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A completely hyperexpansive completion problem for weighted shifts
on directed trees with one branching vertex

Eun Young Lee?

?Department of Mathematics, Kyungpook National University, Daegu 41566, Korea

Abstract. Let a = {o}}_, be given a finite sequence of positive real numbers. The completely hyperexpan-
sive completion problem seeks equivalence conditions for the existence of a completely hyperexpansive
weighted shift W, such that & C &. Let .7 be a directed tree consisting of one branching vertex, 7 branches
and a trunk of length «, and let 7], ., be a subtree of .7, , whose members consist of the p-generation family
from branching vertex. Suppose S, is the weighted shift acting on the tree .7, .. This object S, on the tree
T« has been applied to the several topics. Recently, Exner-Jung-Stochel-Yun studied the subnormal com-
pletion problem for weighted shifts on .7 in 2018. In this paper we discuss the completely hyperexpansive

completion problem for weighted shifts on .7 as a counterpart of the subnormal completion problem for
Sa.

1. Introduction

Let H be a separable, infinite dimensional, complex Hilbert space, and let B(H) be the algebra of
all bounded linear operators on H. An operator T € B(H) is subnormal if T is unitarily equivalent to
the restriction of a normal operator to an invariant subspace. There are several characterizations for the
subnormality of operators in B(H). In[1], ]. Agler proved that T € B(H) is a subnormal contractive operator
if and only if ©,(T) > 0 for all n € IN (IN stands for the set of positive integers), where

n

0, (T) = Z(—l)f( .)T*”T”, neN.

n
Y

An operator T € B(H) is completely hyperexpansive if ©,(T) < 0 for all n € IN. In some sense, the notion of
complete hyperexpansivity of T € B(H) can be considered as a counterpart of subnormality in a subclass of

B(H). Let W, be the unilateral weighted shift on ¢? with a bounded weight sequence & = {anly ., €(0,0),
i.e., W, is the bounded linear operator on £% defined by Waen = anens1, n € Zy := N U {0}, where {e,}}”
is the standard orthonormal basis of £2. Let & = {a,}}_, € (0, %) be a given finite sequence. The subnormal
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completion problem of a is finding equivalence conditions for the existence of a subnormal weighted shift
Wa with weight sequence & = {d}; 0 such that &« C &, ie, & = ay for k = 0,--- ,n. Since J. Stampfli
([21]) provided a construction of the subnormal completion of three weights in 1966, this topic has been
studied and developed until now by several operator theorists ([7-9], etc.). It is well known that the
subnormal completion problem is solved by solving the truncated Stieltjes moment problem which is an
important topic in both pure and applied mathematics ([20]). Hence it should be worth studying the
completely hyperexpansive completion problem as a counterpart of the subnormal completion problem:
the completely hyperexpansive completion problem of & = {ax};_, seeks equivalence conditions for the existence
of a completely hyperexpansive weighted shift W, such that & C & ([11, 14-16], etc.). The object of weighted
shifts acting on directed trees is a generalization of the classical weighted shifts and has been studied by
several operator theorists at present ([17, 19], etc.). In particular, the weighted shift on directed trees with
one branching vertex is a good model which provides several exotic examples to solve some open problems
in operator theory ([5, 18, 19], etc.). Recently Exner-Jung-Stochel-Yun studied the subnormal completion
problem for weighted shifts on directed trees in [12] and [13]. Hence it is natural to study the completely
hyperexpansive completion problem for weighted shifts on directed trees as a counterpart of Exner-Jung-
Stochel-Yun’s subnormal completion problem. In this paper, we discuss the completely hyperexpansive
completion problem for weighted shifts on directed trees with one branching vertex.

