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Hamiltonicity and pancyclicity of superclasses of claw-free graphs

Abdelkader Sahraoui®?”*, Zineb Benmeziane?

TUSTHB, Faculty of Mathematics, AMCD&RO Laboratory, BP32, 16111, Bab Ezzouar, Algiers, Algeria
YUniversity of Médéa, Médéa, Algeria

Abstract. A graph G is called to be fully cycle extendable graph [3] if each vertex of G belongs to a
triangle and for any cycle C with |V(C)| < |[V(G)| there exists a cycle C" in G such that V(C) ¢ V(C') and
[V(C)| = [V(C)|+1. In this paper, we show that every graph G that is triangularly connected, partly claw-free
and {Kj 4, Ky}-free is fully cycle extendable graph if its claw centers set is P4-free. This paper generalizes
the concept of Hendry fully cycle extendable graph [3] for the largest superclass of partly claw-free graphs
defined by Abbas and Benmeziane [1].

1. Introduction

Throughout this paper, we will use terms, notations and definitions of [2]. Only undirected simple finite
graphs G = (V,E) are considered, with vertices set V(G) and edges set E(G). A graph on n vertices is a
complete graph, denoted by K, if its vertices are two by two adjacent to each other. A graph G, of at least
two vertices, is called stable or independent if its vertices are two by two not adjacent. A graph G = (V,E)
is called bipartite if V can be partitioned into two stables V; and V; and its edges have exactly one end in
V1. If each vertex of V; is adjacent to all the vertices of V5, the graph G is called a complete bipartite graph,
denoted K, ,, with |V1] = n and |V,| = m. The graph G is isomorph to the graph H if there exists a bijection
f from V(G) to V(H) such that for all pair of vertices (u,v) € V(G)?, uv € E(G) if and only if f(u)f(v) € E(H),
we denote G = H.

The path P; connecting the two vertices u and v or the (u,v)-path is the sequence of vertices edges
Py = v1,v,..., v verifying v1 = u, vy = vand for all i such that 1 <i < k-1, v;v;41 € E(G). The vertices
u and v are called the initial and the final end of the path P;. A path is called to be elementary if it does
not pass twice through the same vertex. A cycle passing through the vertex u is a (1, u)-path. The length of
cycle C is the number of its edges |E(C)| (or its vertices [V(C)|). We denote by C, a cycle of length n. Cs is
also called triangle.

The distance between two vertices u and v, denoted by d(u,v), is the number of edges of a shortest
(1, v)-path. The eccentricity of a vertex v of a graph G, denoted by ¢(v), is the maximum distance from the
vertex v to all the other vertices of G.

For S c V, (S) will denote the sub-graph inducted by S of vertices set S and edges set those of G witch
haveits twoendsin S and G—-Sis(V\ S). A graph G is called without S if it does not contain any sub-graph
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isomorphic to S. The vertices set S = {u,v1,v,,..., vk} is a star of the graph G if (S) is isomorphic to the
bipartite graph K x with d(u) = k which called star center. K 3 is also called claw. We denote by A the set of
claw centers of the graph G. A subset D C V(G) is a dominating set of G if every vertex in V(G) — D has a
neighbor in D, while D is a 2-dominating set of G if every vertex belonging to V(G) — D is joined by at least
two edges with a vertex or vertices in D.

For v € V, the open (respectively closed) neighbourhood of vertex v in G, denoted by Ng(v) and
N[v] respectively, is the set of all vertices 1 adjacent to v. So Ng(v) = {u € V;(v,u) € E} (respectively
N[v] = N¢(v) U {v}). We denote by Ni(v) = {u € V; d(v,u) = k} the set of all the vertices at distance k from
the vertex v, in particular Ng(v) = Ni(v). The degree of the vertex v, denoted by d(v), is the number of all
the edges incident to v. The cardinality of Ng(v) is the degree d(v) of the vertex v. Respectively, 6(G) and
A(G) represent the minimum degree and the maximum degree of G. We denote by 0x(G) the minimal value
of the sum of the degrees of k vertices of G two by two non-adjacent.

A graph G is called connected if every pair of vertices is joined by a path. A connected graph G is
called 2-connected, if for every vertex x € V(G), G — x is connected. We called that a vertex v is locally
connected if and only if the sub-graph induced by its open neighbourhood (N¢(v)), is connected. A graph
G is locally connected if and only if for every vertex v, v induces a connected sub-graph in G. A graph G is
said to be Hamiltonian if it has a cycle that passes through all the vertices of G one and only once. In [6], a
graph G is triangularly connected if for every two edges ¢e;;e; € E(G), G there exists a sequence of triangles
C1,Cy,...,Crsuch thate; € Ci, e € Crand E(C) N E(Ciq) # O for1 <i <I-1. Acycle Cina graph Gis
extendable if there exists a cycle C’ of G, such that V(C) ¢ V(C') and [V(C)| = |V(C)| + 1. A graph Gonn
vertices is said to be cycle extendable graph if every non-Hamiltonian cycle C on k vertices, (k < n), is cycle
extendable. G is said to be a fully cycle extendable graph if G is a cycle extendable graph and every vertex
of G lies on a triangle of G.

In 1990, Hendry [3] proved the following result.

Theorem 1.1 (G. R. T. Hendry, [3]) If G is a connected graph, locally connected and claw-free graph on at least three
vertices, then G is fully cycle extendable graph.

Ryjacek introduced the class of almost claw-free graphs, in [5], as follows.

Definition 1.2 A graph G is almost claw-free if for all vertices v of G, < Ng(v) > is 2-dominated and the set A of
claw centers of G is a stable set.

In [7], Zhan studied triangular and almost claw-free graphs and proved in the following theorem that

Theorem 1.3 (M. Zhan, [7]) Every triangularly connected, K; 4-free, almost claw-free graph on at least three vertices
is fully cycle extendable.

Az a generalization of claw-free graphs, the class of partly claw-free graphs was introduced by Abbas
and Benmeziane in [1].

Definition 1.4 A graph G = (V,E) is said to be partly claw-free graph if for all vertex v € A, the set of claw centers
of G, there exist two vertices x,y € V — A such that Ng(v) € N[x] U N[y]. We say that < N¢(v) > is 2-dominated in
VA

Abbas and Benmeziane in [1] proved the following results on partly claw-free 2-connected graphs.

