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Abstract. In this article, we have proved some best proximity point theorems for a non-self mapping by
using generalized proximal contraction in a complete metric space. An example is also given in the support
of our result.

1. Introduction and Preliminaries

In 1922, Banach[3] has given fixed point theorem in complete metric space by using a contraction condi-
tion defined on a self map P : U — U and obtain a unique fixed point. But in nonlinear functional analysis
there is no restriction to be a map always a self map to get fixed point theorems. During last decades a
question arises by the researchers that what happend when the mapping is non-self map, then how can we
find fixed point. Answer of this question is the origin of best proximity point.

A non-self mapping P : E — G does not necessarily have a fixed point. If the fixed point equation Pu = u
has no exact solution, then we have to find an approximate solution u such that the d(u, Pu) is minimum.
Now what is best proximty point? Let E and G be non-empty subsets of a metric space (U, d). LetP: E - G
is a non-self mapping there exists a point u € E is called best proximity point if d(u, Pu) = d(E, G), where
d(E,G) =inf{d(e,g) :e € E, g € G}.

In 2010, Bashal[4] by considering the concept of best proximity point has given extensions of Banach con-
traction principle and researchers can see more generalized fixed point theorems on best proximity point
by refering [1], [2], [5], [8], [9], [10], [12].

In this article, U, IR*,IN,INy denote the non-empty set, set of positive real number, set of positive inte-
ger, and set of non-negative integer respectively.

Now we recall some fundamental concepts of best proximity points.
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If E and G are non-empty subsets of U, then we denote by.

de,G) = inf{d(e,g):g9€ Gl e€E,
Ey = {e€E:d(eg)=d(E G)forsomeg e G},
Go = {ge€G:d(eg)=d(E,G)for somee € E}.

Wardowski [13] introduced a new class of functions to defined the notion of F-contractions and proved the
following fixed point theorem, where 3 denote the family of all functions F : R* — R.

Definition 1.1. [13] Let (U, d) is a metric space and P be a self mapping on U. Then P is called an F-contraction, if
there exists F € 3 and T € R" such that

T + F(d(Pu, Pv)) < F(d(u, ),

for all u,v € U with d(Pu, Pv) > 0.

Definition 1.2. [11] Let (U, d) be a metric space and (E, G) be a pair of non-empty subsets of (U, d) with Ey # ¢. If
for every uy,up € E and every v1,v, € G, d(uy, uz) = d(v1,v2) whenever d(uy,v1) = d(E, G) and d(uy, v2) = d(E, G),
then the pair (E, G) is said to have the p-property.

Definition 1.3. [6] A set G is called approximately compact with respect to E if every sequence {g,} of G with
d(e, gn) — d(e, G) for some e € E has a convergent subsequence.

2. Main Results

In this section, Ismat et al. [7] introduced a new generalization of F-proximal contractions of the first
and second kind and proved some best proximity point theorems for generalized F-proximal contractions
of first and second kind on complete metric space. They used family of the functions J having such kind
of property.

Let J denote the family of all functions F : R* — R satisfying the following properties:
(F1) F is strictly increasing;
(F2) for each sequence {a,} of positive number, we have

lim a, = 0if and only if lim F(a,) = —oo;
n—+oo

n—+o0

(F3) there exists k € (0, 1) such that lirgl+ afF(a) = 0.

When we study the Ismat et. al.[7] paper and found that without using (F2) and (F3) properties by only
consideration of (F1) we can prove the Theorem 2.4, 2.7 and 2.10. Now we are going to rewrite the Defintion
2.1 and 2.2 and also prove Theorem 2.4, 2.7 and 2.10 according to our assumptions.