This paper consists of four sections. In Section 2, we introduce the basic notions for the completely
hyperexpansive completion problem and the weighted shifts Sy on directed trees. Also we give some
criteria for the complete hyperexpansivity of S;. We construct the completely hyperexpansive completion
similarly as in the notion of subnormal completion on directed trees. Under the consideration of the tree
T« which has 17 branches, a trunk of length x, and one branching vertex and its subtree .7, .., of .7, with p
generation, we discuss the p-generation completely hyperexpansive problem on .7, .. In Section 3, we study
the 1-generation completely hyperexpansive completion on .7, .. In addition, we analyze the conditions for
the completely hyperexpansive completion when x = 1 and p = 1 in detail, and describe their representing
measures. In Section 4, we discuss the p-generation flat completely hyperexpansive completion on .7,
for arbitrary p-generation. Finally, we provide some relationships between the completely hyperexpansive
completion on the tree .7, , and classical unilateral weighted shifts which are obtained by slicing the tree

2. Preliminaries

2.1. Basic notions

We write Z and Z., for the sets of integers and nonnegative integers, respectively. Denote by IR and C the
sets of real and complex numbers, respectively. Let Ry = {x € R: x > 0}, Z, = Z, U{oo}, N, = {k € N: k > (}
with 1 > 2, IN, = N, U {oo}, and ], = {k € N: k < 1}, 1 € Z,. We write B([0,1]) for the family of all Borel
subsets of the closed interval [0, 1].

Recall that a sequence {a,};", C R is completely alternating if

Z(—l)f(;;)amﬂ <0, meZ,, neN,
=0

where (”) = is the binomial coefficient. It follows from [4, Proposition 4.6.12] (see also [17, p.75]) that

=it ])']'

a sequence {a,},’ ; is completely alternating if and only if there exists a unique finite positive Borel
measure T on [0,1] such that

a, =ag+ f (1+---+5"Ndr(s), nelN.
[0,1]

Let W, be the unilateral welghted shift with a weight sequence & = {a,}, ; of pos1t1ve real numbers. We
define the moment sequence y = {y,,}%2, € (0,0) of W, by 79 = 1and y, = a3 ---a? | (n € N). This sequence
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{ynl,, is sometimes said to be moments. Alternatively, given a moment sequence y = {y,}>, € (0, o), we
obtain the corresponding sequence a = {a,},” , by @y = yu+1/ynforn € Z,.

Let & = {a,)) _o be a finite sequence of positive real numbers with p € Z,. A weighted shift W,
with positive weights & is called a completely hyperexpansive completion (say: CH-completion) of a if W is
completely hyperexpansive and & C & (See [15, Definition 4.3]).

Proposition 2.1 ([15, Lemma 4.5]). Suppose a = {a,}’_

'_o 18 a sequence of positive real numbers with p € N. Then
the following conditions are equivalent:

(i) a admits a CH-completion,
(ii) there exists a completely alternating sequence § = {P,}, of real numbers such that
1 ifn=0,
Vn = { /

-1 .
H?:o 0‘? ifn € Jpa.

2.2. Weighted shifts on directed trees

In this subsection we define the main objects of our study. Let .7 = (V, E) be a directed tree with the set
of vertices V and the set of edges E. A vertex v € V is said to be the parent of u if there exists at most one
vertex v € V such that (v, ) € E, and denoted by par(u). A vertex of .7 which has no parent is called a root
of 7. If 7 has a root, we denote it by root and write V° = V' \ {root}. Put Chi(u) = {v € V: (u,v) € E} for
u € V. We call a member of Chi (1) a child of u. We write V' = {u € V: Chi(u) # @} and call a member of
VAV aleaf of . Avertex v € Vis called a descendant of u € V if there exist vy, ..., v, € Vwithn € Z, such
thatvg = v, v, = uand vj; = par(v)) for j = 0,...,n—1 (provided n € IN). The set of all descendants of u € V
is denoted by Des 7 (1), i.e., Des(u) = U ,Chi~"" (1), where Chi*® (1) = {u}, Chi(W) = UuewChi(v), W C V,
and Chi*"** (1) = Chi(Chi*" (u)), n € Z,. If W is a nonempty subset of V such that .y := (W, (W x W) N E)
is a directed tree, then we say that Jy is a (directed) subtree of 7.

