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Abstract. The main goal of this paper is twofold. Our first objective is to prove the Lipschitz continuity
of the proximal-point mapping associated with an H-accretive operator and to compute an estimate of
its Lipschitz constant under some new appropriate conditions imposed on the parameter and mappings
involved in it. Using the notion of proximal-point mapping, a new iterative algorithm is constructed
for solving a new class of set-valued variational inclusion problems in the setting of g-uniformly smooth
Banach spaces. As an application, the strong convergence of the sequences generated by our proposed
iterative algorithm to a solution of our considered problem is proved. The second objective of this paper is
to investigate and analyze the notion of ap-H((.,.), (,,.))-mixed accretive mapping introduced and studied
in [S. Gupta, S. Husain, V.N. Mishra, Variational inclusion governed by af-H((.,.), (.,.))-mixed accretive
mapping, Filomat 31(20)(2017) 6529-6542]. Some comments concerning af-H((.,.), (.,.))-mixed accretive
mapping and related conclusions appeared in the above-mentioned paper are also pointed out.

1. Introduction

In the past five decades, the theory of variational inequalities has grown tremendously and the math-
ematical literature dedicated to this field is extensive. This is mainly because a large number of problems
in different branches of science lead to mathematical models expressed in terms of variational inequalities.
This fact has motivated many authors to make an effort to generalize and extend variational inequalities
in many different directions using novel and innovative techniques; see, for example, [2, 4, 5, 7, 11, 25]
and the references therein. Variational inclusions, as a useful and important generalization of variational
inequalities, have been widely studied in recent decades. It is worthwhile to stress that variational inclu-
sions include variational inequalities, quasi-variational and variational-like inequalities as special cases.
The development of an efficient and implementable iterative algorithm is one of the most interesting and
important problems in the theory of variational inequalities/inclusions. The study of various kinds of iter-
ative methods for the approximation of solutions of different classes of variational inclusion problems has
been flourishing areas of research for many researchers. Among these methods, the method based on the
proximal-point mappings (resolvent operators) has received a great extent of attention. For more details
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and further information, we refer the reader to [1, 3, 6, 12-15, 18, 21-23, 26, 27, 29-32, 34, 37, 38] and the
references contained therein.

It should be pointed out that the notions of monotonicity and accretivity constitute a valuable tool in
studying important operators, such as the gradient or subdifferential of a convex function, which appears
in various types of problems in equilibrium, optimization, variational inequality problems and differential
equations, see, for example, [8, 36] and the references therein. It is worth noting that in the setting of
Hilbert spaces, the two classes of monotone and accretive operators coincide. In recent years, considerable
efforts have been made and several extensions and generalizations of maximal monotone operators and
m-accretive mappings have been introduced in the setting of different spaces. For instance, the notion
of generalized m-accretive mapping was initially introduced by Huang and Fang [19] and a definition of
the proximal-point mapping associated with it was given in the framework of Banach spaces. In the last
eighteen years, the attempts have been continued and another interesting classes of generalized maximal
monotone operators and generalized m-accretive mappings such as maximal n-monotone operators [18],
n-subdifferential operators [23], H-monotone operators [13], generalized H-monotone operators [34], H-
accretive (to avoid confusion, throughout the paper we call it H-accretive) mappings [12], (H, n)-monotone
operators [14], P-n-accretive (also referred to as (H, n)-accretive) mappings [29], A-monotone operators [31],
(A, n)-monotone operators [32] and (A, n7)-accretive (also referred to as A-maximal m-relaxed n-accretive)
mappings [22] have been appeared in the literature. By the same taken, in 2008, Sun et al. [30] succeeded
to introduce another class of generalized maximal monotone operators in the setting of Hilbert spaces the
so-called M-monotone operators. They defined the resolvent operator associated with an M-monotone
operator and constructed with the aid of it a proximal-point algorithm for solving a class of variational
inequality problems. In the same year, Zou and Huang [38] introduced the class of H(., .)-accretive operators
in the framework of Banach spaces as a generalization of the notions of H-monotone, H-accretive and
M-monotone operators. By defining the resolvent operator associated with an H(., .)-accretive operator,
they derived some properties relating to it. Afterwards, Lou and Huang [26] introduced the concept of
B-monotone operator and proved the Lipschitz continuity of the proximal mapping associated with it.
Using the proximal-point mapping, they proposed an iterative algorithm for solving a class of variational
inclusion problems in Banach spaces. With the purpose of presenting a generalization of the notions of
M-monotone operator [30] and H(., .)-accretive mapping [38], Kazmi et al. [21] introduced an extension of
m-accretive mapping called generalized H(., .)-accretive mapping and defined the proximal-point mapping
associated with it. They considered a system of generalized variational inclusions involving generalized
H(.,.)-accretive mappings and proposed an iterative algorithm for approximating its solution. Besides,
they studied the convergence analysis of the sequence generated by their iterative algorithm under some
appropriate conditions.

Recently, Gupta et al. [15] introduced and studied another class of accretive mappings called ap-
H((.,.),(,,.))-mixed accretive mappings as a generalization of the generalized accretive mappings appeared
in [12, 13, 20, 21, 26, 30, 38]. They defined the proximal-point mapping associated with an af-H((., .), (., .))-
mixed accretive mapping and verified its Lipschitz continuity under some suitable conditions. They
considered a class of generalized set-valued variational inclusion problems involving a-H((., .), (., .))-mixed
accretive mappings and constructed an iterative algorithm for finding its approximate solution. At the same
time, they proved the strong convergence of the sequence generated by their proposed iterative algorithm
to the solution of their considered problem.

The paper is organized in the following manner. Section 2 provides the basic definitions and properties
concerning H-accretive mapping and its associated proximal-point mapping in a g-uniformly smooth
Banach space setting. This section is ended with a new conclusion, in which the Lipschitz continuity of
the proximal-point mapping associated with a H-accretive mapping is proved and a new estimate of its
Lipschitz constant is computed. In Sect. 3, a new class of set-valued variational inclusion problems (for
short, SVIP) is considered and its equivalence with a fixed point problem is demonstrated. By using the
obtained equivalence, an iterative algorithm for finding an approximate solution of the SVIP is constructed.
As an application of the defined algorithm, at the end of Sect. 3, under some suitable assumptions imposed
on the parameters, the strong convergence of the sequences generated by our proposed iterative algorithm
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to the solution of the SVIP is proved. Section 4 is devoted to the investigation and analysis of the notion
of ap-H((.,.),(,,.))-mixed accretive mapping introduced and studied in [15]. We point out that under
the conditions imposed on af-H((.,.), (., .))-mixed accretive mapping in [15], every af-H((.,.), (., .))-mixed
accretive mapping is actually H-accretive and is not a new one. Moreover, we review and investigate the
results appeared in [15] and by pointing out some comments regarding them, we show that one can deduce
all conclusions existing in [15] with the aid of the results given in the previous sections.

2. Notation, basic definitions and fundamental properties

In addition to standard conventions, the following notation will be used throughout the paper. We
assume that E is a real Banach space with a norm ||.||, that E* is the dual of E containing all bounded linear
functionals on E, and that E and E* are paired by (.,.). As usual, x* will stand for the weak star topology in
E*, and the value of a functional x* € E* at x € E is denoted by either (x,x*) or x*(x), as is convenient. For
sake of simplicity, the norms of E and E* are denoted by the symbol ||.||. The notation CB(E) is used for the
family of all the closed and bounded subsets of E. We further use the symbols Sg and Bg to represent the
unit sphere and the unit ball in E, respectively.

For a given set-valued mapping M : E —o E, its effective domain, graph and range are the sets

Dom(]VI):={er:EIy€E:yeZ\71(x)}:{er:ZVI(x)i(D},

Graph(M) := {(x,y) € EXE : y € M(x)},
and

Range(]VI) ={ye€E:IxeE:(x,y) € Graph(ﬁ)},
respectiy\ely. Dom(A/;I) = E, shall denote the full domain of M and the in’\\/ef?e M of M is {(y,x) : (zc\, y) €
(/E\rap’}l(M)}. For an arbitrary real constant p and set-valued mappings M,N : E — E, we define pM and
M + N by

pM = {(x, py) : (x, y) € Graph(M))
and

M+N = {(x,y +2) : (x,y) € Graph(M), (x, z) € Graph(N)},

respectively. Let us recall that (the norm of) a Banach space E is said to be strictly convex if [[x + y|| < 2
when x and y are different points of Sg, and that (the norm of) E is smooth if for every x € S there is exactly
one x* € Sg- such that x*(x) = 1. It is well known truth that E is smooth if E* is strictly convex, and that E is
strictly convex if E* is smooth.

Definition 2.1. A normed space E is said to be uniformly convex if, for each & > 0, there is a 6 > 0 such that for all
X,y € Bp with ||x — y|| > 2¢, then the average (x + y)/2 has norm at most 1 — 0.

The function 6 : [0,2] — [0, 1] defined by the formulation
) 1
Op(e) = inf{l - Ellx +yll:x,y €Bg:|lx—yll > 2¢}

is called the modulus of convexity of E.

It should be remarked that in the definition of 6g(¢) we can as well take the infimum over all vectors
x,y € Sg with ||x — y|| = 2e.

The function O is continuous and increasing on the interval [0,2] and 0g(0) = 0. In the light of the
definition of the function 6, a normed space E is uniformly convex if 6g(¢) > 0 for every ¢ € (0,2].
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Definition 2.2. A normed space E is said to be uniformly smooth if, for all ¢ > 0 there is a T > 0 such that for all
X,y € Bg with ||x — y|| < 27, then the average (x + y)/2 has norm at least 1 — €.

The function pr : [0, +00) — [0, +00) defined by the formula

llx + il + [lx = yll
2

is called the modulus of smoothness of the space E. Similarly, here it is to be noted that in the definition
of pe(7) we may as well take the supremum over all vectors x,y € E with [[x|| = 1 and ||y|| = 7. It is also
remarkable that the function pg is convex, continuous and increasing on the interval [0, +c0) = R* and
pe(0) = 0. In addition, pg(7) < 7 for all T € R*. Thanks to the definition of the function pg, it is significant
29 = .

T

pe(t) = sup| —1:xll =1, [lyll < 7}

to mention that a normed space E is uniformly smooth if lin(}
N

It should be pointed out that a Banach space E is uniformly convex (resp., uniformly smooth) if and
only if E* is uniformly smooth (resp., uniformly convex). The spaces I/, LF and W}, 1 < p < oo, m € N,
are uniformly convex as well as uniformly smooth, see, for example, [10, 16, 24]. At the same time, the
modulus of convexity and smoothness of a Hilbert space and the spaces I, L’ and W/, 1 <p < oo, m € N,
can be found in [10, 16, 24].