Definition 2.1. A mapping P : E — G is said to be a generalized proximal contraction of the first kind if F is strictly
increasing function defined of F : R* — Rand a,b,c,h,t > Qwitha+b+c+2h=1,c # 1and 0 <a+2h <1such
that the conditions
At Po1) = AE N pties -+ Fldn, 1) <Flad(oy, 02) + b, ) + ez, )
+ 7 —_— 7 + 7 + 7
d(uz, PZ)Q) _ d(E, G) implies T Ui, Uy aa\v1, 0z ui, 01 ca(Up, Ux
+ h(d(v1, uz) + d(v, u1)))

forall uy,up,v1,v2 € E and uy # uy.
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Definition 2.2. A mapping P : E — G is said to be a generalized proximal contraction of the second kind if F is
strictly increasing function defined of F : R* — Randa,b,c,h,t > Qwitha+b+c+2h=1,c # 1and0 <a+2h <1
such that the coditions

d(ul,Pvl) = d(E, G)

d11a, Poy) = d(E, G)} implies T + F(d(Puy, Puy)) <F(ad(Pvy, Pvs) + bd(Puy, Pv1) + cd(Puy, Pvy)

+ h(d(PUl,Puz) + d(PUz, Pl/ll)))

forall uy,up,v1,v2 € E and Puy # Pus.

Definition 2.3. Let P : E — G be a mapping and uy € E be any arbitrary point. Then P has g-property if for a
sequence {u,} defined by

d(un+l/ Puﬂ) = d(El G)
There exists subsequences {tp(m)}nen and (g tnen of {un} such that

im d(upem), ugm) = 0,

n—+0o
where p(n) > q(n) > n, n € N, then

d(up(n), Pup(n)_l) = d(E, G) and d(uq(n), Puq(,,)_l) = d(E, G)
Now, we are ready to state and prove our main results.

Theorem 2.4. Let (U, d) be a complete metric space and (E, G) be a pair of non-empty closed subsets of (U, d). If G is
approximately compact with respect to E and P : E — G satisfy the following conditions:
(i) P(Eo) C Go and (E, G) satisfies the p -property;
(ii) P is a generalized proximal contraction of the first kind;
(iii) P has g-property.
Then, there exists a unique u € E such that d(u, Pu) = d(E, G). Moreover, for any fixed element uy € Ey, sequence
{u,} defined by
d(un+1/Pul’l) = d(E, G)/
converges to the best proximity point u.
Proof. Let ug € Ey. Since, P(Eg) C Gy, By the definition of G, there is an element u; € E satisfying
d(u1, Puo) = d(E, G).
Again, in veiw of the fact that Pu; € P(Ep) € Gy, it is guranteed that there exists an element u, € Ej such that
d(uz, PM1) = d(E, G)
Continuing in this way, we can construct a sequence {u,} € Eq such that

d(un+1/Pun) = d(EI G)/ (1)

for all non-negative integer n.
From the p-property and (1) we get

d(uy, uys1) = d(Puy,-1, Puy), for all n € IN.
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If for some ng, d(uy,, tiny+1) = 0, consequently
d(Puy,-1, Puy,,) = 0 implies Pu,,—1 = Puy,, implies d(u,,, Pu,,) = d(E, G).

Thus the enclusion is immediate.
So let for any n > 0, d(uy,, ty+1) > 0. By our hypothesis P is a generalized proximal contraction of first kind,
we have
T+ F(d(un/ Up+1)) SF(ad(un—l/ Uy) + bd(un—lz Uy) + Cd(un/ Up+1)
+ h(d(uy-1, Up+1) + d(unz Uy)))
<F(ad(uy-1, uy) + bd(uy—1, uy,) + cd(uy, Up1)
+ h(d(un—lz ”n) + d(”nr un+1)))
=F((a + b+ h)d(un—l/ uy) + (c+ h)d(unl Upt1)-

Since F is strictly increasing, we obtain

d(uy, up1) < (@+Db+h)d(uy—1,u,) + (c + h)d(u,, uye1)
1 =c—h)d(u,, up1) < (@+b+h)d(u,-1,uy)
(a +b+h

< - -
d(unr Z’ln+1) = 1—c—h

)d(un_l, uy,), for alln € IN.