For a directed graph .7 = (V, E), we write ¢*(V) for the usual Hardy space on V with the standard basis
{eu}uev of €2(V) (cf. [6, Example 1.1.7]). For a system A = {A,}yev- € C, define the map Az defined on
functions f: V — C by

Ay - f(par(v)) ifveVe,
0 if v = root,

(Azf)@) = {

and define the operator S, on 2(V) with domain D(S;) = {f € (3(V): Agf € C2(V)}by Saf = Az f, f € D(S))
([17, Definition 3.1.1]). The operator S, is called the weighted shift on the directed tree T with weights {A,}eve.
In particular, if S; € B(£*(V)),

1/2
Swew= ). Ay and lSall=sup| Y IP| (1)
veChi(u) u€V \ peChi(u)

see [17] for more information of the theory of weighted shifts on directed trees.

We now give some technical lemmas which are connected to the completely alternating sequences on a
directed tree.

Lemma 2.2 ([17, Lemma 7.1.8]). Let Sy € B(£*(V)) be a weighted shift on a directed tree T with weights A =
{Ao}oeve, and let u € V' be such that {||She,|*), is completely alternating for every v € Chi (u). Then the following
conditions are equivalent:

(i) the sequence {||5',1\3u||2};°:0 is completely alternating,
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(ii) Sa satisfies the consistency condition at u, i.e.,V

1
1
)UEET T WYL ()

veChi(u) veChi(u)

If (i) holds, then t,({0}) = 0 for every v € Chi(u) such that A, # 0, and the representing measure T, of {||57\€u||2}2°:0
is given by

W= Y, nf [ %du(sn[ Y, k1= ¥ i | 1 %d’fv(s)]%(a)/ @

veChi(u) veChi(u) veChi(u)

for o € B([0,1]). Moreover, 7, ({0}) = 0 if and only if S, satisfies the strong consistency condition at u, i.e.,

Y wh=1+ ¥ ik | Lo )

veChi(u) veChi(u)
Lemma 2.3 ([17, Theorem 7.1.4]). Let Sy € B((*(V)) be a weighted shift on a directed tree T with weights
A = {Ay)oeve. Then the following conditions are equivalent:

(i) Sa is completely hyperexpansive,
(i) for any u € V, there exists the (unique finite) positive Borel measure T, on [0, 1] such that

1
IShe.l* =1+ j(; (1+---+s"Ndr,(s), nelN. 4)

Notation. We write 7} for the unique finite positive Borel measure 7, corresponded by A and u which are
appeared in Lemma 2.3.

We now introduce a particular directed tree with one branching vertex, n branches and a trunk of length
«; see Definition 2.4 below and Figure 1. This is the main object of this paper, which has provided several
interesting results and exotic examples related to subnormality since 2012 (see e.g., [2, 5, 18, 19], etc.).

Definition 2.4 ([17]). Given 1 € N, and k € Z.., we define the directed tree T = (Vi Eqi) by (see Figure 1)

Vi =1{-k:ke ] JU{0bUlG,j):i€],jeN],
En =EcU{(0,(G,1)): i€ )y UG )), (G j+1): i€y j €N},
E.={(-k,-k+1): ke ]

Recall that a weighted shift S, satisfies the unitary equivalence property ([17, Theorem 3.2.1]), and that
if A, = 0 for some u € V°, then Sy can be decomposed into two weighted shifts on subtrees of .7 ([17,
Theorem 3.1.6]). Thus, to study the structure of S, we usually consider positive real values for the weights
{Au}veve of Sa (cf. [10, 12, 13], etc.). Thus

we only deal with bounded weighted shifts Sy on directed trees 7, = (Vy, E; ) with positive
weights A = {Ay}peve, where n € Ny and x € Z.., unless we specify otherwise,

throughout this paper. The following lemma is the counterpart of the version of subnormality in Corollary
6.2.2 in [17] for the completely hyperexpansivity of weighted shift on a directed tree.

