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Vector-valued nonuniform multiresolution analysis associated with
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Abstract. A generalization of Mallat’s classical multiresolution analysis, based on the theory of spectral
pairs, was considered in two articles by Gabardo and Nashed. In this setting, the associated translation set
is no longer a discrete subgroup of R but a spectrum associated with a certain one-dimensional spectral
pair and the associated dilation is an even positive integer related to the given spectral pair. In this
paper, we continue the study based on this nonstandard setting and introduce vector-valued nonuniform
multiresolution analysis associated with linear canonical transform (LCT-VNUMRA) where the associated
subspace V4 of the function space LZ(IR, CM) has an orthonormal basis of the form {d)(x - /\)e‘%(tz‘ﬂ)}k/\
where A = {0,7/N} +2Z,N > 1is an integer and r is an odd integer such that »r and N are relatively prime.
We establish a necessary and sufficient condition for the existence of associated wavelets and derive an
algorithm for the construction of vector-valued nonuniform multiresolution analysis starting from a vector
refinement mask with appropriate conditions

1. Introduction

Multiresolution analysis (MRA) is an important mathematical tool since it provides a natural framework
for understanding and constructing discrete wavelet systems. An MRA is an increasing family of closed
subspaces {Vj 1j€ Z} of L*(R) such that Niez Vi = {0}, Ujez V; is dense in L*(R) and which satisfies
f € Vjifand only if f(2:) € Vj;1. Furthermore, there exists an element ¢ € Vj such that the collection of
integer translates of function ¢, {¢(- — k) : k € Z} represents a complete orthonormal system for V. The
function ¢ is called the scaling function or the father wavelet. The concept of MRA has been extended

in various ways in recent years. These concepts are generalized to Lz(]Rd), to lattices different from Z7,
allowing the subspaces of MRA to be generated by Riesz basis instead of orthonormal basis, admitting a
finite number of scaling functions, replacing the dilation factor 2 by an integer M > 2 or by an expansive
matrix A € GLy(R) as long as A C AZ®. On the other hand, Xia and Suter [20] introduced the concept of
vector-valued MRA and orthogonal vector-valued wavelet basis and showed that vector-valued wavelets
are a class of generalized multiwavelets. Chen and Cheng [11] presented the construction of a class of
compactly supported orthogonal vector-valued wavelets and investigated the properties of vector-valued
wavelet packets. Vector-valued wavelets are a class of generalized multiwavelets and multiwavelets
can be generated from the component function in vector-valued wavelets. Vector-valued wavelets and
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multiwavelets are different in the following sense. Vector-valued wavelets can be used to decorrelate a
vector-valued signal not only in the time domain but also between components for a fixed time where
as multiwavelets focuses only on the decorrelation of signals in time domain. Moreover, prefiltering is
usually required for discrete multiwavelet transform but not necessary for discrete vector-valued wavelet
transforms. But all these concepts are developed on regular lattices, that is the translation set is always
a group. Recently, Gabardo and Nashed [13, 14] considered a generalization of Mallat’s [15] celebrated
theory of MRA based on spectral pairs, in which the translation set acting on the scaling function associated
with the MRA to generate the subspace V) is no longer a group, but is the union of Z and a translate of Z.
More results in this direction can be found in [16-18].

The concept of novel MRA in nonuniform settings was established by Shah et.al [19]. They call it
Nonuniform Multiresolution analysis associated with linear canonical transform (LCT-NUMRA). They also
constructed associated wavelet packets and presented orthogonal decomposition. In this paper, we continue
the study based on this nonstandard setting and introduce vector-valued nonuniform multiresolution
analysis associated with linear canonical transform (LCT-VNUMRA) where the associated subspace Vg of
Lz(]R, CM) has an orthonormal basis of the form {CD(x - A)e~ 5 (tZ‘AZ)}AeA where A = {0,7/N} +2Z,N > 1
is an integer and r is an odd integer such that » and N are relatively prime. We establish a necessary and
sufficient condition for the existence of associated wavelets and derive an algorithm for the construction
of vector-valued MRA analysis starting from a vector refinement mask with appropriate conditions. For
more about in the direction of linear canonical transform domains, we refer to [1-9, 12] and the references
therein.