Now, sincea+b+c+2h=1andc#1,weobtaina+b+h=1-c—hand1—-c—h>0andso

d(uy, uys1) < d(uy, uy—1), for all n € IN. (2)
This implies that d(u,, #,4+1) is monotonic decreasing sequence in U.
Consequently,
T+ Fd(u,, 1)) < F(d(u,, u,—1)), forallme IN,7 >0
F(d(un, up+1)) < F(d(un, up-1)) — T 3)
Now again,
Fd(up,un-1)) < Fd(up-1,up2) -7 < ...
< F(d(up,u1)) —nt, foralln € IN. 4)

Since {d(uy, tty+1)} is monotonic decreasing sequence, so we claim that lirP d(uy, uye1) = 0. Put t, =
n—+oo

d(uy,, uye1). Let lirP A, tp1) =1 > 0, by (3) taking n — +o0

Hm F(d(un, tn1)) < Hm F@d(n, tp1)) = T
F(ry £ Fr)—1t<F@), >0

we get contradiction. This implies
lim d(uy, up1) =0 implies t, — 0 as n — +oo. (5)
n—+oco

Now, we have to show that {u,},en is a Cauchy sequence. For this we shall use contrapositive method.
By assuming that there exists € > 0 and sequences {p(n)},en and {g(n)},en of positive integers such that

p(n) > q(n) > n,

A(tpny, Ugmy) > €, A(Upm)-1, Ugm) < €, foralln € IN.
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Then, we have

€ < d(up(m), Ug(n)) A(ttp(n), Upn)-1) + A(Up(m)-1, Ugm)

<
< d(up(n), up(n)_l) +e€.

It follows from (5) and the above inequality that
i d(iy), ttg) = €.

By the g-property, we have

d(upmy, Pupmy-1) = d(E, G)} implies
d(ug(ny, Pitgny-1) = d(E, G)
T+ F(d(upm), tg(n)) <Fad(upimy-1, Ugen-1) + bd Wy, Upen-1) + cd(tigay, tgin-1)
+ h(d(up(n)flr uq(n)) + d(“q(n)flr up(n))))
<F(a(@d(tp(n)-1, tpn)) + AUpeu), Ugm)) + AUy, tgm)-1))
+ bd(ttp(n), Upay-1) + cd(Ug(u, Ug(m-1)
+ h(d(upny-1, Up(ny) + A(ttpuy, gny) + A(g@)-1, Ug(n))
+ d(”q(n)/ up(n))))
=F((a + 2h)d(up(n), tgmy) + (@ + b + h)d(py-1, Up(n))
+ ({1 +C+ h)d(uq(,,)_l, uq(n))).

Since 0 < a + 2h < 1, letting n — +o0 in the above inequality, we get
T+ F(e+0)<F(e+0)

which is a contradiction. This shows that {u,},en is a Cauchy sequence. Since the space (U, d) is complete,
the sequnece {u,} converges to some element u in E.
Furthermore,

d(u,G) <d(u,Puy) < d(u,ups1) + d(uns1, Puy)
= d(u,ups1) +d(E,G)
< d(u/ un+1) + d(u/ G)

So, d(u, Pu,) — d(u, G).
Therefore, G is approximately compact with respect to E, the sequence {Pu,} has a subsequence {Pu,,}
converging to some element v in G. So that

d(u,v) = nlirpm d(up,,,, Puy) = d(E, G). (6)
Thus u must be an element of E,. Since P(Ey) C Gy,

d(t,Pu) = d(E,G)
for some element ¢ in E. Using the p-property and (6), we have

d(uy,,,, t) = d(Puy,, Pu), for all n, € N.

If for some 1y, d(t, un,+1) = 0, consequently d(Puy,,, Pu) = 0 implies Pu,, = Pu implies d(u, Pu) = d(E, G).
Thus the enclusion is immediate.
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So let for any n > 0, d(t, uy+1) > 0. By our hypothesis P is a generalized proximal contraction of first kind,
we have

T+ F(d(t, uy+1)) < F(ad(u, uy,) + bd(t, u) + cd(uy,, uye1) + W(d(u, uye1) + d(uy, t))).

Since F is strictly increasing, we obtain

d(t, uys1) < ad(u,uy,) + bd(t, u) + cd(uy,, upr) + H(d(u, 1) + d(u,, t)).

