus, the angles, being in the [0, 7t], are equal. Hence the proof of Theorem 3.2 is established. [
We next give some examples of the preserving angles operators on B".
Example 3.3. For afixed w € B*, let T1, T, and Ty, be bounded linear operators from B* to B* defined by the formulas
Ti(g) = ag
Ta(9) = lglig
and
Tw(g) = (sin@ + 2)g
where a > 0 and O is the angle between g and w. Then Ty, T, and T, satisfy the condition (9). In fact, we see that
IT2g1; = (T2g, T2g)n = 191549, ur = 1915915,
and so |Tagly = |g13,|glu. In this case, A = |g|7, > 0. Furthermore,
ITwgl?; = (Twg, Twgdn = (sin 0 + 2)*|gl3,,

and 50 |Tyglg = (sin 6 + 2)|g|g. In this case, A = (sin 0 + 2) > 0. Hence using Lemma 3.1 and Theorem 3.2, T, and
Ty preserve angles.
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Let X and Y be Banach spaces and let £(X : Y) be set of all bounded operators from X to Y. Let Ly(B* : B*)
be the space of all operators in L(B" : B*) which satisfy the condition (9) above, namely,

Lo(B*: BY) = {T € L(B" : B")| T satisfies the condition (9)}.
Then we have the following assertions.

(1) Using some facts and results of the adjoint operator, give a operator A € L(B : B), there is a bounded
linear operator A* : B* — B* so that forall g € B* and x € B,

(A'g,x) = (g, Ax).

In fact, it is valid by in the sense of Riesz representation theorem, see [14].
(2) Since (B*)* = B, for T € Ly(B* : B*), we have

T":B—B

and T* € L(B : B).
(3) Let

Lap(B:B)={Ae€ L(B:BJA=T,T € Lo(B*: BY)}.

Then Lap(B : B) ¢ L(B : B) and for each A € Lsp(B : B), A* preserves angles between non-zero
elements in B*.

In order to express simply, we shall introduce some notations. Let F be an element of A and T an element
of Lsp(B : B). For a given orthogonal set G = {g1,..., 9.} C B*, let

TG = (T'g1,..., T'ga).

Then the set T*G is an orthogonal set in H with T*g; € B for all j = 1,...,n because T € Lap(B : B). For
x € B, let

F(x) = f((91,%), ..., (g0, X)) = f((G, X))

Then one can see that

(TG %) = f(T"g1,%), ..., (T"gn, x))- (10)

4. Existence theorems

In this section, we establish the existence of the integral transform, the convolution product and the first
variation for functionals in A.
In the first theorem in this section, we give the existence of the integral transform 77,5(F) of F € A.

Theorem 4.1. Let F be an element of A, and let T and S be are elements of Lap(B : B). Then the integral transform
T1,5(F) of F exists, belongs to A and is given by the formula

Trs(F)y) = T1((S°G, y) (11)
for y € B, where

T)(3) = (H ;) St z7)exp{— j }dﬁ.

i 2n|T*g;l%,

B
=
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Proof. Using equations (4), (10) and (3), it follows that for y € B

Trs(E)y) = fB (TG, %) + (56, y)iv(x)

n n us
- (H 27-c|T*g]|2 f fi+(SG,y) eXp{ - 2|T*;]~|12{ }d”
= rl((s G y)-

Furthermore, using equation (8), we have

M? ! n n 12
f ¥ j S
n@ < ([] o) f exp{Ny )" (1 + o) - Ja
H 2| T gl ]Z; e ,Zl 2T gl

n

= M, exp{er Z |U]'|},

=1

where

n ]\/I2

AN
v = (Tamgrie) [, ool Lot e o<
n gzan*gﬂf{ P fZ"' sz s

and Nr, = Ny. This means that 77,5(F) € A and so the proof is completed as desired. [

gilt

In Theorem 4.2 below, we establish the existence of the convolution product of functionals in ‘A.