This paper is organized as follows. In Section 2, we review the uniform and non-uniform MRA associated
with LCT and certain properties related to the construction of associated wavelets. In Section 3, we introduce
the notion of LCT-VNUMRA and establish a necessary and sufficient condition for the existence of associated
wavelet. In Section 4, we construct a LCT-VNUMRA starting from a vector refinement mask satisfying
appropriate conditions. In Section 5, we provided the conclusion of the paper.

2. Nonuniform Multiresolution Analysis Associated with Linear Canonical Transform

For the sake of simplicity, we consider the second order matrix psx, = (4, B,C, D) with its transpose
defined by yj., = (A, B,C,D)". Let us first introduce the definition of LCT.

Definition 2.1. The LCT of any f € LZ(IR) with respect to the unimodular matrix toxo = (A, B, C, D) is defined by

e fFOKL(E, Edt B#0
LIfIE) = 2 .
VDexp D€ f(DE) B =0.

where K(t, &) is the kernel of linear canonical transform and is given by

1 {l(At2 —2tE+ DEZ)}
exp , B#0

V2mB 2B

It is here noted that for the case B = 0, the LCT defined by equation (1) corresponds to a chirp multiplication
operation and is therefore of no particular interest to us. As such, in the rest of the article, we will keep our
focus on the case when B # 0. It is here worth noticing that the phase-space transform (1) is lossless if and
only if the matrix u is unimodular; thatis, AD — BC = 1[21]. Several special transforms can be obtained from
the LCT (1). For example, for u = (1, B, 0, 1), gives the Fresnel transform, for y = (cos 6, sin 6, —sin 0, cos 0)
the LCT yields us the fractional Fourier transform whereas for u = (0,1,-1,0), we reach at the classical
Fourier transform. Moreover, Bi-lateral Laplace, Gauss-Weierstrass, and Bargmann transform are also its
special cases [10].

The inversion formula corresponding to LCT (1) is defined by

7(y(tr &) =

£ = fR LIAER (G, Ee.
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Morever the well known Parsevel’s formula of the linear canonical transform (1) may be stated as

(LIf) LIgy ={f.g), forall f g,[X(R).

Recently, Shah et.al [19] considered a generalization of the notion of LCT associated with linear canonical
transform, which is called nonuniform multiresolution analysis associated with linear canonical transform (LCT-
NUMRA) and is based on the theory of spectral pairs. In this set up, the associated subspace V§ of L*(R) has

an orthonormal basis, a collection of translates of the scaling function ¢ of the form {(p(t - /\)e‘%(tz‘Az)}AeA

where A = {0,7/N} + 2Z,N > 1is an integer and r is an odd integer such that r and N are relatively prime.
We first recall the definition of a LCT-VNUMRA (as defined in [19]) and some of its properties.

Definition 2.2. Foran integer N > 1 and an odd integer r with1 < v < 2N —1 such that r and N are relatively prime,
a nonuniform multiresolution analysis associated with linear canonical transform is a sequence of closed subspaces

{V;' i€ Z} of L*(R) such that the following properties hold:
(a) V;i c V;:l forall je Z;
() Ujez V;.l is dense in L*(R);
(©) Njez Vi =10k
(d) f(t) € V§ ifand only if f (2N-) e A-CN)E/B ¢ Vi, forall je Z;

(e) There exists a function ¢ in Vi such that {(p(t — e FEM ) e A}, is a complete orthonormal basis for V.

