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Contact screen transversal Cauchy-Riemann lightlike submanifolds of
indefinite Sasakian manifolds

Nergiz (Onen) Poyraz?

*Cukurova University, Faculty of Arts and Sciences, Department of Mathematics, Adana, Turkey

Abstract. We study contact screen transversal Cauchy-Riemann (STCR)-lightlike submanifolds of in-
definite Sasakian manifolds. We prove existence and non-existence theorems and find the integrability
conditions of integrability of various distributions. We derive some characterization theorems for a contact
STCR-lightlike submanifold to be a STCR-lightlike product. Moreover, we find results for minimal contact
STCR-lightlike submanifolds of indefinite Sasakian manifolds. We also give examples.

1. Introduction

Since the intersection of normal vector bundle and the tangent bundle is non-trivial, then in the study
of lightlike submanifolds is more interesting and remarkably different from the study of non-degenerate
submanifolds. Lightlike submanifolds have been developed in [5, 10].

Duggal and Bejancu [5] introduced CR-lightlike submanifolds of indefinite Kaehler manifolds and
Duggal and Sahin [8] introduced contact CR-lightlike submanifolds of indefinite Sasakian manifolds. But
CR-lightlike submanifolds exclude the complex and totally real submanifolds as subcases. Then, screen
Cauchy-Riemann (SCR)-lightlike submanifolds of indefinite Kaehler manifolds [6] and contact SCR-lightlike
submanifolds of indefinite Sasakian manifolds [8] were presented by Duggal and Sahin. But there is no in-
clusion relation between screen Cauchy-Riemann and CR submanifolds, so Duggal and Sahin [7] presented
anew class named generalized Cauchy-Riemann (GCR)-lightlike submanifolds of indefinite Kaehler mani-
folds and GCR-lightlike submanifolds of indefinite Sasakian manifolds [9] which is an umbrella for all these
types of submanifolds. These types of submanifolds have been studied by many authors [11, 13, 15, 17].

But CR-lightlike, screen CR-lightlike and generalized CR-lightlike do not contain real lightlike curves.
For this reason, Sahin presented screen transversal lightlike submanifolds of indefinite Kaehler manifolds
and show that such submanifolds contain lightlike real curves [18]. Screen transversal lightlike submani-
folds of indefinite almost contact manifolds were introduced in [19]. Such submanifolds have been studied
in [12, 14, 20]. On the other hand, as a generalization of CR-lightlike submanifolds and screen transversal
lightlike submanifolds, in [3], Dogan, Sahin and Yasar introduced screen transversal CR-lightlike subman-
ifolds.

In this paper, we study contact screen transversal Cauchy-Riemann (STCR)-lightlike submanifolds of
indefinite Sasakian manifolds. We prove existence and non-existence theorems and find the integrability
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conditions of various distributions. We derive some characterization theorems for a contact STCR-lightlike
submanifold to be a STCR-lightlike product. Moreover, we find results for minimal contact STCR-lightlike
submanifolds of indefinite Sasakian manifolds. We also give examples.

2. Preliminaries

Let (M, 7) be a real (m + n)—dimensional semi-Riemannian manifold of constant index g, such that
m,n>1,1<g<m+n-1and (M,g) be an m—dimensional submanifold of (M, 7), where g is the induced
metric of § on M. If 7 is degenerate on the tangent bundle TM of M then M is named a lightlike submanifold
of (M, 7). For a degenerate metric g on M

TM* =U{u e T:M: §(u,v) = 0,Yov € T:M, x € M} 1)

is a degenerate n—dimensional subspace of T,M. Hence, both T,M and T,M* are degenerate orthogonal
subspaces but no longer complementary. Thus, there exists a subspace Rad(T M) = T,M N T,M* which is
known as radical (null) space. If the mapping Rad(TM) : x € M — Rad(T M), defines a smooth distribution,
named radical distribution on M of rank r > 0 then the submanifold M of (M, 7) is named an r-lightlike
submanifold.

Let S (TM) be a screen distribution which is a semi-Riemannian complementary distribution of Rad(TM)
in TM. This means that

TM = S(TM) LRad (TM) (2)

and S(TM*') is a complementary vector subbundle to Rad(TM) in TM*. Let tr(TM) and Itr (TM) be
complementary (but not orthogonal) vector bundles to TM in TM|,, and Rad(TM) in S (TM*)*, respectively.
Then, we have

tr (TM) = Itr (TM) LS (TM%), 3)
TM |y= TM & tr (TM) = {Rad(TM) & lt+(TM)} LS(TM)LS(TM™). (4)

Theorem 2.1. [5] Let (M, g, S(TM), S(TM™1)) be an r—lightlike submanifold of a semi-Riemannian manifold (M, §).
Suppose U is a coordinate neighbourhood of M and {&;}, i € {1, .., 7} is a basis of T(Rad (TM),,). Then, there exist

a complementary vector subbundle Itr (TM) of Rad(TM) in S (TMl)i and a basis {N;}, i € {1,..,r} of T(Itr (TM),,)
such that

7(Ni, &) =6, g(Ni,N;)=0 (5)
foranyi,je(l,.,r}

We say that a submanifold (M, g, S(TM), S (TM™)) of (M, §) is

Case 1: r-lightlike if » < min {m, n},

Case 2: Coisotropicif r = n < m, S(TM*) = {0},

Case 3: Isotropicif r = m < n, S(TM) = {0},

Case 4: Totally lightlike if r = m = n, S (TM) = {0} = S (TM™).

