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Multiple solutions for nonlinear generalized-Kirchhoff type potential
systems in unbounded domains
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Abstract. In this paper, we consider a class of quasilinear stationary Kirchhoff type potential systems in
unbounded domains, which involves a general variable exponent elliptic operator. Under some suitable
conditions on the nonlinearities, we establish existence of at least three weak solutions for the problem. The
proof of our main result uses variational methods and the critical theorem of Bonanno and Marano.

1. Introduction

The aim of this paper is to show the existence of at least three weak solutions for the following class of
nonlocal quasilinear elliptic systems in RY

~Mi(Bi(u)) (divAyi(Vitg) — wi(x) Ai(us)) = A, (x,u) in RN, "
i € Wl RNy 0 W (RY);

for 1 <i <n(n €N), where N > 2, A is a positive real parameter and the functions w; € L*(R") such
that w; := ess i?zfv w;(x) > 0. M; are bounded continuous functions, F belongs to C}(RN x R") and satisfies
xXe

adequate growth assumptions and F,, denotes the partial derivative of F with respect to u; forall1 <i <n.
The functions p;i(x), g;(x) and y;(x) are continuous real-valued functions such that

1<p; <piv) <pf <q; <qi(x) <qf <N, ()

and
Yi@) = (1= HE)pi(x) + HE)q:(x),
forall x € RN with k is given in (H>), where p; := xierﬂng pi(x), p := sup p;(x), and analogously to 47, 47, y;

xeRN

and y;, with H : Rj — {0, 1} is given by

1 ifk >0,
ki) =
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The operator Aj; : X; —» R" with j = 1 or 2, and the operator B; : X; — R, are respectively defined by

1

Aji(ui) = aji(fulPO)u O 2u;, and Bj(u;) = f M(Au(lwil’”("’) + wi(x)Agi(uil” ’(x)))dx, 3)
RN Vi
t
where X; is the Banach space X; := W, 1’7 ’(X)(]RN )N WYy y’(x)(]RN ), Aji(.) is the function Aj;(t) = f aji(k)dk, and
0

the function a;(.) is described in the hypothesis (H;).

In this article, we consider the functionaj; : R* — R satisfying the following hypotheses forall 1 <i <n
and j € {1,2}:

(H1) The function a;i(.) is of class C'.
(H,) There exist positive constants k?l., k}i,kai and k? for all 1 < i < n, such that

0 32 40P T
() I ()
kﬁ+7’{(ki) G Sa],(’[)skﬁ+k’c TONNS

for all T > 0 and for almost every x € RN,

(H3) There exist cj; > 0 such that

Aa(t ) -2)
ot

min {a]-i(r[pi(x))q_—pi(x)zl aﬁ(Tpi(X))Tpi(X)fZ +7T } > Cji,[p,-(x)72,

for almost every x € RN and for all 7 > 0.

(H4) There exists positive constants §;; for all i € {1,2,...,n} such that

ji(t) = aﬂ(’c)’f

Bji

forallt > 0.

(M) M; : R* — R are continuous and increasing functions such that 0 < mg = {njn M;(0) < Mi(t) <my =
<isn

max M;(f), forallt > 0,ie{1,2,...,n}.
1<i<n

Recently, a great attention has been focused on the study of this type of problems. They appear in
mathematical models in different branches in science as electrorheological fluids [30, 31], elastic mechanics
[34], stationary thermorheological viscous flows of non-Newtonian fluids [29], image processing [13], and
mathematical description of the processes filtration of barotropic gas through a porous medium [3].

The system (1) is related (in the case of a single equation) to a model firstly proposed by Kirchhoff in
1883 as the stationary version of the Kirchhoff equation

pZu_(p, E f

8t2 2L 0
where p, po, E and L are constants. This equation extends the classical D’Alembert’s wave equation by
considering the effects of the changes in the length of the strings during the vibrations. A distinguishing

Lo 12
E 3—” dx which depends

du(x)
ox

82
d)aZ_o, (4)

feature of equation (4) is that the equation contains a nonlocal coefficient il 50

h
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2

1 (*
on the average I I} E
equation (4) have the following meanings: E is the Young modulus of the material, p is the mass density, L

is the length of the string, / is the area of cross-section, and py is the initial tension (see [23]).

dx, and hence the equation is no longer a pointwise equation. The parameters in

Now, in order to illustrate the degree of generality of the kind of problems studied here, with adequate
hypotheses on the functions aj;, in the following we present more some examples of problems which are
also interesting from the mathematical point of view and have a wide range of applications in physics and
related sciences.