Theorem 1.5 (M. Abbas and Z. Benmeziane, [1])

If G is a partly claw-free 2-connected graph with 5(G) > U

;2), then G is Hamiltonian.

Theorem 1.6 (M. Abbas and Z. Benmeziane, [1])
If G is a partly claw-free 2-connected graph with 03(G) > n, then G is Hamiltonian.

In this paper we prove that the partly claw-fee graphs defined by Abbas and Benmeziane [1] are fully
cycle extendable graphs the property studied in Hendry’s theorem 1 [3] and in Zhan’s theorem 2 [7].
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2. Main results

The following proposition is important in the sense that it locates the two vertices x and y in a smaller
domain compared to the definition [1].

Proposition 2.1 Let G be a partly claw-free graph, v € A and x,y € V — A such that Ng(v) € N[x] C N[y]. Then
X,y € [(N1(v) U N2(v)) — Al

Proof. Let Gbeapartly claw-free graph, v € Aaclaw centerof Gand x, y € V-Asuch that Ng(v) € N[x] C N[y].
The set {{v}, N1(v), N2(0), . .., Nyw)(v)} is a partition of V. Without losing generality, suppose x € Ni(v) with
k>3.50

Ng(x) € Ni-1(v) U Ni(v) U Niy1(v)
and (for all k > 3)
N[x] € Ni-1(0) U Ni(v) U Ni11(v)

As

Ng(©) N Ni—1(v) =0
Ng(@) N Ni(v) =0 (forall k > 3)
Ng(v) N Niy1(0) = 0

Then N¢(v) € N[x]. Similarly, Ng(v) € N[y]. Hence, N¢(v) € N[x] U N[y], a contradiction. []

Now we can give a theorem by which we show that any triangularly connected partly claw-free graph
is fully cycle extendable if it is {Kj 4, K4}-free and its claw center set is Ps-free.

Theorem 2.2 Every triangularly connected, partly claw-free and {Ky 4, Ky}-free graph is a fully cycle extendable
graph if the sub-graph (A) induced by A is P,-free.

Proof. This proof is inspired from the work done by M. Zhan [7]. Each vertex of the graph G belongs to
a triangle, so it is sufficient to show that for every cycle C of length r < V(G) — 1 there exists a cycle C' of
length r + 1 such that V(C) € V(C'). Assume that G contains a non extendable cycle C of length r < V(G) — 1.
An orientation is chosen on the cycle C as following. For all u € V(C), u* and u~ denotes, respectively,

h
the successor and the predecessor of the vertex # on C. For two vertices u,v € V(C), Clu, v] and Clu, v],
denotes the two (u;v)-paths in the same direction and in the opposite direction with the orientation of

the cycle C. For u € V(C), Clu, u] and <E[u, u] denote the vertex u. When the vertices of K3 or K 4 are
cited, the center is always cited first in the list. A denote the set of all the claw centers in the graph G.
Let’s be C a cycle of the graph G and the set B(C) = {B;, B isa triange and E(8) N E(C) # 0}. Clearly,
E(C) € Uges(c) E(B). If a triangle B is such that V(C) N V(B) = 2, then the sub-graph induced by the set of
edges E(C) U E(8B) — (E(C) N E(B)) extend C, a contradiction. So we suppose that for every triangle 8 € B(C);
V(8B) € V(C). Consider the edge e such that e is incident at a single vertex of the cycle C and 8, is the triangle
such that e € B,. Clearly, E(B,) N E(C) = 0 so B, ¢ B(C). From G triangularly connected, there is a sequence
of triangles Zy, Z, ..., Zy such that Zy = B, and Z; € B(C). The cycle C, the edge ¢, and B, are chosen such
that among all the sets of vertices V(C), the number k of triangles in this sequence is the smallest possible.
Therefore, from the definition of the edge e, k > 1. We also have |V (Zy) N V(C)| = 2 and V(Z;) € V(C) for all
i > 1. Let Zy = uvvju and Z; = v;v;u,v; be such that v, € C[v}f, v;]. The cycle C, the edge e and the triangle

B, are chosen such that |{v] v, v;v;} N E(G)| is as large as possible.
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The following lemma is the first consequence between the vertices of two triangles Zj, Z; and the
number of triangles of the sequence k.

Lemma23 (i) v;,v; €4, vlff ¢ Nl(vjf) and v; ¢ Nl(U]T);

(i) Fork > 2,

e 0y ¢ Ni(v]) withl € {i, j}and o € {—, +};

e Ifo; € Ni(v)), then v; € N1(v)) U N1(v;);

e Ifu, ¢ Ni(v]) U N1(v)), then v & N1(v));

o Ifv, & A, then v, ¢ Ni(v]) U Nl(v]f).

Proof. (i) e 1< {uo;, 0,070/} NE(G) <2 otherwise either (v;, v, v, u,v) = Ky 401 (v, 07,0, 0] ) = Ky,

a contradiction.

o If vf € Nl(v;r), then the cycle C = vjug[vi, v]f]C[v;r,v]-] extends the cycle C, contradiction.
Similarly, v ¢ Ny (ZJJT)).

(i) Fork > 2.

o If v, € Ni(v;), then v; and v, will be adjacent on the cycle C = viCloy, v ]C[ ,0i]. Hence,
P’ = ZyZ1, with Z; € B(C)), is a path of k = 1, a contradiction. Similarly oy ¢ Nl(vj) v, & Nl(vj)
and o) ¢ Nq (U+)

e For vl. € N1(v;) and v; € Ny (v;), v; and v, will be adjacent on the cycle
C = viC[vh,vi‘]C[U;',v;]vi and P’ = ZyZ;is a path of k = 1, contradiction. Similarly v; ¢ Nl(v;).

e It suffices to show that if v, € Ni(v}), then v, ¢ N1(v]) U N1(v;). So, for v, € Ni(v]), v; and

v, will be adjacent on the cycle C = th[v;’,vlz]C[vz,vi]vh and P’ = ZyZ; is a pathof k =1, a
contradiction. Similarly v, ¢ N1(v;).
o If v] € N1(vp), then v} # v] and (vy, v}, v] ,0iy = Ky 3 s0 v, € A from v, ¢ Ni1(v;) otherwise
(v,,vz U7,y SU) = K14 because v, ¢ Nl(u) otherwise v ¢ Nl(v ). Let the cycle
C = C[v], ]C[vl /Y ]C[vh,vl]uv] and P = Z0 1,w1’th ={u, v, L, Ui, U, Z = (vl,v , 0,0y € B(C).