Let V be the Levi-Civita connection on M. Then, using (4) we have

VxY VxY +h(X,Y), (6)
VxU = —AuX+Vil, )

for any X,Y € I'(TM) and U € I'(tr (TM)), where {VxY, AyX} and {h(X, Y),V;U} belong to I'(TM) and
[(tr (TM)), respectively. V and V' are linear connections on M and on the vector bundle tr (TM), respec-
tively. According to (2), considering the projection morphisms L and S of tr (TM) on Itr (TM) and S (TM™),
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respectively, (6) and (7) become

VxY = VxY+H(XY)+K(XY), (8)
VxN = -AxX+ VAN +DY(X,N), 9)
VW = —AwX+V5W +D'(X, W), (10)

for any X,Y € T(TM), N € T(Itr(TM)) and W € T(S(TM%)), where h/(X,Y) = Lh(X,Y), (X, Y) = Sh(X,Y),
VxY, AnX, AwX € T(TM), V’XN, D'(X, W) € T(Itr (TM)) and VEW, D*(X,N) € T(S (TM*)). Hence, using (8)-(10)
and letting into account that V is a metric connection we derive

gIEXY), W) + g(, DX, W) = g(AwX,Y), (11)
g(D*(X,N),W) = g(AwX,N), (12)
g (X, Y), &) + gL H (X, &) + g(Y, Vx&) = 0. (13)

Let Q be a projection of TM on S(T'M). Thus, using (2) we obtain

VxQY = ViQY +H (X QY)¢, (14)
Vx& = —A;X+VYE, (15)

for any X, Y € T(TM) and & € T(Rad(TM)), where {V3QY, A; X} and {"(X, QY), V;i&} belong to IS (TM)) and
I'(Rad (TM)), respectively.
Using the equations given above, we derive

g (X,QY),8) = g(A:X,QY), (16)
g (X,QY),N) = g(ANX,QY), (17)
g (X,8),8) = 0, Ay&=0. (18)

Generally, V on M is not metric connection. Since V is a metric connection, from (8) we obtain
(Vx)(Y, 2) = G (X, Y), Z) + §H (X, 2), Y).
But, V* is a metric connection on S(TM).
Definition 2.2. A lightlike submanifold (M, g) of a semi-Riemannian manifold (M, §) is said to be an irrotational
submanifold if Vx& € T(TM) for any X € T(TM) and & € T(Rad(TM)) [16]. Thus M is an irrotational lightlike
submanifold iff (X, &) = 0, (X, &) = 0.

Theorem 2.3. Let M be an r—lightlike submanifold of a semi-Riemannian manifold M. Then V is a metric connection
iff Rad(TM) is a parallel distribution with respect to V [5].

An odd dimensional semi-Riemannian manifolds (M, ) is named a contact metric manifold [4] if there
isa (1,1) tensor field ¢, a vector field V named characteristic vector field, and a 1-form 7 such that

g@X, YY) = JXY)—enXn(Y), gV,V) =¢, (19)
X = —X+X)V,g(X, V) = en(X), (20)
X, Y) = §X ¢Y)e=x+l (21)
for any X, Y € [(TM).
It follows that

PV =0,00n=0,n(V) =e. (22)
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Then (¢, V,7,7) is named contact metric structure of (M, 7). We say that (M, §) has a normal contact
structure if Ny + dn® V = 0, where N, is the Nijenhuis tensor field of ¢ [23]. A normal contact metric
manifold is named an indefinite Sasakian manifold [21, 22] for which we have

VxV = ¢X, (23)
(Vxop)Y - X, V)V +en(V)X. (24)

(M, g) is named indefinite Sasakian space form, denoted by M(c), if it has the constant ¢—sectional

curvature ¢ [22]. The curvature tensor R of a Sasakian space form M(c) is given by

Rx0z = g zx- g om + R meon@y
“AMZ)X + G, 2NV = 506 20V )

+3(pY, 2)pX + g(pZ, X)pY — 25(¢p X, Y)pZ}
forany X, Y,Z € T(TM).

3. Contact Screen transversal Cauchy-Riemann (STCR)-Lightlike Submanifolds

Definition 3.1. Let M be a real r-lightlike submanifold of an indefinite Sasakian manifold manifold (M, 7). Then we
say that M is a contact screen transversal Cauchy-Riemann (STCR)-lightlike submanifold if the condition (A) and
(B) are holded:

(A) There exist two subbundles o1 and o, of Rad(TM) such that

Rad(TM) = 01 ® 02, ¢(01) C S(TM), ¢(02) € S(TM™). (26)
(B) There exist two subbundles oo and o’ of S (TM) such that
S(TM) = {$(01) ® 0’} L 00, P(00) = 00, P(0”) = L1.LS, 27)

where o is a non-degenerate distribution on M, Ly and S are vector subbundles of Ity (TM) and S (TM*), respectively.
Then TM of M is decomposed as

TM =0 ®5L{V} (28)
where

0 =0y ® 01 ®P(07) (29)
and

G =02 ® P(L1) ® P(S). (30)
It is clear that ¢ is invariant and G is anti-invariant. Besides, we have

Itr(TM) = Ly @ Ly, ¢(L1) € S(TM), ¢(Lp) € S(TM™) (31)
and

S(TM™*) = {¢(02) ® P(La)} LS. (32)

