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Nodal solutions for singular semilinear elliptic systems
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Abstract. In this paper, we prove existence of nodal solutions for singular semilinear elliptic systems

without variational structure where its both components are of sign changing. Our approach is based on
sub-supersolutions method combined with perturbation arguments involving singular terms.

1. Introduction

Let Q be a bounded domain in RN (N > 2) having a smooth boundary dQ and a positive measure with
|Q3] > 1. Consider the following system of semilinear elliptic equations

—Au + hj g, (u) = 111(95)M

m Q)
(P) —Av + 10, (0) = (V) ER in Q)
u,v=0 on dQ,

where A stands for the Laplace differential operator and h A 1S @ linear function defined by
he,(5) == A(s + ¢1), fors € R, for A >0,

)
where ¢ denotes the positive eigenfunction corresponding to the first eigenvalue A;. In the reaction terms
(the right hand side) of problem (P), functions a; € L*(Q), i = 1,2, satisfy

H(a) There exists a constant 1 < p; < |Q)| such that
101, 12\Q,,| # 0
and
ai(x) > 0 fora.a. x € Q,
ai(x) <0 fora.e. x € Q\Q,,,

where

Q, ={x€Q:d(x,0Q) <p;}, fori=1,2,
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while f;, i = 1,2, are continuous functions satisfying the growth condition
H(f) There are constants m;, M; > 0 and f3; € (0,1) such that

m; < fi(s) < Mi(1 +1s|’"), forallse R, i=1,2.

We consider the system (P) in a singular case assuming that

O<ay,ar <1. (2)

Our main goal is to provide a nodal solution (1, v) for the singular nonvariational elliptic system (P). This
means u, v are both sign changing. According to our knowledge, this topic is a novelty. The virtually non-
existent works in the literature devoted to this subject is partly due to the fact that the study of the existence
of nodal solutions for systems is more delicate than in the scalar case. Indeed, [14] is the only paper that
has addressed this issue for nonvariational systems through topological degree argument where a different
concept of nodal solutions is introduced. Precisely, in [14], the components of the latter are defined as being
nontrivial and are not of the same constant sign. This type of solutions has also been studied in [9, 15] for
a class of quasilinear systems with variational structure by combining variational methods with suitable
truncation. However, in [9], nodal solutions are defined in more subtle way considering that either their
components are of the same constant sign or at least one of them is a sign changing function. Thence,
even for variational systems, the question of nodal solutions whose two components change sign remains
open. Here, it should be noted that system (P) under assumptions above is not in variational form, so the
variational methods are not applicable.

Another main technical difficulty in this paper consists in the presence of singularities in system (P)
near the origin that occur under assumption (2). These singularities make difficult any study attendant to
nodal solutions for (P) which, because of their sign change, necessarily pass through zero. It represents a
serious difficulty to overcome and, as far as we know, is never handled in the literature even for singular
problems in the scalar case. For more inquiries on the study of constant sign solutions for singular systems
we refer to [4, 5, 7, 10-12] and the references therein.

To handle our problem, we show that the sets where u and v vanish are of zero measure. This is an
essential point enabling nodal solutions investigation. Thereby, by a solution of problem (P) we mean a
couple (u,v) € Hé (Q) x Hé (Q) such that the set where u (resp. v) vanishes is negligible and

(1) (3)

L(VuV(pl + hy g, (W)pr1) dx = j;) ai(x) /ﬁ&)(Pl dx
Jo(VoV@s + g, (0)2) dx = [, a2(x) Fizt 2 dx,

for all (1, p2) € H} (Q) X Hy (Q) provided the integrals in the right-hand side of the above identities exist.