SoP isa path of k = 1, contradiction. Similarly for v} € N1(vy), (vp, vh,vi Fupy=Kyzando, €A
from (U],U ZJ v Juy = Kig 1fv € N1(v)).
[

We can also confirm that
Lemma 2.4 Ford € Ng(v;) N NG(v;f),

(i) d e V(C)and d ¢ N1(u);
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(i) Ifw € [V(C) N Ni(u) N N1(0)] = {03, 05, 0, Nu (o), Nio )} with 1 € {i, fi,
then u ¢ Ny(w™") U Ny(w™™);

(iii) v; € Ni(d). Sod # vy,

(iv) Ifk > 2, then vy, ¢ N1(d) and vy, & Nl(v]f) U Nl(v]f).

Proof. (i) By absurdity,

o Ifd¢ V(C),thenC =v ij[v]f', v;] extends the cycle C, a contradiction.

e If d € Ni(u), thend ¢ {vi‘,v;f, vT,v;}. v;.“ ¢ N1(d*) otherwise C' = vjug[d, U;F]C[de,v]-] extends C

]

and {(d,d~,d",u, v;r) = Ky 4 from v]f ¢ N1(d™) otherwise on the one hand, (d,d~,d*, u) = K; 3 from
d* ¢ Ni(d™) if not C' = U]-udC[v]f,d’]C[dﬂ v;] extends the cycle C and the other hand, according
to proposition 1, d ¢ A. Without losing generality, suppose d € C[U}’*, v, ]

- 0; ¢ N1(d") otherwise C' = vuCld, v;]g[d‘,v]-] extends the cycle C.
.dt ¢ Nl(v]ﬁ) U Ni(d™") otherwise C' = vmdv}'%{d‘,v}'*]C[d*,vﬂ or
C = vjudd‘C[v;',d"]C[d*,vj] ifd* e Nl(v;'Jf) U N1(d™") extends the cycle C.
Lo g Ni(d)n Nl(v;.') otherwise
. For v}f =d ,v, ¢ Ni(d)and v, e Ade C = vuCld, v;]v}fC[vh,vj] extends the cycle C

if v;f € N1(v;) and (vi, 07,05, u, v,) = Kyaif v, € Ni(v;) from
C = vjuvig[v;,v;“]C[vh,vi‘]C[Uj,vj] orC = vjug[vi, Uh]C[U;',U;]C[U;',U]‘] extends C
if v € Ni(v;7) U Ni(v,) and (v;, v, vf,u,0p) = Ky g if v, € N1(v;) from v; ¢ N1(v))

, «—
otherwise C = vjuvith[v]T, v, 1C[v;, v;]C[v7, v;] extends the cycle C.

. For v}f #d,v,€ AfromC = vjuCld, v,;]%[d‘,v}']C[vh,vj] extends the cycle C

. d++

ifd~ € Ni(v;) and (vj,v;,v;f,u, d~) = Ky4 or (v, v,;,v;f,v,-) = Ky3if v; ¢ N1(d™) N N1 (v).
¢ Nqi(d") U Nl(v;) otherwise d** ¢ Ni(d) U N1(v;) and (v}, v;,v}f, u,vy) = Ky 4 from

CIf v}f € Ni(oy), then d* € Ni(vy) — {0} otherwise C = v]-uC[d,dH](g[d‘,v}f]C[vh,U]-]

extends C and v;“ € A. So v, € A because firstly, v, ¢ Ni(v)) otherwise v, ¢ Ni(v;) and
(v, vz,v;?, v;) = Ky 3. Secondly, d** ¢ N1(v}) otherwise (d*,d*,d~,vj, v}, ) = Ky 4 from
(v]-,v]T,va,u,cﬁ) = Ky4 or (d,d*,d",u, v},) = Ky if v; € Ni(d") U Ni(d™) respectively
because C = v]-udd+<5[v]7,d++]<5[d‘, v;] extends C or (v}f, v}?,vh,d) = K3

if v; € Ny(d*)u Nl(v;r) respectively.

CIf v}' € Nl(v]T), thend*™ # v, and v} # v} otherwise C' = vuCld, d++](5[d‘,v;f](6[v]7,vh]vj

orC = vjug[vi,v;]v]?vj extends C. Hence, (d**,d*,d~,d™**) = Ky3

from C' = vjudC[v;,d’]d**d*C[d***,v]-] orC = vuCld, d**]C[v},d’]C[d***,v]-] extends
Cifd***t e Ni(d*) UN1(d™). Sod** ¢ Ny(d) and (U}',U}T,d, dt*) = Ky 3 from
(d++,d‘,d+,v]7,d+++) = Kyaifd*t e N1(v].‘) from C = v;uCld, v;]g[d‘,vj]

orC = Ujudd+(5[v;,d++](5[d‘,vj] extends C if v; € N1(d™) U N1(d*)

and (v}f,v]’.r, v;‘,d***) = Kysifdt** e Nl(v;) because

C = vuCld, d**]((?[d‘,v;']((?[vjf,dH*]v]ij extends C or (v;,q,v;‘,d“) =Kz

if [ Nl(v;f) U Ni(d***) from v ¢ Ni(v;) otherwise

C' = vuCld,d*]Cld", v Jo;C[d", 07 Jo; extends C.
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_n ¢ Ni(vy) otherwise v # Ni1(v;) and v, € A from v; ¢ Ni(v;) U N1(v)) otherwise v, € A
and v;l“ ¢ Ni(v;) otherwise v;l“ # N1(v)) and (v;, v, 07, u, vy) = Ki 4 because
, — — , — — —
C =ouClv, v]T]th[vi‘,v;]C[v;,v]’] orC = v]-uv,-vhC[v}f,v;“]C[vi‘,v;]C[v};,v]-]
extends the cycle C if v; € Ni(v;) U N1(v)) and vy, € A if o] € N1(vp,)

from C' = vjuC[o;, 07 1Clo7, 071 Cloy, v;] extends the cycle C if of € Ni(@?).