If o1 # {0}, 02 # {0}, 09 # {0} and S # {0}, then M is called a proper contact STCR-lightlike submanifold
of an indefinite Sasakian manifold (M, §). For proper contact STCR-lightlike submanifold we note that the
following features:

1. The condition (A) implies that dim(Rad(TM)) > 2.

2. The condition (B) implies dim(c) = 2s > 4, dim(¢’) > 2 and dim(o;) = dim(L;). Thus dim(M) > 8 and
dim(M) > 13.

3. Any proper 8-dimensional contact STCR-lightlike submanifold must be 2-lightlike.

4. (A) and contact distribution (n = 0) imply that index(M) > 2.
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Proposition 3.2. A contact STCR-lightlike submanifold M of an indefinite Sasakian manifold (M, §) is contact
CR-lightlike submanifold (respectively, contact screen transversal lightlike submanifold) iff 0, = {0} (respectively,
o1 = {0}).

Proof. Suppose that M is a contact CR-lightlike submanifold of an indefinite Sasakian manifold (M, §). Then
¢(Rad(TM)) is a distribution on M such that ¢(Rad(TM)) N Rad(TM) = {0}. Therefore we get 01 = Rad(TM)
and o, = {0}. Thus we conclude that ¢(Itr(TM)) N Itr(TM) = {0}. Then it follows that ¢(Itr(TM)) € S(TM).
Conversely, suppose that M is a contact STCR-lightlike submanifold such that o, = {0}. Then we have
o1 = Rad(TM). Therefore ¢(Rad(TM)) N Rad(TM) = {0}, that is, ¢p(Rad(TM)) is a vector subbundle of S(TM).
Hence M is a contact CR-lightlike submanifold. Similarly one can obtain the other assertion. [

Proposition 3.3. There exist no coisotropic, isotropic or totally lightlike proper contact STCR-lightlike submanifolds
M of an indefinite Sasakian manifold. Any isotropic contact STCR-lightlike submanifold is a screen transversal
lightlike submanifold. Besides, a coisotropic contact STCR-lightlike submanifold is a contact CR-lightlike submanifold.

Proof. Suppose that M is a proper contact STCR-lightlike submanifold. From definition of proper contact
STCR-lightlike submanifold, we know that o1 # {0}, 02 # {0}, 0o # {0} and S # {0}, that is both S(TM)
and S(TM™) are non-zero. Hence, M can not be a coisotropic, isotropic or totally lightlike submanifold.
On the other hand, if M be a isotropic contact STCR-lightlike submanifold, then S(TM) = {0}, i.e., ¢(01) =
{0} and Rad(TM) = 0,. Hence, we obtain ¢(Rad(TM)) = ¢(02) € T'(S(TM*)) and M is a contact screen
transversal lightlike submanifold. Similarly, if M is a coisotropic contact STCR-lightlike submanifold, then
S(TM™*) = {0}, i.e., ¢(02) = {0} and Rad(TM) = o;. Since, p(Rad(TM)) = ¢(o1) C I'(S(TM)) then M is a contact
CR-lightlike submanifold. O

The following construction will help in understanding the examples of this paper. Consider (Rgerl , ¢0,V,
1, g) with its usual Sasakian structure given by

m

n= %(dz -y yjdxf), V =20z,

=1

1 m
g=n®n+i(-Ydi@dd+dy@dy + ¥ dve@dy +dy @dyl),
j=1

i=g+1
d)O(Zl(Xfaxj +Y,9y))) + Zdz) = Zl(Yj(?xj - X;oyl) + Yjy/oz
j= j=

where (x}, yj, z) are the Cartesian coordinates.

Example 3.4. Let (M = R}?, §) be a semi-Euclidean space, where § is of signature (=, —, +,+,+,+,—,—,+,+,+,+,+)
with respect to canonical basis (9x1, dx, X3, x4, x5, dxs, Y1, Y2, Y3, dYa, Ys, dYe, dz). Suppose M is a subman-
ifold of R}® defined by

x' = y4,x3 = cos Ox?, y3 =sinOx%, x5 = 4|1+ 1)

A local frame of TM is given by
& dx1 + dys + y'9z, & = Ixa + cos 0dx; + sin Oy; + (y* + cos 0y°)dz,
71 dxy —dy1 + y4&z, Zy =2(dxs + dy1 + yl&z),
Z3 = 2(y58x5 + xS&y5 + y58z),Z4 = 20xq + y68z, Zs = —=20ye, Z =20z = V.
Hence M is a 2- lightlike submanifold of R} with Rad(TM) = Span{&1, &). It is easy to see po(&1) = Z1 € T(S(TM)),

hence 01 = Span{&1} and o, = Span{&,}. On the other hand, since ¢o(Zs) = Zs € I'(S(TM)), we derive oy =
Span{Zs, Zs} and by direct calculations, we derive the lightlike transversal bundle spanned by

Ny =2(—dx; +dys + yl&z), N, = 2(—0dx; + cos 6dx3 + sin 6dy; + (y2 + cos 6y3)82).