For an arbitrary but fixed real number g > 1, the set-valued mapping J, : E — E” given by

Jo@) = {x" € E": {x,x") = |Ixlle, I’ = I}, Vx € E,

is called the generalized duality mapping of E. In particular, J, is the usual normalized duality mapping. It
is known that, in general, J;(x) = [Ix[1772J5(x), for all x # 0. Let us emphasize that J; is single-valued if E is
uniformly smooth or equivalently E* is strictly convex. Note, in particular, that if E is a Hilbert space, then
J» becomes the identity mapping on E.

For a real constant g > 1, a Banach space E is called g-uniformly smooth if there exists a constant C > 0
such that pg(7) < C# for all T € R*.

It is well known that (see e.g. [35]) L, (or [;) is g-uniformly smooth for 1 < g < 2 and is 2-uniformly
smooth if g > 2.

Concerned with the characterization inequalities in g-uniformly smooth Banach spaces, Xu [35] proved
the following result.

Lemma 2.3. Let E be a real uniformly smooth Banach space. For a real constant q > 1, E is g-uniformly smooth if
and only if there exists a constant ¢, > 0 such that for all x, y € E,

[l + yllT < x| + <y, Jo(x)) + cqllyll”.

Throughout the rest of the paper, unless otherwise specified, we assume that E is a real g-uniformly
smooth Banach space for a real constant g > 1.
Let us also recall some required definitions, concepts and well known results which shall be used in the
sequel.
Definition 2.4. A single-valued mapping H:E — Eis said to be
(i) accretive if
(H() = Hy), J(x = y) 20, Vxy€E;

(ii) strictly accretive if H is accretive and equality holds if and only if x = y;
(iii) k-strongly accretive if there exists a constant k > O such that

(H) = H), Ty = ) 2 ke = yll!, - Vx,y € E;
(iv) y-Lipschitz continuous if there exists a constant y > 0 such that

IHx) - Hll < yllx—yll, ¥x,y€E;
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(V) c-expansive if there exists a constant ¢ > 0 such that
IHG) - Hy)ll = cllx = yll, Vx,y € E.
Clearly, it is expansive if and only if ¢ = 1.

Definition 2.5. Let H: E — E bea single-valued mapping and M : E —o E be a set-valued mapping. M is said to be
(i) accretive if
(u=-0v,J;(x=y) =20, V(xu),(y v) € Graph(M);
(ii) r-strongly accretive if there exists a constant r > 0 such that

(u=v,Jox=y) =rlx—-yll", V(x,u),(y,v) € Graph(M);

(iii) m-accretive if M is accretive and Range(l + p]\7[) = E holds for every real constant p > 0, where I is the identity
mapping on E.

We note that M is an m-accretive mapping if and only if M is accretive and there is no other accretive
mapping whose graph contains strictly Graph(M). The m-accretivity is to be understood in terms of

inclusion of graphs. If M : E —o E is an m-accretive mapping, then adding anything to its graph so as to
obtain the graph of a new set-valued mapping, destroys the accretivity. In fact, the extended mapping is no

longer accretive. In other words, for every pair (x,u) € E X E\ Graph(M) there exits (y,v) € Graph(M) such
that (u — v, J;(x — y)) < 0. Taking into account the arguments mentioned above, a necessary and sufficient

condition for set-valued mapping M : E — E to be m-accretive is that the property
(u—7v,J,(x—y) =0, VY(y,v) € Graph(M)

is equivalent to u € M(x). The above characterization of generalized m-accretive mappings provides us a
useful and manageable way for recognizing that an element u belongs to M(x).

The introduction of the notion H-accretive mapping was first made by Fang and Huang [12] which can
be viewed as a unifying framework for maximal monotone operators and m-accretive operators.

Definition 2.6. [12] Let H: E — E bea single-valued mapping and M : E —o E be a set-valued mapping. M is said
to be H-accretive if M is accretive and Range(H + pM) = E holds for every p > 0.

The following example illustrates that for given single-valued mapping H : E — E, an m-accretive
mapping need not be H-accretive.

Example 2.7. Letp and n be two arbitrary but fixed natural numbers such that  is even and let M,x,(IR) be
the vector space of all p X n matrices with real entries over R. Then

Mpar(R) = {A = (@ Jlaj € R,i=1,2,...,p;j=1,2,...,n)

is a Hilbert space with the inner product (A, B) := tr(AB"), for all A, B € Mpx,(IR), where tr denotes the trace,
that is, the sum of diagonal entries, and B* denotes the transpose of the matrix B. The inner product defined
above induces a norm on M,,X,,(IR) as follows:

n

N\»—‘

Al =

M‘w

LZ] , = ( aij ) EMan(]R).
1:1 j=1

Taking into account that every finite-dimensional normed space is a Banach space, it follows that the Hilbert

space (Mpxx(R), ||.|l) is a 2-uniformly smooth Banach space.
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p
Forany A = ( ajj ) € Mpxy(R), we have A = 21 %(Ai(zj_1)(2j+1) + Aiej)j+2)), where I' = {1,3,..., ”7_2}, that
i=1 je

is, every p X n matrix A € Mpx,(R) can be written as a linear combination of ’% matrices Ajj-1)ej+1) and
Aiejej+2), where for eachi € {1,2,...,p}and j € T, Ajpj-1)2j+1) is @ p X n matrix with the (i, 2j — 1)-entry a;;-1),
the (i, 2j + 1)-entry a,2j+1), and all other entries equal to zero, and A;(j)2+2) is @ p X n matrix such that for each
i€{1,2,...,ptand j €T, the (i, 2j)-entry equals to a,j), (i, 2j + 2)-entry equals to g»j12), and all other entries
equal to zero. For eachi € {1,2,...,p} and j € T, there are four real numbers b;;-1), bij), bizj+1) and bjpj+2)
such that bjpj-1) + biejr1) = diej-1), biej-1) — bij+1) = aiej+1), biej) + biej+2) = aiej) and bie)) — biejr2) = aij+2)-
Then, for eachi € {1,2,...,p} and j € T, we have

0 0--- 0 0 0--- 0 0
0 0--- 0 0 0--- 0 0
Aiej-nyejn + Aijej) =| 0 0--+ aigj-y 0 ajgjey--- 0 0
0 0 0 0 0--- 0 0
0 0 0 0 0--- 0 0
0 0 0 0 0--- 0 0
0 0 0 0 0--- 0 0
+1 0 O--- ai(zj) 0 lli(zj+2) e 0 0
0 0 0 0 0-- 0 0
0 0 0 0 0-- 0 0
0 0 0 0 0-- 00
0 0 0 0 0--- 00
=100 bipj-1) + biej-1y 0 bigj-1) — bigj+y--- 0 0
0 0 0 0 0--- 0 0
0 0 0 0 0--- 0 0
0 O-- 0 0 0 0 0
0 0- 0 0 0 0 0
+1 0 0 biej + bijray 0 biej) —bigjszy--- 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0-- 0 0
0 0 0 0 0-- 0 0
=bigj-y| 0 0.+ ligioy 0 L=+ 0 0
0 0 0 0 0 0 0
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0 0--- 0 0 0--- 0 0
0 0--- 0 0 0--- 0 0
+bigjisy| 0 0.+ ligj-yy 0 —liguyy--- 0 O
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 00
0 0 0 0 0 0 0
+bi(2]-) 0 0--- 11'(2]') 0 1i(2j+2)“' 0 0
0 0 0 0 0--- 0 0
0 0 0 0 0--- 0 0
0 0 0 0 0-- 0 0
0 0 0 0 0-- 0 0
+biisg[ 0 0--+ Ligj 0 —Iijgjug--- 0 0
0 0--- 0 0 0--- 0 0
0 0--- 0 0 0--- 0 0

= bij-1)Qiej-nei+ + biej+)Qipj-1ej) T bie)Qieiei+ + biej+2Qiejejr2)-

where for each i € {1,2,...,p} and j € T, Qipj-1)j+1) is @ p X n matrix with the (i,2j — 1) and (i, 2j + 1)-
entries equal to 1 and all other entries equal to zero, Q;(Zj—l)(zj 41 18 @ p X n matrix with the (i, 2j - 1)-entry
1, the (7,2 + 1)-entry 1, and all other entries equal to zero, Qjzj)2j+2) is a p X n matrix with the (7,2j) and
(i,2j + 2)-entries 1, and all other entries equal to zero, and Ql’.(zj)aj 2) is a p X n matrix in which the (i, 2j) and
(i,2] + 2)-entries equal to 1 and -1, respectively, and all other entries equal to zero. Accordingly, for any

A € Mpxn(R), we have

P 4
A= Z Z(Ai(2]'—1)(2]'+1) +Aijej+) = Z Z (biej-nQicj-ve + bicin Qi 1ej

i=1 jel i=1 jer
+bie)Qiejejv + bi<2j+2>Q§<z]-><z;+z))-
Thus, the set
. . n-—2
{Qi(Zf—l)(2j+1)’Q;(Zj—l)(2j+1)f Qiej)ej+2), Q:‘(zj)(zj+2) i=12,...,pj=13,..., T}

spans the Hilbert space Mpx,(R). Taking Ejoj-1)0j+1) = %Qi(zj_l)(zj_yl), E;(Zj—l)(zj by T %Q:‘(Zj—l)(zﬂl)’
Ei(Zj)(2j+2) = \%Qi(Z]’)(Z]}Z) and E£(2j)(2j+2) = \/LEQ:'(Zj)(Zj-%—Z)’ for each i € {1, 2,. . ,P} and ] € F, it follows that
the set

. . n—-2
B = {El(zj—l)(2f+1)'Ez/'(Zj—l)(Zj+1)/ Ei(zf)(2f+2)’E;(Zj)(2j+2) i=12,...,pj=13,..., }

also spans the Hilbert space Myx,(IR). It can be easily proved that the set B is linearly independent and
orthonormal and so B is an orthonormal basis for the Hilbert space Mx,(RR).
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Let the mappings ﬁ M: Mpxn(R) — Mpx,(R) be defined, respectively, by E(A) = —yA + Esppei+2) +
E;(Zl)(zl 2) and M(A) = yA + Eji-1)1+1) + ES(Zl D@1y for all A € Myx,(R), where y > 0 is an arbitrary real

constant, and s € {1,2,...,p} and [ € I are arbitrary but fixed natural numbers.
In virtue of the fact that every finite-dimensional normed space is a Banach space, it follows that
(Mpxn(R), [|.]l) is a 2-uniformly smooth Banach space. Then, for all A, B € M,x,(IR), we have

(M(A) — M(B), J(A — B)) = (M(A) — M(B), A — B)
= (YA + Esar-n@s1) + Egpr_pyie1) = VB = Esi-n@sn) = Ejpiyyoiy A = B)

p n
=y(A-B,A-B)=y|A-B|? = yJZ‘Z(ﬂij - b;j)? >0,

i=1 j=1

which ensures that M is an accretive mapping.
Since for any A € M;x,(R),

I(H + M)(A)I| = IEs@i-n@i+1) + Efgr_pyais1y + Esenei2) + Ejapanpll =2 >0,

it follows that 0 ¢ (H + M)(Mpxn(lR)), ie., H + M is not surjective and so the mapping M is not H-accretive.
Let p > 0 be an arbitrary real constant. In the light of the fact that for any A € M;x,(RR),

(I + pM)(A) = A+ ypA + pEsi-n@is1) + PE 1 10141
= (L+yp)A + pEs-ni) + PEo_ 11y

where [ is the 1dent1ty mapping on M,x,(R), we conclude that (I + pM)(M,,Xn(IR)) Mpxn(R), that is, the

mapping I + pM is surjective. Taking into account the arbitrariness in the choice of p > 0, it follows that M
is an m-accretive mapping.