(ii) Without losing generality assume that, w € C[v;, v;] and w™" € Ny(u). Firstly, (w, w™, w",u) = Ky 3,
(w,w,w ", uy =Ky 3 from C = vjuwClof, w™]Clw*,v;] and C = wuw“w‘((?[w“‘,v;f]C[w, vj]
extend the cycle Cif w™ € Nj(w*) U N1(w™ ") respectively. Secondly, (u, vy, w, w™") = Ki 3
for k € {i, j} from v; ¢ N1(w) U N1(w™") otherwise (1, v;, w™,w) = Ky 3 and w™" ¢ N1(w) otherwise
(w,w™,w*,u, v]T) = Ky 4 because C' = vjug[w”,v]f]C[w’,vj] orC = vjug[w, v;]C[w*,vj] extends the
cycle C if v}' € N1(w™) U Ny (w*) respectively.

(iii) For ZJ]T ¢ N1(d) and without losing generality, assume d € C[v;,v;], d ¢ {v;',vjf‘} from Lemma 1,(i) and
op € {0}, v}f} otherwise

e If v, = v, then (v, v;,v;’,u, vy = Kygif v}r ¢ Ni(vp,) or (vj,v]T,d, u, o) = Ky qif v}f € Ni(vp),
a contradiction.
o Ify, = v}f, then (v;, v, v, u, o) = Ky 4 if v € N1(vp) from o] ¢ N1(v;) otherwise
C = ojuv;Cloy, v7]C[v], v;] extends the cycle C, a contradiction.
. According to proposition 1 v; ¢ A from
- v;~ ¢ N1(v]) otherwise C = viug[vj, v;f]g[vi“,vh]vi‘vi extends the cycle C.

d ¢ N1(v;) N N1(v)) otherwise (d,d~,d",v;) = Ky 3 and (v, v, d,v;) = Ky 3
from v; € N1(d~) N N1(d") otherwise

C = vuClo, d1Clo;, 0,ICId, 0] if o7 € Ny(d™)
C = vuClo;, d]Cloy, v7 1C[d*,v;]  ifv; € Ni(d)

extends the cycle C, C' = vqu[vj, d*]g[d‘, v/ 1dC[vy, vi] extends the cycle C
if d* € N1(d™) and U; ¢ N1(v;) N N1(d) otherwise v;l’ € N1(v;) and (vh,v;, v7,0p) = Ky .
- Also, v/ ¢ Ni(v;) N N1(v;) otherwise v * ¢ N1(v;) and v " # d~ or else
C = vqu[vi,vf]g[v;,vh]C[d, v;] extends the cycle C. Hence,
<U:’+,U;,?Jl._, v ") = Ky 3 and vy, v, 0, v ") = Ky 3 from 0 F ¢ Ni(v]) U N1(v]) otherwise

’ ot .
C =vjuCloj, vy]o; *vf Clv ™+, vj] if o/ € N1(v))
C' =vuClv;, v} *1Clvy, v IC[oF**, 0] if v7** € Ny(v})
extends the cycle C and (vh,v;,vi‘,vp = K3 if v,: € Ni(v;) U N1(v; ™) from v;: € Ni(v))
otherwise (vy, U;,Ui, vj) = Ky or (v, v;,vi,d) = Ky 3.

o Ifu, ¢ {v;,v;}, (v]-,v]T,d, u,vyy = Ky 4 fromoy, ¢ Nl(v]f) U N1(d) otherwise

o For v; =v;, v ¢ Ni(v;) otherwise C = vjuviv; Clv], v}?]g[vh,vj] extends C. Consequently,
v; ¢ A according to proposition 1.
o For oy # v,
. If v, € N1(d), then v]T ¢ Nq(vp), (vh,v;,d, v;) = Ky 3 and (vh,vg,v;,vi,d) =Ky
from (v;, v, vf, u, v, ) = Ky4if v, € Ni(v;) because v, ¢ Ny (v;) U Ny (v])
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otherwise C = vqu[vi,v].‘]C[vh,v,.‘]C[v};,v]-] or C =vjuCluv;, vh]C[v]T, vf1Clv,, vj]
extends C and v/ ¢ Ni(v;) otherwise (d, d’,d*,v}r) = Kj 3 because,

ifd* € Ny(d"), then C = vjuvi%[v;, v}]C[d*,v}T]C[vh,vi‘]C[vi‘,d]vj extends C and

C = vjuvig[v;,U;’]dC[vh,U;]C[vlf,d‘]C[d*,vj] if U}' € N1(d")
or

, — — — .
C = vjuviC[v;,v;’]C[d‘,v;’]C[vi‘,vh]C[d, vl if v}f € N1(d")

extends C. For v, € Nq (v]T), vl & N1(v;) U N1(vp,) otherwise
C = vjuviC[vh,vi‘]C[v;',v;]g[v;,v]-]
orC = vju<C_f[v,-, Uh]C[v;',v]T]g[vi‘,vj] extends C. Sov; € Ny(v;,) and v; € N1(v;) otherwise
(v, v,;,v;, vj,v;) = Ky 4 from C = vuCly;, v;]vhg[vi‘, v;]g[v,;, 0]
orC = vuCluy;, v]T]C[Uh, vi‘]((?[vg, vj] extends Cif v € N1(v)) U N1 (o)) and if o] € Ni(v)),
then (v]',v]T,d, u, vh+> = Kj 4. Hence, (vh,v;,vi,d, v}f) = Ky 4 from
C = vqu[vi,v]T]C[v;,vi’]?f[vh,vj] extends C or (d,d”,d*,vj,v}) = Ky 4
if v} € Ny (v]T) U N;(d) because C' = v]-uC[vi,d‘]C[d*,v]T]E[v,;,v}r]dC[v;vi‘]vhv]- extends C
ifd* e Ni(d)and C' = vuClo;, d_]C[DZ,U;]%[Dh,U;']C[d, o]
orC = vuClo;, d]C[v}“,vh]((?[vi‘,v;]C[d’f,v]-] extends Cif v € Ni(d™) U Ny(d*).
For v;: € Nl(v]T), (vi, 07,05, u,0p) = Ky 4 from C = vjuClo;, [U]T]C[v;,vi‘]((?[vh,vj] or
C = ouClo, v;f[v;, v*1Clon, vj] extends C if v, € Ni(v7) U Ni(0}) and o ¢ Ny(o7)
otherwise (d,,d*, vy, v;f) = Ky 3 from C' = v]-uv,-%[vh,v;f]C[dJ’, v]T]C[vh+, vi‘]C[vlff,d]v]-
extends C if v; ¢ N1(d") and (vp, v}, 0}, 0;,d") = Ky 4 if v, ¢ N1(d") from
C = vjuvivhg[v]‘,,v;f]g[vi‘, U;]E[v;, v;] extends Cif v} ¢ N1(v))
and if d* € Ny (v}) U Ny (0}), then C' = vjuvf[vh,v;](ﬁ[d, o*]1Cloy, o 1Cld*, 0;]
orC = vuv;Cloy, U;]C[U;r,d]C[U;, v, 1C[d", vj] extends C. Deduce at the end that
v}’ € Nl(v]T), vj ¢ N1(d™) U N1(d") otherwise (v;, U]T,v;,, u,x) = Ky 4 if x ¢ N1(v;)
forxe{d ,d*}andv; ¢ N1(Uh+) U Ni(v;) otherwise (v, v]T,d, u,y) = Kyqif y € N1(v))
fory € {v,, v} from v; € Ni(v;) U N1 (o)) otherwise (v;, v}, v}, u, vy) = Ky 4 from
C = vjuvi(E[vh,v*]((?[vf,v;r]((?[vi‘,v;]dvj extends Cif v € Ny (v})
, / ! — , — — —
and C = ouCly;, vjf]C[v;, 07 ]Cloy,v5]or C = vqu[v,-,v;]C[vjf,vi*]C[vh,vj] extends C
if v, € N1(v;) U N1(v]). Also, C = v]-uviC[vh,vl.‘]C[v;’,v;]g[vg,v]-]
orC = U]-u(E[vi, Uh]C[U;*,v]T](E[v;,vj] extends C if v € Ny(v;) U N1(vy,)
and (up, v;, v;,vi, d)y = Ky if 7 € Ni(vp) from C = vjuClo;, U;]C[U}',U;]C[U;,U;]Uhvj
extends C if v,: € Ni(v;) and (d, d-,d*, v, v;lf) = K4 if v; € Ni(d)
from C' = vqu[v,-,d’]C[d*,v;]C[v]f,vh]E[v;, vy ldvj extends Cif d* € Ni(d™) and

