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Abstract. For any homogeneous polynomial, it can be expressed as the product of a tensor A and a vector
x, we denote it by Px(x). With the change of the norm of x, the maximum value (resp. the minimum
value) of P#(x) is changed. In this paper, by the properties of tensor A, we study the relationships between
the maximum values (resp. minimum values) of P#(x) under different norms of x. We present that the
maximum values (resp. the minimum values) of P4(x) at different norms of x always have the same sign.
Moreover, the relationship between the magnitudes of the maximum values (resp. the minimum values)
of P#(x) at different norms of x are characterized. Further, some inequalities on H-eigenvalues and Z-
eigenvalues of tensor A are obtained directly. And some applications on definite positive of tensors and
hypergraphs are given.

1. Introduction

Tensors have been widely applied to many fields, such as signal processing [1], computing vision [2] and
statistical data analysis [3] etc. Let [n] = {1,2,...,n}, nis a positive integer. A k-order n-dimensional tensor
A = (aii,-i) (ij € [n], j € [k]) is a multidimensional array with nk entries. If iyir-ip 2 0 for all i; € [n], j € [k],
then A is called nonnegative. If a;,j,..;. = aq(i,)o()-0(i,), Where o is any permutation of the indices iy, . . ., i, then
A is called symmetric. Let CI*"l and RI*" denote the set of k-order n-dimensional complex tensors and real
tensors, respectively.

Let A = (i,;,) € C¥" and x = (x1,...,x,)T € C". Ax*! is an n-dimensional vector (see [4]), whose i-th

component is
n

(ﬂxk_l)i = Z Ajiyip Xiy ** Xi, i€ [n].

ip,..,if=1
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For any kth degree real coefficient homogeneous polynomial, it can be expressed as

n

T -1
Pa(x) :=x (ﬂxk )= Z Ay iyeeiy Xiy Xiy = * Xy,

i1, ik =1

where A = (a;,,-4,) € R and x = (x1,...,x,)T. Note that the tensor A isn’t unique, it maybe symmetric
or maybe not. By analyzing the critical value and positive definite of P4(x) under different norms of real
vector x, the (H/Z-)eigenvalues of tensor A were proposed and studied [4, 5]. After that, eigenvalues of
tensors have attracted much attention and have been found wide applications in quantum physics, higher
order Markov chains, spectral hypergraph theory and automatic control etc (see [6]-[19]).

For tensor A € R* and x = (xy,...,x,)T € R, let

AP (A) = max{Pa(x) : x € R and ||x|, = 1},

A(P)

min

(A) = min{Pa(x) : x € R" and ||x]|, =1},

where |||, = {]x1[P +--- +|x,[P is the p-norm of x. Thus, )\fﬁ)ax(ﬂ) and AV (A) denote the maximum and

minimum value of P #(x) under p-norm of real vector x, respectively. For some tensors, /\g?ax (A)and Aﬁ?in (A
(resp. /\ﬁ)ax(?l) and Afl)m(ﬂ)) are exactly the largest and smallest H-eigenvalue (resp. Z-eigenvalue) of A,
respectively, such as the even order real symmetric tensors [4].

In this paper, we study the maximum and minimum value of P #(x) under different norms of real vector
x. We present that /\ffl)ax(ﬂ) and Aﬁ)ax(ﬂ) (resp. /\Efl)in(ﬂ) and )\gn(\‘ﬂ)) always have the same sign for any
p,q = 1. In other words, for any p,q > 1, )\g)ax(ﬂ) and /\fﬁ)ax(ﬂ) (resp. )\g?in([ﬂ) and )\gn([ﬂ)) are either both

greater than zero or both less than zero, or both equal to zero. Furthermore, when 1 < g < p, we obtain that

@) A9 (7
nri < Amax(A) <1 and n75 < min) <1
AL (A) AD (A)

if )\fﬁlx(ﬂ) #0, /\Efgn(ﬂ) # 0. By the above inequalities, some relationships between H-eigenvalues and
Z-eigenvalues of tensors are obtained. Thus, some results on Z-eigenvalus can be got directly from the
results on the H-eigenvalues, and the vice verse. Moreover, some applications on definite positive of tensors

and hypergraphs are given.