Example 2.8. Let H,(C) be the set of all Hermitian matrices with complex entries. We recall that a square

matrix A is said to be Hermitian (or self-adjoint) if it is equal to its own Hermitian conjugate, i.e., A* = Af = A.
In view of the definition of a Hermitian 2 X 2 matrix, the condition A* = A implies that the 2 X 2 matrix

A= ( Z Z ) is Hermitian iff a,d € R and b = ¢. Therefore,

-1
H>(C) = {( xfiy X w Y )Ix,y,z,w € IR}.
Then, H>(C) is a subspace of M;(C), the space of all 2 X 2 matrices with complex entries, with respect to
the operations of addition and scalar multiplication defined on M(C), when M;(C) is considered as a real
vector space. In other words, H,(C) together with the mentioned operations is a vector space over R. By
introducing the scalar product on Hy(C) as (A, B) := %tr(AB), for all A,B € Hy(C), it is easy to check that
(.,.) is an inner product, that is, (Hx(C), (., .)) is an inner product space. The inner product defined above

induces a norm on H;(C) as follows:

Al = VGAA) = [ tr(AA) = tr( A (Ziw)gx_i"z’)))};

Z+w)x+iy) x+y +w

1
= \/x2 +y2+ E(z2 +w?), VAeHC).

Since (Hz(C), |IIl) is a finite-dimensional normed space, we infer that it is a 2-uniformly smooth Banach
space. Define now the mappings Hi, Hy, M : Hy(C) — H,(C), respectively, as follows:

= = z  x—iy \\_[27F-az"+p P —iy?
Hi(A) = Hl(( x+iy  w )) - ( iy (B )7
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= = z x—iy \\ _( 06z x-iy
H2(A)_H2((x+iy w ))_(x+iy owk )

and

x+iy yuw"

—~ — _q m I |
M(A):M((xfiy xwly )):( fey )r

for all A = ( ; fiy wly ) € Hy(C), where B,0 and o are arbitrary real constants, @ and y are ar-

bitrary positive real constants, m,n and | are three arbitrary but fixed odd natural numbers, and g
and k are two arbitrary but fixed even natural numbers such that m > g and n > k. Then, for any
- ( 21 '

. W ),B = ( 22 21y ) € H(C), it yields
X1+ 111 w1 X +1Y2 w2

(M(A) — M(B), Jo(A - B)) = <M<A> - M(B) A-B)

s k)
X=X +i(y; — yy) )/(w - wy)

z1—2 X1 = X2 = i(y1 — y2) >
x1 = X2 +i(y1 — y2) w1 — wWr
1

= I Wi (1, x2, 1, 41,21,22) - Wha(xa, %2, Y1, 41,21, 22) )
2 Wor(x1, X2, Y1, Y1,21,22)  Waalx1, X2, Y1, Y1, 21, 22)

= 21— 2)E — ) + 5 (w1 - w)(@] - w))

+(x1 = 1) () = %5) + (1 — Y)Yy — )

a _
2(21—22)22 m”l"' (w1 wy) Zw

i=1
1

CEES ) IR S yz)ZZy v
i”=1 i"=1

7

where

Wi (x1, X2, Y1, Y1, 21, 22) = a(z1 — 22)(Z] — 25') + (x1 — xz)(xll - xlz) + (- VZ)(VQ - ylz)
+i(x) = ) = y2) — il — 2~ ),

Wia(x1, X2, Y1, V1,21, 22) = a(z] — 25" )(x1 — x2 — i(y1 —

Woi(x1, X2, Y1, Y1,21,22) = (xll - x12 + i(yll -

Woo(x1, X2, Y1, Y1,21,22) = (1 — x2)(x’1

Y2)) + (6] = x5 = iy} — yy)) (w1 — wy),
ylz))(zl = 22) + p(wy] — wh)(x1 — X2 + i(y1 — 12)),
—x5) + (1 — Y2 (V) — ) — ix) = %) (1

- yz)
+i(x; — xz)(yl1 - ylz) + y(wr — wy) (W — wy).

m . .
In virtue of the fact that m, n,1 are natural numbers, it is easy to see that }_ z/"~"

1 Yy
120, Y w w20,
i=1 =1
Y, 2’1 > 0and Z Y=yt "1 > 0. Since a,y > 0, the preceding relation implies that

(M(A) — M(B), J2(A - B)) = (M(A) - M(B), A - B) > 0,

which means that M is an accretive mapping
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Let us now define the functions f, g,/ : R — IR, respectively, as follows:
-s 1 Is|-1 21 1
f(5) =27+, g(s) := (5) and h(s) :=s" +s, VselR.

z x—1iy

Then, for any A = ( X+ iy w

) € H,(C), we obtain

(H1+M)(A>=(ﬁ1+ﬁ)(( : x‘iy))

x+iy w
_ 27+ 8 2+ X =iy + )
T2+ i+ ()t

=( f(z) h(x)—ih(y))
he) +ih(y)  gw) )

It can be easily seen that f(s) > fand 0 < g(s) < 1, for all s € R. At the same time, for all s € R, we have

1 1 1
) =2 46l = (g4 22— 2> 2
(s)=s"+s (s+2) 1271
Taking into account that f(R) = (8, +0), g(R) = (0,2] and i(R) = [—%, +00), it follows that (El +M)(H2(C)) *
H,(C). Hence, H; + M is not surjective and so M is not Hy-accretive.
Now, let p > 0 be an arbitrary real constant and let the functions f, g,/ : R — R be defined, respectively,

by
f~(x) = 0x7 + pax™, g(x) := ox* + pyx" and hx) = x + px, VxeR.

z X -1y

Then, for any A = ( .
x+iy w

) € Hy(C), we get

(> + pM)(A) = (Ho + p@(( ciiy W ))

B 027 + paz" x + px! —i(y + py')
Cxrpdrily+py) o+ oyt
_ ( _ f@) )~ k() )
h() +ih(y) — gw)
Relying on the fact that g and k are even natural numbers and m, 1, | are odd natural numbers such thatm > g
and n > k, it is easy to see that f(R) = g(R) = h(R) = R. This fact implies that (H> + pM)(H>(C)) = H»(C),
that is, H, + pM is surjective. Since p > 0 was arbitrary, we conclude that M is a Hy-accretive mapping.

Remark 2.9. If H = I, the identity mapping on E, then the definition of H-accretive mappings is that of

m-accretive mappings. In fact, the class of H-accretive mappings has close relation with that of m-accretive
mappings. This fact is illustrated by the following assertion.

Lemma 2.10. [12, Theorem 2.1] Let H : E — E be a strictly accretive operator, M : E —o E be a H-accretive
operator, and x, u € E be given points. If (u — v, J;(x — y)) > 0 holds, for all (y,v) € Graph(M), then u € M(x).

Theorem 2.11. Let H: E — E bea strictly accretive mapping and M : E —o E be an accretive mapping. Then the
mapping (H + pM)~! : Range(H + pM) — E is single-valued for every constant p > 0.
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Proof. Choose positive real constant p and point u € Range(ﬁ + p]\7[) arbitrarily but fixed. Then for any
x,y € (H+ pM)~1(u), we have

u= (H+pM)) = (H+ pM)(y), M)
from which we deduce that

p~(u — H(x)) € M(x) and p~'(u — H(x)) € M(y). )
Since M is accretive, we infer that

0<(p™ = H®) —p(u = H)), Jy(x = y)) = —p”(Hx) ~ HW), & = ).
Making use of the last inequality and the strict accretiveness of H it follows that x = y. This fact ensures

that the mapping H + p]\71)‘1 is single-valued. The proof is finished. O

Theorem 2.12. Suppose that H : E > E is an accretive mapping and M:E—-Eisa k-strongly accretive mapping.
Then the mapping (H + pM)~! : Range(H + pM) — E is single-valued for every constant p > 0.

Proof. Let constat p > 0 be chosen arbitrarily but fixed. For any given u € Range(H + pM) lettmg

X,y € (H + pM) Y(u), we have (1) which implies (2). Taking into account that H is accretive and M is
k-strongly accretive, it follows that

pkllx = yl? < plp™ (u = Hx)) = p~(u = H(y)), Jo(x = ) + (H(x) = Hy), Jyx = y)) = 0

In virtue of the preceding inequality and the fact that p,k > 0, we conclude that x = y, which guarantees
that the mapping H + pM from Range(H + pM) into E is single-valued. This completes the proof. [J

It should be pointed out that in the rest of the paper, we say that Misa H-strongly accretive mapping,

means that M is a k-strongly accretive mapping and (H + pM)(E) E, for every real constant p > 0.
As immediate corollaries of the last results, we obtain the following assertions, respectively.

Corollary 2.13. [12, Theorem 2.2] Let H:E—Ebea strictly accretive operator, and M : E —o E be a H-accretive
operator. Then, the operator (H + pM)~' : E — E is single-valued, where p > 0 is a real constant.

Corollary 2.14. Let H : E - E bean accretive mapping and M:E —Ebea ﬁ—k-strongly accretive mapping. Then,
the mapping (H + pM)~! : E — E is single-valued for every constant p > 0.

Based on Corollary 2.13, the proximal-point mapping (or resolvent operator) Rﬁﬁ associated with H, M
P

and p > 0 is defined in [12] as follows.

Definition 2.15. [12, Definition 2.4] Let H : E — E be a strictly accretive operator, M : E — E be a H-accretive
operator, and p > 0 be an arbitrary real constant. The proximal-point mapping (resolvent operator) RH E—E

associated with H, M and p > 0 is defined by
Rfﬁ(u) = (H+pM)y'(u), VYuekE.

We now ready to present the main result of this section in which the conditions that guarantee the
Lipschitz continuity of the proximal-point mapping RHIVI are stated and its Lipschitz constant is also
22

calculated.
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Theorem 2.16. Let H : E — E be a I-strongly accretive mapping and let M:E—<Ebea H—k—strongly accretive
mapping. Then, the proximal-point mapping RHM :E—Eis ﬁ—Lipschitz continuous, i.e.,
Pr

IR (0) = RE @) < ol —vll, Vu,0€E.

