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Domination and Korenblum constants for some function spaces

Cui Wang?

*Guangdong University of Technology, Faculty of Mathematics and Statistics, Guangzhou

Abstract. The paper shows the domination in M, which is associated with the analytic Morrey space
L*'. We get the explicit expressions for upper bounds of Korenblum constants for the analytic Morrey
space L>*, the weighted Dirichlet space D, and the general function space F(p, g, s), etc. Furthermore, the
domination in the Dirichlet space D, is investigated.

1. Preliminaries and basic facts

We denote by D the open unit disk {z € C : |z| < 1} and T the unit circle in the complex plane C. Let
Hol(ID) be the space of all analytic functions on ID. For 0 < p < +00, -1 < a, the weighted Bergman space
AL, and the weighted Dirichlet space 9, are consisted of functions f € Hol(ID) satisfying, respectively

Il = ( fD F@P( - ER)AR)| <o,

and
IIfIIZ)ﬁ =fO)F + Ilf'll';z < oo,

The normalized Lebesgue measure on ID will be denoted by dA(z). Obviously,
1 r
dA(z) = —dxdy = —drd
(2) - xdy - rd0

for z = x + iy = re’®. More introduction about the weighted Bergman spaces A’ and the weighted Dirichlet
spaces ), are mentioned in references [2][4][32][33]. If p < a+1, then D = &Zlf?p [8]. If p > a +2, then

D), ¢ H>. Trivially, D? = H?, for 2 < p < oo, HP C @’;_1 [21], and Z)Z_l C H” when 0 < p < 2 [8][23].

In particular, D7 is the classical Dirichlet spaces D. For 0 < p < oo, the space of Hardy H? consists of all
analytic functions f defined on ID such that

oy
i, = (sop [ vreorss) <o

0<r<1
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For p = oo, it is said that h € H* if I is a bounded analytic function on ID with
lIlles = sup{li(z)| : z € D}.

For p = 2, it is well known that f € H? has the boundary value f(C) = lim,,1- f(rC) forall L € T. For A € R,
define the Morrey space L2 to be the sets of all f € H? such that

1 ,1dC]
S}Sq?WfI'f(Q—m 5 <

Clearly, for A < 0, £2* = H?, L*! = BMOA, and £*" is Bloch type space if A > 1. Hence, 0 < A < 1is
the most interesting range for Morrey space £>* and this paper will study Morrey space £ for0 < A < 1
and BMOA when A = 1. See [5][6][7][10][20][24] and the references therein for further details.

Let fi = f f(O% )24 and S(I) be the Carleson square with

S ={zeD:|z| > 1 -], as well as z/|z| € I}.

Here |I| = fI |dC|/(2m) is the normalized length of arc I, which is an interval of T. If I = T, then S(I) =

Waulan, Zhou [24] and Xiao [31] give some equivalent conditions for the norm of £>*. Thanks to their
work, a analytic function f € L2 can be well defined with the following norms:

il ~ 1701+ sup (e [ 17/0P0 - PG

~ |f(0)] + sup ((1 ~ laf)!™ f]D If'@)P(1 - I<i>a(2)l2)ﬂlz‘1(2))2

aeD

acD

~|f<0>|+sup(<1—|a|2>l-A fD IF (P log @M(z))z

where we denote ¢,(z) as the conformal automorphisms with

a-z
gbg(Z) = m, z € D.

For0 < p,s < 00, =2 < q < 00,45 > —1, the general function space F(p, g, s) is the class of each f € Hol(ID)
satisfying

a9 = (sup f |f@P(1 - 12P)7(1 - |¢>a(2)l2)sdA(Z))p <o
acD JD

In addition, functions f € Fy(p, g,s) if f € Hol(D) and satisfies

lim f F@PA— PYI(L ~ @Y dAR) =

Zhao [34] systematically introduced the family of spaces F(p, g, s), he showed that F(p, g, s) is a Banach space
with the norm ||f|l. = |f(0)[ + || fllr(,4s) and Fo(p, g, ) is a closed subspace of F(p, q,5) when 1 < p < co. Also,
F(p,q,s) are well known spaces for certain parameters p, q,s. Namely,

F(2,0,5) is the space Q; for 0 < s < oo;

F(2,1 - A, A) is the analytic Morrey space L2 for0< A< 1;

F(p,ap+p—2,q9—(ap+p—2)) is the Dirichlet-Morrey space D, when0 < p < 00,0 < a < 0o, ap+p—2 < g;

F(p,p — A, A) is the Bergman-Morrey space AP for 0 < p < 00,0 < A < 2, etc.

ForO0<p <o, -2<g<o,0<s<00,q+5< -1, F(p,q,s) is trivial, that is , F(p,q,s) only contains
constants [34].
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Similarly, for 0 < p < +oo, =1 <@, 0 < A <1, a analytic function f is said to belong to the spaces M, ,
or M, if

T ( fD P - |z|2>“dA<z>)” <o

or

aeD

1 flls, = sup ((1 ~la)'=* j}; f@PFQ - Iqba(Z)Iz)ﬂlz‘\(Z))2 < co.

Clearly, Mp,a( 1<p<+00,-1 <a)and M,(0 < A < 1) are Banach spaces with the above norms and Mp,q is
exactly the weighted Bergman space A",.