2. Preliminaries

In this section, we list some helpful notions and lemmas.
Let A € Ck"1, If there exist A € C and a nonzero vector x = (x1,...,x,)" € C" such that

A = A,

then A is called an eigenvalue of A and x is called an eigenvector of A corresponding to A, where x¥-11 =
(A1, x5 T, Further, if A € R and x € R”, then A is called an H-eigenvalue of A and x is called the
corresponding H-eigenvector. Let p(A) = max{|A| : A is an eigenvalue of A} be the spectral radius of A. If
there exist A € R and a nonzero vector x € R"” such that

AT = Ax and xTx =1,

then A is called a Z-eigenvalue of A and x is called the corresponding Z-eigenvector. Let pz(A) = max{|A] :
A is a Z-eigenvalue of A} denote the Z-spectral radius of A if A has Z-eigenvalues.

For a tensor A € Cl", it maybe doesn’t have the H-eigenvalues and Z-eigenvalues. But in the following
cases, it always has the H-eigenvalues and Z-eigenvalues.
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Lemma 2.1. [4, 20] Let A € R& be an even order symmetric tensor. Then A always has H-eigenvalues and

Z-eigenvalues, and Amax(ﬂ) )\r};)m(ﬂ) Af@,x(ﬂ) and )\gn(ﬂ) are exactly the largest and the smallest H-eigenvalue,
the largest and the smallest Z-eigenvalue, respectively.

Lemma 2.2. [21-23] Let A € R be a nonnegative symmetric tensor. Then p(A) and pz(A) are the H-eigenvalue
and Z-eigenvalue of A, respectively. And

Pz(ﬂ) = /\Erzl?ax(ﬂ)r P(ﬂ) = max(ﬂ)

A real symmetric tensor A € RI* is called positive (semi-)definite if x*(Ax*!) > 0 (= 0) for all x € R" \ {0}
[4]. Note that there are no positive (semi-)definite tensors when k is odd.

Lemma 2.3. [4] Let Abe an even order real symmetric tensor. Then A s positive definite (resp. positive semi-definite)
if and only if its all H-eigenvalues or all Z-eigenvalues are positive (resp. nonnegative).

Lemma 2.4. Letx = (x1,...,x,) € R"and 1 < q < p. Then

nob
L [xil? L |xil
i=1 i=1

n n

Proof. Without loss of generality, suppose that x1,xp,...,x # 0 and x4 = --- = x,, = 0. Then the Power
Mean Inequality implies that

1

t i t
2 il L IxilP
i=1 i=1

IN

1
q

Y.

1 iIXfI”% ) 1
Since(ﬁ) s(%)”,weget["'lt ] (%) <=5 J (ﬁ)”.Thus,

f q ¢
(Xllxi|q)+xj+1+...+xn (§|xi|”)+x?+1+“-+xi
i= i=

IN

n n
This finishes the proof. O

3. The maximum value of homogeneous polynomials under the different norms

In this section, we give some relationships on the )\fﬁ;x(ﬂ) and /\iz)ax(?() when 1 < g < p. Furthermore,
we get the conclusions on the largest H-eigenvalue and the largest Z-eigenvalue of tensors.

Theorem 3.1. Let A = (aj,. ,k) € R* and 1 < q < p. Then the following cases hold.
(1) f A7) 2.0, then 0 < n AR < M) < Ao ().
() I Aa(A) < 0, then 0 > 175 AL(A) 2 Ao A) 2 AL (A).
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Proof. (1) a) When /\Ez)ax(ﬂ) > 0, we firstly prove that /\iﬁ)ax(ﬂ) < /\if‘)ax(ﬂ). Let x = (x1,...,x,)" € R" be the
vector such that Aﬁﬁ)ax(ﬂ) = xT(Ax*1). Then we have ||x||, = 1 and ||x||£ = Y il < ¥ lxl7 = 1. Thus,

i=1 i=1

0< A9 (A) = KT (AFT)