1
I'+ pk
Proof. Since M is a H-accretive mapping, for any given u, v € E with ||RHA7I(u) - RHM(U)H # 0, we have

P P
H — (T + o1 H — (T + o -1
R () = (H + pM)™ () and R o) = (H + pM) ™ (o)
and so
p~!(u — HRY () € MR () and p™} (0~ HRY -(0))) € M(R!! - (0).
From k-strongly accretiveness of M it follows that
p~u = HR () = (0 = HRY @), Jy(RE () = RE (o))
H _pH q
> KIRE (1) - R I,
from which yields
(=0, ]y (R 0) = REC (0)) 2 pkIRT L 00) = RE (o)l
77 pH 73 pH H H
+(HRT(0) - HER @), (R (0) = R o).
Making use of (3) and taking into account that the mapping His [-strongly accretive, we derive that
I = IR 1) = R @) = e = ollfy R 00) = R (@)
H _pH q
> pHIR" (1) ~ R @)
7 pH 77 pH H H
+ (HRE ) = HR ), )R ) = R o))
H _ H q H _ H q
2 pHIRT0) = RT @) + 1R () = R o)
= 1+ pRIRT () = R ().

In view of the fact that IIRQM(L{) - Rﬁﬁ(v)ll # 0, it follows that
P P,

i i 1
R _(u) - R"_(v)|| < —oll.
IR0 = R G@ < =l =l
This completes the proof. [J

As a direct consequence of the above theorem, we obtain the following conclusion for the special case
when E = H is a real Hilbert space. Let us, before proceeding to it, recall the following assertion.

Lemma 2.17. [37, Theorem 2.1] Let H : H — H be a strongly monotone, continuous and single-valued operator.
Then a set-valued operator M : H —o H is H-monotone if and only if M is maximal monotone.
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Corollary 2.18. [37, Theorem 2.2] Let H : H — H be a continuous and strongly monotone operator with constant
y and let M : H —o H be maximal strongly monotone with constant 1. Then, the resolvent operator RHA?{ tH—-H
[

1

5 y+pn

-Lipschitz continuous, i.e.,

H I 1
IIRfM(u) - RI:M(U)II < — pn”u —ol, Vu,veH.

Proof. Taking into account that H:H— His strongly monotone and continuous, Lemma 2.17 implies that
M is H-monotone and so the desired result follows from Theorem 2.16 immediately. [

3. Formulation of the problem, iterative algorithms and convergence result

Let G,ﬁ :E—>E F.:EXE —>E ST:E — CB(E) and M : E — E be the mappings such that M is
H-accretive. For given A € E, we consider the problem of finding u € E, v € S(u) and w € T(u) such that

A € Gu) + F(o, w) + M(u), (4)

which is called a set-valued variational inclusion problem (SVIP) with H-accretive mappings in real g-
uniformly smooth Banach spaces.

If G = 0, then the SVIP (4) reduces to the set-valued variational inclusion problem of finding u € E,
v € S(u) and w € T(u) such that

A € F(o,w) + M(u). (5)

For the case when F = 0 and A = 0, the SVIP (4) collapses to the variational inclusion problem of finding
u € E such that

0 € G(u) + M(u),

which was considered and studied by Fang and Huang [12].

It is worthwhile to stress that for appropriate and suitable choices of the mappings G, H,E, S,T,M,
element A € E and the space E, the SVIP (4) reduces to various classes of variational inclusions and
variational inequalities, see, for example, [13, 17, 22, 33, 38] and the references therein.

The next assertion provides us a characterization of a solution of the SVIP (4) and plays a prominent
role in proving of our main results in the sequel.

Lemma 3.1. Let F,G,S, T, M, A be the same as in the SVIP (4) and let H:E—> Ebea strictly accretive mapping.
Then (u,v,w) € E X S(u) X T(u) is a solution of the SVIP (4) if and only if (u, v, w) satisfies the relation

U= Riﬁ[ﬁ(u) — pG(ut) — pF(v, w) + pA], ©)
where p > 0 is an arbitrary constant and Rﬁﬁ = (H+ p]\’/\l)’l.
o

Proof. Making use of Definition 2.15, for given constant p > 0,
A € G(u) + F(v,w) + M(u) & (H(u) — pG(ut) — pF(v, w) + pA) € H(u) + pM()
& (H(w) - pGu) — pF(v,w) + pA) € (H + pM)(u)
& u = (H+ pM)™ (H() - pG(u) - pF(v,w) + pA)
ou= Riﬁ[ﬁ(u) — pG(u) — pE(v, w) + pAl.
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As a direct consequence of Lemma 3.1, we obtain the following assertion which gives a characterization
of a solution of problem (5).

Lemma 3.2. AssumethatF,S, T, ]\7[, H, A are the same as in Lemma 3.1. Then (u, v, w) € E X S(u) X T(u) is a solution
to problem (5) if and only if (u, v, w) satisfies the relation

u= RI;M[H(u) - pF(v,w) + pAl,
where p > 0 is a constant and Rﬁﬁ = (H+ p]\’/\l)*.
[

Remark 3.3. Equality (6) can be written as follows:

{ u=RI_(z),
_pM )
z = H(u) — pG(u) — pF(v, w) + pA.

The fixed point formulation (7) and Nadler’s theorem [28] enable us to construct an iterative algorithm
for finding an approximate solution of the SVIP (4) as follows.

Algorithm 3.4. Suppose that F,G,S, T, H, ]\71,)\ are the same as in the SVIP (4) such that Hisa strictly accretive

()

mapping and M is a H-accretive mapping. For any given zo € E, we can compute the sequences {u,},’ ,

{wal), in E by the iterative schemes

{ouk), and

Uy = RﬁM(Zn),
P
On € S(up) : [0y — Opnall < (1 + #)D(S(UH)/ S(un+1)), (8)
Wy € T(Aun) ey, — wpaall < (1 + nl?)D(T(un)/ T(un+1)),
Zne1 = H(uy,) — pG(un) - PF(Un, wy) + P/\ + én,

wheren =0,1,2,...; p > 0is a constant; D(., .) is the Huasdorff metric on CB(E) and {e,};" , C E is an error to take
into account a possible inexact computation of the proximal-point mapping point satisfying the following conditions:

Z lej = ej-1ll0/™" < oo, ¥ € (0,1); lim e, = 0. 9)
j=1

If G = 0, then Algorithm 3.4 reduces to the following iterative algorithm.

Algorithm 3.5. Assume that F,G,S, T, H, M, A are the same as in Algorithm 3.4. For any given zy € E, define the
sequences {un}, o, {on} o, and {wy};" , in E by the iterative schemes

un = RZ[M(ZH)/

O € S(n) : 10g = Vsl < (14 37)D(S(1hn), S(ttns1)),
wy € T(Aun) oy — wypall < (1+ #)D(T(un)/ T(un+1)),

Zpy1 = H(uy,) - PF(vn/ wy) + pA + ey,
wheren =0,1,2,...; p > 0is a constant; D(.,.) and {e,}, , C E are the same as in Algorithm 3.4.

Before to deal with the convergence analysis of our proposed iterative algorithms, we need to recall the
following concepts.

Definition 3.6. [15, Definition 2.4] Let H : E — E and F : EX E — E be two single-valued mappings and
S : E —o E be a set-valued mapping. Then F is said to be



J. Balooee, |.-C. Yao / Filomat 37:13 (2023), 4395-4424 4409
(i) r-strongly accretive with respect to S in the first arqument if there exists a constant r > 0 such that

(F(wy,.) = F(wy,.), Jq(u —0)) 2 tllu—oll", Vu,v € E,w € S(u),w; € S(v);

(ii) k-strongly accretive with respect to S in the second arqument if there exists a constant k > 0 such that
(F(,w1) = F(,wy), Jq(u —v)) 2 kllu — 0|7, VYu,v € E,w; € S(u), w, € S(v);

(iii) y-strongly accretive with respect to S and H in the first argument if there exits a constant y > 0 such that
(F1,) = Fwa, ), Jy(H@w) ~ HO)) 2 yIH@) - HOI,  Yu,0 € E,w € S(u),w; € 5();

(iv) ¢-strongly accretive with respect to S and H in the second argument if there exits a constant ¢ > 0 such that
(F(.,w1) = F(., wp), J,(H(u) = H(v))) > cllH(u) - HO)I!, Vu,0 € E,w; € Su),w, € S(v);

(v) C-Lipschitz continuous in the first arqument if there exists a constant C > 0 such that
IF(u, w) — Fo,w)ll < Cllu—oll, Yu,v,weE;

(vi) o-Lipschitz continuous in the second argument if there exists a constant ¢ > 0 such that
IF(w,u) — F(w,v)|| < ollu —v|, Yu,v,we€E.

It is significant to emphasize that for a given single-valued mapping H: E — E and a set-valued

mapping S : E — E, a strong accretive mapping with respect to S and H in the first (resp., second) argument
need not be strong accretive with respect to S in the first (resp., second) argument. This fact is illustrated in
the following example.

Example 3.7. Consider E = R with the Euclidean norm ||.|| = |.| and let the set-valued mapping S : E — E
be defined by
k—x, x <l
S(x)={ [-k-Lk-1], x=1,
-k —x, x>,

where k > [ > 0 are arbitrary but fixed real numbers. Moreover, define the mappings F : E X E — E and
H : E — E, respectively, by F(x,y) = er—ky and H(x) = yx for all x,y € E, where y < 0 is an arbitrary real
constant. Since E is a Hilbert space, it follows that E is a 2-uniformly smooth Banach space. Then, for all

u,v € E, wi € S(u), w, € S(v) and t € E, we obtain

(F(w, t) — F(wy, ), ]2(H(u) — H(©))) = (F(ws, t) — F(ws, £), H(u) — H(0))

_ ZU1+t_ZU2+t _
= (¢ T )(yu —yv)

= (- w.

