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A new type of exponential operator

Vijay Gupta?, Anjali®

?Department of Mathematics, Netaji Subhas University of Technology, Sector 3 Dwarka, New Delhi 110078, India

Abstract. In the present research, we investigate a novel type of exponential operator. This operator is de-
veloped using p(x) = x*/3

. Here, we establish the direct estimate, quantitative variants of the Voronovskaja
theorem, same quantification for functions having exponential growth and some other convergence es-

timates for the newly defined exponential-type operator. Later in the end, we analyze graphically the
convergence of the new operator for the exponential function e

1. Introduction

Ismail and May [10] first studied the exponential operators and established the method of construc-
tion of some new exponential type approximation operators four decades ago. Since then no other new
exponential-type operator is constructed by researchers. We are developing here a new type of exponen-
tial operator associated with p(x) = x*3. For the establishment of same, consider the following form of
exponential operator:

M) = fo Ko(x, B)g(t)dt,

where the kernel K,,(x, t) satisfies the following partial differential equation:

0 nt x
Ky(x,t) = —(1—-=]Kyu(x,1). 1
ox 0 £) p(x)( t) (1) @
By simple calculations, the solution to (1) is provided by
-3nt  3nx?/3
Kn(x, t) = exp (xlT - T) F(l’l, t),
where x € (0, ).
In order to have normalization, we must have
* —3nt 3nx?/3
fo exp(W)F(n, Hdt = exp( > ) (2)
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Obviously, by simple computations, we have

t2m 1 (3n)3m

Fn,t) = 6(t)+Z T

where 0(t) is the Dirac delta function.
Thus our new operator connected with x*/2 for x € (0, o) takes the following form:

3n.,2/3 3”)3m

0 =3nt
— x a5 2m-1
Mag)x) = e [ ) + Z T Jy O 0 dt]
)
which, as revealed by its construction, is of the exponential-type.

Remark 1.1. Alternatively, eq. (2) can be obtained using the fascinating approach devised by Ismail and May [10]
in the following form:

Consider
(T dt
q(x) = | BB

Following [10, eq. (3.2)], we get

X 00 1
exp(njl‘ t4/3dt) = f:oo exp [Snt(l— m)] C(n, t)dt

implying

2/3 o0
exp(Bmzc ) = fexp( 3172) F(n, t)dt,

where

Fin, t) = { g(t) + Lonet Tt > 8

and we get the operator (3).
Remark 1.2. For x € (0, 00) and a real parameter A, we have
3An(6n — Ax%)x
2(3n — Ax1/3)2

Also, if (Mper)(x);e(t) =1, r=0,1,2,... ,then coefficient of % in the expansion of (4) will provide us the r-th order
moment.

(Mye')(x) = ExP( (4)

Obviously foreachr >1,s € Rand x > 0,
lim(Mmeisnt) (%) — eisx — Id( ist, x)

and ) ) ,
lim (Mrezst/n)(nx) = % = Id(erstl. x)'
n—0oo

Following [1, Th. 1.1] and references therein, for g € Cp(0, o) (the space of all bounded functions on positive
real axis which are continuous), it can be seen that

lim (Mo g(n0) (=) = g0,

and

lim (Mrg (%)) (nx) = g(x).

n—oo
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2. Estimation of Moments

Lemma 2.1. Using the representation (4), we conclude that for certain constants a;,i =0,1,2,...,a; # 0

4/3 7/3 5/3
X 3x 4x
[Mn Z a,«ei] (x) = ag+mx+ay (xz + T) +a;3 (x3 + + )

. n 3n?
i20
g 6x103 25x8/3 D0x2 5 10x138  g5x!3 220x3  40x7/°
+ag | x* + + + +as | + + + +
3n? 9n’ n 3n? 9n3 Int
a5 4 15x16/3 N 215x14/3 . 385x* . 700x10/3 280x8/3
¥ n 3n? 3n3 In* 27n°

Proof follows using simple calculations on (4).