The Gamma function I'(z) and the Beta function B(u, v) are essential tools in the process of our main
results. Recall that, the Gamma function I'(z) is defined by the formula

I[(z) = f - et e, 1)
0

whenever the complex variable z has a positive real part, i.e., R(z) > 0. The Beta function B(u, v) is defined
by the formula

1
B(u,v) = f Y1 -2 ldx,  (Ru) > 0,R(@) > 0) ()
0
and satisfies the following property

Bu+1,0+1)= ﬁB(M +1). 3)

The formula relating between the beta function and the gamma function is the following:

TFwI'(v)

Blu,0) = T(u+v)’

(4)

Furthermore, the gamma function has the following properties [22]:
()r(1)=1,1(1) = vr;
(i) T'(n+1)=mn!, nelN".
Duren [3] characterized the theory of Hardy space H”. Indeed, he proved the following lemma :

Lemma 1.1. Suppose that f(z) = Y.~ a,z" is analytic in D. Then

1 27 ) x
5o | IfEeOPde = ) lar )
0 n=0

foranyr,0<r<1
By the definition of the upper bound, we can easily have the result.

Lemma 1.2.
sup f(z) — sup g(z) < sup (f(2) - 9(z)) (6)
zeD zeD zeD

for any f, g are two real-valued functions in ID.



C. Wang / Filomat 37:16 (2023), 5195-5213 5198

2. Introduction

Korenblum [16] introduced the idea of domination in the Bergman space A?. Recent years, Wang [29]
proved that
Z" +a < z(1 +az)

for n > 2 in A? under certain conditions, and applies it to obtain a new upper bound for the Korenblum
constant. The theory of domination has been a subject of high interest during the past decades. The
domination has been studied quite extensively on A?. Most of their efforts aimed at the Korenblum
constants. There are more and more researchers focusing on the domination of spaces of analytic function
to obtain a upper bound on Korenblum constant. Korenblum [16] conjectured that if f,g € A* with
|f(2)| < g(z) in the annulus ¢ < |z| < 1, then there is an absolute constant ¢, 0 < ¢ < 1 such that ||f|ls < |7l
Hayman [14] proved that Korenblum'’s conjecture for ¢ = 0.04. Hinkkanen [11] improved Hayman’s result
that ¢ = 0.157---. Wang [25] showed that for any functions f(z) and g(z) (which depend on n and a > 0)
defined in Theorem of [25], ¢ = 0.6947116--- is the best one. More about the theory of domination, see
references [15][16][17][18][29] for the study of domination in Bergman space. Based on Wang’s work [29],
the paper studies the domination in the space D,. Later, Gao and Wang [9] prove that z> + 4 < z(1 + az%) in
M, (associated with the Q, spaces) under the condition

3(p +6)
p*+14p +60°

Motivated by [9], this paper characterizes the domination relationships in the spaces M, and M, ,.

BoZzin and Karapetrovi¢ [1] proved that the maximum principle does not hold in Bergman space A (0 <
p < 1). However, Korenblum maximum principle holds in Bergman spaces A if and only if p > 1. This is
improved by Karapetrovi¢ [19], where it is shown that Korenblum maximum principle holds in weighted
Bergman spaces A, if and only if p > 1. In addition, results related to Korenblum maximum principle
in mixed norm spaces H(p, g, ) were also obtained in [19]. Hu and Lou [13] showed that the maximum
principle in Fock space 7 (0 < p < 1)isinvalid. Subsequently, Wee and Le [30] gave the explicit expressions
for the upper bounds of Korenblum constants for the weighted Fock spaces and the weighted Bergman
spaces with exponential weights, and showed that there is a failure of the Korenblum Maximum Principle
for weighted Bergman spaces A, (0 < a,0 < p < 1). Inspired by the above work [30], we study the
Korenblum Maximum Principle on these analytic function spaces £>*, BMOA, M, D, M, ., E(p, 4, s).

The paper is organized as follows:

In Section 3, we study the domination in the spaces M, and M, 4; In section 4, the Korenblum constants
are investigated for the analytic Morrey space £, the weighted Dirichlet space DY, the general function
space F(p, g,s) and some function spaces associated with the above spaces; In section 5, the domination in
the Dirichlet space D, is given.

lal <

3. Domination in certain spaces My and M,

In this section, we investigate domination in certain spaces M, and M, ., which are associated with L4
and D), respectively. And we get the following results:
(i) For the analytic function space M;:
— The domination between f(z) = z2 + a and g(z) = z(1 + az%) in M, 0 < A < 1.
— The domination between f(z) =z +aand g(z) = z(1 +az) inM,, 0 < A < 1.
— The domination between f(z) =z" +aand g(z) = z(1 + 4z")in M, m > 3,0 < A < 1.
(ii) For the analytic function space M, 4:
— The domination between f(z) = z* + a and g(z) = z(1 + az*) in My, -1 <, 0 < p < 0.
- The domination between f(z) = z +a and g(z) = z(1 + 4z) in M, -1 < a,0 <p < co.
— The domination between f(z) = z,, + a and g(z) = z(1 + az;,) in My, m >3, -1 < a,0 <p < co.
Generally, let X is a Banach space, if f,g € X, g is said to dominate f in X if |[fh|[x < [lghllx for any
arbitrary i € H*, and we denote it by f < g.
3.1 Domination in M,
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Theorem 3.1. Supposeac C, 0 <A <1, let

f@=2+a, g@)=2(1+a),

where
ol < | =
< 43.
Then f < gin M,.