Example I. Considering a;; = 1, we have that a;; satisfies the (H), (Hz) and (H3) with k‘]?i = k}i =1land
k?i >0and k) =0foralli€{1,2,..,n}and for j = 1 or 2. In this case we are studying problem:

—Mi(Bi(Mz’))(Apl(x)ui - w,'(x)|ui|m(x>—2ui) = AF,(x,u) in RN, 5)
u; € Wyl (RY)
1
where B;(u;) = f YE (IVuiI”f(x) + wi(x)lu,-lpf(x)) dx. The operator Ay u; = div (IVu;[®=2Vu;) is so-
RN Fi

called p;(x)-Laplacian, which coincides with the usual p;-Laplacian when p;(x) = p;, and with the Laplacian
when p;(x) = 2.
;(0)—p; ()
Example II. Considering a;(t 14+t 7w , we have that a;; satisfies the (Hy),(Hz) and (H3) with

) =
k?i = k}l,i = ka.l. =} =1foralli€{1,2,..,n} and for j = 1 or 2. In this case we are studying the p;&g;-Laplacian

equation:
{—Mi(Bi(ui))(APi(X)ui + Mgt — Wi(X) (PO 2u; + il 2uy)) = AF,, (x,u)  in RN, 6)
i € W' (RN) 0 W (RY)
where B;(1;) = f]R ) (}% (V2P + w0l @) + pvee (1727 + 70;(x) 1) )dx.
This class of problems comes, for example, from a general reaction-diffusion system
uy = div[D(u)Vu] + h(x, u), (7)

where D(u) = [VulP®=2 + [Vu|1™-2, and the reaction term h(x, u) is a polynomial of u with variable coef-
ficients. This system has a wide range of applications in physics and related sciences, such as biophysics,
plasma physics and chemical reaction design. In such applications, the function u describes a concentration,
the first term on the right-hand side of (7) corresponds to the diffusion with a diffusion coefficient D(u);
whereas the second one is the reaction and relates to source and loss processes. Typically, in chemical and
biological applications, (for further details, see [21, 26] references therein).

We continued with other examples that are also interesting from mathematical point of view:

Example III. Considering a1;(t) = 1 + \/117 and ay; = 1, we have that ay; and ay; satisfies the (H1), (H3)

and (H3) with k), = k9, = k), = 1k}, = 2,and k} = 0, k3, > 0 and k3, > 0. In this case we are studying problem:

“MA(B:u))div ((1 + =24 Vv p0-2v4.) — - P92} = AF, (x, in RN,
i(B1(u))(dliv (( WN P O2Vu;) = wi (O 2u;) = AR, (x,u)  in ©

ui € W (RY),

1
where B(i;) = f _(quilpi(X) + 1+ [V, |20 + wi(x)lul-m(x))dx.
R

~ pi(x)
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|V
Capillary operator. The Capillarity can be briefly explained by considering the effects of two opposing
forces: adhesion, i.e. the attractive (or repulsive) force between the molecules of the liquid and those of the
container; and cohesion, i.e. the attractive force between the molecules of the liquid. The study of capillary
phenomenon has gained much attention. This increasing interest is motivated not only by the fascination
in naturally-occurring phenomena such as motion of drops, bubbles and waves, but also its importance in
applied fields ranging from industrial and biomedical and pharmaceutical to microfluidic systems see [27].

The operator div ((1 + )IVqu(x)‘2Vu) is so-called p(x)-Laplacian like or so-called the generalized

9;(x)—p;(x) 9;(x)=p;(x)

¢ 1 100
Example IV. Considering a1;(t) = 1+t »®  + E—y and ay;(t) =1+t »® , we have that a;; and
(1+¢t)r@
ay; satisfies the (H;), (Hz) and (H3) with k(l)l. = kgi = k;i =1, k%i =2and kl.3 = ki. = k%l. = 1. In this case we are

studying problem

Va2V,
pix)—2

(1 + [Va i) e

—Mi(Bi(ui))[Ap,-(xWi + Agyis + dliv ( ) = i) (Ju 2, + Iuil""(")‘zui)] = AF,(x,u) inRY,

ui € W (RN) 0 Wi O (RY),

1 1 1 2
— (IVu. ™ . P 4 —— (1Y |9 ) 1) + Z(1 + [Vu: P75 |y
(pi(x) (IVa© + i)l @) + oo (IVail"® + i)l ) + S (1 + V@) 7 |

In the literature, the existence and multiplicity of the solutions for quasilinear elliptic systems have been
studied by many authors ([1, 6, 8-10, 15, 16, 25, 32]), where the general variable exponent elliptic operators
Aji in divergence form and the nonlinear potential F have different mixed growth conditions. For example
in [18] the authors show the existence of nontrivial solutions for the following (p, g)-Laplacian system

where B;(u;) = f

RN

JoF
-Apu = —(x,u,v) i RN
p au( ) in
(10)
JF . N
—Ago = %(x, u,v) inR
where the potential function F satisfies mixed and subcritical growth conditions and, in addition, is sup-
posed to be intimately connected with the first eigenvalue of the (A,, A;)-operator. They apply the Mountain
Pass theorem to get existence of nontrivial solutions. In [11], the authors using an abstract critical point

result of Bonanno and Marano established the existence of an interval A C [0, +oo[ such that for each A € A
the quasilinear elliptic system