Letting n — +oo,

d(t,u) < bd(t,u) + hd(t,u)
dtt,u) < (b+hydtu),

this shows that 1 and t must be an identical. It follows, that
d(u, Pu) = d(t, Pu) = d(E, G).

To prove the uniqueness of the best proximity point. Let u* is an another best proximity point of the
mapping P such that

d(w*, Pu*) = d(E, G).
Since P is a generalized proximal contraction of the first kind, therefore
T+ Fd(u,u)) < F((a + 2h)d(u, u*)).
Since F is strictly increasing,
d(u,u*) < (a + 2h)d(u, u*).
Therefore, u and u* must be identical. Hence, P has a unique best proximity point. [

We can obtain the following corollaries from the Theorem 2.4.

Corollary 2.5. Let (U, d) be a complete metric space and (E, G) be a pair of non-empty closed subsets of (U, d). If G
is approximately compact with respect to E and P : E — G satisfy the following proximal contraction condition:

(w1, Pvy) = d(E, G)
d(ua, Pvy) = d(E, G)

where F is strictly increasing function and a,b,c,t > Qwitha+b+c =1,c # 1, for all uy, u,v1,v, € E and uy # u,.
Also,

(i) P(Eo) € Go and (E, G) satisfies the p -property;

(ii) P has q-property.

Then, there exists a unique u € E such that d(u, Pu) = d(E, G). Moreover, for any fixed element uy € Eo, sequence
{u,} defined by

implies T + F(d(uy1, 1)) < F(ad(v1,v2) + bd(u1,v1) + cd(un, v)),
} p (d( )) < F(ad( ) + bd( ) + cd( )

d(ups1, Puy) = d(E, G),
converges to the best proximity point u.

Corollary 2.6. Let (U, d) be a complete metric space and (E, G) be a pair of non-empty closed subsets of (U, d). If G
is approximately compact with respect to E and P : E — G satisfy the following proximal contraction condition:

d(uy, Poy) = d(E, G)

(12, Pos) = d(E, G)} implies  + Fld(u1, 12)) < F(d(1,v2),
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where F is strictly increasing function and t > 0, for all uq,up,v1,v2 € E and uy # uy.
Also,
(i) P(Eo) € Go and (E, G) satisfies the p -property;
(ii) P has g-property.
Then, there exists a unique u € E such that d(u, Pu) = d(E, G). Moreover, for any fixed element ug € Eo, sequence
{u,} defined by
d(ups1, Puy) = d(E, G),
converges to the best proximity point u.

Now, we will state and prove the result for non-self generalized proximal contraction of the second kind.

Theorem 2.7. Let (U, d) be a complete metric space and (E, G) be a pair of non-empty closed subsets of (U, d). If E is
approximately compact with respect to G and P : E — G satisfy the following conditions:

(i) P(Eo) € Go and (E, G) satisfies the p -property;

(ii) P is a continuous generalized proximal contraction of the second kind;

(iii) P has g-property.

Then, there exists a unique u € E such that d(u, Pu) = d(E, G). Moreover, for any fixed element ug € Ey, sequence
{u,} defined by

d(uns1, Pun) = d(E, G),
converges to the best proximity point u. Further, if u* is another best proximity point of P, then Pu = Pu".
Proof. Similar to Theorem 2.4, we can construct a sequence {u,} in Ey such that
(1111, Puty) = d(E, G), 7)
for all non-negative integer #.
From the p-property and (7) we get
d(uy,, uyy1) = d(Puy,—1, Puy), for all n € IN.
If for some ny, d(ity,, tny+1) = 0, consequently
d(Puy,-1, Puy,) = 0 implies Pu,,—1 = Pu,, implies d(uy,,, Pu,,) = d(E, G).

Thus the enclusion is immediate.
So let for any n > 0, d(Puy,, Pu,.1) > 0. By our hypothesis P is a generalized proximal contraction of second
kind, we have
T + F(d(Puy, Puyy1)) <F(ad(Pu,-1, Pu,) + bd(Puy,_1, Puy,) + cd(Puy, Puyq)
+ h(d(Pqu—llpun+1) + d(Pun/ Pun)))
<F(ad(Pu,_1, Pu,) + bd(Pu,-1, Pu,) + cd(Pu,, Pu,.1)
+ h(d(Puy—q, Puy) + d(Puy, Puy.1)))
=F((a + b + h)d(Pu,_1, Pu,,) + (c + h)d(Pu,, Pu,1)).