C = v]-uC[vi,d-JC[v,j,v;f[v,l,v;]‘c?[v;,d]vj if v, € Ny(d)
or
C = vuCluo;, d]C[v]f,vh]E[v;,v;]C[dﬂ 0] if v, € N1(dY)
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If v]f € Ny(vy,), then (on, v}, v;,
- v, & N1(v)) (:iherwise&; ¢ Nl(zi) UNi1(v]), vf € Ni(v]) and v € Ni(v}) if not
C = VjU;U), C[U;,U:’]C[Z);,U;]C[U}:,U]‘] extends C. Hence, (v, v}, v}, v;) = Ky 3

because v; ¢ Nl(v;) otherwise (v, v}f,d, u, v,’;) Ki4 from v §£ N;(d) otherwise
, d‘,dﬂv;) = K; 3 and (vh,v,;,v;,v]?) = K 3 from

C = U]‘uU,‘(E[U;, U}']dC[Uh, o7 ]Clv;,d"]C[d",v;] extends Cif d* € d~,
v" & Ni(d") N Ny (") otherwise C' = ouv;Cloy, v;]g[d’, v*1Clo;, vh]av;, dJo; or
C = vjuvig[v;, v?]C[d*, v]T]C[vh,vi‘]C[v;f,d]vj extends C and v, ¢ Nl(v]T) otherwise

v;, v]f) = Ky 4 from

C = vjuv;Cloy, v7 ]C[v], 0]7]8[7];, v;]. So v}' ¢ Nl(U]T) and v; ¢ A, according to proposi-
, — — —
tion 1, otherwise C = v]-uviC[v,;,v;F] C[v]f,v;“] Clo;, vy]vj extends C.
cU ¢ Nl(v]T) from v ¢ Ni(v;) otherwise C = v]-uv,-C[vh,vi‘]C[v;“,v]T]((?[v,;,vj] extends
C. Hence, v; ¢ A according to proposition 1.
cur g N1(v]7) otherwise vy, ¢ N1(v;) U Ni(v;) or else C' = vuClo;, v]T]C[v;,vi‘]g[vh,vj]
, — — —
or C =ovuCluv;,v}] C[UJT,U:'] Clon, vj] extends C if v, € N1(v;) U N1(v)).
Hence, v;f € N1(v;) and (vh,v];,v]f, v;) = Ky 3. Moreover, v}f ¢ Ny (v]T) otherwise
% vh,v“) = Ky 3 from C' = vjuvi(E[vh,v;']g[z}]?‘,v;']g[vi‘,z};]v;vj
or (U /00,0y =Ky 1fv € Nl(v;') U N1 (vp).

(v‘ ot

e Ifv, =d, thenv, € A, vh # v, otherwise v] ¢ Ni(v;) if not C = vjuviv,;C[vi*, v]f]g[vh,v]-] and
according to proposition 1 v; ¢ A, a contradiction.
o If v+ =v,, then v; ¢ A because v} ¢ N;(v +) and v ¢ Ni(v +) N N1(vy,) otherwise
(vz,v vz ,u o) = Kya. v ¢ Nl(u) otherw1se (vh,v] v] v , Uiy = Ky 4.
o If v #v,, thenv; ¢ Nl( L)Y Nl(v ) otherwise (v],v] v] ,u,x) =Ky forx e {vh‘,v;}
and (v,,vl of, u, o) = K1,4 from (v, v, v), y,vj) = Ky 4 fory € {v,;,v;} if o, € N1(0]) U N1 (o))

and (oy, v}, v, vf,vi) = Ki4if o] € N1(v]) because v; ¢ N1 (v‘) otherwise v; ¢ A according to

proposition 1. Indeed, if v;m € Nl(vj) then C' = v]uvl [Uh, +]C[ f]%[vi‘,v;l’]vjfvj and
if v}* € Nl(v ), then v * ¢ Ni(vp,) otherwise (ZJ v], ,UF) = K1 3

(iv) Suppose v, € Ni(d). Then vy, ¢ Ny (UIT) UN; (v;f). So, (v;, v/T,Uj ,u,vp) = Ky 4, a contradiction.
O

The following result assures us the lower bound to the number of triangles k.
Lemma 2.5 k > 2. Hence, v; ¢ Ny (v}T) UN; (v}f) and vj & N1(v;) U N1(0)).