—Apthi + a; ()| P2y, = AF,,(x,u1, ug, ..., uy)  in RN, 11)

for 1 <i < n, where a; € L*(RN) such that g; := ess inf a;(x) > 0 and A is a positive parameter, has at least
xeR

three distinct nontrivial solutions, and in [12] some similar results were obtained for the following classe of
nonlocal elliptic systems

1
— — (|VuP® ) dy | (A _ p-2,) = AF .
M, (f]RN o® (l ulP™ + a(x)lul ) x ( oyl — a(x)|ul u) AFu(x,u,0)  inRY,

1
-M — (IVol"® + a(x0)0l7® dx) Apiny0 — b(0)|0[1920) = AF,(x, u,v inRY;
2(]11;”1(96)(| | ()el™) dx | (Ageyo ~ Do)l ) (x, u, )

where a, b € L*(RV) such that a := ess irﬂgfN a(x) > 0and b := ess irﬂng b(x) > 0. M; and M, are bounded
XE XE

(12)

continuous functions, F belongs to C}(RY x R?) and verifies some mixed growth conditions.

©)
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This paper’s primary purpose is to establish the existence of some interval which includes A, where the
system (1) admits at least three weak solutions, which extend, complement and complete in several ways
some of many works in particular the results in [11, 12], by means of an abstract critical points result of
G. Bonanno and S.A. Marano [7], which is a more precise version of Theorem 3.2 of [6]. For other basic
notations and definitions we refer to [33].

Now, and for the convenience of the readers, we recall the three critical points theorem of G. Bonanno
and S.A. Marano [7] which is our main tool to prove the results. Here, X* denotes the dual space of X.

Lemma 1.1 (see [7, Theorem 3.6]). Let X be a reflexive real Banach space; @ : X — IR be a coercive, continuously
Gateaux differentiable and sequentially weakly lower semicontinuous functional whose Gateaux derivative admits a
continuous inverse on X*; W : X — IR be a continuously Gateaux differentiable functional whose Gateaux derivative
is compact such that

®(0) = W(0) =0.
Assume that there exist r > 0 and x € X, with v < ®(x), such that
sup W(x)
DE)<r - W(x)
D(x)’
D(x) r

Y(x) sup ¥(x)
D(x)<r

(a1)

(ap) foreach A € A, :=] [ the functional ® — AW is coercive.

Then, for each A € A, the functional ® — A\ has at least three distinct critical points in X.

Organization of the paper. The rest of the paper is organized as follows: Section 2 contains some basic
preliminary knowledge of the variable exponent spaces and some results which will be needed later. Finally,
in Section 3, we state and establish our main result.

2. Preliminaries and basic notations

In this section, we introduce some definitions and results which will be used in the next section. Firstly,
we introduce some theories of Lebesgue-Sobolev spaces with variable exponent. The details can be found
in [17, 20, 24, 28]. Denote by S(IRN) the set of all measurable real functions on RN. Set

C+(RN) = {p e C(RN) : irﬂl{l;p(x) > 1}

For any p € C.(RY) we define

p = irﬂl{f p(x) andp® = sup p(x).
xRN

xeRN

For any p € C,(RY), we define the variable exponent Lebesgue space as

LFO(RN) = {u € S(RN) : f ()P Pdx < Oo},
RN

endowed with the Luxemburg norm

u(x) p(x)

|u|p(x) = |M|Lp<x)(]RN) = inf{y >0: f il 4
RV H

dxsl}.
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Let w € S(RN), and w(x) > 0 for a.e x € RY. Define the weighted variable exponent Lebesgue space

L7 (RN) by

LEO(RN) = {u € S(RN) : f w(x)u(x)PPdx < oo} ,
]RN

with the norm

u(x)

U

p(x)
dx < 1} .

From now on, we suppose that w € L®(RN) with w := ess ian w(x) > 0. Then obviously szx)(Q) is a
x€R!

|u|p(x),w(x) = |u|Lp(x)(]RN) = inf {y >0: f 'LU(X)
w RN

Banach space (see [14] for details).
On the other hand, the variable exponent Sobolev space W'*®(IRY) is defined by
WYPORN) = {u € LPORN) : [Vu| € LPO(RY)},
and is endowed with the norm
1l ey = Netllwrser gy = [l + Vit Y € WIPORY).
Next, the weighted-variable exponent Sobolev space Wzlu’p(x)(]RN ) is defined by
WY = fu € LPRY) : [Vul € L (RY)),

with the norm

el = inf{y >0: f
RN

Then the norms ||u||y),» and ||ullp) are equivalent in W;,’p(x) (RM).

If p~ > 1, then the spaces LF™(RN), W?®(RN) and WO (RN) are separable, reflexive and uniformly
convex Banach spaces.

Vu(x) [P

U

u(x)

p(x) Lp)
w(x) dx < 1},Vu e W,/ (RN).