n

= Z Biy i Xiy * X

X; X;
k i i

= ||x||p E ailmik_llxlll ”'_lelkl . (3.1)
iip=1 p P

Lety=(y1,...,ya)" = (Ili_lllp""’ ”%)T. So, y € R" and |lyll, = 1. By (3.1), we get

n
0 <AL = Y aiicdi - v = Ixly (AY) < IxlEAR(A).
i1 ..... fk=1
From |lxl% < 1,50 0 < A2, (A) < AL (A).
b) Next, we prove that 0 < nﬁ_g/\fﬁ?ax(ﬂ) < /\Eg)ax(ﬂ). Let x = (x1,...,%,)T € R" be the vector such that

1
AL L
— , e, nrilxll, <

IN

¥ bt )"
A (A) = x"(AXT). Then |Ixl, = 1. And Lemma 2.4 implies that {i_ln ]

llxll, = 1. Let y = n7 "7, 50 |lyll, = n7 " 7|lxll, < 1. By a), we get that if A%, (A) > 0, then A} (A) > 0. Thus,

n

E Ajy i Xiy 0 Xy

0< A (A)

11 ,0eey ik=1
n
_ k ) 1_1 ) 1_1 )
(nq p) Z alrlk(np qxh)"'(np qxlk)
it prdp=1
1_1 k &
=(ni7) Z Aiyeip Yir =" Yiy
it e =1
1_1 ! Yi Yi
=yl ) Yy e e (3.2)
L Syl Tyl

Letz=(z1,...,2,) = (”];_ﬁq/'”, ”z—ﬁq)T. So, z € R" and |Izl|, = 1. By (3.2), we get
0 < AL (A) = Ilyllk (™72 (ALY <yl AL (A).

From [[yllf < 1,50 0 < 771 A%, (A) < AL (A).
It follows from a) and b) that the statement (1) holds.

(2) c) When /\iﬁ)ax(ﬂ) < 0, we firstly prove that /\Eﬁ)ax(ﬂ) > /\iﬁlx(ﬂ). Letx = (x1,...,x,)' € R" be the vector
such that A?)_(A) = xT(Ax*1). Then we have llxll, = 1 and ||x||Z =Y x> ¥ |x;/” = 1. Thus,
i=1 i=1
& Xi, Xiy

ALY = Iells Y i

b ' (3.3)
i1 pde=1 llxlly — [lxlly
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Lety=(y1,...,ya)" = (- 7)1, So, y € R" and ||yll; = 1. By (3.3), we get

7 Il
M) = Iy " (AYT) < AT (A) < 0.

From [|x|[¥ > 1, we have A% (A) < A% (A) < 0.

d) Next, we prove that 0 > nr /\iﬁ)ax(ﬂ) > /\iﬁ)ax(ﬂ). Let x = (x1,...,x,)T € R" be the vector such that
A9 (A) = xT(Ax). Then llxll; = 1. And Lemma 2.4 implies that 1 = ||x]|, < n%_%llxllp. Lety = ni7rx, 0
llyll, = n%_%llxllp > 1. Similar to the (3.2), we have

() = Ilylls a7 Z g Y Y
k=

Jq . 3.4
Sl Tl G4

Letz = (z1,...,2,)" = (”y”p . ,”g—ﬁp)T. So, z € R" and |[z||, = 1. By ¢), we get that if Aiz)ax(ﬂ) < 0, then

A (A) < 0. By (3.4), we get
A (A) = Ilyllk(n"’“)k T(A 1)<|Iyll"(n" AR (A) <.

From [[yl[t > 1, we have 0 > n5 i A?) (A) > A (A).
It follows from c) and d) the statement (2) holds. [

Let A € R and 1 < g < p. From Theorem 3.1 (1), we directly get that if /\Eﬁax(ﬂ) > 0, then )\ﬁﬁéx(ﬂ) >0,
and if /\iﬁlx(ﬂ) > 0, then /\fz)ax(ﬂ) > 0. From Theorem 3.1 (2), we get that if /\iﬁ)ax(ﬂ) < 0, then /\%X(ﬂ) <0,
and if /\iﬁéx(ﬂ) < 0, then /\%X(ﬂ) < 0. Thus, we have the following result.