Our approach is chiefly based on sub-supersolution method. It is applied to a disturbed system (P;)
depending on parameter ¢ > 0 whose study is relevant for problem (P). The obtained solution (u,, v,) of
(P¢) is located in the rectangle formed by sub-supersolutions. A significant feature of our result lies in the
construction of the sub- and supersolution pair for (P.). Indeed, the choice of suitable functions with an
adjustment of adequate constants is crucial. Specifically, exploiting spectral properties of the Laplacian
operator, the supersolution (i, 7), constructed explicitly, is sign-changing and independent of ¢ > 0, while
the subsolution (1, v,) which, besides the dependence of ¢, does not have an explicit form, admits a limit as
¢ — 0 the couple (1, v) where the component u (resp. v) is negative in Q,, (resp. (2),) and positive in Q\ﬁp1
(resp. Q\ﬁpz). Actually, it is worth noting that (u,,v,) is a solution of an auxiliary problem (P,) related to
(P¢). Then, the general theory of sub-supersolutions for systems of quasilinear equations (see [2]) implies
the existence of a solution (u,,v,) of problem (P.) with the sets where u, and v, vanish are negligible. In
particular, this establish that u. and v. cannot be identically zero in Q,, and €, respectively. Then, the
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solution (u, v) of (P), lying in [u, u] X [v, V], is derived by passing to the limit as ¢ — 0. The argument is based
on a priori estimates, dominated convergence Theorem as well as S,-property of the negative Laplacian.
Hence, (1, v) turns out a nodal solution of (P) and u, v are both of sign changing.

The rest of this article is organized as follows. Section 2 contains the proof of the existence of solutions
for regularized system (P.). Section 3 presents the proof of the existence of nodal solutions of system (P).

2. The regularized system

For ¢ > 0, let consider the auxiliary system

—Au +hy g, (1) = al(x)M in Q

(Iul+€))"1
(Pe) —A0 + I11,0,(0) = (X s inQ
u,v=0 on 0Q.

Employing sub-supersolution method we shall prove that problem (P.) admits a nontrivial solution.
We recall that a sub-supersolution for (P.) is any pairs (i, ), (,7) € (H' (Q) N L*(Q))? for which there

hold (,7) > (u,v) a.e. in Q,
(VY1 + g, (1) dx = [ a1 (0 7S p1 dx <0
(VoY@ + g, @)@2) dx = [} a(0) 228 s dx <0,

Jo(VitVer + Iy, (@) dx — Lal(x)qajjﬂ{%qol dx >0

Jo(VoV@s + g, @p2) dx = [ ax(x) e @2 dx 2 0,
for all @1,z € Hy (Q) with 1,2 > 0 a.e. in Q and for all u,v € H} (Q) satisfyingu <u <uandv<v <o
a.e. in Q.

2.1. A constant sign sub-supersolution pair
In what follows ¢; denotes the positive eigenfunction corresponding to the principal eigenvalue A1, that
is,
—Agp1 = M1 in Q, ¢ =00on Q.
which is well known to verify
I7ld(x) < ¢1(x) < ld(x) forall x € Q, 4)
V| > 1 asd(x) — 0, (5)

with constants / > 1 and 1 > 0. Here, d(x) denotes the distance from a point x € Q to the boundary dQ and

§=Qg9QistheclosureonC]RN. i _ i i
Let Q) be abounded domain in RN with a smooth boundary dQ such that Q ¢ Q. Denote d(x) := d(x, Q).
By the definition of (), there exists a constant 1 > 0 sufficiently small such that

d(x) > win Q. (6)
Leté e C! (5) be the unique solution of the Dirichlet problem

-Aé=1 inQ
=0 on 0Q,

which is known to satisfy the estimate
¢ d(x) < é(x) < cd(x) in Q, 8)

for certain constant ¢ > 1 (see [3, Proof of Lemma 3.1]).
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Theorem 2.1. Under assumptions H(f), H(a) and (2), system (P.) possesses a solution (u.,v.) € (Hé(Q) NL®(Q))?
within [-Cé, Cé] x [-C¢, Cé], for a large constant C > 1 independent of A > 0, for all € € (0,1).