Then we see that Ly = Span{N1}, L, = Span{Na}, S(TM™) = Span{po(&2), po(N2), po(Z3)} and S = Span{po(Z3) =
W). Thus, o’ = Span{¢o(N1) = Za, po(W) = —Zs} and M is a proper contact STCR-lightlike submanifold of R}?.
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We indicate the projections from I'(TM) to I'(0¢), I'(¢p(01)), T(H(L1)), T($(S)), T'(01) and I'(o2) by Py, P1, P2,
P3, R; and Ry, respectively. We also indicate the projections from I'(tr(TM)) to I'(¢(02)), I'(¢(L2)), I'(S), I'(L1)
and I'(L) by S1, Sz, S3, Q1 and Q, respectively. Hence, we write

X =PX+RX+n(X)V =PyX+P1X+P,X+P3X+Ri X+ R X+ n(X)V (33)
and
¢X =TX +wX (34)

for any X € I'(TM), where PX € I'(0), RX € I'(6) and TX and wX are the tangential parts and the transversal
parts of ¢pX, respectively. Applying ¢ to (33) and denoting ¢Po, ¢P1, ¢P2, ¢P3, ¢R1, pRa by Ty, T1, wr, ws,
T1, w3, respectively, we derive

qbX =Ty X+T1 X+ TTX +wr X + wsX + a)QX (35)

for any X € I'(TM), where ToX € I'(0p), T1X € I'(01), T1X € T'(¢(01)), wrX € I'(L1), wsX € I'(S) and
w3 X € I'(¢(02)). Similarly we write

U=5U+SU+SsU+ QiU+ QU (36)

for any U € I'(tr(TM)) and we denote ¢S1, $Sa, ¢Sz, pQ1, $Q2 by By, Ci, Bs, By, Cr, respectively. Thus we
write

oU=BU+BsU+BU+CU+CrU (37)
and
¢oU=BU+CU (38)

where BU and CU are sections of TM and tr(TM), respectively. Now, differentiating (35) and using (8)-(10),
(24), (35) and (38), we derive
VxTY + H(X, TY) + 15 (X, TY) + {=Aw,y X + Vi(wrY) + D(X, wY))
+H=Apsy X + Vi(@sY) + D'(X, wsY)} (39)
H=Apy X + Vi(@3Y) + D'(X, w3 Y))
= TVxY +wrVxY + wsVxY + wsVxY + BH(X,Y) + CH(X, Y)
+BIF(X,Y) + CHP (X, Y) — gX, V)V + n(Y)X

for any X, Y € I'(TM). Taking the tangential, lightlike transversal and screen transversal parts of (39) we
derive

(VXT)Y = VxTY =TVxY = Ayy X + Awsy X + Ay X (40)
+Bh(X,Y) - g(X, V)V + n(Y)X,

D'(X, wsY) + DX, w5Y) (41)
= wVxY - V(oY) - H(X, TY) + CH'(X,Y)
and
D*(X,wrY) = wsVxY +ws;VxY - Vi(wsY) (42)

~Vi@3Y) - K (X, TY) + CI*(X, Y)

respectively.
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Theorem 3.5. There does not exist an induced metric connection of a proper contact STCR-lightlike submanifold of
an indefinite Sasakian manifold (M, §).

Proof. Assume that V is a metric connection. Then from Theorem 2.3, Rad(TM) is parallel with respect to V,
ie., Vx& € I'(Rad(TM)) for any X € I'(TM) and & € I'(Rad(TM)). From (24) we obtain

Vx¢p& = pVxé (43)
for any X € [(TM) and & € T(Rad(TM)). Applying ¢ to (43) and using (20) and (24), we get

PVxp&E = =Vx& — (&, VxV)V. (44)
Then from (23) and (44) we derive

PVxPE = =Vx& - g(&, pX)V. (45)

Choose X € I'(¢(L1)) and & € I'(01) such that g(¢X, &) # 0 (since 01 ® $(L1) is a non-degenerate distribution
on M, so we can choose such vector fields). Hence from (6), (14), (38) and (45) we obtain

—VXE—h(X, &) = g(&,pX)V = TVhE + wVipE + Th'(X, )

+wh’ (X, &) + BI(X, ¢p&) + Ch(X, $&), (46)
for any X € I'(¢(L1)) and & € I'(01). Then taking tangential parts of (46) we derive
TVYPE + Vx& + Th (X, p&) + Bh(X, p&) = —g(&, pX)V. 47)

Since Rad(TM) is parallel, Vx& € T(Rad(TM)). On the other hand, TV ¢& + Th*(X, p&) € T'(o1Lp(01)Lao)
and Bh(X, ¢¢&) € I'(G), thus we obtain g(&, $X)V = 0. Since V # 0 and §(&, $X) # 0 we have a contradiction
so Rad(TM) is not parallel. Hence V is not a metric connection. [

Theorem 3.6. Let M be a lightlike submanifold tangent to the structure vector field V in an indefinite Sasakian M(c)
with ¢ # 1 Then, M is a contact STCR-lightlike submanifold of M(c) iff:

(a) The maximal invariant subspaces of TpM, p € M, define a distribution
0=00®01®P(01)

where Rad(TM) = 01 L 0, and 0y is a non-degenerate invariant distribution.
(b) There exists a lightlike transversal vector bundle Itr(TM) such that

JRX,Y)EN) =0

forany X, Y € I'(0), £ € I'(Rad(TM)), N € I'(Itr(TM)).
(c) There exists a vector subbundle M, on M such that

FR(X, Y)Wy, W,) =0
for any X, Y € I'(0), Wy, W, € T(M>), where M, is orthogonal to o and R is the curvature tensor of M(c).