Proof. Suppose h(z) is analytic in the open disk ID and

_ @

Hiz) = 1-bz

is also analytic in ID. Thus we can rewrite H(z) as

H(z) = Z a,z",
n=0

where g, is a function of 4.
By the definition of domination and Lemma 1.2, we obtain

IIf 1y, = llghllyy, < sup ((1 ~ [bP)* = fD (f@F = 1g@P)IhE)P1 - |¢b(Z)|2)dA(Z))

beD

= sup(t - [ (IfIR - p@RIFER - HAG)

beD

= sup(1 — [P (I (b) - L(b)),
beD

where

L) = fD FQRHEPA - ZDAR).

L) = fD lg(2)PIHz)P(1 - |z*)dA(z).

It is easy to see that [;(b) < co. Now, we proceed to show that I;(b) — I>(b) < 0 holds for any b € D.

Notice that .
f(z)H(z) =a Z a,z" + Z(a,, + Ay40)2" 2,

n=0 n=0
1 o

g(2)H(z) = Z a,z" + Z(a”” + da,)z" 3.
n=0 n=0

Employing Lemma 1.1, we get

1 1 o)
h(b) =2 f [|a|2 Y Pl Yl + aan+z|2|z|2<"+2>] (1= Pyrdr
0 n=0 n=0

1 1 00
= f [|a|2 Z |a, 2" + Z la, + aan+2|2r”+2] (1= r)dr
0 n=0

n=0

1 )
=P ) aPBn +1,2) + ) la + aa,2PB(n + 3,2).
n=0 n=0

5199
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and
1 )
b(b) = Y lanPB(1+2,2) + ) ayea + aa,2B(n + 4,2)

n=0 n=0

! n+1 v+ 3
=) B+ 1,2+ Z sz + 20, PB(n +3,2).
n=0 n=0
Then

1
I1(b) — I(b) = Z |2, (Ial2 T ;)B(n +1,2)

- n+3
+ Z (Ian + adpol? — p—— X |ay40 + aanlz)B(n +3,2)

n=

ZW (192 - 223) B +1,2)

Y [0 + a2 + 290,77772)
n=0

_n+3
n+>5

(12 + ol + 2%(@,53)) [Bn + 3,2)

Using the following inequality

2R(a488572) < laP (Janl® + lansal?), )
we obtain
1 )
1

1) - 1) < Y (1 = 52 )aPBor+1,2)+ Y 1P + 2afias.aP + laPla,?

n=0 n=0

n+3
=222 (1l + 24aPlan P + laPla,of) |Bon +3,2)

-

1 . n+1
(1P = 222 ) PBen +1,2)+ ) (1= 2ol PBn + 3,2)
n=0

(n+7| 2o n+3
n+5

B
I
fe=}

1

)|an+2|zB<n +3,2)

(192 - 255 PR +1,2) + Z (1= 25210 B0 +3,2)

Il
il g
-
= 3

qu

o+l oo\,
(1= 22 laf ) PBOn + 3,2)

=
I
N

8

n+>5
(—|a| -

1 2
n+3 n+3)|a”| Bln+1,2)

N

-

+1 +1
(1P = 225+ ra1 = o))l PB + 1,2

o

n=

+5 +1
(i3 = iz +ali-

1 2 2
n+3 73 5" ))|”"| Bin+1,2)

||P+18

N

n
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_ (mn+1)(n+2)
where 71 = TG
Then for
n+l 2
ntl _ g
|ﬂ| < = 1 7 n= 0/ 1/
and
n+l _ 2
n+3 _
|a|<(n_+5_ m]/ 7’1—2,3,
n+3 1435
we have
L(b) — I(b) < 0.
Thus
1 1
n+l 2 n+l 2
me-n me-n
o) < mind{| 22— | :n=2,3,--- .| 22—1 :n=0,1}}. 9)
5 _ oontl 1 — 7l
n+3 1455 1945

An easy calculation shows that the right side of the above formula takes the minimum value when n
takes 2, then
<\ 1
43’
which completes the theorem. [J

Corollary 3.2. It seems that , for
f@) =z+a, g(z)=2z(1+az)

f < g does not hold in M, unless a = 0.
Corollary 3.3. Supposea € C, 0 <A <1, let
fz)=z"+a, g@z)=zQA+az"), m=3

where

|m<§§ (10)

Then f < gin M.

Proof. An application of Theorem 3.1 yields the following;:

m—1
- R O L O
I1(b) — Ix(b) <; (|11| 3" Tz(l a— 3|a| ) la,[*B(n +1,2)
oo 1’l+5 2_1’l+1 _n+m—1 2) 5
+an(n+3|a| n+3+T2(1 n+m+3|a|)|a”|B(n+1,2)
where
_ Ameam=1)- @+l 42+ ])
Tt me A mt D) (n+3)  (ntmA 2@ tm+1)
Also, for
ntl _ o 2
|a|<(%) , n=0,1---,m-1
1-1s
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and .
|a|< %—_Tz n—mm+1
=X nt5 n+m—1 7 - 7 7 7
n+3 2 nvm+3
we have
L(b) - Lr(b) < 0.
Let
xLl — T2
Lix)=—5__—_  xel0,m-1].
1-— x+m=1
2+ m+3