Theorem 4.2. Let T € Lap(B : B), and let F1 and F, be elements of A. Then the convolution product (F1 * F2)r of
F1 and F; exists, belongs to A and is given by the formula

(F1+ F2)r(y) = I2((G, ) (12)

for y € B, where

n

1 1
O p—
g 2n|Tg;

[SI
=
—_
|H
)
sS4
+
|H
N
=y
N —
o
—_—
ik
N
<
|
Sike
)
=y
N—

Proof. Equations (5), (10) and (3) yield the following calculation

(Fl*Fz)T(}/)
- [ A5 G0+ \F 6= —7<T*g i)

=(Hﬁ) fﬂfl(\fgw 5 )fz(ﬁ(g,w—@ﬁ)
n 2

j "
X exp{— - }du
LiairoR

=T2(G, )
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for y € B. Thus, equation (12) is established. Furthermore, using equation (8), we have

I2(9)]

n 1 1
“(sar)
H 2n|T*g;l?, "

e wIH "

1=

X exp{—

]

e MEME N;

<( —)f { =Y (1l + lof) }dzf
llZnﬂ“%ﬁl ] 2: e Zzzuujﬁ

= Mrz eXp{er Z |Z)]'|},

Ll]
- i
2T gl

1l
‘\,\)b—l

j=1
where
n MZM2 L\ Np, +Nj, & O
Mr, = (H —fl* fzz ) f exp{—f1 L Zlujl - Z *] > }dﬁ< o0
=1 2n|Tgily /) Jre V2 =1 =1 2[Tgjly
and Nr, = ﬂ, and hence (F; * Fp)7 is in A. Thus we obtain the desired results. [
2

In the last theorem of this section, we give the existence of the first variation exists.

Theorem 4.3. Let F be an element of A with f is differentiable and its all partial derivatives satisfy the condition (8)
and let w € H. Then the first variation OF of F exists, belongs to A and is given by the formula

OF(xlw) = I'3((G, x)) (13)

for y € B, where
- d
[3(0) = Z(%‘, w)H&—?{(ﬁ)
j=1 /

and j—zjfj is the j-th partial derivative of f for j=1,2,...,n

Proof. Using equations (6) and (10), we have
d . of
OF () = 5 £((6, )+ KG,w)|_ = Y (056,
In fact, using equation (8), we obtain that
= ;M;ﬂgﬂmwm exp{N s y ol

T =1
n
< Mr, EXP{NF3 Z Ivkl},

k=1

n af
IT3(9)] < ; |<9j,w>H|'a—vj(77)

where Mr, = |w|gMo, Nr, = nNo, My = max{Mﬁ lg1lH, - . . ,Mﬁlgan} and Ny = max{Nﬁ, .. .,Ni}. Hence
oy dun oy

dop

we have the desired results. [
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5. Relationships

In this section, we give various relationships among the integral transform, the convolution product
and the first variation of functionals in A.
As the first relationship, we establish the convolution theorem for the integral transform 7.

Theorem 5.1. (Convolution Theorem) Let F1 and F, be as in Theorem 4.2 above, let T,S € Lp(B : B). Then we
have

T1,s(F1 * F2)r(y) = Tr.s(F1)(y/ V2)T1,5(F2)(y/ V2) (14)
fory € B.

Proof. In Theorems 4.1 and 4.2, we established the existence of both sides of equation (14). We shall establish
the equality of equation (14). Using equations (4), (5), (10) and (3), we have

T1,s5(F1* F2)r(y)

L 1. 1 .
= fBLfl(%(T G, x) + ﬁ(T G, z)+ $(S g,y))
X fZ(L(T*g,x) — L(T*Q,Z) + L(S*Q, y))dv(z)dv(x)

V2 V2 V2
Tsetag ) . A
(= A5+ 57 G )
2, .2
1 1 ol R P
X fz( —(5'G, y))exp{ }dudv.
T AR le 2AT gt
Substituting s; = ul—g’ and rj = uj\;;" foreach j =1,2,...,n. Then using equation (3) again, we have
T1,5(F1 * F2)r(y)

n n 52

- (g m)f fl(sf \/‘ S g,y)) { ; 2|T*;]-|%{}d§
X .[]I;n fz(i’]‘ + %(S*QI y)) exp{—j:i1 2|TT;; 5 }d?