Theorem 3.2. Let A € R and 1 < g < p. Then )\max(ﬂ) and )\ifl)ax(ﬂ) always have the same sign forany p,q > 1.

In other words, for any p,q > 1, /\max(ﬂ) and /\Eg)ax(&zl) are either both greater than zero or both less than zero, or both

equal to zero.

By Theorem 3.1 and 3.2, we have the following corollary.

Corollary 3.3. For real tensor A€ R¥ and 1 < g <p, /\Sﬁ)ax(ﬂ) and /\(qax(ﬂ) always have the same sign for any
p,q > 1. And the following inequalities hold

M) _
Aiﬁlx(&zo

=i

if (A # 0

For the even order symmetric tensor A, by Lemma 2.1, /\ﬁ)ax(ﬂ) and /\iﬁ)ax(ﬂ) are exactly the largest
Z-eigenvalue and the largest H-eigenvalue of A, respectively. Thus, by Corollary 3.3, we directly get the
following relationships between the largest Z-eigenvalue and the largest H-eigenvalue of tensors.

Theorem 3.4. Let A € R be an even order real symmetric tensor. Then Ag’ax(ﬂ) and /\g‘lax(ﬂ) always have the
same sign. And

5 AP
Al (A

if Al (A) # 0.
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For the k-order nonnegative symmetric tensor A, by Lemma 2.2, /\max(ﬂ) and Amax(fﬂ) are exactly the
Z-spectral radius pz(A) and spectral radius p(A) of A, respectively. And clearly,

p(A) = /\(kax(ﬂ) max{xT(Ax1) : Z xf? =1,xeR"} > 0.

i=1

Thus, by Corollary 3.3, we directly get the following relationships between the Z-spectral radius and spectral
radius.

Theorem 3.5. Let A € RI* be a nonnegative symmetric tensor. Then pz(A) and p(A) always have the same sign.

And
Pz(ﬂ)
(ﬂ)

2-k
2

n

if p(A) > 0.
Next, we give some examples to show the Theorem 3.5.

Example 3.6. Let A = (ai,4,i5i,) € R#3! pe a nonnegative symmetric tensor, where aj111 = 4, ane = 1, ann =
1, a1211 = 1, ao111 = 1, axmp = 1, aszsz = 6 and others are zero. By calculation, we get the all H-eigenvalues (not
counting multiplicity) are

A =1, A =6, A3 ~ 04143, Ay ~ 5.781.

The all Z-eigenvalues (not counting multiplicity) are
M =1,1,=6, A3 02127, A4 = 0.955, A5 ~ 4.442,

Ag = 0.2054, Ay = 0.8239, Ag ~ 2.552, A9 =~ 0.8571.

The calculation results show that
1_ pz(A) _
3 pA)

Example 3.7. Let A = (4i,i,isi,) € R4 pe a nonnegative symmetric tensor, where aji1n = 3, a1z = 1, anm =
1, a1 = 1, aoi11 = 1, anop = 1 and others are zero. By calculation, we get the all H-eigenvalues (not counting
multiplicity) are

A =1, A, ~4.905, A3=0

The all Z-eigenvalues (not counting multiplicity) are
Al = 1, /\2 ~ 0951, /\3 =~ 3549, A4 =0

The calculation results show that
- pz(A)

1
25 @ <

4. The minimum value of homogeneous polynomials under the different norms

In this section, we give some relationships on the /\Eﬂn(ﬂ) and Ag)in(ﬂ) when 1 < g < p. Furthermore,
we get the conclusions on the smallest H-eigenvalue and the smallest Z-eigenvalue of tensors. And the
inequalities on p-spectral radius are obtained.