Proof. Using (6)-(8) it follows that
—A(C8) + hyp,(C8) = C+ A(Cé+ ¢1) > C inQ )

and

—-A(— Ce)+hA¢1( Ce)=-C+ A(-Cé + ¢1)

<—C+AM-Cc'u+ ||| ) < -Cin Q. (10)

for C > 0 large enough that does not depend on A > 0. By (2), (6), (8) and since Cc™'y > 1 for C > 0
sufficiently large, it holds

1+|Celf1 1+HCP _ s 1By — —1 5/ — 1B —
o < e = |Gl +ICeA e < (Celd(x)) ™ + |Ceffr

1+ (Cllelle)=)  ifar <pr

< (Cc~ y) M 4 (CePrm <1+ (Ce)fro < { a1+ (CC_1d(x))ﬁ1 @y if oy > By (11)

Chen(C P 4 ™) ifan <1 _ [ CETuA+ 2™ ifan<pr i H
L1 N . < . in Q,
1+ (Ccuyhr—) ifa; > p4 2 ifa; 2 p4
for all € € (0, 1). On the other hand, on account of H(f) and H(a), we get
5 .=
ﬂl(X) (\Ce|+£)"1 = Ml ”alHoo % = Ml ||u1”oo % in Q (12)
and
5 .=
()AL > il 1S 2 M ol gelhs 2 -Mi il o in Q. (13)

for all (u,v) € [-Cé, Cé] x[-C¢, Cé] and all € € (0,1). Then, having in mind that ; —a; < 1, gathering (9)-(13)
together leads to

—A(CO) + I, (C2) 2 01 (¥) 2 in O

Cel+eyt

and
—A(=C2) + 1,0, (-C?) < a1 () AL in Q,

for all (u,v) € [-C¢, Ce] x [-C¢, Ce] and all € € (0, 1), provided that C > 0 is sufficiently large. A quite similar
argument provides

—A(CE) + I, (C) 2 ap(x) 2~ in O

Ce|+e)*2

and

—A(=C2) + 4, (-C?) < ()2 in O,
for all (u,v) € [-C¢, Cé] x [-C¢,Ce] and all € € (0, 1), for C > 0 sufficiently large. This proves that (—Cé, —C¢)
and (C¢, Ce) are a sub-supersolution pairs for (P,) for all € € (0,1).
Consequently, we may apply the general theory of sub-supersolutions for systems (see, e.g., [2, Section
5.5]) which ensures the existence of solutions (u., v.) € (Hé(Q) N L*(Q))? of (P,) within [-Ce¢, Cé] x [-C¢, Cé],
for all € € (0,1). The proof is completed. O
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2.2. A sign-changing sub-supersolution pair
Assume in H(a) that

pi < 1maxqb1, (14)
2 q
and fix y; € (0, 1) such that

-1

pi = ‘)/l,li’v“ , (15)

which is possible since p; > 1. Here, it should be noted that it does not involve any loss of generality by
assuming that max¢; > 2.
Q

Setting
u=¢ =y, D=7 =2, (16)
observe that
u>0(resp. <0)if 0 <y < py (resp. ¢1 > p1) (17)
and
v >0 (resp. <0) if 0 < ¢y < ps (resp. 1 > p2). (18)

Lemma 2.2. Under assumptions H(f), H(a) and (2), there exists (u,,v,) € (Hl(Q) NL®(Q))?, with u, <u,v, <0,
such that the couples (u,,v,) and (u,0) form a sub-supersolutions pairs to (P ), for A > 0 big enough and | for all
e €(0,1). Moreover,

u,,v, #0forae x €. (19)
Proof. Existence of a supersolution:

A direct computations shows that

—A@)) =y + i (1= ) §I 2 Ven|” in Q, fori=1,2.
Hence
—A@y - i) = yiady +yi(1-y1) ¢gi_2 [Ven[* = yidgn 20)
= /\17/1'((]5)1/{ 1) +yi(1—yi) ¢7fi_2 (qul( inQ, fori=1,2.
We shall prove that (i, ) is a supersolution for problem (P,). To this end, set
Qs:={xeQ: d(x) < 6}, with a constant 6 > 0.