Here we display some facts which will be used later.
Proposition 2.1 (see [17, 201). The topological dual space of LP®(Q) is LV ®(Q), where
1 1
— + =1
pe) - p'(x)

Moreover, for any (u,v) € LP®(Q) x LF'®(Q), we have

11
uwixj < (= + — o [Vl 0 < 2l Tl o-
| L = () p()1Vlp’ (x) p()1Vlp’ (x)

Proposition 2.2 (see [17, 20]). Denote pyx (1) := f [ulPWdx, for all u € IPP(RYN). We have
RN

-
p(x)’

P p*
p(x)l }I

. pt
oin{lul, ) Jul, )b < ppeo () < max{lul, ), lul,)

and the following implications are true
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(i) lulpowy <1 (resp. =1,>1) © ppy(u) <1 (resp. =1,> 1),

(ii) Tulpy > 1= by < ppo@e) < lul,
-

(iii) fulyy <1 = [l ) < ppy(u0) < lul) .

p(x) =

Denote pp)w(u) := f (|V”(x)|p © -+ w(x) [u(x)l (x)) dx, for all u € W™ (RV). From Proposition (2.2), we
RN

have

”u”Z(x),w < pp(x),w(u) < ”u”Z(X),w if ”u”p(x),w 2 1/ (13)
1 < Do) < Ml i Tl < 1. (14)

Proposition 2.3 (see [19]). Let p(x) and g(x) be measurable functions such that p € L (RN) and 1 < p(x), g(x) < oo
almost everywhere in RN. If u € L1®(RN), u # 0, then we have

I p(x) p*
oney < 1= [ < i |q(x> S Y

p‘f'
[lpeoge = 1= b, )|

"
oy < PP <

In particular, if p(x) = p is constant, then
14 — 14
oo = [l
Now, for all x € RY, denote

Np(x)
() = pr(x) for p(x) < N
+o0  forp(x) =N

the critical Sobolev exponent of p(x). We have
Proposition 2.4 (see [17, 19]). Let r € CO*(RN), the space of Lipschitz-continuous functions defined on RN. Then,
there exists a positive constant ¢, depending on r such that

ulow < elliullier Yu € Wy ™(RY).

Proposition 2.5 (see [17, 19]). Assume that p € C(RN) with p(x) > 1 for each x € RN. If r € C(RN) is such that
1 < r(x) < p?(x) for each x € Q, then there exists a continuous and compact embedding W'/P®(RN) — L'®(RN).

In the following, we shall use the product space
X = [ [ (Wl RNy 0 W O ®Y)),
i=1
equipped with the norm
llull := max {lluille },  Yu = (u,...,us) €X,

where [[uille, = ity + H O illgiwy o is the norm in Wy (RN) 0 W@ (RN). We denote X* the
topological dual of X equipped with the usual dual norm.
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Definition 2.6. Let X be a Banach space, an element u = (uq,uy, ..., u,) € X is called a weak solution of the system

Wi

Y M (Bi(w) f (Va1 Vo + 0,0) Ao dx = ) f AP, (x, 11, .ty Yoy dx = 0,
i=1 RN Q

i=1

n
forall v = (1,02, ..., 0u) € X = H(w;;f’f‘*’(RN) N W ORN)).
i=1

For every u = (uy,...,u,) in X, let us define the functional ¥ by
W(u) = f F(x,uq,...,u,)dx.
IRN

Under the assumptions below (¥71) and (¥,), we have W € CY(X,R) and its derivative is given by

W' (u)o = Z D;W(u)v;,
i=1

where

JF

D,V ;= -— id
1 (M)Ul ‘fH;N aui (x/ ul/ 7 ui’l)vl x/

forall v = (v, vy, ..., v,) € X. Define also @ in X by
D) = Y O(uy),
i=1

where _—
Di(u;) = M; (Bi(ui(x))),

t
forany u = (u4,...,u,) in X, with M;(t) := f M;(s)ds forall t >0, (i € {1,...,n}).
0
We recall that @ is a C'-functional, weakly lower semi-continuous and its derivative is given by
n
D' (u)v = Z D;®(u)v;,
i=1
where
Dv(wor =My (Biw) [ (V) Ve + ) (a)or)
RN
forallv = (vq,...,0,) € X.

The Euler-Lagrange functional associated to the system (1) is defined by
Eix(u) :=0u) - A¥Y(u) VYuelX.
Since E; € CY(X,R) and for allv = (vy,...,v,) € X, we have
E\(u)o = ®'(u)v — AW’ (u)v

Consequently, u € X is a weak solution of (1) if and only if u is a critical point of E,.

We end this section by stating some hypotheses that we will be using later.
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Hypotheses
We assume some growth conditions:

(F1)
(72)

(73)

F e C{RN x R",R) and F(x,0, ...,0) = 0.