Straightforward calculations show that
LO) <L@)<---<L(m-1),
S0
lal* < L(0)
(m + 3)(m? + 5m)

T 3(m+ 1)(m + 2)(m + 3) — 6(m — 1)
(m + 3)(m? + 5m)

< i
oo 3(m + 1)(m + 2)(m + 3) — 6(m — 1)
1
- 11
: )
On the other hand, consider
g
N(X) = h, X € [m, +OO).
x+3 2y m+3
Put x =m,m + 1, ... into N(x) for calculations and we get
Nm)<Nm+1)<---,
then
lal* < N(m)
6m>® + 11m? — 5m — 12
< lim 2 om -1, (12)

m—co 6m3 + 47m2 + 79m + 36

Hence, we obtain the desired result. O

3.2 Domination in M, ,
Now, we study the domination in certain spaces M, , associated with weighted Dirichlet spaces D).

Theorem 3.4. Suppose 0 <p < oo, =1 <a, let

fz) = 22 +a, g9(z) = z(1 - az?), zeD

1
( 3(a+6) )z 1
——— -l<a<?2
2 7 /
la] < |\ 2102

a+4 2
(a2+8a+20) , 2<a

Then f < gin M.

(13)
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Proof. Suppose h(z) is analytic in the open disk ID hence we can write h(z) as

h(z) = Z a,z".
=0

where a,, is a function of a.

By the definition of domination, consider

Ifhlf, —llghlty, = fD (f@F ~ lg@PIhEP (1 - [2P) dA)

= L,(0) - L»(D).

where

Li(b) = L f@P P (1 - |27 dA(2).

L) = fD lg@)FIhE)P(1 - |z dA(z).

Be the same as the proof of Theorem 3.1, we need only to consider the case I1(b) — (D) <

beD.

With the proof technique of Theorem 3.1, one has

1
1)~ b®) <Y (0P - 2 (1= 2

n=0

2
u| |2)) 2B + 1, + 1)

n- oz+2| 2

n+2a+3 ,
+ —_
;(n+a+2|a|

aPB(n+1,a +1).

where

Forn = 0,1, it follows that

n+1)(n+2)
S (m+a+2n+a+3)

a? + 8a + 20

lal < mm{( a+d )%( 2(a +5)

_( a+4 )2
“\a2+8a+20/) °
And forn=2,3,---

1

n+l - 2
la] < min (Ls]

n+2a+3 T3 n—a+2

n+a+2 n+a+4

[ 3a+6)
" \202+25a+102)

It is proper to verify that when

1
3(a+6) )2’ _1<a<2/

lal < (2a2+25a+1012

a+d 2
(a2+8a+20) 4 2<a

\Na? +11a + 42

5203

0 holds for any

(14)
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we obtain
L(b) — L(b) < 0.

This theorem is completed. [

Corollary 3.5. It seems that , for
f@)=z+a, g =z(1+az)

f < g does not hold in M, , unless a = 0.
Corollary 3.6. Suppose 0 <p < oo, =1 < a, let

fz)=z"+a, gz)=z(Q1-az"), m=3

where
i 1
] < min ((oc+3)"'(m+oz+2)—m!(m+06+2))2 ( wiava ~ 75 )2
(a@+2)---(m+a+2)—mi(m-a) mmt.z;:; —Ts 25:5?—2
with
~ I'2m+1)/T(m+1)
BT Tem+a+2)/Tm+a+2)
Then f < gin M.

Proof. By the techniques of Theorems 3.1,3.4 and Corollary 3.3, we have

m—1
n+1 n+m-—a«
Li(b) — L(b) < (2—— (——2)) 2Bn+1,a+1
10) ~ L) ;w s (1= i) |la,PB(n + La + 1)
> (n+20+3 n+1 n+m-«a 2))
+ - +1yll - —————
7;41(71+0c+2|a| n+a+?2 T4( n+m+a¢+2|ﬂ|

JauPB(n +1,a +1).

where
Im+m+1)/T(n+1)

- Th+m+a+2)/Tn+a+2)

Ty

It is simple to show that for n =0,

la| < (@+3)---(m+a+2)—mi(m+a+2) %
al < (a+2)---(m+a+2)—m(m-a)

and forn =m,
1

o<z ) C@m +1)/T(m +1)
A 7 T5 = 4

mi2add _ qq 20 rCm+a+2)/T(m+a+2)
we get

L(b) - L) < 0.
Thus
1 1 1
la] < min (<a+3>~-(m+a+2)—m!<m+a+2>)z ( mrars 15 )
(@+2)-(m+a+2)-mi(m—a) | '(m2ad _ g 2ma | (7

we get the desired result. [

5204

(15)

(16)
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4. Korenblum constants for analytic spaces

In this section, we obtain the following results:
(i) For the analytic Morrey space £
~The explicit expression for upper bounds of k z2. in £24,0 < A < 1.
—The explicit expression for upper bounds of kppypa in BMOA.
—The explicit expression for upper bounds of xppoa inM,, 0 < A < 1.
(ii) For the weighted Dirichlet space D
~The explicit expression for upper bounds of x,y in D, 0 < a,p < co.
—The explicit expression for upper bounds of KM:M inMpa, —1<a,0<p<oco.
(iii) For the general function space F(p, g, s):
~The explicit expression for upper bounds of x4, in F(p,g,5),0 <p,s < o0, -2 < g < oo, —1 <g+s.
(iv) Open questions.
Throughout the paper, c is called a Korenblum constant and denote by «x as the largest value of c.
To avoid ambiguity, for the remainder of this paper we denote the largest Korenblum constant, unless
otherwise stated, by « 2. for L2 kpmoa for BMOA, etc.
4.1 For the analytic Morrey space £>*