Given a LCT- NUMRA {Vf 1j€ Z}, we define another sequence {Wf tj€ Z} of closed subspaces of L%(IR)
by Wi =V, 6V}, j € Z. These subspaces inherit the scaling property of V}, namely,

j+1
L. . 2imA&/B
fO eW! ifandonlyif f(@N)e* /e W, )
Moreover, the subspaces {W]” S Z} are mutually orthogonal, and we have the following orthogonal
decomposition:
2R) = R u
L(]R)_@W]._VO@[@W].]. 3)
jezZ j=0

A set of functions { f , f ey gng_l} in L*(R) is said to be a set of basic wavelets associated with the LCT-
NUMRA {Vf € Z} if the family of functions {¢g(t AN FE 1< 0<IN-1,A¢€ A: forms an or-
thonormal basis for Wg. In view of (2) and (3), it is clear that if {{1, 1, ..., Pan-1} is a set of basic wavelets,

then {(ZN)j/ 2¢g((2N)f t— /\)e’%(fz”‘z) :1<¢<2N-1,1¢€ A} constitutes an orthonormal basis for L*(R).

3. Vector-valued Nonuniform Multiresolution Associated with Linear Canonical Transform

In this section, we introduce the notion of vector-valued nonuniform multiresolution analysis associated
with linear canonical transform (LCT-VNUMRA) and establish a necessary and sufficient condition for the
existence of associated wavelets.

Let M be a constant and 2 < M € Z. By LZ(IR, CM), we denote the set of all vector-valued functions f(x)
ie.,

(R, €)= {f(x) = (AW, S, fu) xR, fi(x) € [AR),E=1,2,. M}
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where T means the transpose of a vector. The space L2<]R, CM) is called vector-valued function space. For
f(x) € L2(R,CM),

fH denotes the norm of vector-valued function f and is defined as:

M 1/2
=3, [ lofe| @
t=1

For a vector-valued function f(x) € Lz(lR, CM), the integration of f(x) is defined as:

jﬂ; f(x)dxz( f]R f1(x)dx, j]; falx)dx, ..., [R fM(x)dx)T.

For any two vector-valued functions f, g € LZ(]R, CM), their vector-valued inner product (f, g) is defined as:

f,g) = fR £(x)g(x) dx. (5)

With A = {0,7/N} + 2Z as defined above, we define the vector-valued nonuniform multiresolution analysis
associated with linear canonical transform (LCT-VNUMRA) as follows:

Definition 3.1. Given a real uni-modular matrix u = (A, B, C, D) and an integer N > 1 and an odd integer r with
1 < r < 2N =1 such that r and N are relatively prime, an associated linear canonical vector-valued non-uniform

multiresolution analysis (LCT-LCT-VNUMRA) is a sequence of closed subspaces {V;' 1jE Z} of Lz(]R, CM) such
that the following properties hold:

(a) Vi Vi, forall j€Z;

(0) Ujez V;,l is dense in LZ(]R, CM);

() Njez V;,’ = {0}, where 0 is the zero vector of LZ(IR, CM);

(d) @(t) € V! if and only if DNt A(=CNIEIE € Vi forall j € Z;

mA

(e) There exists a function ® in V' such that {(Dg (B = D(t - NeFE=2) 1 ) e A}, is a complete orthonormal
basis for Vij. The vector valued function ®(x) is called a vector-valued scaling function of the LCT-VNUMRA.

For every j € Z, define W;‘ to be the orthogonal complement of V;i in Vﬁlﬂ. Then we have

Via=VieW' and W; LW/ ift#(. (6)

It follows that for j > |,

j-]-1
H_ oyt H
vi=vie > wh, 7)

where all these subspaces are orthogonal. By virtue of condition (b) in the Definition 3.1, this implies

LY(R,CM) = @ W, (8)

j€Z

a decomposition of LZ(]R, CM) into mutually orthogonal subspaces.
As in the standard case, one expects the existence of 2N — 1 number of functions so that their translation
by elements of A and dilations by the integral powers of 2N form an orthonormal basis for LZ(JR, CM).
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Definition 3.2. A set of functions {‘Ilg',\ll’;, A S
with a given LCT-VNUMRA if the family of functions {‘I’g(t - Ae”

orthonormal basis for Wg.