Lemma 2.5 ([17, Corollary 7.2.3]). Suppose 1 € N, and « € Z., are given. Let Sy € B((*(V,,)) be as usual. Then
the following assertions hold?):

DWe consider the convention that § = co.
2From now on, for brevity we write A; ;, ¢; j and T;‘j instead of A j), ¢, j and o

W) respectively.
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Figure 1: An illustration of the directed tree .7, . for x < co.

i) If x =0, then Sy is completely hyperexpansive if and only if there exist positive Borel measures {Tl} on [0,1]
such that
1 n+1
s 1 ;
1+f0(1+. )dTi(s) = H)\”, neN, i€, )

Zq“ +;A f—d'c ).

i=1

(if) If0 < x < oo, then S, is completely hyperexpansive if and only if one of the following two equivalent conditions

holds:
(ii-a) there exist positive Borel measures {t;}] | on [0,1] which satisfy (5) and the following requirements:
1 n 1 1
Z A2 =1+ Z A2 f ~d(s), ©)
i=1 i=1 0
k-1 n 1 1
Mgy =1+ H 22, Z A2 fo Srduls), ke, @)

1
Ry +HA2 I T ®
(ii-b) there exist positive Borel measures {T,} and v on [0, 1] which satisfy (5) and the equations below

! ITie-n A2, ifn €],
gl R
1+ fo‘ T+ +8")dv(s) = {(HK 12 )1(27 1 Hn K/\z ) i€ Noar. )

(iii) If x = oo, then Sy is completely hyperexpansive if and only if Sa is an isometry.

Moreover, if Sy is completely hyperexpansive and {t;}]_ | are positive Borel measures on [0,1] satisfying (5), then
i =t} foralli € J,. If 0 < x < co and (ii-b) holds, then v = 4.

Before closing this subsection, we give a statement which will be used in the subsequent sections of this
paper:

||S’}\erc,ot||2 coincides the right side of (9) and ||Sﬁei,1||2 coincides the right side of (5) for i€ J,.
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2.3. CH-completion problem
The CH-completion can be defined similarly as in the notion of subnormal completion on directed trees.

Definition 2.6. Let .7 = (V, E) be a subtree of a directed tree g = (V,E)and let A = {Ay}oev- C (0,00). A weighted
shift S; on  with weights A = {A,}, ¢ € (0, 00) is said to be a CH-completion of A on F if Sy € B(*(V)), AC A,
ie, Ay = A, for all v € V°, and Sy is completely hyperexpansive. If such a completion exists, we also say that A
admits a CH-completion on .7 .

CH-completion problem. In terms of Definition 2.6, the CH-completion problem for (7, 7) is finding
equivalent conditions for A = {A;}yeve € (0, ) to have a CH-completion on 7.

We take .7}, as the background tree and define a subtree .7, ., of .7, . as below.

Definition 2.7 ([12, Definition 4.6]). Given n € IN,, k € Z, and p € IN, we define the directed tree Tp =
(VT],K,p/ ET[,K,p) by (Se@ Figl/lre 2)

Vip = {=k:ke ] JU{OtUIG f):i€ ],],j € ]p}/

Enp =EcU{0,G,1): i€ [y U{(G ), G j+1): i€y, j€ [l

11y @2 (Lp)
e e
-K —(x-1) 21 22 2,p)
——e0o—> —e
Gl (G2 Gp)

Figure 2: An illustration of the directed tree 7, for x < co.

In this paper we will discuss the completely hyperexpansive completion problem for (7, p, 7<) with
p € N as following.

p-Generation CH-completion problem. Suppose 1 € N, ¥ € Z, and p € IN. Let (Txpr Tyx) be
as above. The p-generation CH-completion problem on .7, is CH-completion problem of the initial data
A= {/\v}ve °

nxp”

Firstly we list below some properties which can be obtained easily by mimicking the ideas in [12].

1° The sequence A = {/\U}DEV;m admits a CH-completion on .7 if and only if 1< 2?:1 A2, < oo (see [17,
Propositions 7.4.1 and 7.4.2]).

2° J Zzi]/;lzl = lif and only if |S;e,|| = 1 forallv € V°\ {0}, i.e., Sy is an isometry? (see [17, Proposition

3° Foreachp € N, the p-generation CH-completion problem on .7 . is solved by Lemma 2.5(iii), i.e., A =
{/\v}vevw, admits a CH-completion on .7, « if and only if Z?zl /\1,21 =land A, =1,0 € V; 00, \{(i, 1)}i€]77.