Proof. Let M be a contact STCR-lightlike submanifold of M(c), ¢ # 1. From (a), 0 = 0p®01 ®¢(01) is maximal
invariant subspaces. Next from (25), we have

—c+1

T 19(@X, )7(9E, N)

for any X,Y € I'(0), & € T(Rad(TM)), N € T'(Itr(TM)). Since g(¢X,Y) # 0 and F(¢p&,N) = 0, we get
F(R(X,Y)&,N) = 0. Thus (b) holds. Similarly, from (25) we get

JRX,Y)E,N) =

—c+1

FRX, Y)Wy, Wy) = >

{9(@X, Y)g(pW1, Wa)}
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for any X, Y € I'(0), Wi, W, € I'(M,). Then (c) satisfies.

) : Conversely, we suppose that (a), (b) and (c) are holded. From (a), 0 = 09 ® 01 @ ¢(01) is maximal
invariant subspaces and Rad(TM) = 01 L 0, while ¢p(01) is an invariant distribution on TM, o, isn’t invariant
on TM with respect to ¢. For this reason, ¢(02) C I'(tr(TM)). Hence, it is easy to see that ¢(01) # 02 and
¢(01) is a distribution on S(TM). Besides, for ltr(TM) = Ly ® L, and &; € I'(01), N1 € I'(L1) from (b) and (25)
we get

J(p&1,N1) = —=g(&1,pN1) =0

which implies ¢(L1) is a distribution on S(TM). It is easy to see that ¢(02) # L1 or ¢(02) # Lp. Thus ¢p(02) is
a distribution on S(TM*). Similarly, for any &, € I'(02) and N, € I'(L,), since §(¢&r, No) = —§(E2, $N) = 0,
then ¢ (L) is a distribution on S(TM™*), too. From (c), there exists a non-degenerate distribution M, such
that M, L ¢ and for any X, Y € I'(0), W1, W, € I'(My), we have

F(PW1, Wy) = 0.

This implies that (M) L My. Also G(¢p&, W) = —4(&, W) = 0 implies that ¢(M>) L Rad(TM). Furthermore,
this say that ¢(M,) does not belong to Itr(TM). Besides, since (M) L ¢ and o is invariant, we write

gX, W) = (X, W) = —g(X, W) = 0.

forany X € I'(0) and W € I'(M>), that is, ¢(M>) is orthogonal to o, too. Hence, M, and ¢(M>) are distributions
on S(TM) and S(TM™), respectively. Moreover, from a result in [2], we know that the structure vector field
V belongs to S(TM). Then summing up the above arguments, we conclude that

S(TM) = {§(01) ® G(L1)} LM Lo, L{V).
Thus, M is a contact STCR-lightlike submanifold of M. [J
Theorem 3.7. Let M be a contact STCR-lightlike submanifold of an indefinite Sasakian manifold M. Then
(1) 6 is integrable iff
ApxY = AgpyX.
(2) 0L{V} is integrable iff
h(X, ¢Y) = h(pX, Y).
(3) 0 is not integrable.
Proof. From (40) we derive
=TVxY = Ay X + Apsy X + Ap,y X + BH(X, Y) — g(X, V)V
for any X, Y € I'(6). Hence we have
TIX, Y] = Ay X + ApxY — Apgy X + ApsxY — Apyy X + AgyxY
which proves assertion (1). From (41) and (42) we get
WX, TY) = wVxY + wsVxY + w;VxY + Ch(X, Y)
for any X, Y € I'(0L{V}). Hence we derive
WX, TY)-h(Y, TX) = wp [X, Y] + ws [X, Y] + w5 [X, Y]

which proves the assertion (2). Assume that ¢ is integrable. Then, we have §([X, Y], V) = 0, for any
X, Y € I'(0p). Using that V is metric connection and (23) we derive g([X, Y], V) = 2g(¢Y, X). Hence we have
7(¢Y, X) = 0. Since 0 is non-degenerate, this is a contradiction. Thus ¢ is not integrable. [
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Theorem 3.8. Let M be a contact STCR-lightlike submanifold of an indefinite Sasakian manifold M. Then, o L{V}

is integrable iff the followings are holded:
B (X, oY) = I°(Y, $X) € [(¢(L2))
and
H(X, ¢Y) = H (Y, $X) € T(La)

forany X,Y e T(cL{V}).

Proof. From definition of contact STCR-lightlike submanifolds, ¢ is integrable iff for any X, Y € I'(c L{V}),

[X, Y]eT(oL{V}),

g_([Xr Y] rNZ) = 9_([X’ Y] r(Pél) = g_([Xr Y],¢W) = Or

for any X, Y € I'(cL{V}), &1 € I'(01), N2 € T'(Lp) and W € T'(S). Thus, for any X, Y € I'(cL{V}), & € I'(61),

N, € I'(Ly) and W € I'(S), using (8), (19) and (24) we have
J(X, Y], N2) = g(°(X, §Y) — I° (Y, $X), pN>),
g(1X, Y1, &) = gl (Y, 9X) — H(X, §Y), &1),

J(IX, Y1, W) = g(h* (Y, pX) — I*(X, ¢Y), W).

Hence, the proof comes from (48)-(50). O

(48)

(49)

(50)

Theorem 3.9. Let M be a contact STCR-lightlike submanifold of an indefinite Sasakian manifold M. Then, & is

integrable iff
ApxY — ApyX € I'(5)

forany X,Y € I'(5).