Lemma 2.2. If uy,,(x) = (My(e1 — eox)")(x), r € No(the set of all whole numbers), then we have

@ = [ o I 3An(6n — Ax/3)x ]
Hnr = ar P 26n - A2 Ly

By basic computations, for some non-zero constants bj, j = 0,1,2, ..., the central moments satisfy

x43 4x573 383 20x2
biun i = boy+bp—+b +
;‘ jhn,j(X) 0+ 33,2 4( 2 R

40x%  40x7/3 15x%  460x103  280x3/3
+bs + be +

-+ = +
3n3 Int ns Int 27n5

Lemma 2.3. Using representation (4), we have the following:

27n3x 3An(6n — Ax'%)x
At _
(Mnele )(x) B [(371 - /\xl/3)3] ' ( 2(3n — Ax1/3)?
8113 (91 — 6Anx'3 + A\2x%3 + 922 B)xt3 ] 3An(6n — Ax/3)x
(31 — Ax1/3)6 2(3n — Ax1/3)2

(Mneze)”) (%)

The proof follows by differentiating (4) successively with respect to A.

Lemma 2.4. Forn € N, A > 0, x € (0, 00) and 3n > 2Ax'/3, we have
(Muter — o)) (x) < W, 2)ptna(x),
where
6
WA, x) = (g) (729 + B1A2 (% + 9x%%) + 13514 + A°x%3) - #,

Proof. Using Lemma 2.3 and the linearity feature of the operator M,,, we obtain

(Mn(el - xeo)2€At) (x) = Hn,Z(x) . 3An(6n — Ax1/3)x)

1
(3n — Ax1/3)6 -exp( 2(3n — Ax1/3)2

-[729n6 — 486A1°x1% + 81A%n*x?® + 7297215 x4/3

—486A%1*x513 + 1350 13x% — 18A%1%x7/3 + A%nx®/ 3].
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For 3n > 2Ax'/3, we have the following:

I S (1)6
Bn-Ax13)e = \3n/)’

and

3Anx(6n — Ax'/3) 2A2x4/3
< 4Ax .
2(3n — Ax1/3)2 3n

Thus we get
(Mn(el — xep)?e ) () < WA, x)una(x),

as required. [

3. Direct estimate

Consider the K-functional:

Ka(g,0) = inflllg = flleo + ollf"lleo = f, £/, 7 € Cp(0, )},

lg1lle = sup |g1(x)l, 0 > 0.

x€(0,00)
Theorem 3.1. If g € CB(O, 00), then we have

(M) () - 9)| < Can (9,2*°n712),
where C is an absolute constant and w,(g, .) is the moduli of continuity of order two.

Proof. Leth € CB(O, o0) be such that i/, h” € CB(O, o0) and x, t > 0, then by Taylor’s formula, we have

t
h(t) — h(x) = h’(x)(t—x)+f(t—v)h”(v)dv.

In view of Lemma 2.1 and Lemma 2.2, we have
4/3

S_
2n

1 lloo- (5)

t
|(Myh)(x) — h(x)| = ‘(Mn f (f—v)h"(v)dv)(x)
Also, we have

|(Mu)@)| < 119llco- (6)

Therefore, using (5) and (6), we get

|(Mug)(x) = 9(x)] < |[(Mi(g = 1)) = (g = h)(@)| + (M) (x) — h(x)]
x4/3 "
2(llg = hlleo + 1A llo -

IA

Considering the infimum on the right side over all 1 € C%(O, o) and using K(g, 0) < Cwa(g, 4/0), 0 > 0 due
to [4], we get the required result. O
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4. Quantitative variants of Voronovskaja theorem

Gadjiev-Aral in [6] studied the relevance of defining weighted modulus of continuity and explained the
difficulties in estimating the rate of approximation of high-growth-rate functions at infinity using modulus
w. Thus, the weighted modulus of continuity, whose definition incorporates function’s growth at infinity,
can be utilized for this purpose. Motivated by the idea, Paltdnea [11] proposed the following modulus of
continuity with weights:

de(g.0) = sup{lg - g+ e —ol < 00 (*32)}, 020

u,v=>0
where O(u) = u”%fl is the weight function, u > 0 and m = 2, 3,4, ...

Now, consider the same weighted modulus we(g,.) on the interval (0, o) and denote Gg(0, ) as the
subspace containing all the real valued functions on the interval (0, ) such that lin(} we(g, 0) = 0. Further
()—)

let W is the subspace of C(0, ) such that C,(0, c0) C W, where
Ci(0,00) ={g € C(0,00) : |gw)| <CA+u"),Yu>0,C>0}, reN.
Also, denote C?(0, o) as the space of two times continuously differentiable functions on the interval

(0, 00). Following [11, Th. 2], the subspace Gg(0, ) contains those functions g for which g o e, is uniformly

continuous on (0, 1] and goes, s = ﬁ, is uniformly continuous on [1, o). Based on the weighted modulus

we(g, 0), Gupta-Tachev in [7] produced Voronovskaja kind asymptotic formula. The quantitative estimate
for our exponential-type operator M,, assumes the following form:

Theorem 4.1. Forge W N C%(0, 0), 7" € Go(0, ), r = max{m + 3, 2m, 6} with x € (0, 00), we have
413
‘(Mng) (%) = g(x) = gg”(x)'
x4/3 1 It - x\"\
< [E + \/E(M”(1+(x+ > ) ) ](x)]

(., [155 460375  280x5/3
we\g n3 * Int * 2715 |’

Theorem 4.2. For g € W N C%(0, ), g’ € Ge(0, ), r = max{m + 3, 4} and x € (0, c0), we have

n[(Mng) (x) — g(x) - gg”(x)]'

K43 . \/Eb . L [3x43 20x2/3
T[ " E”"”(x)]w@ TNT7 "oz )

IA

where

_ 1 . m m—i (Mnlt - x|i+3)(x)
bn,m(x) =1+ —(Mn|t — x|3)(x) ZO‘ ( ; )X —2i .

Using Lemma 2.2 and the techniques incorporated in [8, pp.91], the proofs of the above two theorems
follow.
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5. Voronovskaja’s quantification for functions featuring exponential growth

For g € U*(0,00) and A > 0, consider

wi(g,0,4) = sup lg(u) - gu+h)e™,  ¢>0,

u>0,h<p
as the modulus of continuity of first order defined by Ditzian [5] and U*(0, o) := {g € C(0,0) : [lgllx =
sup Ig(u)e%”l < o0},

u>0
Further, for a € (0, 1], consider the following Lipschitz space:

Lipa(A) = {g € U*(0,00) : wi(g,0,A) < Cg*, Yo < 1}.

Theorem 5.1. Let g € U*(0,00) N C?(0, ), g” € Lipa(A), a € (0, 1], then for 3n > 2Ax'/3 with x € (0, o), we have

4/3
(M29) @) - 909 - -0

4/3 2/3 v JICA )7 43
< w [g"/ W, 2 /\] . [e“x + @) + ( )] R

n a2’ 2 2 n

Proof. According to Taylor’s expansion, 0 exists between x and t such that

(=)
g = Y 0w + B x)en — xeo)?, )
k=0 '
where . .
B(t, x) = M.
On applying the operator M, to (7), we get
4/3
(M) @) - 90 - @ < (M2 s - 3e0)) 0. ®)

Following [8, pp. 101], we get

”/ ]’l, A
(M2t 2)l(er — xe0)?) () < %) : [(Mne/‘ﬂel — xeol?) (x)
1 At 3 o (X1 3
+7 (Mne le1 — xeol )(x) + e -tz (Mnlel — xeo| )(x) ]
©)
Using Cauchy-Schwarz inequality and Lemma 2.4 for 3n > 2Ax!/3, we have the following:
4 90x10/3
(Muler — xeoPe) () < % + 09’; — VP21, ), (10)
and
3xt  20x10/3
3
(Maler - xeol) (1) < /=5 + =5 (11)

Substituting h = ‘/3’;—4/3 + % in (9) and combining (8), (10), (11) and Lemma 2.4, we get the desired
result. [
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6. Convergence estimates

Since the publication of Korovkin’s theorem on the convergence of positive linear operators in 1953,
there have been numerous contributions that refine the original classical Korovkin’s theory. A Korovkin-
type theorem for exponential functions has been produced in [3] and generalized by Altomare-Campiti
in [2]. Holhos [9] added to the work of [2] and obtained an estimation for the rate of convergence of the
operators satisfying the general Korovkin-type result for exponential functions.

Denote the space of all continuous real-valued functions g(u) having finite limit for sufficiently large
element u by C*(O, o). Further, let us consider the following moduli:

@(g,0)= sup {lgu) —g@):le™ -e"| <o}, 0>0.

u,ve(0,00)

Theorem 6.1. ([9]) For the functions g, belonging to the class C*(0, o) and for an operator A, whose domain and
range belongs to the class C*(0, o). If it satisfies the conditions

”(Ane_sv)(x) - e_su”((),OO) = As,n} 5= 0/ 112

and Ag, — 0as n — oo, then we obtain

IAng = glloey < Aow - Igll0,e) + 2+ Aop) - D(G, Ao + 2410 + Aon).
Now, we present the application of Theorem 6.1 for the operator (3).