If u,v > I, then S(u) = —k — u and S(v) = —k — v. Then taking wy = —k —u and w, = —k — v, it yields

)0 -1 = (T -
_ yw-uy
_ Yo

1= T ()12
> ﬂIH(u) — H(v)|".
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If u > land v </, then S(u) = —k —u and S(v) = k —v. Then picking w; = —k —u and w, = k — v and in virtue
of the fact that v < u, we get

)0 - = - T -

= /(- - D -w)
2
=—Zgﬂzl+yw—u)
Y@ —u?
Y

1= TT ()12
= 2w - o).
For the case when u,v < I, we have S(u) = k —u and S(v) = k — v. Then, setting w; =k —uand w, =k — v, it
follows that

)0 - ) = (T o)

_ yw-uy
B 2k

1= T7(7\|2
> — - )
> S H(w) - H)
If u >1and v = I, then S(u) = —k — u and S(v) = [~k — I, k - I]. Taking into account that —52 € [%‘, %] for all
wy € [-k—1,k—1], picking w; = —k—u and thanks to the fact that u > I, it follows that for all w, € [-k—1, k-],

)0 - ) = p T - )

>_y(—k—u+k+l
- 2k
oy wp
T

1 ~ —
=§yHW)—H@W-

) —u)

In the case where u < [and v = |, we have S(u) = k—u and S(v) = [-k— I,k —1]. Since u < [, taking w; = k—u,
for all w, € [~k — [,k — I], we infer that

0 - = (- w)
k- -k
> ()W)
o oy-uyp
Y

_ 1= 7 (2
= el - H©)P.
The above-mentioned discussions ensure that for all u,v € E, w1 € S(u), w, € S(v) and t € E,
— — 1 ~ —
<Hwhﬂ—PWm0JﬂHW%Jﬂw»2EﬂHW%—H@W,

i.e., Fisa 5--strongly accretive mapping with respect to S and Hin the first argument. In view of the fact that
F(x,y) = F(y,x) for all x, y € E, following the same arguments, we can show that F is 5--strongly accretive
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with respect to S and H in the second argument. However, F is not %(-strongly accretive with respect to S
in the first (second) argument. In fact, if v < I < u, then we have S(u) = —k —u and S(v) = k—v. Then, taking
wy, = -k —u and w, = k — v, from the fact that u > v, it follows that for all t € E,

(F(wy, t) = F(ws, £), J2(u — v)) = (F(wy, t) — F(wy, 1), u — v)
_ w1 — Wy

u-—-o

= (x

- 1)(u—-0)

<0< %W -,
which implies that F is not 5--strongly accretive with respect to S in the first argument. Relying on the fact
that F(x, y) = F(y, x) for all x, y € E, in a similar fashion to the preceding analysis, one can show that F is not
3--strongly accretive with respect to S in the second argument. In the light of the arguments mentioned
above, we observe that in Definition 3.6, the concepts given in parts (iii) and (iv) are generalizations of the
notions presented in parts (i) and (ii), respectively.

Definition 3.8. A set-valued mapping S : E —o CB(E) is said to be o-D-Lipschitz continuous (or D-Lipschitz
continuous with constant o) if there exists a constant o > 0 such that

D(S(u), S(v)) < ollu—1v|, Vu,vecE.

Theorem 3.9. Let E,F, G, E, S, T,M and A be the same as in the SVIP (4) such that Hisa I-strongly accretive,
T-Lipschitz continuous and c-expansive mapping, and Misa ﬁ—k—strongly accretive mapping. Suppose that the
mapping F is €1, €2-Lipschitz continuous in the first and second arquments, respectively, o-strongly accretive with
respect to S and H in the first argument, and 6-strongly accretive with respect to T and H in the second argument. Let
the mapping G be a-Lipschitz continuous, and the mappings S and T be Iy, [,-D-Lipschitz continuous, respectively.
Assume further that there exists a constant p > 0 such that

o= ap( + 0)c1 + cypiterls + el <1+ (k- )p, (10)

where ¢, is a constant guaranteed by Lemma 2.3, and for the case when q is an even natural number, in addition to
(10), the constant p satisfies the following condition:

gp(o +0)cT < 11 + c;pT(er]y + €2lr)1. (11)

(e8]

Then, the iterative sequences {un},, {vnl;, and {w,},  generated by Algorithm 3.4 converge strongly to u,v and
w, respectively, and (u, v, w) is a solution of the SVIP (4).

Proof. Using (8), Theorem 2.16 and the assumptions, we conclude that

i i 1
—|IRH _RH -
i1 =t = IR G o) = R Gl < ol = 2l (12)
Making use of (8), we get

Zns1 = Zall = 1H () = pG(tt) = pF (0, W) + pA + €5 — (H(ttn-1)
— pG(up-1) — pF(0y-1, Wn—1) + pA + €,-1)|l
< H(14n) = H(tt-1) = p(F(05, 03) = F@p-1, wa1))|
+ pllG () = Glat)ll + llew — enll-

(13)
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Using Lemma 2.3, it yields
1 (1) = Ht-1) = p(E@, ) = F@no1, DI < 1 1t2) = Ht)IF
= GPSF (@, W0) = Pt Wam1), Jo(Hl1ta) = Ht1))) (14)
+ quqHF(Un/ wy) = F(0p-1, wp)||".
Since H is a t-Lipschitz continuous mapping, it follows that
IFE(t) = H (1)l < Tlltty = 1]l (15)

Taking into account that the mapping F is €1, e-Lipschitz continuous in the first and second arguments,
respectively, and the mappings S and T are /1, [,-D-Lipschitz continuous, respectively, by (8), we obtain

IF(©n, wy) — F(0p—1, W)l < IF(vy, wy) — F(0-1, wy)l
+ ”F(vn—l/ wn) - F(vn—ll wn—l)”
<erllwy, — wyll + ellv, — vl

< &1+ 1)D(SGn), S 1) (16)
+ a1+ DD(T(0), Tl 1)
< (el + )1+ Dllun = il

In virtue of the facts that F is o-strongly accretive with respect to S and H in the first argument, and 6-

strongly accretive with respect to T and H in the second argument, and the mapping H is ¢c-expansive, it
yields

(F(0n, Wy) = F@n-1, Wn1), Jo(H(tt) = Htn-1)))
= (F(0n, Wn) = F(@-1, W), J(H(tn) — H(tt-1)))
+ F(Unt, W) = F@n-1, Wae1), Jo(H(tn) = H(tt-1))) (17)
> (0 + O)IH(un) — H(uty-)II
> (0 +0)uy — up-1ll".

Employing (14)—(17), we derive that

IFE (1) = H(ttn-1) = p(F(0n, Wn) = F©n-1, 0p-1))

(18)
< (/Tq —gp(o +06)c? + ¢cgp7(1 + %)‘7(6111 + €)My — ty1l|.

Since the mapping G is a-Lipschitz continuous, it follows that
1G(un) = Glun-D)Il < alluy — up-all. (19)
Combining (12), (13), (18) and (19), we obtain

1 1
[ttys1 — Ul < W((/ﬂ - qp(o + 0)cT + quQ(l + ;)W(elll + €e3lp)1

1
+ ap)””n = Up1|| + 7”@1 —ep1ll (20)

I+

= (PnHun - un—l” + |en - en—1”/

1
I+ pk
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where for each n € IN,

1 1
Pn =17 pk(z/ﬂ —qp(o +6)c? + ¢c;p(1 + E)q(elll + &) + ap).
Let us put
P = 1+ Pk(\/Tq — qp o+ 6)g‘7 + quq(elll + €212)q + ap)

Then, in the light of the assumptions, we infer that ¢, — ¢, as n — co. By virtue of (10) we know that
@ € (0,1). Therefore, there exists ny € N and ¢ € (¢, 1) such that ¢, < ¢ for all n > ny. Thereby, using (20),
we derive that for all n > ny,

[t — Uyl < (f?HHn — Uyl + llen = en-ll

_1
I+ pk

< I Plltnr — ttnall + ——llens = en-alll + ——llew — eni]
S PL@flun-1 n—2 l+pk n—1 n—2 l+pk n n—-1

N

"2 % 1
= @?|luy—1 — tp_s|| + ——|len-1 — enall + ——|len, — e, (21)
[ (241 n=2ll l+pk” n-1 2]l l+pk” n 1]l
n—np AZ’_
" ity — uno||+2 Tl = el

Making use of (21), we deduce that for all m > n > ny,

it = 10| < Z lrjor = ufll < Zqﬂ "ty 1 = |

j=n
m=1 j=1o i

+ Z I+ k |€] (i-1) — €j— ill (22)
j=n i=1

m=1 m=1

= llej—-1) — ej-ll
- Z eyt =il + Y 9] Y I+pk  @i(-D }
— :

j=n i=1

Taking into account that ¢ € (0, 1), making use of (22) we deduce that for any m > n > ng, ||y — u,|| — 0, as
n — oo, and so {u,},’ , is a Cauchy sequence in E. The completeness of E implies the existence of a point
u € E such that u,, — u, as n — co. Now thanks to the fact that the mappings S and T are I, l,-D-Lipschitz
continuous, respectively, by using (8), we infer that {v,} ; and {w,};" , are also Cauchy sequences in E and
so v, — vand w,, — w for some v,w € E, as n — 0. In the meanwhile, since v, € S(u,) for each n > 0, it
yields

d(v, S(u)) = inff|lv — || : s € S(u)}
< llo = vull + d(vn, S(u))
< llo = vull + D(S(un), S(u))
< o = oull + hlfuy — ull.
The right-hand side of the above inequality approaches zero as 1 — co. In view of the closedness of the set

S(u), we conclude that v € S(u). By an argument analogous to the previous one, one can show that w € T(u).
At the same time, by Theorem 2.16 and the assumptions, we obtain

q i 1
||R5M(Zn) - REM(Z)II < m{”zn =2l (23)
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Owing to the facts that the mappings ﬁ, F and G are continuous, u, — 1, v, — v, w, — w, e, — 0,asn — oo,
applying (8) it can be easily seen that

zy = z = H(u) — pG(u) — pF(v,w) + pA, asn — oo.
This fact ensures that the right-hand side of (23) tends to zero, as n — oo and so Rﬁﬁ(zn) - REM(Z), as
P [

n — oo. From (8) it follows that u = RHM(Z). Now, by virtue of (7) and Lemma 3.1, we conclude that (1, v, w)
P,
is a solution of the SVIP (4). The proof is finished. [

As a direct consequence of the above theorem, we have the following corollary.

Corollary 3.10. Assume that E, F, ﬁ, S, T, M and A are the same as in problem (5) such that Hisa I-strongly accretive,
T-Lipschitz continuous and ¢-expansive mapping, and Misa E—k—strongly accretive mapping. Let the mapping F be
€1, €x-Lipschitz continuous in the first and second arguments, respectively, o-strongly accretive with respect to S and
H in the first argument, and O-strongly accretive with respect to T and H in the second argument. Suppose further
that the mappings S and T are |1, 1,-D-Lipschitz continuous, respectively. If there exits a constant p > 0 such that

{/7'1 —gp(o +0)cT + cypi(erls + e21)1 < I+ kp, (24)

where c; is a constant guaranteed by Lemma 2.3, and for the case when q is an even natural number, in addition
to (24), (11) holds, then the iterative sequences {u,},, {vnl, ) and {v,}; ) guaranteed by Algorithm 3.5 converge

=0’
strongly to u, v and w, respectively, and (u,v, w) is a solution to problem (5).

4. ap-H((, ), (., .))-mixed accretive mappings and some comments

In this section, our attention is paid to the concept of af-H((., .), (., .))-mixed accretive mapping introduced
in [15]. The results relating to it appeared in [15] are investigated and analyzed and some remarks regarding
them are pointed out. We also show that all the results given in [15] can be derived making use of our
conclusions presented in Sections 2 and 3.