Proof. G is integrable iff for any X, Y € I'(), [X, Y] € ['(5), i.e.,
g([X, Y], Ny) = g([X, Y], §N1) = 9([X, Y], Z) = 5([X, Y], V) = 0,

forany X,Y € I'(5), Z € I'(69) and Ny € I'(L1). Thus, using (7), (19) and (24) we have
F([X, Y], N1) = §(ApxY — Apy X, N1)

for any X, Y € I'(6) and N; € I'(L;). Similarly, using again (7), (19), (23) and (24) we derive
J([X, Y], N1) = g(Apy X — Apx Y, N1),
X, Y1,2) = §AsxY - ApyX, $2),
9(X, Y], V) = 24(¢Y, X) = 0

forany X, Y € I'(6), Z € I'(6¢9) and N; € I'(L1). Thus the proof follows from (51)-(54). O

(51)

(52)
(53)

(54)
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4. STCR-Lightlike Product

Definition 4.1. A STCR-lightlike submanifold M of an indefinite Sasakian manifold M is named STCR-lightlike
product if both the distributions o @ {V} and G define totally geodesic foliation in M.

Theorem 4.2. Let M be a contact STCR-lightlike submanifold of an indefinite Sasakian manifold M. Then, o L{V}
defines a totally geodesic foliation in M iff

Bh(X,¢Y) =0
forany X,Y e I'(cL{V}).
Proof. 01{V} defines a totally geodesic foliation in M iff
g(VxY, p&1) = g(VxY,Na) = g(VxY, W) = 0
forany X, Y e I'(0L{V}), &1 € I'(01), N2 € I'(L) and W € I'(S). From (8), (19) and (24) we derive

g(VxY,p&1) = —g(H(X, oY), &), (55)
gVxY,N2) = gl° (X, ¢Y), ¢Na), (56)
g(VxY, oW) = -3’ (X, ¢Y), W). (57)

Thus from (55) we see that 1/(X, $Y) has no components in L; and from (56) and (57) we see that h*(X, ¢Y)
has no components in ¢(02) L S, i.e., Bh(X, $Y) = 0. This completes the proof. [J

Theorem 4.3. Let M be a contact STCR-lightlike submanifold of an indefinite Sasakian manifold M. Then, G defines
a totally geodesic foliation in M iff

(i) An, X has no components in ¢(o1) L ¢P(S).
(ii) AypyX has no components in o, L o7,
forany X, Y € I'(5) and N; € I'(Ly).

Proof. G defines a totally geodesic foliation in M iff
g(VxY,N1) = g(VxY,¢N1) = g(VxY,Z) = g(VxY, V) =0
forany X, Y € I'(G), Ny € (L) and Z € I'(gp). Since V is a metric connection, (6), (9) and (24) imply
g(VxY,N1) = (AN, X, Y). (58)
Using (6), (7), (19) and (24) we obtain

g(VxY,¢N1) = g(Apy X, N1), (59)

9(VxY, Z) = —g(Apy X, 9Z). (60)
Similarly, since V is a metric connection and from (6) and (23), we derive

g(VxY, V) = =g(Y, ¢X) = 0. (61)

Thus the proof comes from (58)-(61). O

Theorem 4.4. Let M be a contact STCR-lightlike submanifold of an indefinite Sasakian manifold M. If (VxT)Y =0,
then M is a STCR lightlike product.

Proof. Let X,Y € I'(G), hence TY = 0. Then using (40) with the hypothesis, we get TVxY = 0. Thus
VxY € I'(G) i.e. & defines a totally geodesic foliation in M. Let X, Y € I'(cL{V'}); hence wY = 0. Then using
(40), we derive Bh(X, ¢Y) = 0. From Theorem 4.2, 0 L{V'} defines a totally geodesic foliation in M. Therefore,
M is a STCR lightlike product. This completes the proof. [
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Theorem 4.5. Let M be an irrotational contact STCR-lightlike submanifold of an indefinite Sasakian manifold M.
Then, M is a STCR lightlike product if the following conditions are holded:

i) VxU € T(S(TM™4)), for any X € T(TM) and U € T'(tr(TM)).

ii) AEY € I'(p(01)LP(S)), for any Y € T'(c L{V}) and & € T'(Rad(TM)).

Proof. Let (i) holds, then using (9) and (10) we get ANX = 0, AwX = 0, D'(X, W) = 0 and Vi N = 0 for any
X € I(TM), N € T'(Iltr(TM)) and W € I'(S (TM*')). Therefore for any X, Y € T'(6L{V}) and W € T(S(TM*))
and using (11), we derive §(7°(X,Y), W) = 0. Since S(TM') is non-degenerate, h1°(X,Y) = 0. Therefore,
Br*(X,Y) = 0. Since M is irrotational, using (13) and (ii) we derive §(h'(X,Y), &) = (Y, AEX) = 0 for any
X,Y € T(0L{V}) and & € T(Rad(TM)). Thus, we derive I'(X,Y) = 0. Hence BH/(X,Y) = 0. Then, from
Theorem 4.2 the distribution 0 L{V} defines a totally geodesic foliation in M.