There exist positive functions b;; (1 < i, j < n), such that

n
ij—1
< Y byl
=1

where 1 < p;j < i%f yi(x) for all x € RN and for alli € {1,2,...,n}. The weight-functions b;; (resp b;; if
x€RN

oF
a_ui(x/ Ui, ..., un)

i # j) belong to the generalized Lebesgue spaces L%(RY) (resp L% (RY)), with

yi(x) @) (X)V] (%)
_ (%) = .
-1 T 00700 — 20 - )

ai(x) =

Example: We give an example of potential F satisfying hypotheses (1) and (%) for n = 2. Let

F(x, u1, t2) = a(x)|uq | Ofuy 2™

h® bW
y1(x)  ya(x)

< 1and ais a positive function in L“®(RN) such that

Y1)y5 ()
(X)Vg (X) ll (x)YQ (X) ZZ(x)yz (X)

for each x € RN.

We can easily verify that F(x, 11, uy) satisfies the condition (¥71). Moreover, by using Young inequality
we easily check that the condition (%3).

Assume that there exist ¥ > 0 and z = (zy, ..., z,) € X such that the following conditions are satisfied:

(c1>Z ! mm{|zz|p(x)w,|| Wy} + HO min Iz i, 1) > 7

Sup F(X, El/ ey (Eﬂ)dx
LN (&1 En)EK(=L) f F(x,z1,...,2,)dx
mo RN

(&) <

r n

s Y (s (] g Wl | + O max {12 i )

i=1

where

K(t):={(51,...5,»eRNzg(min{H’;’()|é|(”f -+ HE min {57 1al) ) < } (15)

and

1i7

Py i af
and s = max min ,C i,ct , (16
max{‘Bli, 521'} {p' 1<1<n{ P:(J\) pi (Y)} p’ 1<z<n{ %(Y) ‘Ii(’f)}} ( )

with t > 0, such that ¢,y and c,,(») representing the constants defined in Proposition 2.4.

mm{mm{k kS,}, min{k3,, k5, }}}

m =my mm{
1<i<n
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3. Main results
The following lemmas are needed in the proof of our main results, namely Theorem 3.3 below.

Lemma 3.1. The functional ® is continuously Gateaux differentiable and sequentially weakly lower semi-continuous,
coercive and its Giteaux derivative admits a continuous inverse on X*.

Proof. 1t is well known that the functional @ is well defined and is a continuously Gateaux differentiable
functional whose derivative at the point u = (uy, ..., u,) € X is the functional ®’(u) given by

(@ (), @) = Y (D} (w), p),

i=1

where
(@ (us), i) = My Bi(u) fR iV Vepi + i) P pi e,

for every ¢ = (¢1,...,¢») € X and for alli € {1,...,n}. Let us show that @ is coercive. By using (H>), (Hy)
and (M), we have for all u = (uy,...,u,) € X,

D(u) = Zn: Di(u;) = iﬁi(ﬂi(ui))
=1 =1

= ; 7:_; LN (»7(11‘(|VM1'|) + wi(x)ﬂzi(luil))dx

n

>y = f | (VP ONVulP + —wi(a(u ) |dx
i—1 Pi RN 1i ﬁZz
n

Mo

= Z pi max{Bui, fail

i=1
n

[ T 0w 2o i
RN

mo minfmin{k),, k3 }, min{k7,, k3,}}

pi max{Bui, fail

\%

: (ppi(x)wf(ui) + 7—{(k?) * Pgi(x)w; (1/[,‘)),

i=1

Hence, by inequalities (13) and (14), we obtain

n

o) > Z mo minfmin{k?,, k3 }, min{k?, k3,}}
- pi max{Bui, fail

i
pi(x),w;’

el ) o 4+ HGE) - minfll Nl ).

’ ( min{|[u;| pi(x),w; qi(x),w;’ qi(x),w;

i=1
This shows that ®(1) — +o0 as ||u|| — +co that is, @ is coercive on X. Now, in order to show that the
functional @’ : X — X* is strictly monotone, it suffices to prove that @ is strictly convex.

Foralli € {1,...,n}, the functional B; : X; — R defined in (3) is clearly a Gateaux differentiable at any
u; € X;, and its derivative is given by

(Bi(w), pi) = f TV )i + 20i0) (s ) i
R
= f (aus IVl Va2V, Vopi + wi()azi (il ) e Puip; bx,
RN

for all p; € X;.
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Taking into account the elementary inequalities (see, e.g., Auxiliary Results in [22]) for any g, € RN

Cplo— TP if pi(x) > 2

0—C? .
Cpi (‘Q|_‘|_H‘C|)Cpli<x)—2/ (@r C) * (0, 0) ifl < Pi(x) < 2,

(aji(1aP )l 20 — (TP PO 2C) - (0 - T) (17)

where - denotes the standard inner product in RY. Therefore, we have
(Bi(u;) — Bj(v), ui —v;) > 0,

for all u; # v; € X;, which means that 8/ is strictly monotone. So, by [33, Proposition 25.10], 8; is strictly

convex. Moreover, since the Kirchhoff function M; is nondecreasing, M; is convex in [0, +oo[. Thus, for
every u;, v; € X; with u; # v;, and every s, f € (0,1) with s + ¢ = 1, we have