From (16), (17) and for 6 > 0 small enough, we have u > 0, 1, ¢, (4) > 0 as well as ((;Z))l/1 —¢1) = 0in Qs. Thus,
by (2), (4), (20), we get

([l + &)1 (=AUl + hy g, () = (10]" = y1¢pu] + €)M (—Aw)
> y1(1=p1) (0] = yieal + )¢ |V<;51|2

> 1 (L= 1) (91 (= 710, 7N L7 [V [

> 1 (1= y1) 1= y1(16) 710l 2 96 in 0.
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Since 0 < 1 <1 we have y; < == and so y1(1 + @1) — 2 < 0 for every a; € (0,1). Fix C > 0 such that the
conclusion of Theorem 2.1 holds true. By (4), (5) and H(f), we infer that

([l + &)1 (= AT + hy, g, (1))

> 1 (1= 1) [1 = p1(16)1 71| (I (x))r1(+an)=2p2
> y1 (1= 1)1 — 18t 7@ (o) dran-2,2

> [lmleo (1 + (Cllelleo)®) > llalleo f1(0)

> a1(x) f1(v) in Qs,

forall v € [-C¢, Cé], for all € € (0, 1), provided 6 > 0 is sufficiently small. This shows that

—Au + ]’lA ¢1(u) > al(x) in Qé, (21)

|u|+€)“1

for all v € [-Cé¢,Cé], for all € € (0, 1). .
Next, we examine the case when x € Q, \Q;. From (1), (20) and (16), we have

=~ + T, () 2 y1Aa() = 1) + A + (1= y1)da)
= (y1A1 + )P + (A1 = y1) = y1A1)¢r) in Q.

On account of H(f), (4), (22), (2) and recalling that

(22)

67" = y1p1l* > 0 in Q) \Qs,
we get

([l + )M (=AU + hy, ¢, ()

> (|9} = y1¢a] + )M [(1A1 + )P} + (AL = 1) — y1A1)P1)]
> (1A + DIPY =11l 2 Alpy' = yagpal (1)

2 [la1lleo (1 + (Cllelleo)’) = a1(x) f2(0) in Q,\Qs,

for all v € [-C¢, Cé], provided A > 0 big enough. Hence, it turns out that
—-Au+ Au > al(x) (IuI+6)"1 in Qpl\QgJ, (23)

for all v € [-C¢,Cé], for all € € (0,1). .
It remains to prove that the estimate holds true in Q\Q,,. Recall from H(a) that a1(x) is nonpositive
outside ﬁpl. Then, by (22), H(f) and for A > 0 large, it follows that

([ul + &)1 (=Au + hy ¢, (1))
> Ul [(1A1 + D)y + (AL = 1) = y1ADgn)]
> 02 a1(x)fi(v) in Q\Q,,,

for all v € [-C¢,Cé] and all € € (0,1). Thus, it turns out that

—AU+ AU 2 a1 (%) G o (O Q\ﬁpl. (24)

u]+e)™

Gathering together (21), (23) and (24) we deduce that

—NTL+ By g, () 2 (1) 222 in Q, (25)

(lul+e)

for all v within [-C¢, 7], for all € € (0, 1). In the same manner we infer that

—AT + I, (0) = a2(0) 224 in Q, (26)

([ol+e)*2
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for all u within [-C¢, u], for all € € (0, 1). Consequently, on the basis of (25) and (26) we conclude that (i, v)
is a supersolution of (P;).