Definition 4.1. [15, Definition 2.6] Let H : (E X E) X (EXE) — E, and A,B,C,D : E — E be the single-valued
mappings. Then

(i) H((A,.),(C,.)) is said to be (11, y1)-strongly mixed cocoercive regarding (A, C) with uy,y1 > 0 if
(H((Ax, u), (Cx,u)) — H((Ay, u), (Cy, ), J(x — y)) = pllAx = Ayll" + y1llx — yll7,
Vx,y,u €E;
(if) H((., B), (., D)) is said to be (uz, y2)-relaxed mixed cocoercive regarding (B, D) with up,y, > 0 if
(H((u, Bx), (u, Dx)) — H((u, By), (u, Dy)), Jo(x = ¥)) = —pallBx = Byll" + yallx = ylIf,
Vx,y,u €E;

(iii) H((A, B),(C, D)) is said to be symmetric mixed cocoercive regarding (A, C) and (B, D) if H((4,.),(C,.)) is
(u1, y1)-strongly mixed cocoercive regarding (A, C) and H((., B), (., D)) is (uz, y2)-relaxed mixed cocoercive
regarding (B, D);

(iv) H((A, B), (C, D)) is said to be t-mixed Lipschitz continuous regarding A, B, C and D with T > 0 if

IH((Ax, Bx), (Cx, Dx)) — H((Ay, By), (Cy, D)l < tllx — yll, Vx,y €E.

Proposition 4.2. Let A,B,C,D : E — Eand H : (E X E) X (E X E) — E be the mappings and let H:E—>Ebea
mapping defined by H(x) := H((Ax, Bx), (Cx, Dx)) for all x € E. Then the following assertions hold:
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(i) If H((A, B), (C, D)) is symmetric mixed cocoercive regarding (A, C) and (B, D), A is ay-expansive and B is
B1-Lipschitz continuous, then H is (yloz;’ - ‘ugﬁz + Y1 + y2)-strongly accretive (resp., accretive and —(yloz;’ -
2Bl + y1 + y2)-relaxed accretive) provided that o — poB? +y1 +y2 > 0 (resp., 1o — o +y1+y2 =0
and ‘ulaq - yzﬁ? + 1+ 72 <0);

(if) IfH((A, B), (C, D)) is t-mixed Lipschitz continuous regarding A, B, C and D, then H is t-Lipschitz continuous.

Proof. (i) In the light of the assumptions mentioned in part (i), for all x, y € E, it yields

(H(x) - H(y), J5(x - y)) = (H((Ax, Bx), (Cx, Dx)) — H((Ay, By), (Cy, Dy)), J(x — 1)
= (H((Ax, Bx), (Cx, Dx)) — H((Ay, Bx), (Cy, Dx)), J,(x — y))
+ (H((Ay, Bx), (Cy, Dx)) — H((Ay, By), (Cy, Dy)), J4(x = y))
> mllAx = Ayll” + y1llx = yllI" — p2llBx — Byll? + yallx = yll?
2 (‘Ula? - ‘Uzﬁq +y1+y2)llx =yl

If ol — ol +y1+92> 0 (reﬂ)., ! = wpl +y1+y2 = 0and pia? — B! + y1 + y2 < 0) then the
preceding inequality implies that H is a (yla? - luz‘Bll7 + ¥1 + y2)-strongly accretive (resp., accretive and
—(yla;’ - yzﬁz + 1 + y2)-relaxed accretive) mapping.

(ii) Taking into account that the mapping (H(A, B), (C, D)) is t-mixed Lipschitz continuous regarding
A,B,Cand D, for all x, y € E, it follows that

IH(x) - H(y)ll = IH((Ax, Bx), (Cx, Dx)) = H((Ay, By), (Cy, Dy)ll < tlix =yl
ie,His t-Lipschitz continuous. This completes the proof. [

Let us emphasize that thanks to Proposition 4.2(i), every symmetric mixed cocoercive mapping H : (E X
E)X(EXE) — E with respect to the mappings A, B,C,D : E — E, in which A is a;-expansive, B is $1-Lipschitz
continuous, and 1! — 2B +y1+y2 > 0 (resp., p1ad —papl+y1+y2 = 0and pa! — B! +y1+y2 < 0)isactually
a univariate (yloz;’ - mﬁ'z + ¥1 + y2)-strongly accretive (resp., accretive and —(/chv;7 - yzﬁz + 1 + y2)-relaxed
accretive) mapping and is not a new one. In the meanwhile, the notion of mixed Lipschitz continuity of the
mapping H : (EX E) X (E X E) — E with respect to the mappings A, B, C and D appeared in Definition 4.1(iv)

is exactly the same concept of Lipschitz continuity of a univariate mapping H = H((4,B),(C,D)) : E = E
given in Definition 2.4(iv) and is not a new one.

Definition 4.3. [15, Definition 2.7] For given mappings f,g : E - Eand M : EXE — E,
(i) M(f,.) is said to be a-strongly accretive regarding f with a > 0, if
(u—-0,J;(x—y)=alx- ylll, Vx,y,w e E,ueM(f(x),w),veM(f(y),w),
(if) ML(., g) is said to be B-relaxed accretive regarding g with p > 0, if
(u—vJix-y)=-plx-yll", Vx,y,weE ueMuw,gx)),veMuw,gy));

(iii) M., .) is said to be ap-symmetric accretive regarding f and g if MI(f, .) is a-strongly accretive regarding f and
MC(., g) is B-relaxed accretive regarding g with a > p and a = B if and only if x = y.

Proposition 4.4. Suppose that f,g : E — E are two single-valued mappings and M : E X E — E is a set-valued
mapping. Assume further that the set-valued mapping M : E —o E is defined by M(x) := M(f(x), g(x)) for all x € E.

If M(.,.) is af-symmetric accretive with respect to f and g, then M is (o — B)-strongly accretive (resp., accretive)
provided that a > f (resp., a = p).



J. Balooee, ].-C. Yao / Filomat 37:13 (2023), 4395—4424 4416

Proof. Since M(.,.) is af-symmetric accretive with respect to f and g, in the light of Definition 4.3(iii), M(f, .)
is a-strongly accretive with respect to f and M(., g) is p-relaxed accretive with respect to g. Then, for all

x,y€EE ue ]VI(x) and v e ]VI(y), we deduce that

(W=0,J;x=y)=@-w+w-0,J(x-y))
= —w,Jo(x—y) +<w -7, J;(x—y))
> allx — yll" = Bllx — ylI’
= (a=Pllx-yl,

for all w € M(f(y), g(x)). For the case when a > § (resp., @ = p), the last inequality ensures that the mapping
M is (@ — B)-strongly accretive (resp., accretive). The proof is completed. [

It is very essential to note that based on Proposition 4.4, every symmetric accretive mapping is actually
a strongly accretive or accretive mapping. In fact, the notion of af-symmetric accretive mapping given in
Definition 4.3(iii) (thatis, [15, Definition 2.7(vii)]) is exactly the same concept of r = (@ — §)-strongly accretive
(resp., accretive) mapping presented in part (ii) (resp., part (i)) of Definition 2.5 provided that a > § (resp.,
a = ), and is not a new one.

For given single-valued mappings H : (EXE) X (EXE) —» E, A,B,C,D, f,g : E — E and a set-valued
mapping M : E X E —o E, Gupta et al. [15] considered the following assumptions throughout sections 3 and
4 of [15].

Assumption (a1): Let H be symmetric mixed cocoercive regarding (A, C) and (B, D).

Assumption (a;): Let A be a1-expansive and B be f1-Lipschitz continuous.

As an extension of notions of H(.,.)-accretive mapping [38], B-monotone operator [26], generalized
H(., )-accretive mapping [21], H((.,.), (., .))-mixed cocoercive operators [20] and several another notions of
accretive and monotone operators existing in the literature, recently Gupta et al. [15] introduced and
studied the concept of ap-H((., .), (., .))-mixed accretive mapping as follows.

Definition 4.5. [15, Definition 3.1] Let Assumption (a1) holds. M is said to be af-H((.,.), (., .))-mixed accretive
regarding (A, C), (B, D) and (f, g) if

(i) M is ap-symmetric accretive regarding f and g;

(i) (H((,.),(,.) + pM(f, ))E) = E, forall p > 0.

Remark 4.6. It should be pointed out that in view of the above-mentioned discussions, Definition 4.5

coincides exactly with Definition 2.6. In fact, by defining M:E — Eas ]VI(x) = M(f(x),g(x)) for all x € E,
thanks to the fact that M is an af-symmetric accretive with respect to the mappings f and g, Proposition

4.4 implies that Mis (a - B)-strongly accretive (resp accretive) when a > 8 (resp., @ = ) and so M is an

accretive mapping. Now, by defining the mapping H : E — E as H(x) := H((Ax, Bx), (Cx, Dx)) for all x € E
and in the light of the fact that M is an af-H((., .), (., .))-mixed accretive mapping with respect to (4, C), (B, D)
and (f, g), in virtue of Definition 4.5 we have

(H + pM)(E) = (H((A, B), (C, D)) + pM(f, 9))(E) = E

for every p > 0. Hence, according to Definition 2.6, M is a H-accretive mapping. Thereby, for the case when
a > B (resp., @ = B), the class of ap- H(( .), (., .))-mixed accretive mappings coincides exactly with the class

of H-(a — B)-strongly accretive (resp., H—accretlve) mapplngs In other words, the notion of a-H (( ), G-

mixed accretive mapping is actually the same concept of H-(a - B)-strongly accretive (resp., H-accretive)
mapping when a > f (resp., @ = 8), and is not a new one.

Example 4.7. Let g = 2 and E = IR? with usual inner product defined by

((x1,x2), (Y1, Y2)) = X191 + X212.
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Let A,B,C, D : R? — R? be defined, respectively, by

Ax = 40 =4x,Bx = -3 = —3x,
4x, —3x2

_ le _ _ X1 _ _ 2
Cx—( 2% )—Zx,Dx—( ) )—x, Vx = (x1,x2) € R”.

Suppose that H : (R* x R?) X (R? X R?) - RR? is defined by
H((x,v),zw)=x+y+z+w, VYxyzwe R2.

Let f, g : R* - R? be defined by

5x1 — 2x Zx1 + 3x
fo=(Fo 8 = BT ) vmmer,
3 1 1

respectively. In addition, let M : R?> x R* — RR? be defined by M(x, y) = x — y for all x, y € R?. Taking into
account that for all x, y, u € R?,

(H((Ax,u), (Cx,u)) — H((Ay, u), (Cy,u)), J2(x — y)) = (Ax + Cx - Ay = Cy,x — i)
=(Ax - Ay, x—y) +{Cx - Cy,x —y)
=@x -4y, x-y+2x-2y,x—y)
= 4llx - yII* + 2llx — ylI?