Theorem 4.1. Let A = (aj;,- ,k) € R%" and 1 < q < p. Then the following cases hold.
1) If)\ﬁjfm ﬂ) >0, then 0 < nV SiAP (A < A9 (A) < AP (A).

min

@ FAD (A) <0, then 0 > n mﬁfﬁn(ﬂ) > A<‘7’ (A = AP (A).

min



C. Deng et al. / Filomat 37:16 (2023), 5361-5371 5367

Proof. (1) a) When )\fi)in(ﬂ) > 0, we firstly prove that A(q).n(ﬂ) < /\if\)in(ﬂ)' Let x = (x1,...,x,)" € R" be the

mi

vector such that /\iﬁ)m(ﬂ) = xT(Ax*1). Then |lxll, = 1 and |lx|l; > 1. Thus, we get

n n

. B ~ ‘ . Xi X
Apin(A) = Z Ay Xiy * 7+ Xjy, = ||x||;,‘ Z ﬂil--Azk—”x“q [lxll;”

11,0eey ik=1 11,0eey lk=1

X1

Lety=(y1,...,yn)' = (W’ e, H;Cc_rL,)T' So, y € R" and ||yll; = 1. Then

n

AP0 = Il ) iy =y = Iy (AY™™) 2 AL (A) 2 0.

From x| > 1,50 AP (A) = A (A) > 0.

b) Next, we prove that 0 < ng_g)\g?in(ﬂ) < Agn(ﬂ). Let x = (x1,...,x,)" € R" be the vector such that
AD (A) = xT(A1). Then ||xll, = 1. And Lemma 2.4 implies that 1 = ||x]l, < 71 77||xl,. Let y = n37x, so
lylly = 7+ ], > 1. Thus,

n

/\fjl)m(‘ﬂ) = Z Qi iy Xip " ** Xiy
11,0 i =1
1_1 1 11 L
= (ni_ﬁ)k Z ail‘“ik(nﬁ_ﬁxil) e (nﬁ_}’,xik)
11,0 ik =1
1_1 n
=(nr ) Z @i Vi Vi,
11,00k =1
1_1 i yi Vi
= Ilylly (2 ™7)" By e T an
i pie=1 ylly Myl
Letz = (z1,...,z,)" = (Hz_;hv""’ﬂz_ﬁp)T- So, z € R" and |lzll, = 1. By a), we get that if /\fi)m(ﬂ) > 0, then
/\ii)in(ﬂ) > 0. Hence,
11 ~ .
A9 () = Iyl (AT 2 Myl AL, (A) 2 0,

From [lyllf = 1,50 A, (A) 2 n71AY) (A) > 0.
It follows from a) and b) that the statement (1) holds.

(2) ) When /\Ez)in(ﬂ) < 0, we firstly prove that Aiz)in(ﬂ) > )\g?in(ﬂ). Letx = (x1,...,x,)" € R" be the vector
such that /\iz)in(ﬂ) = xT(Ax*1). Then ||xll; = 1 and |x[|, < 1. Thus, we get

n

( k Xi Xi
0> M=t 3w
i1eip=1 p p

Lety = (y1,...,yn)" = (72, ..., )" So, y € R” and ||yll, = 1. Then

[lxllp 7= = =7 Il

n

0> A (A) = ||} Z Giyei iy Wi = Y (A > [WEAY) ().

From |t < 1,50 0 > A? (A) > %) (A).
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d) Next, we prove that 0 > ng_ﬁﬁgn(?{) > Afl)in(ﬂ)' Let x = (x1,...,x,)" € R" be the vector such that
/\Efl)in(ﬂ) = xT(Ax*1). Then llxll, = 1. And Lemma 2.4 implies that ni%ﬁllxllq <|ixll, = 1. Lety = n%ﬁx, SO

llylly; = n%l'_fllllxllq < 1. By ¢), we get that if /\iz)in(ﬂ) < 0, then /\g’lin(ﬂ) < 0. Thus, similar to the (4.1), we have

n

05 AP () = Iylhei by Y gy L Y
mm( ) y ‘7( ) i1,§:1 e ||3/||q Hqu
Letz=(z,...,2) = (”i_lllql.”, Hz_'\l\q)T' So,z € R" and ||z||; = 1. Hence,
11 _ 1_1
0> AD (A) = Iyl ()= (AL 2 yllinr 7 AL, (A,

From [lyllf < 1,50 0> n7 1A% (A) = 19, (A).
It follows from c) and d) that the statement (2) holds. O

Let A € RF" and 1 < g < p. From Theorem 4.1 (1), we directly get that if /\iz)in(ﬂ) > 0, then Agﬁn(ﬂ) >0,
and if Agﬁn(ﬂ) > 0, then 2@ (A) > 0. By (2), we get that if Agn(ﬂ) <0, then Aiﬁ)in(ﬂ) < 0,and if Aiﬁ)in(ﬂ) <0,

min

then )\iz)in(ﬂ) < 0. Thus, we have the following result.