} in LZ(]R, CM) will be called a set of basic wavelets associated

FE-A) 1 <P <2N-1,1¢€ A} forms an

N 1} in W such that
{(2N)f/2\Pg((2N)ft - ) FEN . 1<f<2N-1,1¢€ A} form an orthonormal basis of W;l. By the nested
structure of LCT-LCT-VNUMRA, this task can be reduce to find W,u € Wg such that {‘Pg(t - )\)e*%(tzf/\z) :

1<¢{<2N-1,A¢ A} constitutes an orthonormal basis of Wg .

T
Let @ = (gof ,(pg, . ..,(pﬁ\l/l) be a scaling vector of the given LCT-VNUMRA. Since @ € Vg - Vf , there
exist M X M constant matrix sequence {G;}aea such that

D(t) = V2N )" Gi@(2Nt - A)e F 1, ©)

AEA

In the following, we want to seek a set of wavelet functions {\I”f A SO s

where G, = f D(t)e AN (1)t
Taking LCT on both sides of equation (9), we obtain

~o(8)=c ()0 ()
LD = D(5) = ¢ (5x5) ® (5x5): (10)
where G* ( ) \/W Yoaen G e72m4¢/B s called symbol or vector refinement mask of the scaling function ®. By

replacing & by £/2NB in relatlon (10), we obtain

é(%) =¢ ((ﬁ)z 5)6((21313)2 ‘E)

26=7 (535) () 2@ () 2]

26 = (55)¢ (mi5) ) o ((ma) ¢) () ¢)
o((zm5) )T ((z25) <)
(%) | = &

2NB)"
o =00 [ [&*((555) <) an

As usual, we assume ®(&) is continuous at zero, and ®(0) = I;, where I; denotes the identity matrix
of order M X M. Therefore, equation (11) becomes

() = H & () ¢ 12)

and then

— 0 as n — oo, the above relation reduces to

By taking n — oo and noting that




M. Y. Bhat, A. H. Dar / Filomat 37:16 (2023), 5165-5180 5170

Moreover, it is immediate from (10) that G(0) = Iy, which is essential for convergence of the infinite product

I 6* ()" <)

We now investigate the orthogonal property of the scaling function @ by means of the vector refinement
mask G(¢).

Lemma 3.3. If @ € LZ(IR, CM) defined by Equation (9) is an orthogonal vector-valued scaling function, then we
have

woE )
Z GG ZNB(/\ wyim = 2NBoy I, VA A €A, (13)
me27Z.

where 6, ) denotes the Kronecker’s delta.

Proof. Since the scaling function is orthogonal vector-valued, we have

On I f D(t - N~ H E(t - A)e 5 EA D
R

Z f G ®(2NBt - 2NBA - ¢ Z G ®(2NBt - 2NBA’ - o)t

ogeA ogeA
- Z Z G" { f (2NBt — 2NBA - 0)®(2NBt — 2NBA’ — 0)} aG"
g€ geA
_ ZN Z Y Gl { f (- 2NBA - o)®(t - 2NBA’ - o)} dtGr.
g€ oeA

Taking 0 = 2m and ¢ = 2n, where m,n € Z, we have

ﬁ Y Y al <CI>(t ~2NBA - o), ®(t ~ 2NBA' - a)>G_f;

o€ geA

o Im

- ZNB Y Ya < (£-2NBA - 2m), ®(t - 2NBA — 2u)) G,

melNy nelNy

woa
- ZNB Z G2mG2NB(A A)+2m”

melNg

Therefore, identity (13) follows.
Taking 0 = L 42mando= 2n, where m, n € Z, we have

NB
ﬁ 2. ). Gh <cD(t ~2NBA - o), ®(t — 2NBA’ — 0)>G—g

o€ oeA

= s 2 Y Gl (- 2NBA - L om),

me2Z ne2Z

oaaIm

@(t - 2NBA’ — 2n))Gh,

woa
- 2NB Z GZmGZNB(/\ A)+2m”

me27Z.