Mi(Bi(su; + tv)) < Mi(sBi(wi) + tBi(07)) < sMi(B;(uy)) + tMi(Bi(07).
This shows that @; is strictly convex in W;,’ip i@ (]RN ) N Wi,’iy"(x) (]RN ) foralli € {1,...,n}. Hence, @ is strictly
n
convex in X, and therefore @’ = Z (I); is strictly monotone.
i=1

It’s clear that @’ is an injection since @’ is strictly monotone operator in X.
Moreover, since we have

Z‘Mi (Bi(uy)) fw (Jﬂli(Vu,-)Vu,- + wi(x)ﬂzi(ui)ui) dx

(@' (u),u) _
[[ul|—+c0 [1u4]] (141 .. 1ty )| > +00 I|(7/l1,..., Mn)H
n
mto (ﬂ]i(|Vui|pi(x))|vui|pi(X) +wi(x)azl,(luilp,-(x))luilpi(x))dx
i-1 VRY
> lim
gt 0 G2,y )
n
. . 0 10 . 2 ) p;’ 3 ' f];
o Min { min{k};, ky;}, min{k7,, k2i}} Z (””’“p,-(x),wi + HK) - lluill, (x),w,»)
2 lim i=1 .

- weesln . 3 .
I(te1,... 18, ) || = +00 {2:22(: {||ul||pi(x),wl + (]_{(Kj)”ui||qi(9(),wl}

Then, we deduce that @’ is coercive. Thus @’ is a surjection. Now, since @ is semicontinuous in X, then by
applying Minty-Browder theorem (Theorem 26.A of [33]), we conclude that ®” admits a continuous inverse
on X*. Moreover, the monotonicity of @ on X* ensures that ® is sequentially lower semi-continuously on
X (see [33], Proposition 25. 20). The proof of the lemma is complete. [J

Lemma 3.2. Under assumptions (¥1) and (F2), the functional V is well defined and is of class C* on X. Moreover,
its derivative is given by

, = OF
(W'(u), @) = Z ﬁ(x,u)(pi, Yu= (i, ..., un), @ =(P1,...,¢n) €X.
i=1 !

Furthermore, W’ is compact from X to X*.

Proof. We start by showing that the functional F is well defined on X. Indeed, for all u = (uy,...,u,) € X,
we have in virtue of (1) and (F3),
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i 31—"
F(x,u) = Zf (x,u1,...,8,...,uy)ds + F(x,0,...,0)dx

<a [Z [Z Bij) s 1 (x)|”

i=1

Then,

n

f Flx,uy,...,uy)dx <cp Z f Zbij(x) |uj(x)|yi’_1 |ui(x)|de].
RN -1 \YRY 73

If we consider the fact that W7®) (]RN ) s [HO (]RN ), for u(x) > 1, then there exists ¢ > 0 such that

”u|‘u|)/(x) |u| CHu”y(x)/

@ S
and if we apply Propositions 2.1,2.2 and 2.5 and take b;; € L®, b;; € L™ if i # j, then we have

n

n
fm FOo o) S s 7 (3 Wil ollat~ ol )| (18)

=1 j=1
<c Zl 2|b,]|a,]<x>| il o 7o) (19)
n
Z |b1]|a,](x)||u]”“” )”ulny r))] ©0. (20)

i=1

Hence, VW is well defined. Moreover, one can easily see that W’ is also well defined on X. Indeed, using
(F2) for all ¢ = (@1, ..., ¢u) € X, we have

W (u)p = Zf (x Ui, ..., Uy) @idx
< Z [Z bij(x) |uj(x)|yif_1] |(p,-(x)| dx.
=1

i=1
Following Holder inequality, we obtain

n

n
W@ <l ) (Y bilagllnl o lpibo) |

=1 j=1
[Z il Hm
=1\ j=1

Now let us show that W is differentiable in the sense of Frechet, that is, for fixed u = (u4,...,u,) € X and
given ¢ > 0, there must be a 6 = 0, 4,,.u, > 0 such that
7’i(x)) !

The above propositions yield

pij=1

(%) ”qol yilx

W (u)ep <c

n

|‘I’(u1 +<p1,...,un+(pn)—‘I’(u1,...,u,,)—\I/’(ul,,,.,u,,)((pl,...,(pn)| < sZ(“(pi

i=1
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forall = (@1,...,¢n) € X with Z (“qoi yi(x)) <6.
i=1

Let Br = {x e RN : x| < R} be the ball of radius R which is centered at the origin of RN and denote

n

By = RN\ Bg. Moreover, let us define the functional Wy, : H (Wl P (Br) N W1 i) (BR)) — R as follows:
i=1

Wr(u) :f Fx,u1(x),..., u,(x))dx, Yu=(uy,..., uy).