Next, for any X, Y € I'(6), then ¢Y = wY € I'(L1 L S L ¢(02)) C tr(ITM). Using (40) we derive
TVxY = —=Bh(X,Y) + 9(X, Y)V, comparing the components along 5, we get TVxY = 0, which implies that
VxY € T'(G). Thus & defines a totally geodesic foliation in M and M is a STCR-lightlike product. [J

Definition 4.6. [23] If the second fundamental form h of a submanifold tangent to characteristic vector field V, of an
indefinite Sasakian manifold M is of the form

WX, Y) = {g(X,Y) = n(X)n(X)IB + n(X)h(Y, V) + n(Vh(X, V) (62)

for any X,Y € I(TM), where B is a vector field transversal to M, then M is named a totally contact umbilical
submanifold and totally contact geodesic if B = 0.

Theorem 4.7. Let M be a totally contact umbilical contact STCR-lightlike submanifold of an indefinite Sasakian
manifold M. Then M is a STCR-lightlike product if Bh(X, ¢Y) = 0, for any X € I(TM) and Y € T(c L{V}).

Proof. Assume that Bi(X,¢Y) = 0. Then oL{V} defines totally geodesic foliation in M for any X,Y €
I'(cL{V}). Using (40) we have

“TVxY = Ay X + Bi(X, Y) - g(X, Y)V, (63)
for any X, Y € I'(5). Using (7), (19), (24), (34) and (38) then equation (63) becomes

-9(TVxY,Z) = g(AwX+BWX,Y)-g(X,Y)V,Z)
= Jg(Vx¢Y,2)
= —3(VxY,¢Z) (64)
= g\, VxZ')

for any Z € I'(0p), where ¢pZ = Z’ € T'(0p). From (24), we obtain
Vx¢Z = pVxZ (65)

forany X, Y € I'(G) and Z € I'(0p). Using (6), (34), (38) and taking transversal part of resulting equation we
derive

wQVxZ = h(X,TZ) - Ch(X, Z). (66)

Using (62), we derive wQVxZ = 0, this implies VxZ € I'(c). Hence, (64) becomes g(TVxY, Z) = 0. Since
0 is non-degenerate, 5 defines a totally geodesic foliation in M. Hence the proof is proved. O
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5. Minimal STCR-lightlike submanifolds
Definition 5.1. We say that a lightlike submanifold M of a semi-Riemannian manifold (M, §) is minimal if:

(i) #* = 0 on Rad(TM) and

(ii) trh = 0, where trace is written with respect to g restricted to S(TM).

It has been proved in [1] that the above definition is independent of S(TM) and S(TM™), but it depends
on tr(TM).

Example 5.2. Consider asemi-Euclidean space (M = IR}°, §), where Jis of signature (—, —, +,+,+,+,+,—,—, +,+,+,
+, +, +) with respect to canonical basis (9x1,9x2, dx3, x4, dxs, dxg, dx7, Y1, Y2, Y3, AYs, Y5, Ye, Y7, 9z). Let M
be a 9-dimensional submanifold of R}> given by

1

o= w2 =2 cosh f3, B=ul =12 sinh 3,

¥’ = cosu®coshu?,x° = cosu’®sinh u®, x” = sinu® sinh 1°,

y' = u,y* =u*sinhB,y® = ub,y* = u? coshp,

v = sinu’sinhu?,y® = cosu’ coshu®,y” = sinu’ cosh u®,
z = u.

Then a local frame of TM is given by

Z1 = oJx1+0dx3,

Z, = coshpdx; + sinh fdxy + sinh Ay, + cosh Iy, + (v cosh  + y* sinh f)oz,

Zs = —sinu®coshu*dxs + cos u® sinh u48y5 + (—y5 sin u® cosh u*)dz,

Zs = cosu®sinhu*dxs + sin u® cosh u48y5 + (y5 cos u® sinh u*)dz,

Zs = —sinu®sinhu®dxs + cos u° sinh u®dx; — sin 1° cosh u68y6 + cos u® cosh u68y7

+(=y° sin’ sinh u® + y° cos u” sinh 1°)dz,
Ze = cosu’ coshu®dxg + sinu® cosh u®dx; + cos u’ sinh u68y6 + sinu® sinh u68y7
+(y° cos u° cosh u® + y° sin u° cosh u°)dz,
Z7 = 8y1,28=8y3,Z=2&z= V.
Thus M is a 2-lightlike submanifold with Rad(TM) = Span{Z1,Z,}, ¢po(o1) = Span{dpo(Z1) = Z7; + Zg}, 0p =
Span{Zs, Z4} and it is easy to say that
Itr(TM) Span{N7 = 2(—dx; + 9x3),
N, 2(— cosh dx, — sinh fdxy + sinh Iy, + cosh Iy, + (—y? cosh  — y* sinh f)dz)},
Go(N1) = 2(Zy — Zg), S(TM™*) = Span{po(Z2), po(N2), po(Zs), po(Ze)}-

Hence, M is a proper contact STCR-lightlike submanifold of R1®, with a quasi-orthonormal basis of M along M is

(&1 = Z1, & =2y, ¢o(&1) = —Zy — Zg, po(N1) = 2(Z7 — Z3),
1 1
ep = Zz, e = Zy,
\/ cosh? u — cos? 3 \/ cosh? u — cos? u3
e3 = ! Zs, e4 = ! Zs, V = Zy,
\/ sinh? 16 + cosh? u® \/ sinh? u6 + cosh? ué
1
Wi = ¢o(&2), Wa = ¢o(N2), W3 = Po(Zs),
\/ sinh? 16 + cosh? u6
1
Wy = ¢0(Zs), N1, Na,