1
:ZMX—4MF+mM—yW

1
= 4llAx - Ayl +2lx ~ yIP?

and

<H((1/l, BX), (u/ D.X)) - H((u/ By)/ (1/[, Dy))/ IZ(X - }/)) = <Bx + Dx - By - Dy/x - ]/>
=(Bx-By,x—y)+(Dx—-Dy,x—vy)
=(=3x+3y,x—y+{x-yx—1y)
= 3l = yIP + llx - yIP

1
=—3lBx - Byl? +lx - yIP

1
= —3lIBx - Byll* + Il =y,

the authors [15] concluded that H((4,.),(C,.)) is (u1,71) = (%,2)—strongly mixed cocoercive with respect
to (A,C) and H((, B), (., D)) is (u2,72) = (%,1)—relaxed mixed cocoercive with respect to (B,D), and so
H((A, B), (C, D)) is symmetric mixed cocoercive with respect to (4, C) and (B, D). Thanks to the fact that for
allx,y € R?,

IH((Ax, Bx), (Cx, Dx)) — H((Ay, By), (Cy, Dy))ll
=||[Ax + Bx + Cx+ Dx — Ay — By — Cy — Dy|| = 4||x — yl|,

they deduced that H is 7 = 4-mixed Lipschitz continuous with respect to A, B, C and D.
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By virtue of the facts that for all x, y,w € R?, u € M(f(x),w) and v € M(f(y), w),

(M -0 ]2(x - y)) = (M(f(x)/ ZU) - M(f(]/)/ w)/x - y>
=(f)—w—-f(y) +w,x—y)
={f) - fx-y
_ <( 5(x1 = y1) = 5(x2 = y2) ) ( X -y )>

2o —y1) +500—1) '\ =1
=5(x1 — y1)* + 5(x2 — 12)*
= 5llx - yII”
and for all u € M(w, g(x)) and v € M(w, g(y)),
(U =0, Jo(x—y)) = Mw,g(x)) - M(w, 9(y)), x = y)

=(w-gx)—w+g(y),x—y)
= —~(g(x) —g9(y),x - y)

- ( —fa-y) -3 -y ) (n-n )
MW -y - -y) )\ -
4 4
7 7 7
=—z0n- )’ - - y) = —gl- ylP,
Gupta et al. [15] deduced that M(f, .) is a-strongly accretive regarding f with @ = 5 and M(., g) is f-relaxed

accretive regarding g with g = %, and so M(.,.) is ap-symmetric accretive regarding f and g. Since for every
real constant p > 0, [H((A, B), (C,D)) + pM(f, 9)I(R?) = R?, they concluded that M is an ap-H((.,.), (., .))-

mixed accretive with respect to (4, B), (C,D) and ( f,9). Let us define the mappings HM: R > R
by H(x) = H((Ax, Bx),(Cx, Dx)) and M(x) = M(f(x),g(x)) for all x € E. Then, for all x € E, we have
H(x) = Ax + Bx + Cx + Dx = 4x and

_ _2 oy 42 By _17
i = -0 =( 20730 )-( B )= (TR )
Since for all x, y € R?,
(Ax = Ay, o(x — ) = (4x — 4y, x — y) = 4f|x — y|
and
lIBx — Byll = || = 3x + 3yll = 3llx — yll,

it follows that A is 4-expansive and B is 3-Lipschitz continuous. Now taking a; = 4 and 1 = 3, in the
light of the fact that y1a3 — 22 = 1 > 0, from Proposition 4.2(i) it is expected that the mapping H to be

(u10? — upB?) = 1-strongly accretive. At the same time, invoking Proposition 4.2(ii), we expect that H to be
Hioy — Hapy gy g I'rop p
7 = 4-Lipschitz continuous. The facts that for all x, y € R?,

(Hx) = Hy), ] = ) = (4 = 4y, x = y) = 4l =y > e -yl
and
IH@) ~ Hy)ll = 4bx - yl
confirm our expectations. Moreover, owing to the fact that o > 8, from Proposition 4.4 it is expected that

the mapping Mtobe a— B = L-strongly accretive. The fact that for all x = ( 2 ), y= ( g 1 ) € R?, u € M(x)
2
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and v € ]VI(y),
(U =0, 2(x = y)) = (M) = M(y), x = y)

By —y1) - £z — 1) -1

=<( B =)+ F00 - y) )’( X2 = Y2 )>
= 14_3(361 —y)* + 14—3(x2 —)?

13
= lk- yll?

confirms the expectation. In virtue of the above-mentioned arguments, we infer that our observations are
compatible with our derived assertions in Propositions 4.2 and 4.4.

Proposition 4.8. [15, Proposition 3.4] Let M bean af-H((., .), (., .))-mixed accretive mapping regarding (A, C), (B, D)
and (f,g). Let Assumptions (a1) and (ap) hold with a > B, p1 > pa, a1 > Py and y1,y2 > 0. If the following in-

equality (u — v, J;(x — y)) > O satisfied for all (y,v) € Graph(M(f,q)), then (x,u) € Graph(M(f, g)), where

Graph(M(f, 9)) = {(x,u) € EX E : u € M(f(x), g)}.

Proof. Assume that the mappings H:E > Eand M : E — E are defined by H(x) := H((Ax, Bx), (Cx, Dx))
and ]VI(x) == M(f(x), g(x)) for all x € E, respectively. Taking into account that a; > 1, 1 > pz and y1,y2 > 0,
from Proposition 4.2(i) it follows that the mapping His ([ulaq - [uzﬁ? + 1 + y2)-strongly accretive and so it
is a strictly accretive mapping. Since a > f8, Proposition 4.4 ensures that Mis (a - B)-strongly accretive and
as it was pointed out in Remark 4.6, M is a H-accretive mapping. We now note that all the conditions of

Lemma 2.10 are satisfied and so Lemma 2.10 implies that (x, u) € Graph(]VI) = Graph(M(f, g)). This gives
the desired result. O

It is significant to emphasize that there are some small mistakes in the context of Proposition 3.4 of [15].
In fact, in the context of the mentioned proposition, (1, x) and (v, y) must be replaced by (x,u) and (y, v),
respectively, as we have done in the context of Proposition 4.8.

With the aim of defining the proximal-point mapping associated with an ap-H((., .), (., .))-mixed accretive
mapping, Gupta et al. [15] gave the following conclusion in which the required conditions for the mapping
(H(A, B), (C,D)) + pM(f, g))* to be single-valued for every p > 0 are stated.

Theorem 4.9. [15, Theorem 3.5] Let M be an ap-H((.,.),(.,.))-mixed accretive mapping regarding (A, C), (B, D)
and (f,g). If Assumptions (a1) and (ap) hold with a > B, u1 > s, an > p1 and y1,y2 > 0, then the mapping
(H((A, B),(C, D)) + pM(f, g))" is single-valued.

Proof Define the mappingsﬁ E— EandM:E —o Eforallx € E, respectively, by ﬁ(x) = H((Ax, Bx), (Cx, Dx))
and M(x) = M(f(x), g(x)) for all x € E. The same argument used in the proof of Proposmon 4.8 shows that
His (yla - pzﬁl +vy1 +y2)-strongly accretive and so it is a strictly accretive mapping, and M is a H-accretive
mapping. Then, all the conditions of Corollary 2.13 are satisfied and so according to Corollary 2.13 the
mapping (E + p]\71)’1 = (H((A, B), (C,D)) + pM(f, g))! is single-valued for every constant p > 0. The proof
is finished. O

Based on Theorem 4.9 (that is, [15, Theorem 3.5]), Gupta et al. [15] defined the proximal-point mapping

H(()A)
RP,M(.,.)

as follows.

associated with an af-H((., .), (., .))-mixed accretive mapping M and an arbitrary real constant p > 0

Definition 4.10. [15, Definition 3.6] Let M bean af-H((., .), (., .))-mixed accretive mapping regarding (A, C), (B, D)
and (f, g). If Assumptions (a1) and (a2) hold with o > B, y1 > po, aq > p1 and y1,y2 > 0, then the proximal-point

mapping Rgg&’(')’;"')) : E — E is defined by

RGN () = (HI(A, B), (C,D)) + pM(f, g))'(w), Vu€E.
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It is worth _noting that by defining the mappings H:E—- Eand M: E — E as H(x) := H((Ax, Bx),
(Cx, Dx)) and M(x) = M( f(x),g(x)) for all x € E, thanks to the assumptlons of Definition 4.10, Propositions

4.2 and 4.4 imply that Hisa strictly accretive mapping and M is a H-accretive mappmg Then, in the light of

_ pH) .
RPM( )

with a H-accretive mapping M (ap-H((.,.), (., .))-mixed accretive mapping M) is defined by

Definition 2.15, for any real constant p > 0, the proximal-point mapping RH_ : E — E associated
p.M

ROy 0 = R () = (H + pM)™ () = (H((A, B), (C,D)) + pM(f, 9) '), Yu € E.

In view of the above-mentioned arguments, it is very essential to note that the concept of the proximal-

point mapping R F()4)

MG, associated with an af-H((., .), (., .))-mixed accretive mapping M and an arbitrary

real constant p > 0 given in Definition 4.10 is actually the same notion of the proximal-point mapping RHM
pr

associated with H-accretive mapping M and real constant p > 0 given in Definition 2.15 and is not a new
one.

In order to prove the Lipschitz continuity of the proximal-point mapping R

p M( 2
estimate of its Lipschitz constant, the authors closed section 3 in [15] with the followmg assertion.

and to compute an

Theorem 4.11. [15, Theorem 3.7] Let M : EX E —o E bean af-H((., .), (., .))-mixed accretive mapping with respect
to (A, C), (B, D) and (£, g9). IfAssumptions (m1) and (ay) hold with a > B, p1 > po, aq > By and y1,y2 > 0, then the

proximal-point mapping RHE\(/I()) :E—>Eis ﬁ—Lipschitz continuous, that is,

H() ))() RACA, )(‘U)HS

M) lu-ol, VuoveE,

I+ pk
where | = ,uw/{ — 2l +y1+y2andk = a - B.

Proof Let us define the mappings H:E—>EandM:E — E by ﬁ(x) = H((Ax, Bx), (Cx, Dx)) and
M(x) := M( f(x),g(x)) for all x € E, respectlvely By using an argument similar to that in the proof of

Prop051t10n 4.8, it follows that the mapping His (yla - yzﬁq + ¥1 + y2)-strongly accretive and Mis a
H-(a - B)-strongly accretive mapping. Now, taking | = ,u10£1 - yzﬁz + 71+ y2 and k = a — , Theorem 2.16

implies that the proximal-point mapping REIVI = RH(LE?,’.g"’” “E S Eis ﬁ _ Ma?_“zﬁqﬂ}ﬁyﬁp(mﬁ) Lipschitz
continuous, i.e.,
RIS ) = RIS @) = IRT ) - K@
<ol
“ I+ pk
1

= 7 7 lu—-vl, VYu,vecE.
phay = afy + 71+ y2 + pla—p)

This completes the proof. [J

Let S,T : E — CB(E) be the set-valued mappings, and let A,B,C,D, f,g : E - E, F: EXE — E and
H : (E X E) X (E X E) — E be single-valued mappings. Suppose that the set-valued mapping M : EXE — E
is an ap-H((., .), (., .))-mixed accretive mapping regarding (A, C), (B, D) and (f, g). Recently, Gupta et al. [15]
considered and studied the following generalized set-valued variational inclusion:

For given A € E, find u € E, v € S() and w € T(u) such that

A € F(v,w) + M(f(u), g(u)). (25)

Using the notion of the proximal-point mapping R )) , they presented a characterization of a solution
of problem (25) as follows.
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Lemma 4.12. [15, Lemma 4.1] Let A,B,C,D, f,9,F,S,T,H,M and A be the same as in problem (25) and let
Assumptions (a1) and (az) hold such that a > B, u1 > pp, 1 > prand y1,y2 > 0. Thenu € E, v € S(u) and w € T(u)
is a solution of problem (25)([15, problem 8]) if and only if u € E, v € S(u) and w € T(u) satisfy the following relation:

"= ng&f('?igw”[H((Au, Bu), (Cu, Du)) — pF(v,w) + pA],

where A > 0 is a constant.