Theorem 6.2. For g € C*(0, o), we have
IMng = glloe) < 2d0(g, V2A1u + A2n),
where A1y, Aoy — 0asn — oo.
Proof. As the constant function is preserved by the operator M, therefore, we have A, = 0. Next

—3nx(6n + x1/3))

(MyeH(x) = exp( 2Gn + X15)2

Consider
—3nx(6n + x'/%) .
2(3n + x113)2 ’

gn(x) = exp(

Since g,(0) = 1ir11 gn(x) = 0, a point ¢, > 0 exists, such that
X—+00

”gn”(O,DO) = gn(gn) = Al,w

Also g;,(cn) = 0 implies

. (—Bngn (6n + g,l/“”)) [—Sn (61 + c/?) ~ ncl? ncl6n + 1%
2@n+c°? JL2Bn+¢?  2@n+¢2 @n+g/’)

— _e_Cn .

Thus, we have

3 o (—3ngn (6n + g},/?’)) 18n%cl3 + 8nc? + ¢, R
in = .
" 2(3n + ¢y Gn + c1/%)3
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asn — oo.
Finally
_ —3nx(6n + 2x1/3)
26\ () —
(Mue™)x) = exp( (Bn + 2x1/3)2
Let

=3nx(6n+2x'7)\
(3n + 2x1/3)2 ’

Since h,(0) = lil’P hu(x) = 0, a point 7, > 0 exists, such that
X—+00

hy(x) = exp(

all0,00) = Hn(Tn) = Ao
Also h;,(t,) = 0 implies
(—3117” (6n + 21;/3)) [—3n (6n +27.%) 2nt)? .\ 4ntl (6n + 2713)

(Bn + 27132 (Bn + 27132 - (3n + 27132 (Bn +271/%)3

= g%,

Thus, we have

o, (3n + V%)) 4970 + 87} + 2,
Aoy = ex ( n ) )

-0
(Bn + 2’[,11/ 3)2 Bn + 2’[,1/ 3)3

asmn — o9,

The proof is completed. O

Theorem 6.3. If g, 9" belongs to C*(0, o), then for x € (0, o), the following inequality exists:

x4/3
n[(Myg)(x) = g(x)] - Tg"(X)

1/2 4 1/2
Lo L\ s, (202 s 2 (l_l)
< za)(g , \/ﬁ)[x +( on + 3x n“| M, e (%) .

Proof. Application of the operator M, to (7) and using Lemma 2.2, we have the following;:

X4/3

n[(Mug)®) = 9] = 9" @| < n(MuIEE 0 (er = e0x)?) ().

Using the property of @(g, g) given by

2
00 - g1 < (14 % (5 - ) Jow.0)

er e
we obtain ,
B, 9] < %(1 ¥ é (5-3) )d)(g",g).
Hence, applying Cauchy-Schwarz inequality and choosing ¢ = \/Lﬁ, we get
1 (M [(t, %)l (e1 — xe0)?) (x)
< S(gm ) a0 + A2 (M e = ) @) g

Finally, we obtain the required outcome by using Lemma 2.2. [
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Remark 6.4. The convergence of the operator M,, in the preceding theorem takes place for n large enough. Further,
for A=-1,-2,-3,—-4in (4), we get

lim 72 (M,, (e"‘ - e‘t)4) (x)

n—oo

= lim nz[e_4" — 4673 (M,e™)(x) + 667 (M,,e™)(x)

n—oo

~4e™X (M) () + (M)

~ lim nz[e_4" ~ 46‘3xexp(_3nx(6n +x1/3) —3nx(6n + 2x!/ 3))
n—o00

—2x
2(3n + x1/3)2 ) + e exp( (Bn + 2x1/3)2
- —3nx(2n + x'13) —6nx(6n + 4x/3)
B 2(n + x1/3)? (3 + 4x1/3)2 ]

= 3e ¥y B3,

7. Graphical representation

In the following graphs, we analyze the convergence of the operator M,, for the exponential function
g(x) = e,

0.7
06F
0151
05F

04F

0.15
0.15

0.10

0.10 —4x —4x

o (Miypne—3t
005 | (Migoe™ ")(x)

3 4 1 2 3 4

X

Figure 1: Convergence of the operator (M, g)(x) for g(x) = e™
We can see that the shaded area in the graphs of Fig. 1 indicates the gap between given function
g(x) = e7* (represented by red) and approximation of g(x) through the operator M, (represented by black

dotted curve) for various values of n. Finally, we can conclude that as n increases, the gap between them
shrinks and the operator converges more rapidly to the function.
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