Existence of subsolution:

In what follows, for any s € R, denote by s, := max{s, 0} and s_ := max{—s, 0}. Define the truncation
1 ¢1(x) if s > 2¢1(x) _
Xo(x,8) = ——— < s—P1(x) if P1(x) <5 <2¢1(x) , forallx € Q, (27)
” 1”0o 0 if s < p1(x)

and consider the problem
—Au+hy g, (1) = F1(x,u,0) inQ
(P.) =Av +hy 6, (0) = Fae(x,u,0) inQ
wo=0 on dQ),

for ¢ € (0,1), where

_Al) .
a1+ (X)X, (X, i) e N Q
7—'1,&.(3(, u, z)) = ’ 11+|vlﬁ1 (ul+1)M : P (28)
—a1,—(X) Qe in Q\Q,,
and
fa(u) :
Az + (X)X, (X, V1) 2y INQ
(7:2’6(3‘., u, 'U) — + qi+|ﬂ|f‘1 7 ([ol+1)%2 . PZ_ (29)
—ay _(x) o= in Q\Q,,.
On the basis of H(a) and H(f), it is a simple matter to see that
7 < fi(0) d < fo(v) 30
1:(x, 14,0) < a1(x) Qureym an 2,6(x, 1, 0) < ax(x) Tolvey2 (30)

for all (u,v) € [-Cé¢,Cé] x [-C¢,Cé] and all € € (0,1). Then, any solution of (P,) within [-Cé, Cé] x [-Cé, Cé]
is a subsolution of (P;).

We claim that (—Cg, —C#) is a subsolution of (P.). Indeed, from (10), (6), (8), H(a) and H(f), increasing
C > 0 if necessary, we have

—A(=C8) + Iy 5, (~Cé) < 0 < Fi.(x, ~C&,v) inQ,
and

~A(=C8) + hy ¢, (~Cé) < —C

s o], R

)11{1

< a1 () s g = F1.(x,—Ce,0) in Q\Q,,,

Cel+¢e)*1

forall v € [-C¢,v], and all € € (0,1). Similarly, one derives that
—A(=C8) + Iy, (=Cé) < Fo(x,u,—Cé) in Q,

for all u € [-C¢ u] and all € € (0, 1). This proves the claim.

On the basis of (25), (26) and (30), (1,9) in (16) is a supersolution of problem (P.). Consequently, owing
to [2, section 5.5], problem (P,) admits a solution (u,,v,) within [-Ce, u] X [-Ce, v]. Moreover, according to
(30), (u,,v,) is a subsolution of (P;) for all ¢ € (0, 1).



A. Moussaoui / Filomat 37:15 (2023), 4991-5003 4998

The subsolution (,,v,) is nontrivial:

In Q\ﬁpi (i = 1,2), the conclusion is immediate because u, < u < 0in Q\ﬁ,Jl and v, <0 < 0in Q\ﬁpz.
Let us show that the sets where 1, and v, vanish in (), and Q,,, respectively, are negligible. To this end, set

I:={xeQ, :u,(x)=0} and Ty :={x € Q,, : v, (x) =0}

By a classical result of measure theory (see [16, Theorem 3.28]), I'1 and I'; are gy—sets for less than a zero
measure set. Thus, one can write

Ii=A-8, (31)
where A; — B; is the relative complement of A; in B;, |B;| = 0 and A; is a G, -set, that is

A = Qgi,k, Girisopen,i=1,2.

Without loss of generality, we may assume that 8; is not dense in Q, (i = 1,2). Otherwise, by density
and according to [1, Proposition 2.4], the terms 1 .(x, u,,v,) — hy e, (1,) and F2.(x,u,,0,) — ha ¢, (v,) should
vanish in Q, and Q,,, respectively, which is absurd in view of H(f), H(a) and the definition of x4, in (27)
as well as the fact that A¢; > 0in Q.

Let ¢; € C7(Q) such that

@ >0inA; and @ =0in Q\A;, i=1,2.