Bg

n
If we consider (1) and (%), it is easy to see that Wy € C1< H Wzl,,’ip i®) (Br)N W;,’?’i(x) (Br) ), and in addition
i=1

forallp = (p1,...,¢n) € H( 1p’(x) (Br) N Ww i) (BR)) we have

i=1

LADTEDSY fB %(x, U (R), « -, (X)) Pi(x)dx.
i=1 YBr 7

Also as we know, the operator W : ﬁ (W}U’Ip"(x) (BR)HW;;I,V"(X) (BR)) — (ﬁ( 1p’ " (Bg )ﬁW1 7i® (B )))
is compact [20]. Then, for all u = (u, .. fz,lun) ,@=(p1,...,¢n) € X, we can vifzrlite
|\If(u1 + @1, U+ @)=V (U, uy) -V (ul,...,un)((pl,...,(pn)|
< |‘I/R(u1 @1 g+ Q) = YR, 1) =W (g, .., u,,)(gol,...,(pn)(
+ | ; (FOo,ug + @1, upg+ @) —F(x,u1,..., Uy ZL —(x ul,...,un)(pi]dx|.

By virtue of mean-value theorem, there exist &1, ...,&, €]0,1[ such that

f(F(x,u1+(p1,...,un+(pn)—F(x,u1,..., ) — Zf —(xul,.,un)(pidx
B, Br

oF OF
f [ & (x,uq, .. ,ui+5i(pi,...,un)(pi—2ﬁ(x,ul,...,un)]dx.
i=1

Using the condition (¥7), we have

f(F(x U+ Q1. Uy + @) —F(x,u,..., 1)) — Zf —(x uy, . un)(p,-dx‘s

y [z [ (0 - |u]-)“”“1)(pidx] |
i=1 \ j=1 R

Using the elementary inequality |a + b|° < 2571 (jaf® + |b*) for a,b € RN, we can write

< Z {Z ((2#:;‘—1 _ 1) ﬁ/ bij(x) |uj‘[~lij_1 |(Pi) dx + <§j2).‘l!j_1 ﬂ/ bij(x) |(Pj)ﬂij—l |§0i| dx]]_
i=1

j=1 R R

Then, applying Propositions 2.2, 2.3 and 2.5, we have
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5 [Z(wxw% ol + b, 1|<o]|“;(;1)]||@

Yi(x)
and by the fact that

|bil'(x)|L‘Yi(B}<) — 0,
and

|bij(x)

AN

forall1<1i,j<mn, as R — oo, and for R sufficiently large, we obtain the estimate

|L [F(x,u1+<p1,...,un+g0n)—F(x,u1,...,u,,)—Z%(x,ul,. un)(p]dx|<52(“<p”%(x))
{3 i=1 !

It only remains to show that W’ is continuous on X. Let u,, = (U1, ..., Umn) be such that u, — u as
m — oo. Then, for ¢ = (¢1,...,¢u) € X, we have

W’ (1)  — W' ()| < I‘I” (i) @ — Wi ()|

(&F (%, U1,y Umn) Qi — (x ui, . ..,un)goi)dx

i=1
n
Since W} is continuous on H W Pz(x (Br) N W1 i) (BR)) (see [20]), we have
i=1
|\I/' (um) @ — V7, (u)(p| — 0 asm — oo.

Now, using (#2) once again and taking into account that the other terms on the right-hand side of the
above inequality tend to zero, we conclude that ¥’ is continuous on X.

As for the compactness of W, let u,, = (U1, . .., Umn) be a bounded sequence in X. Then, there exists a
subsequence (we also denote it as uy,, = (U1, . . ., Umy)) which converges weakly in X tou = (uy, ..., u,) € X.
Then, if we use the same arguments as above, we have

|\I/' (um) p — \Iﬂ(u)(p‘ < |\I], (um) @ — ‘y;{(u)(P)
oN}

Since the restriction operator is continuous, we have u,, — u in 1_[ 1 p @) (Br) N Wzluy i@ (Br) ) Because

i=1
of the compactness of \V’, the first expression on the right-hand side of the inequality tends to 0, as m — oo,

and, as above, for sufficiently large R we obtain

X[

This implies W’ is compact from X to X*. [

( (xuml,. S Umn) Qi — 8P(xu1,...,un)(p,-)dx.

dx — 0.

JF
( - (X, U1, - - umn)(Pz_ (x,ug,.. /Mn)(Pi)

Theorem 3.3. Under assumptions (F1) — (F3), the system (1) admits at least three distinct weak solutions in X for
each A that belongs to the interval
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A =
3
iy Z max {2 10 | + D max (I i

i=1 r

f F(x,z1,...,2y)dx f sup F(x,&1,...,&)dx
RN RN (& EneK(e)

.....