Since F is strictly increasing, we obtain

1-c-h

d(Pu,, Pu,,1) < (a+ b+ h)d(Pu,-1, Puy,)+ (c + h)d(Puy,, Pu,1)
(1 -c¢—-h)d(Puy, Pu,y1) < (a+Db+h)dPu,—1,Pu,)
d(Pitn, Piipsy) < (” rhrh ) d(Pit, 1, Pity), for all 1€ N.
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Now, sincea +b +c+2h =1and c # 1, we obtain
a+b+h=1-c—hand1-c—-h>0andso

d(Pu,, Pu,,) < d(Pu,, Pu,_1), forall n € IN. (8)
This implies that d(Pu,, Pu,1) is monotonic decreasing sequence in U.
Consequently,
T+ F(d(Puy,, Pu,+1)) < F(d(Pu,, Pu,_)), foralln e N, >0
F(d(Puy, Puys1)) < F(d(Puy, Puy-1)) — 7 )

Now again,

F(d(Puy,, Pu, 1)) F(d(Pu,—1,Pu, ) —1 < ...

F(d(Pug, Puy)) — nt, for all n € IN. (10)

IA A

Since {d(Puy, Pu,.1)} is monotonic decreasing sequence, so we claim that 1ir11 d(Pu,, Pu,,1) = 0. Put
n—+00
sy, = d(Pu,, Puy41). Let lirp d(Puy, Pu,41) = s > 0, by (9) taking n — 400
n—+o0o

1ir+n F(d(Puy, Pu,.+1)) < lir+n F(d(Pu,, Pu,—1))— 1
n—+00 n—+0o0
F(s) < F(s)—t<F(s), t>0

we get contradiction. This implies
lim d(Puy, Puy+1) =0 implies s, — 0 as n — +oo0. (11)
n—+oo
Now, we have to show that {Pu,},en is a Cauchy sequence. For this we shall use contrapositive method.
By assuming that there exists € > 0 and sequences {p(n)},en and {g(n)},en of positive integers such that
p(n) > g(n) > n,

d(Pup(,,),Puq(n)) > €, d(PLlp(n)_hPqu(n)) <e¢, foralln e N.

Then, we have

€ < d(Pupe, Piigen) d(Pitpn), Pityin-1) + d(Pityi-1, Pitgim)

<

< d(Pupgy, Pupy-1) + €.

It follows from (11) and the above inequality that
nl—i>IIIOO d(Puy(ny, Pugm)) = €.

By the g-property, we have

Ay, Puyn-1) = d(E, G
(tp(ny, Prtp(ny-1) = d( )} implies
d(ugny, Ptgny-1) = d(E, G)
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T + F(d(Pup(ny, Pug(y)) <F(ad(Puipgny-1, Ptigny-1) + bd(Puipny, Piipmy-1)

+ cd(Pug(ny, Pitg(ny-1) + H(d(Ptp(ny-1, Piigeny)
+ d(Putg(ny-1, Piip()))

<F(a(d(Pupmy-1, Ppmy) + d(Ptiymy, Piign))
+ d(Puig(ny, Ptigny-1)) + bd(Pitpy, Piipny-1)
+ cd(Pug(ny, Pitg(ny-1) + H(d(Pttp(ny-1, Pihp(ny)
+ d(Putpuy, Pitg) + d(Pgm-1, Pitgim)
+ d(Puq(,,), Pup(n))))

=F((a + 2h)d(Puy(), Puge) + (@ + b + h)d(Puygy-1, i)
+@+c+ h)d(Puq(,,)_l,Puq(n))).

Since 0 < a + 2h < 1, letting n — +oo in the above inequality, we get
T+ F(e+0)<F(e+0)

which is a contradiction. This shows that {Pu,},en is a Cauchy sequence. Since the space (U, d) is complete,
the sequnece {Pu,} converges to some element v in G.
Furthermore,

A

d(,E) <d(v,uy+1) < d(v, Puy) + d(Puy, ty1)
= d(v,Pu,) +d(E,G)
d(v, Pu,) + d(v, E).