I
- [ A(rg.m+ sl x [ A(T6w+ 61w
B V2 B V2
= Trs(F)(y/ V2)Trs(E)(y/ V2),
which establishes Theorem 5.1 as desired. [
Theorem 5.2 tells us that the integral transform and the first variation are commutable.
Theorem 5.2. Let T,S € Lp(B : B) and let F be as in Theorem 4.3. Let w € H. Then
T1sOF(1Sw)(y) = 6T 1,5(F)(ylw) (15)
for y € B. Furthermore, the both sides of equation (15) is given by the formula

1 J
Y. [ 02 (T°6,2) + (5°G, y)iv(x)
=1 VB °i

where 3—2{; is the j-th partial derivative of f for j=1,2,...,n
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Proof. From Theorems 4.1 and 4.3, we see that 71,s(0F(-|Sw))(y) and 67 7.5 (F)(ylw) exist, and they are elements
of A. We left show that the equality in equation (15) holds. First, using equations (4), (10) and (6), we have

T1,5(5F(1Sw))(y)
:f %f«m,xm%y)+k(5*9/w>> dv(x)
k=0

_ Z f <g],x>H (TG, %) +(S'G, Y)dv(v)

for y € B. Next, using equations (6), (10) and (4) again, we have
6T 1,5(F)(ylw)
d
- 5 [ #6056, + s 6w
ok Jg k=0

- d
=Y. [@ougt @60+ 6
=1 B Ui

for y € B. Hence we have the desired result. [
In Theorem 5.3, we establish a relationship between the convolution product and the first variation.

Theorem 5.3. Let Fy and F, be as in Theorem 4.2 with fi and f, are differentiable and its derivatives satisfies the
condition (8). Let T € Lap(B : B) and let w € H. Then we have

8(F1 * Fa)r(ylw) = (5F1(lw/ V2) * F2)r(y) + (F1 * 6Fa(-lw/ V2))1(y) (16)
fory € B.

Proof. We obtained the existence of both side of equation (16) by Theorems 4.2 and 4.3. So, we shall show
that the equality holds. Using equations (5), (10) and (6), we have

O(F1 * F2)r(ylw)

_ %[Lﬁ(%(@yﬁ %WH %@ x’)

x fz(%/_(g, D+ 560 G|
Z [aomZ 5O+ 7<g,x>)dv<x>

‘ Z f (0560~ G )
= (6F1(‘lw/ V2) » F2>T(y> + (F1 * 0F(-lw/ \f 2)r(y),
which completes the proof of Theorem 5.3 as desired. [
We next give some more relationships among the integral transform 77, the convolution product and

the first variation of functionals in A. Here is the list of some relationships.
Let F; and F; be satisfy all conditions in previous sections. Then we have the following assertions :
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(i) Using equations (16) and (15), we have
0(Tts(F1) * T1,s(F2))r(ylw)
= (6%,5(&(-%)) #TrsFE)r(y) + (Trs(F) * 6T 5((1—=)r(y)

v
- (Tr,s(6F1(~l%)) e Trs(E)r(y) + (Trs(Fa) + TT,s(éFz('IS—\/Z;))T(y)

forye Band w € H.
(ii) Using equations (14) and (15), we have

T1,5(0F1(CISw) = 6F>(-1Sw))r(y)

- %,46&(45@)(%)TT,S(éFz(-ww))(%)
—67—TS(F1)(\/—|ZU)6TTS(F2)(\/El w)

forye Band w € H.
(iii) Using equations (16) and (14), we have
0T 1,5(F1 * F2)r(ylw)
= T1,5(6(F1 * F2)r(-|Sw))(y)

_ ﬂ,s(éa(-%) Er(y) + Trs(Fy 65(-%)%@)

forye Band w € H.
(iv) Using equations (15), (14) and (16), we have
T1,5(6(F1 * F2)r(-1Sw))(y)
= 0T 1,5((F1 * F2)1)(ylw)

= 6((/%(&)(?)TT,S(F»(T»(mw)

—5TTS(F1)(?|W)TTS(F2)( \/—)"‘TTS(Fl)( \/—)67-T5(F2)(7|w)

for y € Band w € H. Furthermore, using equations (16), (14) and (15), we can obtain an another relationship
as below

T1,5(6(F1 * F2)1(-|Sw))(v)

- frT,s«él—wSTZf) F)1)() + Trs(Fr # 6Pz<-|57”3m<y>

—TTS(5F1(|\/—))(7)TTS(F2(\/E)"'TTS(Fl)( \/—)TTS((SFZHT))(T)

forye Band w € H.