4° If 7 = (V,E) is a subtree of a directed tree & = (V,E), S5 € B(3(V)) is a CH-completion of A =
{Ay}oeve € (0,00) on .7, and S, is the weighted shift on .7, then S; € B(¢?(V)) and ISAIIIIS ;]I (see [12,
Proposition 4.3]).

SForueVe,S A () denotes the weighted shift on the directed tree Ipeg(y) with weights A_,(y := {Av}vepes(u)\u) ([17, Notation 3.1.5]).
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5° Let .7 = (V,E) be a subtree of a directed tree . = (V,E) such that, for some w € V \ Root(.7),
Chiz (w) # Chi 4 (w), Chiz (par (w)) = Chi s (par (w)), and Des » (v) = Des 4 (v) for all v € Chiz (w) U
(Chiz (par (w)) \ {w}). Assume that Sy € B(£*(V)) is a completely hyperexpansive weighted shift on
J with nonzero weights A = {A,}oev-. If S; satisfies one of the following conditions:
i) w € V'\ (Root (<) U Chi(Root (7)),
ii) S, satisfies the strong consistency condition at u = par (w), i.e., (3) is valid for u = par (w),
then A does not admit a CH-completion on .7 (see [17, Proposition 7.5.1]).
6° If S5 € B(é’Z(V,],K)) is completely hyperexpansive where x € N, then Tgl({O}) = 0 for every i € ], and
the supports of the measures 72, and {721}1'6 ], satisfy the equation

supp ¢ = 4 GiESUPP T (0D =0,
PP T« {0} U (Uiep,supp 7)) otherwise,

(see [12, Theorem 3.5]).

Now we give a general solution of p-generation CH-completion problem for 0 < x < co. The following
proposition is the counterpart of [12, Lemma 4.7] for CH-completion problem.

Proposition 2.8. Let 1 € Ny, k,p € N and A = {Ay}oeve

nKp

T« if and only if there exist positive Borel measures {’ci};’=1 on [0, 1] satisfying the conditions (6), (7), (8),

C (0, o0) be given. Then A admits a CH-completion on

Mz := sup 7([0, 1]) < o, (10)
i€]y,
and
1 n+1
1+f0 1+ +5"dri(s) = H)\i]., nely, i€, (11)
]:

Proof. Since the proof of “sufficiency” is similar to the proof of [12, Lemma 4.7], we will show only the
“necessity”. To do so, we consider a system {Ti};]:l of positive Borel measures on [0, 1] which satisfy (6), (7),

(8), (10) and (11). Since each 7; is a positive measure for i € ], and using (10), it holds that 0< J(;l s"dTi(s) < oo
(n € Z,). For p > 2, we define the system A= {)A\v}vevgx C (0, 00) by

Ao ifoeve,,

/A\z] = 1+f1(1+"‘+5j72)d'f'(s) (12)
o 7 T ifo=(G1¢e %
1+f()1(1+“'+57’3)dri(s) ifo=(,j) Jo X N1,

and for p = 1, we define again the system A= {/A\v}vEV;,K C (0, ) by

s [e]
Ao ifve lel,

A= 1+ 7;([0, 1]) ifo=(,2),i€], (13)

ifo=(,j) € J; x Na.

1+ [} (L4 +572) dTi(s)
14 [} (Lts/73) di(s)

Combining (11), (12) and (13), it follows that the condition (5) with A in place of A holds. It is easy to check
that { Ti}?:l and A satisfy the conditions (5)-(8). Finally, we will claim that S; € B(*(V},«)). The condition (8)
implies 7;({0}) = 0 for all i € J,,. Since slz > % on[0,1],

T "1 ,
fos—zd’fi(s)zfo gd’c,-(s), i€y (14)
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If x = 1, then by applying the inequality (8) we get

1 1
Agz1+A§ZA§1fO Slzdr,-(s)
i=1
(14 2 . 2 (6> 2
> 1”02% —d’[ 1+A2 Z/\ ), (15)
i=1

which implies that

n
Y 22 <o, (16)
i=1

Suppose now that k¥ € IN,. Using (7) with k = 1 in place of (8) and arguing as in (15), we also obtain (16). It
follows from (11), (12), (13) and [3, Proposition 4], {)Ati,j};?‘:’ is monotonically decreasing for alli € J,. Asa
consequence, we have

2

~ (11) (10)
sup sup A7; = sup A7 @ sup(l +7i([0,1])) < oco.