Thus, in both the cases, we get the desired result. [
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We denote W = @, the scaling function, and consider 2N — 1 functions ‘I’? , 1< <2N-1,in Wg as
possible candidates for wavelets. Since (1 /2NB)\I”; (1/2NBt) € V¥ . C Vg , it follows from property (d) of

Definition 3.1 that for each £, 0 < £ < 2N — 1, there exists a uniquely supported sequence {Hﬁ})\e/\ L<t<aN-1

of M X M constant matrices such that

WI(t) = V2N ) Hy @ (2Nt = A) e 5 ), (14)
AeA
On taking the LCT on both sides of Equation (14), we have
& EN L&) a (&
wi(avg) =i (5) @ (). 19
where

() g L

AeA

In view of the specific form of A = {O, I\Ll} + 27, we observe that

w(€\ _ pui(é —2701& /NB g2 <
HZ(E)—HK (§)+e /NEHY (E’ 0<{<2N-1, (17)

where H? ! and H?’Z are M X M constant symmetric matrix sequences.
Lemma 3.4. Consider a LCT-VNUMRA on R as in Definition 3.1. Suppose that there exist 2N — 1 functions
Wy, k=1,2,...,2N = 1in Vy. Then the family of functions

(Wit = e FE N e A k=0,1,...,2N -1} (18)

forms an orthonormal system in V7 if and only if

2N-1

) g r 1 5 r
H*( < _)HF( ) Iy, 0<k€<2N-1. 1
Zoa c\ang T an) e \ang T ) T O 0=k ls (19)

Proof. Firstly, we will prove the necessary condition. By the orthonormality of the system {Wi(t —

_@ tZ A2
Ae e, k=01,..,2N-1, we have

(Wit - 1), Wi(t - 0)) = f Wit - De™ FEPIW (1 - 0)e F D dt = emFW 5,5,y
R

where A,0 € Aand k,€ €{0,1,2,...,2N — 1}. Above relation can be recast in LCT domain as

f\yk —ZmLA ‘pg(g)ehéérdé
B

_ i (S, (€2 0-0)

= ka(B)wf(B)eB at.

Taking A = 2m and ¢ = 2n, where m,n € Z, we have

6k,€61n,nIM = 1[64%112("’_”)‘pk(§)1p€(§)d5
R B

Ok Op,0lM

B B

5 L (i) e (5 i)
= = y +Nj|w + Nj|dé&.
B [O,BN] Z‘ ¢ )T

jezZ
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Define
Fk[(é)ZZ\iJk(§+Nj)\iJg(é+Nj) 0<k¢<2N -—1.
"\B j€eZ B B ’ B

Then, we have
1 —4mué

SeeOmnlit = = f eT“"—”)Fk,f(é)dé
B Jio,8N B

1 2N-1 g s

_ ﬂ(m—n)

e o5+ 3,
BLBM {; B2

and
2N-1
& S)
=+ = | =20k .
;Fk,f(B"'z ke Im

On taking A = Z\Lf +2m and o = 2n, where m, n € Z,, we obtain

o (E 2mer o ((S ) 2mio
= Wil = B W= s d

1 f ﬂ(l+2m+2n) 1 é 1 E

-} L
B Jio,8n1 B B
1 —4mk (m-n) 2 & i ((g ) i (‘S )

= = W2 +Nj|We(Z +Njjd
Bf[OBN]e e BNZ “\B I)=\B Iy

4 j€Z

— l f e—4m%(m—n)e—2m% ﬁFk,L’ (é) dé
B Jio,an1 B
1 ) ) 2N-1 E s

_ —47 3 (m—n) ,—211% & —27L %S

= = e B e BN e N Fk,f(_'i'_) dé&.
B Lxm) {;‘ B2

We conclude that
2N-1

—2TL £ é S)_
Frel=+=|=0.
¢ k"’(B 2

1l
o

Also we have

2N-1 . N o
A S (€. N\w (€]