Theorem 4.1. For any 0 < A < 1, we consider the spaces L>*.
(i) For A =1, suppose

o 1 3
sup|(1=|af) Yy ——————af"| <c<1. 17
aeé’[( ||);(H+1)(n+2)|| ] (17)
(ii) For 0 < A < 1, suppose
o 1 3
sup|(1—=la)*™* Y ———af"| <c<1. 18
aeé’[( lal) ;(HH)(HZ)II ] (18)

Then there exist analytic functions f and g defined on D such that |f(z)| < |g(z)| whenever ¢ < |z| < 1, but
I fllBmoa > llgllsmoa (or [Ifll 2 > llgll 20)-

Therefore,
eomon <supl @)Y L] (19)
e L+ Dn+2)
and

K21 < SUp {(1 — la?)* Z mkﬂz”] . (20)
n=0

acD
Proof. Choose functions f(z) = ¢, g(z) = z € £L>*, one obtains

lf @) = lel < |zl = lg(2)|

for any |z| > c.
We aim to proof

£l 22 > Nlgll g2

or equivalently,
1

¢ > sup ((1 — Jafyt=* [})(1 — |a(2)P)dA(2) i .

acD
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or,

¢ > sup (1 - [a]?)>~* f ﬂdA(z) "
p 1 —azP

aceD

Also, by [33, Lemma 3.10] , we have

o 1R )
sup [(1 - |a*) f 5dA(2)
acD |1 |

= sup ((1 —afp Y |a|2"]
n=0 :

aeD
- 1 3
=sup| (1 — |a]?)*>* — _aP"| .
aeﬂg’(( LR Mors el ]
Then,
— s qa2n
||f||£z«>||g||£z\(=)c>i1€1]]13) (1 |a| Z(n+1)(n+2)|| ] . (21)

Therefore, in order to get the Korenblum Maximum Principle, we must have

1

K21 < SUp [(1 — laf?)*>* Z mmlz”] . (22)
n=0

acD

|
Theorem 4.2. Forany 0 < A < 1, we consider the space M,. Suppose

(o8]

sup(1 — |af?)** Z(n + 1)|a|”B( +2,2) < sup(l — [a)*™*

————[af"c (23)
a€lDs n=0 acDs Z(; (” + 1)(” + 2)

with ¢ < 1. Then there exist analytic functions f and g defined on 1D such that |f(z)| < |g(z)| whenever ¢ < |z| < 1,
but || flla, > llgllas, -
Therefore,
Supae]Da(l B |a|2)2 A Zn o(n + 1)|a|nB(n +2, 2)
ko, < 2)2-A (24)
SUP e, (1 = lal ) Zn 0 qu

Proof. Choose functions f(z) = ¢, g(z) = z € M,, one obtains

If @) = lel < Izl = lg()|

for any |z| > c.

Since
If1I3, = ¢ sup(l = la?)'~* f 1= Ipa(2)PdAR)
acD
2-1 i
=c-sup(1 - [a) )
aeD |1 |
~ (n+1)
_ A Y 2L on
=c il;ﬂ}))(l lal®) Z nT(n + 3) la
_ Pty
=c ilelﬂg)(l |a|~) Z(n+1)(n+2)| al
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Iy, =sup(1 = - [ 2R - @A
D

aclD
=su 1—1122”']‘221—22 ——dA(z

adg( lal”) IDII( ll)ll—azP (2)

4w Tn+2)

=sup(l —|a?)> -y ——|aI" f lz["*2(1 = 212 dA(z

sup(1 -~ [af') ZS ) | ET - EAAG)
=sup(1—|a|2)H'Z(n+1)lal” f 2I"2(1 - |zI*)dA(z)

acD =0 D

) 1

=sup(1—|a|2)2’A'Z(n+1)|a|” f P21 - r)dr

aelD =0 0

= sup(1 = |af)> - " (1 + Dlal"B(5 +2,2).
aeD =0

Using Mathematica, we know that there exists 6 > 0 such that

- . np - n
(L= la)? - Y 0+ Dlal"BG5 +2,2) < (1= laf)* P

n=0

— 1
.nzza(n+1)(n+2)

where a € Dy = {z;|z| < 6}. Then
£ llae, > Nlglla,

if and only if (23) holds. Also, we get the Korenblum Maximum Principle (24). O
4.2 For the weighted Dirichlet space 9,

Theorem 4.3. Forany 0 < a,p < oo, let

c>( L ) (25)

a+1

Then there exist analytic functions f and g on the open unit disk ID such that |f(z)| < |g(z)| whenever ¢ < |z| < 1, but

Ifllgy > lIgllp-
Therefore,

1\
K@ﬁg(curl) ' (26)

Proof. Similarly, we choose f(z) = ¢, g(z) = z € D), and
If@)] = lel < lz| = lg(2)|

for any |z| > c.
Next, we are going to proof

P p
1AL, > gl
that is,

1
P _ -2\ — _ )\ —
g >f]D(1 P dA(2) fo(l e = ——.
Hence c satisfies (25).

Clearly, in order for the Korenblum Maximum Principle to satisfy, one must get (26). O
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Theorem 4.3 yields the corollary, Korenblum constant for Dirichlet space D.