€], j22 i€], i€],

Combining this with (16) and x < oo, we see that sup,y;  Y.oechiw) A2 < oo. Hence, by (1), S3 € B(E2(V,,)).

Since A C A, we infer from Lemma 2.5(ii-a) that S; is a CH-completion of A on .7, . This completes the
proof. O

3. The 1-generation CH-completion problem

3.1. The general case of trunk k > 1

Supposen € Ny, k € Z,,r € Nand A = {Aotvevs, C (0, 00) are given. Assume that Sy € B(£*(Vy,))- Recall
that Sy is r-generation flat if A;j = Ay j foralli € [, and j > r ([12, Definition 6.1]). The following theorem is
the counterpart of [12, Theorem 6.2] for CH-completion problem.

Theorem 3.1. Suppose 1 € Ny, k € Nand A = {/\U}UGV;,KJ C (0, o0) are given. Then A admits a CH-completion on
Ty« if and only if A admits a 2-generation flat CH-completion on .7 .. Moreover, if Sy is a CH- completion of Aon
Tk, then there is a 2-generation flat CH-completion Sy on I, such that T/;l =1 Z /\fl ?1 = T Jforalli €[y,
where ¢ := Y1, A2,

Proof. The idea of this proof comes from [12, Theorem 6.2]. Since the necessity is trivial, we will sketch only
the proof of the “moreover” part. Assume that S; is a CH-completion of A on 7, . Set 7_ = 4, 7; = Tﬂl
foralli€ J,and p = ¢ 1.:1 /\ﬁlfcl. By [17, Lemma 7.3.1], p is a finite positive Borel measure on [0,1]. And
0 <c < ooby ||S;1€0||2 = c. Since 7_, (resp., 7;) is the representing measure of ||S§e_,<||2(resp., ||S;e,-,1||2), by
Lemmas 2.3 and 2.5 with A in place of A, we see that the integral parts “ J(;oo s"du_(s) [resp., fooo s" T du(s)]”
in (6.2) of [12, Theorem 6.2] is changed to “1 + fol(l + -+ 8" ) dT_ (s) [resp., 1 + fol(l + -+ 5D d(s)]”.
Thus, by using (5) and (9), it holds that

1 k=1 1
1+ f 1+ +s"Hdr_(s)=c H /\%j (1 + f aQ+---+ s”‘"‘z)dp(s)), 1 € Nyyo.

Consider the system A= {)A\U}UEV;,K of positive real numbers which is defined as the equation where 71; is
replaced by p in (13); note that this equation is well-defined clearly. As in the proof of [12, Theorem 6.2],
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we can prove routinely the remaining part of the proof by using Lemma 2.5(ii-b) and we conclude that Sj
is a CH-completion of A on .7, such that 7', = p for alli € ], and 7!, = 7. That S; is 2-generation flat
follows from the definition of A. This completes the proof. [

We now consider the special case of trunk ¥ = 1 and p = 1. In this case, we can describe specifically the data
getting from the CH-completion. The following is the counterpart of [12, Theorem 5.1] for CH-completion
problem.

Theorem 3.2. Suppose 1 € N and A = {/\v}vevm C (0, 00) are given. Then A admits a CH-completion on 7,1 if
and only if

Ul
1< Z A2 and AP+ Z A2<2. 17)
i=1

In this case, there exists a CH-completion S; of A on 7,1 such that

i a-1 .
o= (=)o i, (18)

where a = Z?:] A2, In this case, Aij = ,/Zﬁ%;g:;;for alli € J,and j € Ny.

Proof. Let S; be a CH-completion of A on .7 1. Setting 7; = T" for i € J,. The first inequality of (17) is a
direct consequence by [17, Proposition 7.4.1(ii)]. The second mequahty of (17) follows from (15) in the proof
of Proposition 2.8.