Proof. Defining the mappings H:E—>EandM:E — E, respectively, by ﬁ(x) := H((Ax, Bx), (Cx, Dx))
and ]\’/\I(x) = M(f(x), g(x)) for all x € E, with the help of the assumptlons and Propositions 4.2 and 4.4, by
a same way as the proof of Proposition 4.8, we conclude that Hisa strictly accretive mapping and Misa
H-accretive mapping. Then problem (25) becomes actually the same problem (5). We now infer that all the

conditions of Lemma 3.2 are satisfied and so in the light of Lemma 3.2, (1, v, w) € E X S(u) X T(u) is a solution
of problem (5) (and so it is a solution of problem (25)) if and only if (4, v, w) satisfies the relation

= szﬁ[ﬁ(u) — pF(,w) + pAl = RISV [H((Au, Bu), (Cu, Du)) = pF(v,w) + pAl,

where p > 0 is a constant and R;I;(A()g)) = RI;,M = (H+ pM)™ = (H((A, B), (C, D)) + pM(f, g))*. O

With the help of Lemma 4.12 and Nadler’s technique [28], Gupta et al. [15] suggested an iterative
algorithm for finding an approximate solution of problem (25) as follows.

Algorithm 4.13. [15, Algorithm 4.3] Let A,B,C,D, f,g,F, S, T,H, M and A be the same as in problem (25) and let
Assumptions (a1) and (az) hold such that o > B, u1 > Up, a1 > Py and y1,y2 > 0. For any given zy € E, we can
choose ug € E such that the sequences {u,},> o, v}, and {w,};", satisfy

H
tty = R (@),

Up € S(”n) g = vl £ (A + nlﬁ)D(S(uW)r S(un+1)),
wy € T(un) Hlwy — wyall < (1 + ﬁ)D(T(un)/ T(un+1))r
zn+1 = H((Auy,, Buy), (Cuy, Duy,)) — pF(v,, w,) + pA + ey,

Z llej — ej-1llo~ l<oo, Ya@€(0,1),lime, =0,
j=1 n—oo

where p > 0 is a constant, A € E is any given element and {e,}," , C E is an error to take into account a possible
inexact computation of the proximal-point mapping point for all n > 0, and D(.,.) is the Huasdorff metric on CB(E).

Remark 4.14. It is important to emphasize that

(i) thanks to Theorem 4.9 and Definition 4.10, the conditions mentioned in Assumptions (1) and (a2)
with a > B, 1 > p2, a1 > B1 and y1,y» > 0 are essential for the proximal-point mapping RHE\(/I()E ) to be
single-valued and must not be dropped from the contexts of Lemma 4.1 and Algorithm 4.3 of [15]. Hence,
the mentioned conditions must be added to the contexts of Lemma 4.1 and Algorithm 4.3 of [15], as it is
done in Lemma 4.12 and Algorithm 4.13;

(ii) contrary to the claim in [15], the characterization of the solution for problem (25) involving af-
H((.,.), (., .))-mixed accretive mappmg M given in Lemma 4.12 is exactly the same characterization of the
solution for problem (5) mvolvmg H-accretive mapping M presented in Lemma 3.2, and is not a new one;

(111) by defining the mappings H:E—>Eand M:E — E, respectively, as H(x) = H((Ax, Bx), (Cx, Dx))
and M(x) := M( f(x), g(x)) for all x € E, by the same argument used in Proposition 4.8, and applying the
assumptions and Propositions 4.2 and 4.4 we conclude that H is a strictly accretive mapping and Mis a
H-accretive mapping. Thereby, Algorithm 4.13 (that is, [15, Algorithm 4.3]) is actually the same Algorithm
3.5 and is not a new one.
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Under some suitable conditions, Gupta et al. [15] proved the strong convergence of the sequence
{(un, 0n, wn)}, generated by Algorithm 4.13 to a solution of problem (25), and in support of this assertion
which is the most important result derived in [15], the authors presented Example 4.7 in [15].

Theorem 4.15. [15, Theorem 4.6] Let us consider problem (25) and assume that

(i) Sand T are I1- and l,-D-Lipschitz continuous, respectively;
(i) H((A, B), (C, D)) is T-mixed Lipschitz continuous regarding A, B, C and D;
(iii) F is o-strongly accretive regarding S and H((A, B), (C, D)) in the first component and O-strongly accretive
regarding T and H((A, B), (C, D)) in the second component;
(iv) F is €1, €-Lipschitz continuous in the first and second components, respectively;

(V) 0 < 71+ cpi(erls + €202)1 — pg(o + 0)TT < I+ pk,

wherel = ylaz - ”2‘8117 +yi+ys k=a—B,a> B, u1 >y, a1 > prand y1,y2, p > 0. Then, problem 25 (that is, [15,
problem 8]) has a solution (u,v,w), where u € E, v € S(u) and w € T(u), and the iterative sequences {un}, , {vu};,
and {w, ) generated by Algorithm 4.13 ( that is, [15, Algorithm 4.3]) converge strongly to u, v and w, respectively.

Here it is to be noted that by a careful reading the proof of Theorem 4.6 in [15], we found that there is a
fatal error in it. In fact, under the conditions of o-strong accretivity of F regarding S and H((A, B), (C, D)) in
the first component, 6-strong accretivity of F regarding T and H((4, B), (C, D)) in the second component, and
t-mixed Lipschitz continuity of H((4, B), (C, D)) regarding A, B, C and D, the authors [15] derived relation
(20) in it as follows:

(F(vn, wn) = F(Up-1, Wn-1), Jo(H((Attn, Buy), (Cuty, Duty))
— H((Auy-1, Buy-1), (City-1, Dup-1))))
< (F(vyn, wn) = F(vy-1, wy), Jo(H((Aun, Buy), (Cun, Duy))
— H((Auy-1, Buy-1), (City—1, Dup-1))))
+ (F(vy-1, wy) = F(0y-1, Wp-1), J§(H((Auy, Buy), (Cuy, Duy))
— H((Auy-1, Buy-1), (City-1, Duy-1))))
< (0 + O)IIH(Auy, Buy), (Cun, Duy)) — H((Atty-1, Buy-1), (City—1, Duty )|l
< (0 +0)Tuy — un—1ll”.

(26)

But, by using (ii) and (iii) mentioned in the context of Theorem 4.15, what we obtain is not (26) (that is, [15,
relation (20)]). In fact, by (iii) it yields

(F(vn, wy) = F(Up-1, Wy-1), ]q(H((Aunr Buy,), (Cuy, Duy))
— H((Auy-1, Buy—1), (City—1, Dup-1))))
< (F(vn, wn) = F(vy-1, wy), Jo(H((Aun, Buy), (Cun, Duy))
— H((Auy-1, Buy-1), (Cuty—1, Dup-1)))) (27)
+ (F(vn-1, wy) = F(Un-1, Wn-1), Jo(H((Autn, Buy), (Ciin, Duyy))
— H((Auy-1, Buy-1), (City—1, Dup-1))))
> (0 + O)IH(Aun, Buy), (Citn, Dun)) = H((Auty-1, Buty—1), (City—1, Dun-1))|I".

It can be easily observed that (ii) and (27) do not imply (26). In order to resolve this problem, the mapping
H((A, B), (C, D)), in addition to the conditions mentioned in the context of Theorem 4.15 must be satisfied in
an additional condition. In fact, it is sufficient that the mapping H((A, B), (C, D)) is expansive. In the light
of the above-mentioned discussion, the assumptions appeared in the context of Theorem 4.6 of [15] do not
ensure the assertion.

In the following a correct version of [15, Theorem 4.6] is given and then with the help of our main result
derived in Section 3, an easy proof for it is provided. For this aim, we need to present the following concept.
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Definition 4.16. For given mappings A,B,C,D : E — E, a mapping H : (E X E) X (E X E) — E is said to be
c-expansive with respect to A, B, C and D if there exists a constant ¢ > 0 such that

IH((Ax, Bx), (Cx, Dx)) = H((Ay, By), (Cy, Dy))ll = cllx = yl, Vx,y € E.
Clearly, it is expansive with respect to A, B, C and D if and only if ¢ = 1.

Theorem 4.17. Let A,B,C,D, f,g,F, S, T,H,M and A be the same as in problem (25) and let Assumptions (a;) and
(a2) hold such that & > B, p1 > po, a1 > p1 and y1,y2 > 0. Suppose further that

(i) Sand T are I1- and l,-D-Lipschitz continuous, respectively;
(i) H((A, B), (C, D)) is c-expansive and t-mixed Lipschitz continuous with respect to A, B, C and D;
(iii) F is o-strongly accretive with respect to S and H((A, B), (C, D)) in the first arqument and O-strongly accretive
with respect to T and H((A, B), (C, D)) in the second arqument, respectively;
(iv) Fis €1, €;-Lipschitz continuous in the first and second arguments, respectively;
(v) there exists a constant p > 0 such that

(/Tq — gp(0 + 0)cT + cypi(erh + eala)T < I+ pk,

where | = 1o — popl +y1+y2, k = a=pa>p > a>p q@d y1,72 > 0, c,,‘is a constant guaranteed
by Lemma 2.3, and for the case when q is an even natural number, in addition to the above inequality, the constant p
satisfies the following condition:

gp(o +0)c1 < 11 + c;pT(er]y + €21r)1.

Then, the iterative sequences {un}n "o Ok and {wy} | generated by Algorithm 4.13 converge strongly to u, v and
w, respectively, and (1, v, w) is a solution of problem (25).

Proof. Define the mappings H:E—>EandM:E — E as ﬁ(x) := H((Ax, Bx), (Cx, Dx)) and ]\71(x) =
M(f(x), g(x)) for all x € E, respectively. In the light of the assumptions, and applying Propositions 4.2 and
4.4 it follows that His a (u1a] — Pl +y1 +y2)-strongly accretive and 7-Lipschitz continuous mapping, and

Mis a H-(a — B)-strongly accretive mapping. At the same time, Hisac- expansive mapping, and problem
(25) and Algorithm 4.13 become actually the same problem (5) and Algorithm 3.5, respectively. Now, taking
I = wal — uapl +y1+y2and k = a — , we note that all the conditions of Corollary 3.10 are satisfied and so
the assertion follows from Corollary 3.10 immediately. [J
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