Corollary 4.4. Let c > 1. There exist functions f and g in D such that |f(z)| < |g(2)| for all |z| > ¢, but ||fllo > lI9llo-
Therefore,

xp <L (27)

Wee and Le [30] studied the Korenblum Maximum Principle on the weighted Bergman space with
exponential weight e Tk, they get the explicit expression for the upper bounds of the largest Korenblum
constant for the weighted Bergman spaces, 0 < @, 1 < p < oo. and prove that a failure of the Korenblum
Maximum Principle for the weighted Bergman spaces, 0 < a, 0 < p < 1. Now, we focus on the weighted
Bergman spaces M, , with the weight v,(z) = (1 - |z[?)“.

Theorem 4.5. Let 0 < p < oo, =1 < a. Let

> ((a ; 1)3(5 +la+ 1))5 . (28)
There exist functions f and g on ID such that | f(z)| < |g(z)! for all |z| > ¢, but || fll,,, > l1gllm,,,- Therefore,

Kngy, < ((a + 1)B(’§7 +la+ 1))5 . (29)
Proof. Choose

f@) =¢ g@)=z€Mpa
such that |f(z)| < |g(z)|. Since
P
Poo— P —|z]?)® =
Iy, = [ a-kiraae = 5.
||g||§’ww = f IZP(1 - |zIP)*dA(z) = B(g +1,a+1).
' D
Then
1/l > gl & ¢ > (@+ DBE +1,a+1) .
This completes the theorem. [J
4.3 For the general function space F(p, g, s)
Based on the analytic Morrey space £>, we have the general case.
Theorem 4.6. Forany 0 <p,s < oo, =2 <g<o00,q+s>—1,let
‘}lﬂ
c> (sup ha(q, s)) . (30)
aeD

Then there exist analytic functions f and g on the open unit disk ID such that |f(z)| < |g(z)| whenever ¢ < |z| < 1, but
I flF.qs > N191lFe.g.9-

Therefore,
KE(pg,) < (335 ha(q,S)). (31)
where
ha(q,5) = fD (1= 121 = |a(2)P) dA(2) (32)
= (-l r(q;(ss; > 2 n!r(;fzir;ss) L
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Proof. Let f(z) = c,g(z) =z € F(p, q,s) with

If@)] = lel < lz] = lg(2)|

for each |z| > c.

Since
P _
”fHF(p,q,s) =,
and
1,0 = 510 [ (1= Y =16, PFdAG) 33)
acD
(1 - |zI»)7*
=su 1—a25f—dAz
e AN S
= sup h,(q, s). (34)
aeD

where h,(g, s) is defined as (32).
So,

”f”F(p,q,s) > ”!]”F(p,q,s)
if and only if (30) holds, as desired. [

Corollary 4.7. Let 0 < s < co. Suppose

1
(sup h,(0, s)) <c<l1l (35)
aceD

Then there exist functions f and g in Qs such that |f(z)| < |g(z)| for all |z| > ¢, but ||f||és > IIgII(ZQS. Therefore,

KQ, < (sup h,(0, s))2 (36)

acD

_ _ ZS_L'OO r(n+s) 271z
_[igﬂg(l %) I'(s) ;an!(n+s)(n+s+1)|a| ] ’

4.4 Open questions
Theorems 4.1-4.6 lead us to have the following questions to consider.
Question 1. For 0 < A < 1, suppose

1

_ _ -A . 1 2n :
C—sup[(l 22 ;—(n+l)(n+ 7l ] . (37)

aeD

Do there exist analytic functions f and g defined on ID such that |f(z)| < |g(z)] whenever ¢ < |z| < 1, but

Ifll 22 > llgll g2 ?
Question 2. For any 0 < A < 1, suppose

sup(l - a2 ) (n + Dlal"B(5 +2,2) = sup(1 - [aP*"*

- 1
——|aP"c. (38)
a€Ds n=0 aeDs nZ:(; (1’1 + 1)(n + 2)

Do there exist analytic functions f and g defined on ID such that |f(z)| < |g(z)] whenever ¢ < |z| < 1, but
fllae, > Nlgllar, ?
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Question 3. Forany 0 < a,p < oo, let

()

a+1

Do there exist analytic functions f and g in D, for which | f(2)| < |g(z)| with |z| > cand ||f ||@ﬁ > ||g||@ﬁ ?
Question 4. Let ¢ = 1. Do there exist functions f(z) and g(z) in D for which |f(z)| < |g(z)| with |z| > c and

Ifllo > llgllp ?
Question 5. Let =1 < @,0 < p < co. Let

c_Qa+nm +1a+D) (40)

Do there exist analytic functions f and g in M, , for which |f(2)| < |g(z)| with |z > c and ||fllm,,, > lI9llm,,, ?
Question 6. Forany 0 <p,s < o0, -2 <g<o0,q+s>—1,let

;7

c= (sup ha(g, s)) . (41)
aelD

Do there exist analytic functions f and gin F(p, g, s) for which | f(z)| < |g(z)| with |z]| > cand || fllr(,4s) > 9llF(,e,9)

?