;)‘ Fk,g(B + 2) = Z‘Pk(B + 2)‘1—’[(13 + 5

Therefore, equations (20) reduces to

Z‘i]k (% + %)‘i’[(% + %) = 26}(/[ IM.

seZ

5172

(20)

(21)

(22)
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() -

Therefore, we have
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L5 (s o)

gl el 4ol

j€zZ

Z H;:(% +nN)

j=n.2N

+ Z H,i’(§+nN+%)ci)(é+nN+%)

. B B
j=n.2N+1

S

(% + nN)ci> (% + nN)H;‘ (% + nN)

b (5 +nN+1)H) (5 +nN+1)
+-..+

& 2N -1\ . (& 2N -1
+ 2 H“(—+nN+ )CD(—+nN+ )
k
j=n.2N+(2N-1) B 2 B 2

(i)(§+nN+2N 1)H‘( +nN + 21 1)

G 5 ol 0ol e

j=n.2N
+H}j(§f+%) Z (I)(é+nN+2)q3(§+nN+2) H“(%
j=n.2N+1
+..
B(E  2N-1 s (& 2N -1\ o (&
+Hk(B+ 2) CD(B+nN+ > CDB+ N +

j=n2NT@N-1)
p(E | 2N-1
H, (B 73 )

j

DAY S < g
i = g = 2 = 1 A S 1 S
lI”‘(BJrz)‘p"(BJrz) Z;Hk(ZNB+4N)H"(2NB+4N'

5173
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By using (22), we conclude that

1% ‘ L CS j
= 4 2
]Z B, (ZNB )H (ZNB " 4N) Okt It

Now we will prove the sufficiency.
By equations (15), we have

(€ iV €]
Y5+ 45+ 3)

j€eZ

I Y SR S A Y GRS I Y RS I PN G
=) H, (ZNB i) Plave T an) e \ave T aw ) Plane TN

= (a5 + 1) 2, é(%%)é(zéf’g) H; (55 + 3)

. & n 1)/\(5 n 1)
n P b —
i) _Z (2NB+2 aN)PoNB T2 TN

=20k ¢ In.
It proves the orthonormality of the system {‘I’k(x Ne FEM 1 e Ak=0,1,...,2N - 1}. O

_M(tZ_/\Z)
Theorem 3.5. Suppose {\I’k(x Ae }AeA, k=01 2N-1
in V1. Then this system is complete in Wy = V' © V.

is the system as defined in Lemma 3.4 and orthonormal

Proof. Since the system (18) is orthonormal in V1. By Lemma 3.4 we have,

{Hy(zzf]B)H? (%) +H (ZNLB " &)HP (ZNiB " %\1) o+ H (2133 * 2211\_7 1)H5 (25]3 " ZZZI\_I 1)}

= 6](,[ IM.

We will now prove its completeness.
For f; € Wg , there exists constant matrices {Pi k} such that
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fi(t) = V2N Z P @(2Nt = N)e# Y, 0 <k<2N-1.
AEA

Above relation can be written in the LCT domain as

b(5) =7 (zv5) ® () @
where

1z 72711/\5/3
P(E) = Z p" .

/\EA

On the other hand, f; ¢ Vg and f; € Wg implies

—tA

g =0, AeA.

f £ (H)D(t — A)e”
R
This condition is equivalent to

Dals 2ol 2o, on

nez.