IA

So, d(v, u,) — d(v, E).
Therefore, E is approximately compact with respect to G, the sequence {u,} has a subsequence {u,,} con-
verging to some element u in E. So that

d(u, Pu) = lir+n d(uy+1, Puy,) = d(E, G). (12)
n—+oo

To prove the uniqueness of the best proximity point. Let u* is an another best proximity point of the
mapping P such that

d(u*, Pu*) = d(E, G).
Since P is a generalized proximal contraction of the second kind, therefore
T + F(d(Pu, Pu®)) < F((a + 2h)d(Pu, Pu”)).
Since F is strictly increasing,
d(Pu, Pu*) < (a + 2h)d(Pu, Pu®).
Therefore, u and u* must be identical. Hence, P has a unique best proximity point. [

We can obtain the following corollaries from the Theorem 2.7.

Corollary 2.8. Let (U, d) be a complete metric space and (E, G) be a pair of non-empty closed subsets of (U, d). If E is
approximately compact with respect to G and P : E — G satisfies the following proximal contraction condition:

d(uy, Poy) = d(E, G)

i, Poy) = d(E, G)} implies T + F(d(Puy, Puy)) < F(ad(Pvy, Pv,) 4+ bd(Puq, Pv1) + cd(Pusy, Pvy)),
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where F is strictly increasing function and a,b,c,T > Owitha+b+c =1, c # 1, for all uy,u,v1,v, € E and
Puq # Pu,.

Also,

(i) P(Eo) € Go and (E, G) satisfies the p -property;

(ii) P has gq-property.

Then, there exists a unique u € E such that d(u, Pu) = d(E, G). Moreover, for any fixed element ug € Ey, sequence
{u,} defined by

d(un+1/Pu7l) = d(Er G)/
converges to the best proximity point u. Further, if u* is another best proximity point of P, then Pu = Pu*.

Corollary 2.9. Let (U, d) be a complete metric space and (E, G) be a pair of non-empty closed subsets of (U, d). If E is
approximately compact with respect to G and P : E — G satisfies the following proximal contraction condition:

d(u1, Por) = d(E, G)
(12, Pvy) = d(E, G)

where F is strictly increasing function and t > 0, for all uy,uy,v1,v2 € E and Puy # Pu,.

Also,

(i) P(Eo) € Go and (E, G) satisfies the p -property;

(ii) P has g- property.

Then, there exists a unique u € E such that d(u, Pu) = d(E, G). Moreover, for any fixed element uy € Ey, sequence
{u,} defined by

} implies T + F(d(Pu1, Puy)) < F(d(Pvy, Pvy)),

d(ups1, Puy) = d(E, G),
converges to the best proximity point u. Further, if u* is another best proximity point of P, then Pu = Pu*.

Our next result is for non-self generalized proximal contractions of the first kind as well as second kind
without the assumption of approximately compactness of the domains or the co-domain of the mappings.

Theorem 2.10. Let (U, d) be a complete metric space and (E, G) be a pair of non-empty closed subsets of (U, d). Let
P : E — G satisfy the following conditions:

(i) P(Eo) € Go and (E, G) satisfies the p -property;

(ii) P is a generalized proximal contraction of the first kind as well as a second kind;

(iii) P has g-property.

Then, there exists a unique element u € E such that d(u, Pu) = d(E, G). Moreover, for any fixed element uy € Eo,
sequence {u,} defined by

d(uns1, Puy) = d(E, G),
converges to the best proximity point u. Further, if u* is another best proximity point of P, then Pu = Pu*.
Proof. Similar to Theorem 2.4, we can construct a sequence {u,} in Eq such that
d(uns1, Pun) = d(E, G), (13)

for all non-negative integer n, P(Eg) € Go. Similar to Theorem 2.4, we can show that sequence {u,} is a
Cauchy sequence. Thus converges to some element u in E. As in Theorem 2.7, it can be shown that the
sequence {Pu,} is a Cauchy sequence and converges to some element v in G. Therefore,

d(u,v) = lirp d(uy41, Puy,) = d(E, G). (14)

Thus, u becomes an element of Ey. Since P(Ey) C Gy,

d(t, Pu) = d(E, G)
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for some element ¢ in E. Using the p-property and (14), we have
d(uy+1,t) = d(Puy,, Pu), for all n, € IN.