Proof. Indeed, Suppose that k = 1, then v, € {vi‘,v;f}. Without losing generality, suppose that v, = v;". So,

v; ¢ Nl(v]T) and v;“ € Ni(vy) or else (v;, v]T,v;“, op, Uy = Ky 4.

e Hence, according to proposition 1, v; ¢ A from:

- Case 01: If v’? = v;, then v ~ ¢ Ni(u) from vj" * U otherwise C' = vzuC[v ,0;] extends C.
So firstly, (v v] u, ; ™) = Ky3 and v] €A secondly, ]. ~ ¢ A according to proposition 1,

contradlctlon v; ¢ Nl(v ) N N1(vp,) otherwise (v Y U;’ v u)y = Kj 4 from

C = vzuC[v],v ]C[v ,0;] extends C if v“ = v and C = v]uC[vz, ]v v C[vh, v;] or
C = v]uC[vl, ]C[v vh]C[v /0] extends Cif v € Nl(v] )N Nl(v]*)
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- Case 02: If v # v;, then more v** ¢ Nl(v ) otherwise C" = v]uC[vz,v ]C[v vh]v;vj extends C.

o Clearly, U]. ¢ Ni(v)). If v]T € Ni(v;), then vi € Nl(v]f) and ZJZ. ¢ N1(vy,). So, v; ¢ A from

O

~ ¢ N;(1) U Ny(vy) otherwise C' = v; uE[ o +]C[v‘ vi]orC = viuClo;, vh]((?[vf‘,vf’]vai extends C
and C = vqu[v++ ]C[v ,vj] or C =v uC[v],vh]C[ ot v; v Jolv; extends Cif v/* € Ny(u) U Ny (vp).

The number k also verifies

Lemma2.6 k=2.

Proof. Indeed, suppose k > 3. So v; # v}, v, # v;f, and

op € N1(v) UN1(v)) and o € N1(v,) UN1(o))  for ke lij}
vk € N1(v;,,) UN1(v))  for k,m € i, j} and k#m

Also, U; € Ni(v;) otherwise (v, U;,v;,u, vy = Ky 4 for k € {i, j}. Morever, U; € Ni(v;) otherwise v, € A and
v; ¢ A from

e Uh and v ~ ¢ Ni(vp) N Ni(v +) otherwise C' = VjUv;0; C[vl /U ]C[v“ v;] extends the cycle C and

(vh,v v],v ~) = Ky 4 from v =€ Ni(v;) N N1(v +) otherwise

C = U]uvlC[vh,v IC[vf ,v ]C[v ]U] v;j extends the cycle C or C = = VUYL, C[vl /] ]C[v ,0;] ex-
tends the cycle Cif v‘“ = v’. So (v“ v v v‘“) = K3 from v“‘ ¢ Nl(v )uU Nl(zf’) otherw1se
C = vjUvv; C[vi /O ]v]. C[vh,v;]vj v; extends the cycle C or (v v] ,On, U7 ) = Ky s

v;r+ # vy, and v}“* ¢ Nl(v]f) U N (vy,)otherwise C' = vjuviC[vh,vi‘]C[v;f,v]T]v}“v]- extends the cycle C and
(o, v, 0}, vj, v;f*) = Ky 4 from v}'* # v, otherwise C = vuv;Cloy, vi‘]C[v;r,U]T]C[v;fJ',vj] extends the

cycle C and v}” ¢ N1(v)) N N1 (v,) otherwise C = vjuviE[vh, ++]C[v+ o7 ]C[o}, v]‘]zﬁvj

j
extends C or (v ?J] 0,0 +++) = Kj 3 because v;f“ ¢ N1(U YU Nl(v ) otherwise

C = ojuv;Cloy, v} ]C[vf U7 ]C[v;f++,vh 11 C[v}r*, v;] extends the cycle C or (v}“*,v]. , vh,v;f‘f*) = Ky 3.

Finally, v; ¢ A from v, ¢ N1(07*) U Ny (v; ") otherwise C' = viuv]-th[vff,v;]C[v?,v;]C[vZ,v;]v?vi

, — — —
or C = viuvju, Clo;~,v)] C[v};,v;.“] C[v;,v;f]vi‘vi extends the cycle C. O

The successor and the predecessor of the vertices v; and v; is such that

Lemma 2.7 |{v; v g TNEG) =1.

Proof. Suppose I{U]Tv;f, 070} N E(G)| # 1. Then

. Case 01: If |{v;v;,v;vlf} N E(G)| = 0, then vy, € [N1(v;) U N1(v])] N [Nl(v]f) U Nl(v]f)].

- Sub-case 01: For v, € N1(v;) N Ny (v]T), (o, vy, vi‘,v]T) = K3 and v,j # v; otherwise v; ¢ A
from v/ ¢ N1(v]) N Ni(vy,) otherwise v/ # v]T and (vy, (2 vjf,vz-,vﬁ) =Ky
from (v*,v7,vf, y) = Ky fory € {v;,v}‘l} and v7" € Ni(y) because C = U,-uC[vj, o7 ]C[o ™, U_]U+Ul‘
orC = viuC[vj,v];]C[U;'J', U]T]Uhvi extends the cycle C if v € Ni(y). So (o, v, h, U,,U ) = K1 4
from (v;, v;,vf,u,z) = Ky 4 forz € {v),, ?J;} and z € Ny(v;). Also ZJ; ¢ N1(v;) otherw1se
C = vjug[vi, v]f]g[v;, v;]g[v}:, vj] extends the cycle C.
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- Sub-case 02: For v; € N1(v]) N N1 (v ]*), SO (vh, )0 ,vJ*) = K3 and v # U,
otherwise, according to proposition 1, v; € A from (vh,v U v],v ) = K1,4
if v ¢ Nl(zf’) N Ni(oy) and oy, v, vh,v v*) = Ky if v++ §£ Ni(v ]7) from
C = viuClvj, v,]Clvf ,U;]C[vh,vl] orC = U]uC[Ul,Uj ]C[ v, 0] ]v]. vjextends Cif y ¢ Nl(v]T‘)

, — — —
for y € {v}, v/} and C =v;uC[v;, v/]1C[v;, v}f]C[v]T, v;f]vhv;r

, — — , — — —
orC = v]-uC[U,-,vh]C[v;',U]T]C[U}'*, U,;]U;ij or C =ouCluv;, vy] C[v}f, v/]1C[v;,vj] extends C
if v, ¢ Ni(v)) U Nl(v;f) U N1 (o)).