5. Domination in Dirichlet space D,

For a € R, the Dirichlet space D, is the set of functions f(z) = Y,y a5 € Hol(D) for which

Ifllp, = [§]n+D“%F

Remark that Dy is the classical Dirichlet space, and D is the Hardy space H? [2][3][32].
Motivated by the paper [29], in which the special case of domination on the space D, when o = 2 was
investigated, the following theorem generalizes the results to the general cases for 2 < a < o0.

(42)

Theorem 5.1. Let 2 < a < o0, a € C, and m be a positive integer. Suppose that one of the following conditions is

satisfied :
(i) m > 3, and
P L k=01, (43)

2m—1) (k+m+1)2

(ii) m = 2, and |a| < |a*|, where |a*| is the solution of (49).
Then
IZ" + a)h(2)llp, < llz(1 +az")h(2)llp, -

forany h(z) = Yoo caz" € H.
Proof. Define
f(2) = @z +a)h(z), 9(z) = z(1 +az")h(z)

where h(z) = Y12, cxz¥ is the power series expansion of h(z) and a € C, m € N. Then

m—1 oo

f(z)=a aZE + Z(ck + ACkam)Z,

k=0 k=0
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-1

(o]
g(z) = a2+ Z(Eck + Crag)2 ML
0 k=0

3

o~
1l

Clearly, |Igllp, < oo.
Followed by (42), we have

2 a2 . 2 laf® _ 1
IFIZ, ||g||Da—kZ_;‘|ck| ((k+1)“—1 (k+2)“—1)

N i lek + ackenl®  lack + Cpaml
(k+m+1)1  (k+m+2)!

1 1
2112 _
kZ; lcla ((k Tl (ktm+ 2)&—1)

B Z Ic |2 1 B 1
S\ k4201 (et m+ 1)
- _ 1 1
" kZ:O‘ 2R(@cicien) ((k Tmr )l k+mt 2)a—1)

o 1 m+1
< Z(a = Dleellal? ((k + 12 (k+ D(k+m+ 2))

k=0
. 1 m—1
_ Z< _ 1>|Ck|z((k+ . - 1))
=) _ 1 .
' kz_; Ao = D@cieon) ((k +m+ 1)a-2 Ck+m+ Dk +m+ 2))’

where a well-known inequality of [12, p39] is used in the inequality (45), which states that
py T (x—y) <& -y <pTix - y)

whenever x > 0,y > 0 forp >
Notice that

k+2m

W(aticiy) < el 2 g 4 LI

b k+2m

|Ck+m|2-

for all nonnegative integer k and all positive number b. So

00 _ 1
Z 2R(aCkCrm) ((k +m+ 1)k +m+ 2))

k=0

k+2m lexl? o] _k o
< : 0 '
ZO.'””’ k+m  (k+m+1)21(k+m+2) ; bk+m (k+1)(k+2)

<i|0 2 (jalp k+2m N |alk
S (k+mk+m+ 1) T(k+m+2)  blk+m)k+ 1) 1(k+2))

5211

(44)

(45)

(46)

(47)

(48)
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Hence, we get

2 2 1y, - |Ck|2 [ 2
IAIZ, — g, <(@-1) kz;‘ Ry el (CRRNG

_ =D+ Mk m+2) Jalb(k + 1)k + 2m)
(k +2)(k +m + 1)a-1 (k + m)(k + m + 1)a-1
lalk(k +m + 2) ]
bk +2)(k + m) I

We denote the expression in the bracket above by di. Then, we are ready to show that d; < 0.
(i) For m > 3.

-2 1 _ _ ’ 2
Suppose|a|< %-W,k—&lp--,andb— ==

Then
1 la] m—-2 1
lalb < , — < .
m-1k+m+1)22" b 2 (k+m+1)22
Thus,
m—2 1 (m-1) m
A <(’”’Ll)z(m—n (k+m+1)2  (k+m+1)22 [ S (k+2)(k+m+1)
(k +1)*2 1— m(m —1)
(m—1)(k +m + 1)2-2 k+m)(k+m+1)
m-—2 1 1- 2m
2 (k+m+1)22 (k +m)(k + 2)
(k+1)22 , m—2 NA m
Skrmarn= " Ve - Y e e
1 m(m — 1) m—2 1 2m
TS| T kemkeme| T 2 | krmk+2)
=0.
(ii) For m = 2.
Choose b = 1. Consider
) 1 2
die Wl = G52 [1 Tk )kt 3)]
a2 2 |al 4
+lalbtk +1) [1_ k+2k+3)| " ?[l_ (k+2)2]
e (k +4) [(k + 1) (e + 2) + k(k + 3)| (k+ 1)(k + 4)
=3lal” + (k+ 22k + 3) N kv )(k+3p T
Let
(k+4) [k + 1)1 +2) + k(k + 3)] (k+1)(k + 4)
— 2 _
Fah) = Slal” + (k+2)2(k + 3) o= ks kv 3 )

with [a| € [0,1). Then di < 0if and only if the above binary linear equation of |a| (that is, F(|a|)) have solutions.
Of course, it does have. Suppose F(|a*|) = 0, hence |a| < [a*]. O



C. Wang / Filomat 37:16 (2023), 5195-5213 5213

References

(1]

[2]
(3]
[4]
[5]

[6]
(71

(8]

[
[10]
[11]
[12]
[13]
[14]
[15]
[16]
[17]

[18]
[19]
[20]
[21]
[22]
[23]

[24]
[25]
[26]
[27]
[28]
[29]
[30]
[31]
[32]
[33]

[34]

V. Bozin, and B. Karapetrovi¢, Failure of Korenblum's maximum principle in Bergman spaces with small exponents, Proc. Amer. Math.
Soc. 146 (2018), no. 6, 2577-2584.