\/ sinh? 16 + cosh? 16
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where €1 = gler,e1) =1, &2 = glez, 2) = 1, €3 = gles, e3) = 1 and €4 = gles, e4) = 1. Using (8), we get

h(é1,&1) = h( &, &) = hler, e1) = hley, e2) =0,
h(po(&1), do(€1)) = T(do(N1), Po(N1)) = H(es, e3) = h'(es, e4) = O,
I’ls((:‘g, 63) 1 Z4, hs(€4, 64) = - 1

sinh? 16 + cosh? ué sinh? 16 + cosh? u¢

Thus
tracehg sty = €3h°(e3, €3) + €41°(eq, e4) = h¥(e3, €3) + h'(ey, e4) = 0.
Hence M is a minimal proper contact STCR-lightlike submanifold of R}>.
Let take a quasi-orthonormal frame
(&1, &g €1, o, V, Wi, .., Wy, N, ..., N}

such that (&1, ..., &, €1, ..., e, V) belongs to I'(TM). Then take (&1, ..., &g, €1, -.., €,) such that {&y, ..., &} form a
basis of 01, {&y+1, ..., &;} form a basis of 07 and {ey, ..., e2s} form a basis of og. Besides, we take {Wy, ..., Wi} a
basis of S, {Ny, ..., N,} abasis of L; and {N.1, ..., N;} abasis of L. Hence we have a quasi-orthonormal basis
of M as follows:

{51/ b gp/ ct;‘]z)+1/ a4 ct;‘t’/ 61, crer el/ (Pel/ bt (Pel/ (Pél/ bt (Pép/ (PNl/ cees (PN 4 ¢Wll cees (Pwk}
Theorem 5.3. Let M be a proper contact STCR-lightlike submanifold of an indefinite Sasakian manifold M. Then M
is minimal iff

traceAw sy = 0, traceAy sy =0 (67)
and §(Y, D'(X, W)) = 0 for any X, Y € T(Rad(TM)) and W € T(S(TM*)).
Proof. We know that I = 0 on Rad(TM) [1]. Definition of a contact STCR-lightlike submanifold, M is
minimal iff

25

P p k
Z ejhej, ) + Z h(pE, $&j) + Z h(@N;, ON;) + Z eah(pWa, pW,) = 0.
a=1

j=1 j=1 j=1

Now from (11), we have #* = 0 on Rad(TM) iff §(Y, D'(X,W)) = 0, for any X, Y € T'(Rad(TM)) and W €
I'(S(TM™')). Besides, we derive

T

1 P
traceh | S(TM) = ; Z g(hl(q)éjr Qbéj)/ Eq)Nq + g_(hl((PNf' quf)' é'i)N'i
i=1

P
- 2 D el (@8, &), W)W + G (9N, ON)), Wy) W) (68)

a=1

2s k
+Y & L () 305 Geje)), W) Wp + Y G0 (@ Wa, @Wa), Wy) W)
j=1

n-—r
p=1

r

1 2s k
+) ;{; 90 e ) DNy + ), 9076 W W), ENy)-

=1
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Using (11) and (16) in (68), we get

r. P
1 % *
traceh | srm) = ;Z ) (AL BEj, )N, +g(AL 9N, SN)N,
q=1 j=1

+ eplg(Aw, &), PE)Wp + g(Aw, PN, N ;)We}

n-—r

1 p n-r
j=1 p=1

n-r

2s k

1

+; & — r{Z; g(Awge;,e) W + Z‘Tg(Awﬂqbwa,cpwa)wﬁ}
= j= a=

r

2s k
1 * *
+ Z{ ;{Z; 9(A; e €N, + Z; G(A OWa, GWaN .
= = a=

Equation (69) completes the proof. [
Theorem 5.4. A totally umbilical STCR-lightlike submanifold M is minimal iff

traceAw, loo Lop(5)= thEA:gq looLo(5)= 0

forany &; € T'(Rad(TM)) and Wg € [(S(TM™)), wherek € {1,2,...,r}and B € {1,2, ..., n —r}.

Proof. M is minimal iff #* = 0 on Rad(TM) and traceh = 0 on S(TM), i.e.

traceh | samy = traceh |5, +traceh |, +traceh o,y +traceh |ys)
2s

j=1
Using (62) in (71) we derive

traceh | stmy = traceh |, +traceh |y(s)
2s

k
Z €jh(e;j, ej) + Z eth(pW,, dW,)

j=1 a=1

25

k
Y €itej e + Ie(ejep) + Y €l (GWa, GWa) + (@ Wey, 9 Wa))

j=1 a=1

T

1 2s k
= ) S0 a0y e) EQNy + ) 0 (G Wa, GWa), EONG)
j=1 a=1

9=1

a=1

n—r 1 2s k
+Y eI} e e), W)Wy + ) G (@ Wa, $Wa), W) W)
p=1 j=1

Besides, if we consider (11) and (16) in (72), we obtain

r 2s k
1 * *
traceh | s = )~ () 9(A% € )Ny + ) (AL GWa, GWaIN)
g=1 j=1 a=1

n—r 25 k
1
+ ; i D 9w Wi + ), A P Wo, P Wy
= =

a=1
=0
which completes the proof. [

P 14 k
= Z ejhej, e) + Z W&, HEj) + Z W@N;, oN)) + Z eah(OWe, PW,).
j=1 j=1 a=1

5440

(69)

(70)

(71)

(72)
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