Therefore, the identities (10) and (23) give for all £ € R,

1 IR PN S I V) G- I P S I
szpk(ZNB+4N Plave *an) " \an tan )Pl tan) T

ne

As similar to the identity (19) in Lemma 3.4, we have for 0 <k <2N -1,

! (avm) o (avg) 2 (vg * ) (g * )2 (g * o) (g ) =
Pk(zNB)G ong) TP\ Taw ) N )Tt Nt T )Y e T w70
(24)

Let

Plav) = 0 lavs) v - ) o )
(o) = () ol ) T )

uf & B uf & uf & 1 uf & 2N -1
Hy (ZNB) - (H (ZNB) H (ZNB i Kr)"‘ Hy (ZNB TN ))

Then, equation (19) implies that for any & € IR, the column vectors in 2NM X M matrix G* and the
column vectors in 2NM X M matrix H;:, are orthogonal for k = 0,1,...,2N — 1 and these vectors form an
orthogonal basis of 2NM dimensional complex Euclidean space C2NM.

Equation (24) implies that the column vectors in 2NM X M matrix PI’:, and the column vectors of 2NM x M
matrix G* are orthogonal. Therefore, there exists an M x M matrix Qk() such that

P“() Qk() (é) (e€R,0<k<2N-1.

B
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Therefore, from equations (15) and (23), we have

i(5) = Pi(zm) @ ()

= Q' (5) W (5)-

By using the orthonormality of the system (18), we have

S (= [l (5 (57 ) s (5 5o

Therefore, we have 12 -
o 3 e et et e

This shows that Px(*&) has the series expansion and let the constant M X M matrices {Rﬁ k}AeAk oL N1

be
its coefficients. Therefore, we have

f.(t) = Z RY W(t - D)e” ),
AeA

in Wo. O

_ —LgA (tZ_AZ)}
A€A, k=0,1,...,2N-1

It proves the completeness of the system {‘Pk(x - Ae

1t o
Ifwh Wt ek

L? (]R, cM ) by following the standard procedure for construction of wavelet from a given MRA. It can be easily
checked that for every j € Z, the collection { V2NW, ((ZN)j t— )\) e FE- e Ak=0,1,...,2N - 1} isa
complete orthogonal system for V§l+1. Therefore, it follows immediately from (8) that the collection

€ Vf are as in Lemma 3.4, one can obtain from them as orthonormal basis for

{(VONW, (@N)' £ = A) e # @ - 1 e Ak =0,1,...,2N - 1)

forms a complete orthonormal system for L2<IR, CM).

4. Construction of LCT-VNUMRA

The main goal of this section is to construct a LCT-VNUMRA starting from a vector-valued refinement
mask of the form

G“(E) Gt (£)+e_2”‘ ey (g) (25)
where N > 1 is an integer and r is an odd integer with 1 < r < 2N — 1 such that r and N are relatively
prime and G| ( ) and G” (‘5) are M X M constant symmetric matrix sequences. In other words, we
establish condltlons under Wthh the solutions of scaling equation (9) generate a LCT-VNUMRA in L*(R)

or equivalently, we find a sufficient for the orthonormality of the system {CD(t —N)e T FE ) e A} where
A ={0,7/N} + 2Z. Therefore, the scaling vector @ associated with given LCT-VNUMRA should satisfy the
scaling identity

(5 ) 5)2() @9
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We further assume that:

2N-1 é s ﬁ
Pl— 4+ — |GH | —=— + — | =
;; G (ZNB * 41\1)G (2NB * 4N) . @7

Theorem 4.1. Let G ( ) be the vector-valued refinement mask associated with the vector-valued scaling function @

of LCT-VNUMRA and satisfies the condition (27) together with G*(0) = Iy and G ( ) G ( ) V& e€R Then,

a sufficient condition for the collection {(D(x A)e 75 (= A2)} 1 to be orthonormal in LZ(IR CM> is the existence of

a constant C > 0 and of a compact set E C R that contains the neighbourhood of the origin such that

(2N)tB

G“( ¢ )'zc, VEeRkeZ. (28)

Proof. Let us assume the existence of a constant C and of the compact set E C K with properties satisfied
above. For any k € N, we define

k
3 ) 3 3
&)= GH = .
(5 E ((ZN)kB) 1 ((ZN)"B)
As the interior of the compact set E contains 0, gy — ) pointwise as k — co. Therefore, there exists

a constant W > 0 such that (G“ (%) — GF‘(O)) < W|é|, forallé € R, and thus |G“ (%)) > 1 - WJé|. Since E is
bounded, we can find an integer kg € Z such that W|¢| < (2N)k, fork > ko, & € E and hence, there exists a

constant C; > 0 such that
2 (&
D 5)l forall £ € R.