Theorem 4.2. Let A € R and 1 < q < p. Then /\iﬁ)in(ﬂ) and /\ifl)in(ﬂ) always have the same sign for any p,q > 1.
®)

In other words, for any p,q > 1, A . (A) and /\i:’l)in(ﬂ) are either both greater than zero or both less than zero, or both

equal to zero.
By Theorem 4.1 and 4.2, we have the following corollary.

Corollary 4.3. For real tensor A € R and 1 < q < p, AY) (A) and A (A) always have the same sign for any
p,q = 1. And the following inequalities hold

¢ /\('1) (ﬂ)
1< — <

<oy
AF(A)

min

k_
nr

if AV (A) #0.
For even order real symmetric tensor A, by Lemma 2.1, /\gn(ﬂ) and /\ifl)in(ﬂ) are exactly the smallest

Z-eigenvalue and the smallest H-eigenvalue of A, respectively. Thus, by Corollary 4.3, we directly get the

following relationships between the smallest H-eigenvalue and the smallest Z-eigenvalue of tensors.

Theorem 4.4. Let A € R*" be an even order real symmetric tensor. Then /\ﬁ)m(.?l) and /\gn(ﬂ) always have the
same sign. And

(2)
% /\min
=0

min

(A)

n <1,
(A)

if AD (A) # 0.

min
Next, we give some examples to show the Theorem 4.4.

Example 4.5. Let tensor A = (i,1,,i,) € R4 coincide with the tensor in Example 3.6. Thus, the calculation results
show that

1 _ M
3530

min

(A)
(A)
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Example 4.6. Let tensor A = (;,4,ii,) € R¥? coincide with the tensor in Example 3.7. Thus, the calculation results
show that

@A) =AY @A) =0.

min

1@

The p-spectral radius [24] p#)(A) of tensor A is defined as

p?P(A) = max{|Pa(x)l} = max{IALL (A, 1AY) (A},

min

For nonnegative symmetric tensor A, Nikiforov proposed the inequalities

nt 1 pP(A) < pD(A) < pi(A) 4.2)

ifl<qg<p.
By Theorem 3.1 and 4.1, we can also get the conclusion (4.2) as follows. But we cannot get the Theorem
3.1 and 4.1 from the conclusion (4.2) directly.

Theorem 4.7. Let A = (a;,;,,) € R be a real tensor and 1 < q < p. Then
nr =i pP(A) < pD(A) < pP(A).

Proof. 1f A" (A) = 0, so A%, (A) = 0. Thus, Theorem 3.1 (1) yields that 0 < A%, (A) < A% (A). And
Theorem 4.1 (1) yields that 0 < AP (A) < A¥) (A). Hence, p@(A) < p?)(A).

If Az)in (A) < 0. Then we consider the following cases.
Case 1. When /\iz)ax(\?l) > 0. The Theorem 3.1 (1) yields that 0 < /\EZLX(?() < Aiﬁ)ax(ﬂ). Since /\iz)in(ﬂ) <0,
Theorem 4.1 (2) yields that 0 > Aif\)in(ﬂ) > Afz)m([ﬂ). Hence, pP(A) < p?(A).
Case 2. When A, (A) < 0. The Theorem 3.1 (2) yields that 0 > A%, (A) > AY) (A). Since A (A) < 0,
Theorem 4.1 (2) yields that 0 > A (A) > A%) (A). Hence, p@(A) < p?)(A).

In conclusion, p@(A) < p®)(A).