Testing with @; € C(Q) in (P,) we get

f (Vu V@1 +hy ¢1(u )P1) dx = fy{ a4+ x))(d,l(x u, +)(|£S)ll (f)l dx,
f%(mv@z g, (0)P2) dx = [ a2 (X6, (2, ) e d

In view of (31) we infer that

F (V@1 + g, (u)Pr) dx = [ ane (g, (6,1, ) e d )
o (V0,V @2 + g, (0)62) dx = [[ 4200, (v, 0, ,) s d

Sinceu,,v, € Wllo’cl(Q) it follows, by [6, Lemma 7.7], that Vu_ = 0 on I'; and Vu, = 0 on I';. Replacing in (32)
we get

o f(v,) &
ﬁ A¢1(p1 dx = fl: ﬂ1,+(x))(¢1( U, +)(| |+ 1)&1 1dx

1 1

and

f)\qinq?z dx:fa2+(X)Xd>1( _H)(ﬁz_(’__i)az(p dx

I I

According to the definition of the function x4, in (27) it follows that
X (%, gm) =0inT7 and xg,(x, QS’+) =0inI,

and thus,

f Aqf)l(Pl dx = f /\qb1(p2 dx =0.
o I,
Hence, [I'1], II'z| = 0, showing that (19) holds true. O
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Remark 2.3. A careful inspection of the proof of Lemma 2.2 shows that for a fixed C > 0 in Theorem 2.1, constants

0 :=6(C) and A := A(C, 8) can be precisely estimated.

Lemma 2.4. Under the same assumptions as in Lemma 2.2, there exist functions u, v € Hy(Q) such that

u,—>uand v, > v in Hy(Q)ase — 0,
with

u<0in Q\ﬁpl, u>0 inQ,
and

v<0inQ\Q,, v>0inQ,,

Proof. Set ¢ = 1 with any positive integer n > 1. From Lemma 2.2, there exist u, :=

that

{ (=Au, + g, (), 1) = [, Fialx,u,,0,)p1 dx
(=Av, +hp e, (v,), P2) = ﬁ%n(x u,,0,)p2 dx

for all g1, @, € Hy(Q) with

—-Cé<u,<u<Ce¢ -Cé<y, <v<Céin().

- —

Acting with ¢ = u, in (36), by (28), H(a) and (2), bearing in mind (37), it follows that

Jo (Vi P + o, (u,)u,,) dx

= LV, P + A, P + 1)) dx

= CA) 143

- fQP] (X)X (¢ —’“')(|”|"'1)“1 u, dx - fQ\Q ~(x) (lu,, |fé)a1 u, dx
< 0, lla1lle (1 + (CEP)u, dx — fQ\ﬁm ai - (x) (Ce+1)“1 u, dx

<10l (1 + (ClIll)? ) Clleles < o0,

(37)

This shows that {1, } is bounded in Hé (Q). Similarly, we derive that {v,} is bounded in Hé (Q). We are thus

allowed to extract subsequences (still denoted by {u,} and {v,}) such that
u, = u and v, — vin Hy(Q)
and
-Ce<u<u<Ce -Cé<v<v<CéinQ.

Inserting (@1, p2) = (4, — u, v, — v) in (36) yields

(=Av, +hy6,(v,), 0, =) = |, Fonulx,u, Qn)(Qn ) dx.

(=Au, +hye (u,),u, —u)y = f Finlx,u,,v,)(u, —u) dx,

By (27), (37), H(f), H(a) and (2), we have

~1p ~
a1, (X, (4 1, ) (1, — )] < 2lanlles (1 + C1EIE)C 11l

as well as

1+[olP
a1, () s (, — )] < Nl g, = (1 + )

< lla1lle (C lellee)' = (1 + (Cllell)P).