6. The Cameron-Storvick type theorem

In this section, we establish the Cameron-Storvick type theorem with respect to the integral transform
TTs.

Before do this, we need the following Lemma 6.1 below. The following lemma was established in [15]
and used in [19].
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Lemma 6.1. (Translation theorem) Let xo be an element of H. If F is v-integrable on B, then

fF(x + x0)dv(x) = exp{—%lxolé} fF(x) exp{(xo, x)}dv(x). 17)
B B

The Cameron-Storvick theorem is that the abstract Wiener integrals involving the first variation can be
expressed by the ordinary forms without concept the first variation. Numerous constructions and theories
regarding the Cameron-Storvick theorem have been studied and applied in [4, 15, 19, 20].

In Theorem 6.2, we establish the Cameron-Storvick type theorem for the integral transform 7 7.

Theorem 6.2. Let T € Lap(B : B) with T'T = I and let S € Lp(B : B) with R(S) C H, where R(S) is the range of
S. Let F be as in Theorem 5.2 and let w € H. Then we have

T1sOF(I1Sw)(y) = T1,5(Sw, YE)(Y) — (Sw, Sy)T15(F)(y) (18)
fory € B.

Proof. The existence of equation (18) is obtained from Theorem 5.2. We left to show that the equality in
equation (18) holds. Using equations (11) and (15), we have

Tr.5(SF(1Sw))(y) = %[ L F(Tx + Sy + kSw)dv(x)]

k=0

for y € Band w € H. Since T and S in L4p(B : B), T*Sw € B* Now, let F,(x) = F(x + ) and let (F)" (x) = F(Tx).
Then using equations (17), (4) and some algebraic calculations by replacing (Fs,)" with F and replacing
T*Sw with w, we have

T1,50F(-1Sw))(y)

P 2
=2 —=|T*Sw]? fPT S k(T*Sw, x)}d
ak[exp{ 2| wIH} | F(Tx + 5y) explk(T" 51, ) v(x)]

k=0

_ f F(Tx + Sy)(T"Sew, x)dv(x)
B

= fF(Tx + Sy)(Sw, Tx + Sy)dv(x) — fF(Tx + Sy)(Sw, Sy)dv(x)
B B
= Fsr((Sw, )EO)(Y) = (Sw, Sy)T15(F)(y)
for y € Band w € H. Hence we have the desire results. [

We will explain the usefulness of the Cameron-Storvick type theorem with an example. Equation (18)
tells us that

T1.s((w, )EO)Y) = T1s(OF(1Sw))(y) + (Sw, Sy)T1.5(F)(y)- (19)

In fact, it is not easy to calculate the integral transform involving polynomial weight. That is to say, a
calculation of the following abstract Wiener integral

f (S°111, ) exp{(T" 112, ))dv()
B

is not easy unless S*u; and T*u; are orthogonal. From equation (19), we note that the integral transform of
functionals with polynomial weight can be calculated very easily from the integral transform of functionals.
For example, let

F(x) = ) (9;,%).
j=1
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Then one can see that F € A and so using equations (11) and (15), we have

Trs(F)(y) = Y ('), )
j=1

and

TesoFCso) = Y (S99 + Y505 ).

j=1 j=1

Hence we can conclude that

Trs(@, JFO)Y) = Y (Sa;,) + ) (S'95,0) + (Sw,59) ) (S'9;, )

j=1 j=1 j=1
=Y (S'g;, )1+ (Sw, Syl + Y (S'g, ).
j=1 j=1
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