Similarly, we can prove that nh i pP(A) < pD(A). O

5. Some applications on definite positive of tensors and hypergraphs

In this section, by the above conclusions, we obtain some applications on definite positive of tensors
and hypergraphs.

5.1. The applications on definite positive of tensors

For even order real symmetric tensor A, by Lemma 2.3, we know that A is positive (semi-)definite if

and only if )\Ei)m(ﬂ) > (>)0. Then it follows from Theorem 4.2 that /\gﬁ)n(?() > ()0 for any m > 2. Thus, by
Theorem 4.1 and 4.2, we get the following result.

Theorem 5.1. Let A € R%" be an even order real symmetric tensor. Then the following cases hold.
(1) If A is positive (semi-)definite, then

A" (A) > A2 (A) > ()0,

forany m > 2.
(ii) If there is a m > 2 such that /\Eﬁl(ﬂ) > (=)0, then A is positive (semi-)definite.
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5.2. The applications on hypergraphs

Let a hypergraph G = (V(G), E(G)), where V(G) = {1,2,...,n} and E(G) = {e1, e, ..., ey} are the vertex set
and edge set of G, respectively. If each edge of G contains k vertices, then G is called a k-uniform hypergraph.
Clearly, 2-uniform hypergraphs are exactly the ordinary graphs. The degree of a vertex i of G is denoted by
d;, whered; = {ej:i€ej,j=1,...,m}|, i € [n]. The adjacency tensor [25] of k-uniform hypergraph G, denoted
by Ag, is a k-order n-dimensional nonnegative symmetric tensor with entries

Aijoi = ﬁ/ lf {il/iZ/-"/ik} € E(g)/
1 0, otherwise.

Let Lg = Dg — Ag and Qg = Dg + Ag be the Laplacian tensor and signless Laplacian tensor of G [26], where
Dg is a diagonal tensor, whose diagonal entries are dy, ..., d,, respectively. Clearly, Lz and Qg are both
symmetric, and Qg is nonnegative.

It’s easy to check that Lg is a diagonally dominated tensor, so Lg is a positive semi-definite when k
is even, see [20]. It follows Lemma 2.1 and 2.3 that Aif\)in(Lg) = Ag)in(Lg) = 0. Thus, /\g?ax(Lg) > 0 and

/\ﬁ)ax(Lg) > 0. Hence, we can get the following results for k-uniform hypergraph G by Theorem 3.4 and 3.5.

Theorem 5.2. Let G be a k-uniform hypergraph, then pz(Ag) and p(Ag) (resp. pz(Qg) and p(Qg), Ao(Lg) and
/\g&x(.ﬁg)) always have the same sign. And

n < P29

T opAg) T

2-k PZ(QQ)
< <1,

. p(Qg)

if p(Ag) > 0, p(Qg) > 0. And when k is even, we have

i _ ML)

n _—

T AN (Le)

if /\%X(Lg) > 0. The Afﬁ)ax(Lg) and /\iﬁ)ax(Lg) are exactly the the largest the Z-eigenvalue and H-eigenvalue of Lg,
respectively.

Remark 5.3. In [10], Lin et al. gave the inequalities of pz(Ag) and p(Ag) as follows

pz(Ag) < p(Ag).

In this paper, the Theorem 5.2 generalizes this result.

References

[1] L. De Lathauwer, B. De Moor, J. Vandewalle, Independent component analysis and (simultaneous) third-order tensor diagonalization,
IEEE Transactions on Signal Processing 49 (2001) 2262-2271.

[2] M.A.O. Vasilescu, D. Terzopoulos, Multilinear subspace analysis for image ensembles, In Proceedings of the IEEE Conference on
Computer Vision and Pattern Recognition 3 (2003) 93-99.

[3] L.De Lathauwer, B. De Moor, J. Vandewalle, On the best rank-1 and rank-(R1,R2, - - -, Rn) approximation of higher order tensors, SIAM
Journal on Matrix Analysis and Applications 21 (2000) 1324-1342.

[4] L. Qi, Eigenvalues of a real supersymmetric tensor, Journal of Symbolic Computation 40 (2005) 1302-1324.