Uj

- Sub-case 03: For v, € N1(v;) N Nl(v;), v}r # v, and v; # v; otherwise v; ¢ A or v; ¢ A. Hence,
(vh,v;,v;l’,vj, v;) = Ky 4 from x ¢ N1(v)) otherwise (v;, U;,U;’, u,xy=Kyqforxe {0, U;}
and v; ¢ N1(v)) otherwise vy, and v; are adjacents on C = Ujth[v;, vj]and k = 1, a contradiction.
Finally, v ¢ N1(v]) otherwise v; ¢ A from v;~ # v} and v/* # v, v ¢ N1 (o) N Ni(vp)
and v/ ¢ Ni(v;) U N1(vy,) otherwise (v;, U]T,v;f,u, y) = Kya for y € {o;7, 07"} from y ¢ Ni(v))
otherwise (y,v;, v/, v,) =Ky because C' = viug[vj, vj](a[v};, v]f]C[vh, v;] extends the cycle C
if o] ¢ N1(v)).
- Sub-case 04: Fir v, € N1(v]) N Nl(v;), vy € A, v;' # v, and U;l' # v; otherwise v; ¢ A or v; ¢ A.
v} ¢ Ni(v)) otherwise v, and v; are adjacents on C = vjvhg[v;, v;]g[vh‘, viland k = 1.
And therefore, (v, v,/ Oy, Vi v‘) = Kj 4 from C = viuCloj, v, ]C[v], v‘]C[zfr v;] extends C
vt /0] Y =K

+
hl
if U € Nl(v ). So, accordmg to proposition 1, v; ¢ A from (Uh, h ,
if 7" ¢ Ni(v]) from o] ¢ Nl(v]) otherwise C' = ojuv;Clv), v7 ]C[v /U] “Jof C[vh, v;] extends the
cycle C. Also, v;~ ¢ Nl(v*) otherwise (v;, v;, v}, u, v*) =Kia from v ¢ Nl(v )

otherwise C' = v]uvlvi IClo}, v~ 1C[vf e ]g[vh,v]] extends C.

. Case 02: If [{v; 0!, v v }NE(G)| = 2, then v;' #v,,05 0,0 # v} and v & N1(v; ) UN1(0v)) fork € {i, j}.

Ui
Hence, v, ¢ N1(v,) U Nl(v;f) for k € {i, j}. Without losing generality, assume that
op & N1(v7), so (vh,v};, v,,0j,0;7) = Kia from C' = vjuvivhg[v;, v;]g[v;,v;]g[v;,vi] extends the cycle

Cifo; € Ni(v)) and v & N1(v;) otherwise v; ¢ A from v/™" ¢ N1(Ui_) N N1 (vp,)

otherw1se (v7 vl,v++ +) = K13 and (v}, v;,v; 7,0 ) = K13 if o7~ € N1(v;) N N1(vp) because v;~ # vy
otherwise C' = vqu[vl, v~ ]C[of U7 ]C[vj ,vh]v] extends C.
|
Either then

Lemma 2.8 v € N1(0v}).

Proof. Assume that v} ¢ Ni(v;). Firstly, v]* € Nl(v]f) and v, € Ni(v;) U N1(v]). So, v ¢ Ni(v;) and v, € A

otherwise C' = viuvjvh((?[vi‘, v;]E[U;, v;f]((?[vjf, vijorC' = viuv;o,Clo], v]T]C[v;f, v, IC[v}, vi] extends the cycle
Cif vy € N1(v]) U N1 (v)). Secondly, according to proposition 1 v; ¢ A from

e Case 01: Assume that v, € N1(v;) — N1(v]"). Then

— Sub-case 01: v;~ ¢ Ni(v]), v;~ # v} otherwise C = v]uC[vl, “1C[of /] ]C[v ,up]uj extends the
cycle C. Hence, ¢ Ni(v)) NNy (vh) otherwise (on, v, h, v}, v;) = K1,4
from o) ¢ Ni(v;) otherw1se C = vjuviv; Cloy vl”]C[vl v]f]C[v]T,vh]v j extends the cycle C.
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— Sub-case 02: 0" ¢ Ni(v]) N Ni(vy) otherwise vy, v, ,v),vi, v ") = Ki4 from y ¢ Ni(v]") for

y € {v},0,} otherwise (v/", v, v, y) = K3 because C = v,-uij[vh,v;]C[vj*,v]T]C[v;',U];]Ujvi

extends the cycle C if v € N1(v;).
e Case 02: Assume that v, € Ni(v]) — N1(v;). Then v]f # v, otherwise C = vju(g[v,-,vh]C[U;',vjf]v;Uj
extends the cycle C. Also

- Sub-case 01: v;~ ¢ N1(v]) U N1(vy,) otherwise v;~ # v; and (v, v,;,v;,vj,vp =Ky
from o] ¢ Ny (v,) otherwise (©f, 0,077, v,) = Kys.

, «—

- Sub-case 02: v/ ¢ Ny(v]) otherwise C = v;uv,C[v;, v; "] C[v7, v;]v;vj extends the cycle C
if o/ = v]T. So v; # v; and (vy, v}, v, vf,0;) = Ky4 from C = vjuviv; Clv'™, v]f]C[v]f, v};]vi*vhv,-
extends the cycle C if v € N1(v;).

e Case 03: Assume that v, € N1(v]) N N1(v;). Then (v, v}, v, v;) = Ky 3 and
- Sub-case 01: v;~ ¢ N;(v]) otherwise (vy,, v}, v;, v}, v;) = Ky 4 from v; ¢ N1(v;)
, — — —
otherwise C = v;uv;C [vh,v;f] C [v]T,v;f] Clo;~, v/ Jv; v; extends the cycle C.

- Sub-case 02: v/ * ¢ N (v]) otherwise vy, v, v;,v;,v;) = Ky 4 from v} ¢ N1(v})

otherwise C' = vuv;Cloy, v7]C[v], v]T]C[v}“, v, ] v; extends the cycle C.
O

The vertex vy, is incident to v; or U;“ and belongs to the set A.

Lemma29 v, € Nl(U;T) U Nl(v]‘,), vyv, & E(G) and v, € A.