If for some ng, d(t, tuny+1) = 0, consequently d(Pu,,, Pu) = 0 implies Pu,, = Pu, hence d(E, G) = d(u, Pu). Thus
the enclusion is immediate.

So let for any n > 0, d(t, u,11) > 0. Since P is a generalized proximal contraction of first kind, it follows from
this that

T+ F(d(t, un+1)) < Flad(u, uy) + bd(t, u) + cd (i, un+1) + h(d(u, tye1) + d(un, t))).
Since F is strictly increasing, we have

d(t, uys1) < ad(u, uy,) + bd(t, u) + cd(uy, upr) + h(d(u, uy41) + d(u,, t)).

Asn — +oo,

d(t, u)
d(t, u)

bd(t, u) + hd(t, u)
D + h)d(t, u),

which implies that # and t must be identical. It follows, that

d(u, Pu) = d(t, Pu) = d(E, G).

<
<

Also, as in the Theorem 2.4, the uniqueness of the best proximity point of mapping P follows. [
Example 2.11. Let U = R? and d be a metric defined on U by
d((u1,12), (01,02) = lur = 01| + |z = v, for all (i1, u2), (v1,02) € R

and (U, d) be a complete metric space. Let F : R* — R defined by F(t) = 2t, which is increasing function.
Let E ={(e,0):e>0}and G = {(g,1) : g = 0}. Here we have E = Ey and G = Gy. Let P : E — G be a mapping
defind by, for each (e,0) € E,
P((e, 0)) = (T(e), 1),
where

e
T(E) = 1_+€

Consider,

1
U, = (—,O),n € N.
n

1
s = (L)
= (r(3))
n
implies P(uy) ( ! 1)
P O T
Consider u,, = (%{,O) and Uy, = (#, 0) where 3k > 2k > n.
1 1
i) = o0 (39)
_ ‘l _ 1
|2k 3k

— 0ask — +oo.
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(o) (57=) )
“((5.9) (1)

'Zk_ﬁ +10-1]

= d(E, G).

Now,

((59) (=)

Similarly,
1 1
(ol - 2-ac
Hence, P satisfies q-property. Now, it is clear that, for each x,y > 0,

_ x __ Y
ITC) =T 1+x 1+y

-y
T+x)(1+y)
lx—y].
Hence, E is approximately compact with respect to G, (E, G) satisfies the p-property, P is continuous and P(Eg) C Go.
Now 1,s,1, j € E such that d(r, Pi) = d(E, G) and d(s, Pj) = d(E, G). Let i = (e1,0) and j = (e, 0) for some e1,e; > 0.
So

IA

r = (T(ey), 1) = (ﬁ 1), s = (T(ex), 1) = (6—21)

1+e

Pla) (e
= A((r(e25) )M (5) )
:T(lilel - 1+2e2

1+ 2 1+2€2

We obtain that
d(Pr, Ps)

and
d(Pi,Pj) = d(P(e1,0), P(e, 0))
= d((T(e1),1),(T(e2), 1))
_ €1 _ (%)
B d((1+61’1) (1+€2’1))
' e1 _ (4]
1+ e1 1+ ()
Now,
T+ F(d(Pr,Ps)) < F(ad(Pi,Pj)) ifc,b,h =0
T+ 2(d(Pr,Ps)) < 2ad(Pi, Pj)
(%) e1 ()
T2 e T T2 ”‘1+e1 T+o
2! € 1 o
T2 1125 Tre 11q F271
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When we put e; = 0 and e; = 1 we get T € (0,%). Hence P is a generalized proximal contraction of second kind.
Thus, all the condition of Theorem 2.7 are satisfied. Hence P has a unique best proximity point (0, 0).
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