[5] L.H. Lim, Singular values and eigenvalues of tensors: a variational approach, in: IEEE International Workshop on Computational
Advances in Multi-Sensor Adaptive Processing (2005) 129-132.

[6] S.Hu, L. Qi, G. Zhang, Computing the geometric measure of entanglement of multipartite pure states by means of non-negative tensors,
Physical Review A 93 (2016) 012304.

[7] L.Qi, H. Chen, Y. Chen, Tensor eigenvalues and their applications, Springer, Singapore, 2018.



(8]
[9]
[10]

[11]
[12]

[13]
[14]

[15]

[16]
[17]
[18]
[19]

[20]
[21]

[22]
[23]

[24]
[25]
[26]

C. Deng et al. / Filomat 37:16 (2023), 5361-5371 5371

K.C. Chang, T. Zhang, On the uniqueness and non-uniqueness of the positive Z-eigenvector for transition probability tensors, Journal of
Mathematical Analysis and Applications 408 (2013) 525-540.

L. Kang, L. Liu, L. Lu, Z. Wang, The extremal p-spectral radius of Berge hypergraphs, Linear Algebra and its Applications 610 (2021)
608-624.

H. Lin, B. Zhou, B. Mo, Upper bounds for H- and Z-spectral radii of uniform hypergraphs, Linear Algebra and its Applications 510
(2016) 205-221.

C. Deng, L. Sun, C. Bu, The geometry connectivity of hypergraphs, Discrete Mathematics 343 (2020) 112038.

Y. Fan, T. Huang, Y. Bao, C. Zhuan-Sun, Y. Li, The spectral symmetry of weakly irreducible nonnegative tensors and connected hypergraphs,
Transaction of the American Mathematical Society 372 (2019) 2213-2233.

W. Ding, L. Qi, Y. Wei, M-tensors and nonsingular M-tensors, Linear Algebra and its Applications 439 (2013) 3264-3278.

Q. Ni, L. Qi, FE. Wang, An eigenvalue method for testing positive definiteness of a multivariate form, IEEE Transactions on Automatic
Control 53 (2008) 1096-1107.

C. Deng, H. Li, C. Bu, Brauer-type eigenvalue inclusion sets of stochastic/irreducible tensors and positive definiteness of tensors, Linear
Algebra and its Applications 556 (2018) 55-69.

C.Mo, X. Wang, Y. Wei, Time-varying generalized tensor eigenanalysis via Zhang neural networks, Neurocomputing 407 (2020) 465-479.
W. Ding, Y. Wei, Generalized tensor eigenvalue problems, SIAM Journal on Matrix Analysis and Applications 36 (2015) 1073-1099.
T. Liu, Y. Wei, The abstract Laplacian tensor of a hypergraph with applications in clustering, Journal of Scientific Computing 93 (2022) 7.
Y. Wang, Y. Wei, Generalized eigenvalue for even order tensors via Einstein product and its applications in multilinear control systems,
Computational and Applied Mathematics 41 (2022) 419.

L. Qi, Z. Luo, Tensor analysis: spectral theory and special tensors, SIAM, Philadelphia, 2017.

K.C. Chang, K. Pearson, T. Zhang, Some variational principles for Z-eigenvalues of nonnegative tensors, Linear Algebra and its
Applications 438 (2013) 4166-4182.

L. Qi, Symmetric nonnegative tensors and copositive tensors, Linear Algebra and its Applications 439 (2013) 228-238.

K.C. Chang, K. Pearson, T. Zhang, Perron-Frobenius theorem for nonnegative tensors, Communications in Mathematical Sciences 6
(2008) 507-520.

V. Nikiforov, Combinatorial methods for the spectral p-norm of hypermatrices, Linear Algebra and its Applications 529 (2017) 324-354.
J. Cooper, A. Dutle, Spectra of uniform hypergraphs, Linear Algebra and its Applications 436 (2012) 3268-3292.

L. Qi, H*-eigenvalues of laplacian and signless laplacian tensors, Communications in Mathematical Sciences 12 (2014) 1045-1064.