L. Brown, and A. Shields, Cyclic vectors in the Dirichlet space, Trans. Amer. Math. Soc. 285 (1984) 269-304.

P. Duren, Theory of HP spaces, Academic Press, New York, 1970.

P. Duren, A. Schuster, Bergman Spaces, Math. Surveys Monogr. vol. 100, Amer. Math. Soc. Providence, RI (2004).

D.S. Fan, S. Z. Lu, D. C. Yang, Boundedness of operators in Morrey spaces on homogeneous spaces and its applications, (Chinese) Acta
Math. Sinica (Chin. Ser.) 42 (1999), no. 4, 583-590.

G. D. Fazio, S. Z. Lu, D. C. Yang, On Dirichlet problem in Morrey spaces, Differential Integral Equations 6 (1993), no. 2, 383-391.

G. D. Fazio, M. A. Ragusa, Interior estimates in Morrey spaces for strong solutions to nondivergence form equations with discontinuous
coefficients, ]. Funct. Anal. 112 (1993), no. 2, 241-256.

T. M. Flett, The dual of an inequality of Hardy and Littlewood and some related inequalities, ]. Math. Anal. Appl. 38, 746-765 (1972).

X. Gao, C. Wang, Domination in certain spaces associated with Qp, spaces, Analysis (Munich) 31 (2011), no. 3, 293-298.

A. Gogatishvili, R. C. Mustafayev, New characterization of Morrey spaces, Eurasian Math. J. 4 (2013), no. 1, 54-64.

A. Hinkkanen, On a maximum principle in Bergman space, ]. Anal. Math. 79 (1999), 335-344.

G. H. Hardy, J. E. Littlewood and G. Pélya, Inequalities, 2nd ed., Cambridge Univ. Press, Cambridge, 1952.

J. Hu, Z. Lou, The Korenblum’s maximum principle in Fock spaces with small exponents, ]. Math. Anal. Appl. 470 (2019), no. 2, 770-776.
W. K. Hayman, On a conjecture of Korenblum, Analysis (Munich) 19 (1999), 195-205.

B. Korenblum, Transformation of zero sets by contractive operators in the Bergman spaces, Bull. Sci. Math., 114: 385-394, 1990.

B. Korenblum, A maximum principle for the Bergman space, Publ. Mat., Barc., 35: 479-486, 1991.

B. Korenblum, R. O'Neil, K. Richards and K. Zhu, Totally monotone funtions with applications to the Bergman space, Trans. Am. Math.
Soc., 337: 795-806, 1993.

B. Korenblum, and K. Richards, Majorization and domination in the Bergman space, Am. Math. Soc., 117: 153-158, 1993.

B. Karapetrovi¢, Korenblum maximum principle in mixed norm spaces, Archiv der Mathematik, 118 (2022), 497-507.

P. Li, J. Liu, Z. Lou, Integral operators on analytic Morrey spaces, Sci. China Math. 57 (2014), no. 9, 1961-1974.

J. E. Littlewood, R. E. A. C. Paley, Theorems on Fourier series and power series, II. Proc. Lond. Math. Soc 42, 52-89 (1936).

N. N. Lebedev, Special Functions and Their Applications, Dover Publications, Inc. New York, 1972.

S. A. Vinogradov, Multiplication and division in the space of analytic functions with area integrable derivative, and in some related spaces,
Zap. Nauchn. Sem. S.-Peterburg. Otdel. Mat. Inst. Steklov. (POMI) 222, 45-77, 308 (1995) (in Russian). Issled. Linein. Oper. i Teor.
Funktsii 23. Translated in: J. Math. Sci. (New York) 87 (5), 3806-3827 (1997).

H. Wulan, J. Zhou, QK and Morrey type spaces, Ann Acad Sci Fenn Math, 2013, 38: 193-207.

C. Wang, Refining the constant in a maximum principle for the Bergman space, Proc. Amer. Math. Soc. 132 (2004), 853-855.

C. Wang, On Korenblum’s constant, ]. Math. Anal. Appl. 296 (2004), 262-264.

C. Wang, On Korenblum’s maximum principle, Proc. Amer. Math. Soc. 134 (2006), 2061-2066.

C. Wang, On a maximum principle for Bergman spaces with small exponents, Integral Equations Operator Theory 59 (2007) 597-601.
C. Wang, Domination in the Bergman space and Korenblum constant, Integral Equations Oper. Theory, 61: 423-432, 2008.

J. Wee, H. K. Le, Korenblum constants for some function spaces, Proc. Amer. Math. Soc. 148 (2020), no. 3, 1175-1185.

J. Xiao, Geometric Qp Functions, Frontiers in Mathematics. Basel: Birkhauser Verlag, 2006.

K. Zhu, Operator Theory in Function Spaces, Marcel Dekker, New York, 1990.

K. Zhu, Operator Theory in Function Spaces, Second Edition. Mathematical Surveys and Monographs, 138. Amer. Math. Soc.
Providence (2007).

R. Zhao, On a general family of function spaces, Ann. Acad. Sci. Fenn. Math. Diss. 105, 56 (1996).