Proof. If vy, ¢ N1(v]T) U Nl(v;), then (v;, v;,v}“, u,op) = Kyg. 05 ¢ Nl(v,;) otherwise the cycle

C = vjuvopClot, v, 1Cloy, o7 IC[of o)1 if oy € 0f
or
, — — —
C =vjuv,Clo;,vf]1C[v;, v ]1Clo,, 0] if oy €07
jri i j
extends the cycle C. v # v; otherwise v; ¢ A from
T Nl(v;f) N N;(vy,) orelse, C' = vjuvivi‘C[v;f,v]f“]C[v;f,vh]C[v]T‘, v;] if v € Nl(v;)
orC = vjuvivi‘C[U;',U]T“]v;vjf‘((?[vh,vj] extends C if v € Nl(v]T).

~,0t, 0777y = Ky 3 and (vh,v,;,vjf‘,vp = Kj 3, a contradiction.

Therefore, (v]T‘, 0,07,

. v}” ¢ Nl(v]T) otherwise C = v;uv;v; C[v], v;]C[v}“*,vh]v;, v; extends C.
So, (v, v;,v;,vi) =Kijzandov, € A. O

Also,
Lemma 2.10 (vj, v}, v;', u, o) = Ky .

Proof. Suppose that v, € Ny (v}“) UN; (v]T). Then

e Case 01: For v, € N; (v;') -N; (v]T), v ¢ Nl(v]T) otherwise C' = vjuv;v; (E[vi‘, v;] extends the cycle C.
Sov; ¢ A from
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v]“ ¢ Nl(v]f) otherwise C' = vjuv;Cloy, v; ]C[0], v]f]C[v]T*,vj] extends C if 07* = v,. In this
, — —

case, v}* ¢ Nl(v]T) U Ni(v,) otherwise C = vjuvivi‘C[vi‘,v]T] C[v}“*,vh]v;vj extends C if v} = v}

Therefore, C' = vjuviC[vh,vi‘]C[v;“,v]T]C[v;’f,v,;]v;vj or C = v]-uvith[v]*,v,;]C[v;,vi‘]C[v;“,vj]

extends C if v, € N1(v]f) U Nl(v;). So, (v, v;,v;,vi, v?) = Ky 4.

v; ~ ¢ Nq(vp) UNl(v]f) otherwise C' = Ujuvivlf'%[vi‘,v;']C[v]T‘, v;] extends Cif ZJ]T‘ = v!*. Therefore,

v]”’) = Ky, and (vy, v}, vj, v]f*) =Kyzifov; = v;

{on, 05, vjf‘, v;) = Ky 3 and v]T‘,v‘ vf, 07y = Kzifo; #0f

+
i’

from
+ C = v]uC[Ul, ]v vy C[ ~,vj]or C = vqu[v,-,zJT“]C[er U,‘]C[UT‘ v;] extends C

if v]T“ € Nl(v )U Nl(v ) and v ¢ Nl(v ) otherwise C' = vjuClv;, v “‘]C[v v*]C[ /]

extendsCifv eNl(v ). Therefore <v v v] U7 v ) =Ky,

* v* ¢ N1(v)) UNl(v”) otherwise (v],v] v] U, 0 Yy = K14 or (v v] v] v v Y= K.
T ¢ Nl(v )UN1(71+) otherwise C' = U]uvlC[vh,v IC[vf v“‘]v}v v] v;
or C = v}uvlC[vh,vl ]C[vl ,v]‘“]v;'C[ ; ~,vj] extends C if v] v,
and therefore (vh,v];, v;,vj, v;‘) = Ky 4 because forw € {v;, v;}, w ¢ N1(vj)UNy (v]T‘) otherwise

u,w) = Ky 4 or (v]T‘,U]T,vf,w) = Ky 3.

<U]'/ U]Tr '0-*-, j

]

, —
e Case 02: For v, € Nl(v]T) - Nl(v;), v;f # v; otherwise C = v]-uvivl.‘C[v;f,v]T]C[vh, v;]. Therefore,
(o, vy, v, 05, v]T) = Kj 4 because v; ¢ Np (v].‘) otherwise v; ¢ A from

, — — —
- v ¢ Nl(v;) otherwise C = v;juv;Clvy, v;f] C [v]T‘,vlf] C[vi‘,v;]v]?v]- extends the cycle C.
- v}'+ # v, and v}” ¢ Nl(v]T) U N1(vp,) otherwise (v;,v}f+,vj, vy) = Ky

, «—
e Case 03: For v, € Nl(v]T) N Nl(v;f), vy # v; otherwise C = vjuvivl,‘C[v;f,v]T]C [04, v;] extends the cycle
C. So (v, v,j,v,-,v}f, v;f> = Kj4 because v} ¢ Nl(v]T) otherwise v; ¢ A from

. C' = vjuv? Cloy, 03107 Cloy, o] if 07 = o and C' = vjuv;Cloy, 0¢]Clo7~, 0 1Cloy, 0} To7v; ex-
= vjuvvf Cloy, vploy Cloy, ] if o7 = of an = vuv; Cloy, v vy ;v oj ) ex
tends C if v;m € Nl(vf’).

. va # v, then v++ ¢ Nl(v ) otherwise C' = vjuv;Cloy, v7 ]C[o], 0" ]C[v++ v;] extends Cif v** =,

and therefore (Uh, v, Vi, 0
. _
if v; € Ny(v)).

g *y = K4 from C = vjuv;Cloy, v ]C[Ul /U7 ]C[vj*,vh]v] v; extends C

O

As every independent set is also P4-free, the following corollary is a direct consequence of our theorem.

Corollary 2.11 Every connected, locally connected and partly claw-free graph of at least three vertices is a fully cycle
extendable graph if it is {Ky, Ky 4}-free and its set of claws is independent.
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3. Conclusion

At the end of this work, I will conclude by recalling that a triangularly connected and partly claw-free
graph is a fully cycle extendable graph if it is {Kj 4, K4}-free and if its set of claw centers A is P4-free. We have
proved this result by using a new result of partly claw-free graphs proved in this paper. The partly claw-fee
graphs were required to be Ky-free but the set of its claw centers was expanded to be P4-free instead of an
independent set.

Questions that we can ask ourselves and which will be our next perspective are:

- Should we conclude that the triangularly connected, partly claw-free and Kj4-free graphs remain
fully cycle extendable if the Ky-free condition is removed?

- Should we conclude that the triangularly connected, partly claw-free and Kj 4-free graphs remain
fully cycle extendable if its set of claw centers is K3-free?

Other distant objectives will be to verify the property of full cycle extendability in the class of [y, 1]-
regular cycle graphs defined by M.Mollard [4] and the K-regular graphs.
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