(38)
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Then, applying Fatou’s Lemma, it follows that

lim sup fQ Finlx,u,,0,)(u, —u) dx

< fQ ;}l_r,{}o sup(F1,.(x,u,,v,)(u, —u)) dx - 0asn — +oo,

showing that lim <—Agn,y” - g> < 0. Then, the S,-property of —A on H}(Q) guarantees that u, — u in
n—oo

H{(€Y). Similarly, we prove that v, — v in H}(Q).
Let us verify that

WMy e fry Finx 1, 0,)0i dx = [ Fiolx, u, 0)¢i dx (39)

for all ¢; € Hy(Q), where Fio(x, u,v) := Fi(x,u,0) for ¢ = 0in (28) and (29), i = 1,2. From H(f), H(a), (2),
(28) and (29), it holds

1+

1F1,0(x, u,,, 0,011 < llaa]leo |1l

|u, [

and
1+ |l
|F2u(x, 1, 0,2 < lazlloo——"—

- o, |2

lp2l,

for all g1, ¢, € H(l)(Q). Since, by (19), u,, v, # 0 for a.e. x € Q, the assertion (39) stems from Lebesgue’s
dominated convergence Theorem. Hence, we may pass to the limit in (36) to conclude that (1, v) is a solution
of problem (Py) (That is (P,) with & = 0).
It remains to prove (34) and (35). Since u < u (resp. v < v) and u (resp. 0) is negative in Q\(Q), (resp.
Q\ﬁpz), it turns out that
u<0in Q\Q,, and v < 0in Q\Q,,. (40)
Moreover, according to the definition of %79 and %5 in (28)-(29), H(f), (27), (38) and in view of (40), we can

find a constant Ly > 0, independent of # and v, such that

max{|F1,0(x, 1, )|, [F20(x, 1,0} < Lo, fora.e. x € Q.

Then, bearing in mind the boundedness of (1, v) (see (38)), the regularity theory up to the boundary in [8]
implies that (1, v) € C'7(Q)? for certain o € (0, 1).

Let Qpl C Q,, and sz C Q,, be nodal domains of u_ and v_, respectively (see [13, Definition 1.60]).
Then, lo,u_,lo,v € Hé(Q) (see [13, Proposition 1.61]), where HQP, denotes the characteristic function of

the subset Q,,,, fori = 1,2. Acting on (Py) with (I, u_,1n v )€ H}(Q) x Hy(Q) we obtain

Jo(VuV (e 1) + e @1, u)de= [, Fiouw,v)(lg, 1) dx
and

Jo(VeV(Le, ©) + g @1g v) dx = [, Faolr, u,0)(1g, ) dx.
By the definition of functions 1, ¢, in (1) and xg, in (27), it follows that

Jo(V(g, u )P + A(lllq,}z(,)ﬁ +Prlg u)) d
(4
= J;)f’l a1,+ (X)X, (x, E+)(|ml+f)a1 u dx=0
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and

fQ(W(]losz_)F + /\(Ulg“)pj}(’j2 +Prlg v ) dx
u
= foﬂz a2,+ (X)X, (X, QQWL dx =0.

Consequently, we deduce that u > 0in 2, and v > 0in Q,,.

Finally, by exactly a similar argument which proves (19) in Lemma 2.2, we infer that u > 0 in Q,, and
v > 0in Q,,. This completes the proof. [
3. Existence of nodal solutions

Our main result is formulated as follows.

Theorem 3.1. Under assumptions H(f), H(a) and (2), problem (P) possesses a nodal solution (ii,0) € (Hé(Q) N
L*(Q))?, for A > 0 large.