k
gk(%) =G g Gy((zjj)kB)’ ﬁ)((zz\f)kB)| C é(g)‘

Therefore, by Lebesgue dominated convergence theorem the sequence {g;} converges to @ in L2-norm.
We will now compute by induction the integral

wff)<c

Thus, we have

f 91(&) gi(E) X(1-0)(E) dE,  where A, 0 € A.
R

For k = 1, we have

f!h(é)gl(é) 25 (A-0) gg
) fmGH(zziB)G”(ZEIB)XE(ZE]B)(ZME(A—G) de

- [ §) G

BJ2 ZN 1 1\_ /e 1) 2
‘4Nf “(5+ ) e (5 gm0 femHOae




M. Y. Bhat, A. H. Dar / Filomat 37:16 (2023), 5165-5180 5178

If A — 0 € 2Z, then the expression in the brackets in the above integral is equal to Iy by (27) and thus

cf 5 27119(/\—(7) _ BN —ZHLM(A—U)
91 g1 B dé = 4N IMe B dé
0

2 f IMef2m%(Afo)d£
[0,B/2)

= Opolum.

On the other hand, if A = 2m, 0 = 2n + r/N, where m,n € Z, then the same expression will vanish and

the integral becomes
fgl (5) 7 (5) 27-[1%@7(7) dé =0.
When k > 2, we have

(g e

_ & . & & 3 &
- fR < ((2N>1B) < (<2N>ZB) - ((zN)kB) c (<2N>kB) o ((2N>HB)

3 2 s (A=
L

_ 2N)1g (2N)-2& &N -, (2N)&
o 25027 o) B
. Gu ((ZNI); 15)6—2111%(A—0)d5

k-1 k-1
o e

:(2N)k£{ijcy((mpfé)}cy(5)Gu( ){HG“((ZN) 5)} o g
vy [ B”{ﬁcw(%)}cp(g)@( ){HGM(ZN )} fenge
et [ [T (B Do) G ;>

=

[
ST oI [[o (Bt

=1

B/4N (k-1 ¢ k-1 ¢
B (2N) E é | (ZN) 5 —2711%(?\—0)
_ 2(2N)kf0 {H GH (—B )} S (B) {g GH (—B )}e dé

=2
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ON-1
£\ u(% z) y(é 2) y(% E) H(é E)
S(B)_{;G B T2)¢\5*2)" 5 T2 BT
Since the refinement mask G* (%) can be expressed as (25), therefore, the above relation becomes

s(5) = GLi(5) Gla(5)Gha(5) 61 (5)
2N¢&

where

Thus, we have

=1 =1
k-2 k=2
_ (2N)‘& [ @NYEEN| L,y emke
= (2N)F 1[{!:!(;#( 5 )}{QG!( 5 )} 2 A-9)ge

Therefore for any k € Z, we have

fgk (%) Ik (%)e—zmg@_g) dé =0y, A,0€A.
R

Passing to the limit as k — oo and using Plancherel’s formula, we obtain

—2imA —2unA (/\2_

fq)(x_/\)ezng(tZ_/\Z)q)(x_G)e 4 (tz—"z)dx=f(t’(5)d)(5)€ B
R R

which proves the desired orthonormality. []

NdE =6y, AoEA

5. Conclusion

In this paper, we continue the study based on this nonstandard setting and introduced vector-valued
nonuniform multiresolution analysis associated with linear canonical transform (LCT-VNUMRA). We es-
tablish a necessary and sufficient condition for the existence of associated wavelets and derive an algorithm
for the construction of vector-valued MRA analysis starting from a vector refinement mask with appropriate
conditions.
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