Proof. By Lemma 3.1, @ is coercive, and by definitions of ® and ¥ and from hypothesis (¥1), we have
®(0,...,0) =Y(0,...,0) = 0. Moreover, the required hypothesis ®(x) > r follows from (C;) and the definition
of ® by choosing % = (z1,...,z,). On the contrary, by applying Proposition 2.4 for u = (u1,...,u,) € X, we
have

1 & . v p.* . q: q.*
_( Z (mm {lu,-lpj?, Iuilpg} + '7'((1{?) -min {luilq;, |ui|q} })

S i=1 i i i

<Z i {Jlil Al o+ 0D min (el ) (@1)

with s —max{p, mm{cpi cp; )} p; mm{ a7 S i }} defined in (16).

1<i<n I(X)’ pi(x

Now, from (21), we obtain for > 0

O] = oo,r]) = {u= (..., u,) € X : Dy, ..., 1) < 7

m min{min{k® ko} min{k?, kz}}
1i’ 1i/
Ciu=(u e, U [S X
{ (i ) Z p max{Bj, Bai)
(minfll Nl )+ HOS) - minlad ) <)
mo 1rn‘ln{Kz} n
<isn .
c{ o ——— ) (minfi&; [y 10 |§ o)
max {pz min{c, ), €, ey}, P minfcg ., Cm(x)}} i=1
3 q; i
+HOG minll&l7 16T 1) < 1)
Sr
= K(m_g>

where K(t) is defined in (15), and x; and m] are defined as follows

min{min{k}, k) }, min{k},, k3, }}

K= 1i/ 1i”
' max{pii, Bai} ’
m§ = mo min{x;}.
1<i<n
Then, we get
sup W(uy,..., uy) = sup f F(x,uq,...,u,)dx
(141,211 )ED ™1 (]—00,7]) (51:--»:5061((%)

< f sup F(x,&q,...,&)dx.
R

N (€1, En)EK ()
0

Therefore from (C;), we have
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f F(x,z1,...,2,)dx
IRN

n
i Y (max A g o Vg, + HOE max { il Wl )

i=1
r\IJ(zl, s Zn)
T D(zy,...,2)]
from which condition (a;) of Lemma 1.1 follows.
In the next step, we shall prove that for each A > 0, the energy functional E, = ® — AW is coercive. For
allu = (uy,...,u,) € X, under the assumptions (H) and (H3) and by using inequality (20), we have

sup W(uy,...,uy) <r
(11,1001 )ED ™1 (]—00,7])

Ex(u) = Z Mi(Bi()) - A f}R AT
i=1

- o (I Pi) , (i@
=) [ (v ) ot ) i
n U
' OF
—)Lf S5 s + F(,0, ., 0)dx
| |
= m 1 1
0 . . )
> ) — — a1 IVl O ) Vul + —w(x)ai( |l O ) i )dx
;p;fw(ﬁu (Vp ) oy oie)aai i Yo )

n
~Aas[ ) Z il 1 il o) |
i=1  j=1

n

my . . . .
- - (1Vu: pi(x) Vu: pi(x) + w: . |Pi(x) |pi(x) d
§ p:_ aX{ﬁlirﬁZi} j]I;N (a11(| ] )| u;l wl(x)a21(|ul| )|Mz| ) X

i=1
~ Aes| Z Z il ol 1 ol o)
i=1 =

" my rmn{mm{kO K2}, min{k?. k2

17 72107 1/ 21
2 pi(x) pi(x)
pi max{Bui, fail f [ IVu P + wilud )

i=1

v

1\

+ HE) IV + 0;(0) 7)o A%[Z Z|bl,|a,,<x e 127l o)

V(%)
i=1  j=1

> Z ok (pp, (X)w; (u;) + Pgi(x)w; (u; ) /\C3[ Z Z |b1]|a” x)”u]”y/x) ”uz”y (x))]

i=1 pl i=1  j=1

By using Young’s inequality and (17), we obtain
EL(u) > Z lll o + HE N, ) - m[ [ 1bi]-|ai/_(x)( wll, + |u1||5”(x ))]
i=1 \ j=1

n
2 Z{ mm{l(” ”p (x),w; + 7—((k3)||u|| i(x), w) /\C‘l[ A (l ’I|a,,(x) ” ]“H (%) + |bif|a,,(x) ||Ll ”# (x)))]
i=

=1

This shows that (® — AW)(u) — +o0 as |[ul| — +oo, since we have 1 < y;; < irﬂng yi(x). Therefore, it
Xe

is confirmed that ® — AW is coercive on X, for every parameter A > 0 in particular for every A € A, =



D(x) r
Y(x)’ sup W(%)
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[, and then the hypothesis (a2) of Lemma 1.1 is also proved. Now, all the hypotheses

D(x)<r

of Lemma 1.1 are satisfied. Note that the solutions of the equation @’(u) — AW’(u) are exactly the weak
solutions of (1). Thus, for each

A€

n

my Y (max izl Nl b+ HOE max )
1 M0, 1) 0y i M) 07 1#1Mg, )0,

i=1 r

f F(x,z1,...,2,)dx f sup F(x,&1,...,&)dx
RN RN

(61,0-,6")61((%)

system (1) admits at least three distinct weak solutions in X. [J
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