Proof. Set ¢ = L with any positive integer n > 1. According to Lemma 2.2 and thanks to [2, Section 5.5],
there exists (i, v,) := (u1,v1) € (Hy(Q) N L¥(Q))* such that

(=Bt + g, (02), 1) = f,m ) G n dx an
(=000, + a0, (00), 92) = [, 020 G145 2 dlx
for all @1, @, € H)(QQ) and
u <u,<u,v <v,<v Yn. (42)
=n Zn
We claim that
Uy, vy #0 fora.e. x € Q. (43)

Indeed, in Q\ﬁpi (i = 1,2), the conclusion is immediate because u, < u < 0 in Q\ﬁpl and v, < v < 0in
Q\ﬁpz. Define the measurable set

= 1{x€Qp, :uy(x) =0}, Vn.
Testing with ¢ € C°(Q) in (41) such that
¢ >0inA, and ¢ =0in Q\A,,

where A, is a G, -set, analysis similar to that in the proof of Lemma 2.2 shows that

(VunV@ + h/\,‘i)l (un)(p) dx = f ﬂl(X)M 5 dx

1
Ty I (|ul’l| + ;)th

Since Vu, = 0 on T, (see [6, Lemma 7.7]) it follows that

f AP dx = n™ f a1 (x) fr(0n)@ dx, Vi > 1,
r” r”

which, by H(f), H(a), forces that |I',| = 0, V1 > 1. The same conclusion can be drawn for the set

I,:={xe Qp, 1 ox(x) = 0},
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showing that |[';] = 0, ¥n > 1. Consequently, u, and v, cannot be identically zero in non negligible
measurable sets. This proves the claim.
Acting with @1 = u, in (41), by H(f), H(a) and since

|utnl, lon| < CE in Q) (44)

we get

Jo(Vuun? + b g, (s)) dx
L+[v, /1
—_ fQ ||a1”00 (‘M |+ ”‘1 un dx

< lmrlle [ Il = (1 + o 1) dx
< a1l J, (€O~ (1 + (Ce)f) dx < oo,

(45)

showing that {u,} is bounded in H(l) (Q). Similarly, we prove that {v,} is bounded in H(l) (Q). We are thus
allowed to extract subsequences (still denoted by {u,} and {v,,}) such that

uy — i and v, — 9 in H(Q) (46)
Moreover, on account of (42), (46) and Lemma 2.4 (see (33)), one has
u<ii<u, v<H<VinQ. 47)
Inserting (@1, 2) = (4, — i1, v, — 0) in (41) yields

(=Dt + Iy (), g — ) = [ a1 (1) 2, — )

(I |+ )™

(=80, + I, (01), 0 = 0) = [, 120 E8 (0 = ) dr

By (44), H(f), H(a) and (2), we have

a1 (1) 22 (1t — )] < oo (C ll2) (1 + ClR1ED)

([l +5)%1
and

a2 (x0) L4 (0, — )] < la1]loe (ClIelleo) =2(1 + (C [18]l00)P2).

(Ioal+5)22

Then, Fatou’s Lemma gives
lim (-Au,,u, — i) <0 and lim (—Av,,v, —0) <0,
n—oo n—oo
while the S, -property of —A on H}(Q) ensures that
uy = i and v, — o in Hy(Q). (48)

On the other hand, by H(f), H(a), (2) and (44), it holds

n 1+(C wﬁ
) e 1l < llas o EE g (49)
and
n 1+(Cljell)?
() 5 92l < llanlles R o, (50)

for all @1, @, € H)(Q).



for

(P)

A. Moussaoui / Filomat 37:15 (2023), 4991-5003 5003

Then, on the basis of (43), Lebesgue’s dominated convergence Theorem entails

im0 () 2 1 = f(ﬂl(x){;l‘ﬁ)fpl dx,

(1
fz( n) fZ( )

My e fr, @2(0) Hop— ar1yz 2 dx = [, ;)G ez d

all 1,2 € Hé(Q). Hence, we may pass to the limit in (41) to conclude that (%, 9) is a solution of problem
within [u, u] X [v, 0]
Finally, on account of (14)-(18) together with Lemma 2.4, we infer that I and 0 are both of sign-changing

and satisfy

1<u<0in Q\Qp1 and 4 >u>0inQ,,

v <0in Q\Qp2 and 9 >9v>0inQ,,

This completes the proof. [
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