Conversely, assume that (17) holds. Seta = 27:1 )\%1 and 7; = (“;—1)61 for alli € J;. By (17), we see that

0< ”%1 < 1, which implies that the measure 7;, i € [, is a finite positive Borel measure and (10) holds. Also,

n 1 Ui
1+ZA§1f0 %dTi(s):1+Z/\i2,1( ) ZAH,
i=1 i=1

and using the second inequality of (17)

i 1 i

1 -1

1Y [ Sdne =14 3) 2 (°
i=1 i=1

As above, we conclude that (6) and (8) are valid as well. Of course, (7) and (11) vanish when x = p = 1.
By Proposition 2.8, A admits a CH-completion on .7, ;. Now we consider a system A = {)\v}vev C (0, 0)

defined as (13) with x = 1. Then Sj is a CH-completion of A on .7, 1, which satisfies the condltlons (18) and
;\i,j = 4 /% for (i, j) € J; X Na. This completes the proof. [J

Ui
) =14 23} 22 - D=2,
i=1

3.2. The explicit case of trunk x =1
Recall that if n € Ny and A = {/\v}vev;;“ C (0, ), then it follows from that A admits a CH-completion

on .7, if and only if (17) holds. Observe that the condition (17) for the CH-completion of A on .71 can be
divided by the following four cases:

ClL 1=Y7 A2 and A2+ 1.7 A2 =2,
C2. 1=y A2, and A2+ X7 A% <2,

C3. 1<Y], )\%1 and A;2+ Y1, )\%1 =2,
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C4. 1<X! A7 and AJ% + X1, A2, <2.
In this subsection we discuss how the above conditions affect the CH-completion of A on 7,;. Before
doing this we recall the extremality of the complete hyperexpansivity of S;. Forn € N, and « € N, a
completely hyperexpansive weighted shift S; on .7, with A = {/\v}veVﬁ,K is said to be extremal if ||Sxerootll =
min||S;eroot/, Where the minimum is taken over all completely hyperexpansive weighted shifts S; on .7,
with A = {iv}vev;’m such that A, = A, for all v # —« + 1. It follows from [17, Remark 7.3.3] that if S, is a

completely hyperexpansive weighted shift on .7« with A = {A;}eev:,, then S, is extremal if and only if it
satisfies the condition

k=1 n 1
1
Ry =1+]]23) 2% f (o) (19)
=0 i=1 0

note that this equality (19) comes from the inequality in (8).

Definition 3.3. Suppose 1 € Ny, x,p € N and A = {Ay}oev:, , C (0, 00) are given. A CH-completion S; of A on

T« which satisfies (19) is called the extremal CH-completion of A on 7.
It follows from Property 2° in Subsection 2.3 that
if Sy is a CH-completion of Aon Fy1, then ¥, /\1‘2,1 = lifand only if Sy ) is an isometry,
which is related to the conditions C1 and C2. In particular, it follows from [17, Proposition 7.4.1] that
if Sy is an extremal CH-completion of Aon Fyy , then Y. | /\1.2,1 = 1ifand only if Sy is an isometry,
which is related to C2. The condition C3 is related to the extremal CH-completion of A on .7, 1 as following.

Theorem 3.4. Letn € Nyand A = {/\v}vev:’“ C (0, 00). If one of the disjunction conditions C3, and C4 holds, then
A admits an extremal CH-completion Sy on 7,1 such that

= (45 - Ds, (20)
1

)= [Z A2 - 1] 5, (21)
i=1

Tf}l = a;0; for some a; € Ry andallie€ J,, (22)

where t and a;’s satisfy the equalities

SR A - Lo, ML AL -1

= "= ¥ " and AMg=——2 23
A5 -1 ; 1A 21 (23)

Proof. We consider a system {’c,-}?z1 such that (22), (23) and sup,, j, @i < hold. Since the condition C3 (resp.,

C4)impliest = 1 (resp., t € (0, 1)), each 7; is positive Borel measure on [0, 1] for i € ;. The simplest solution of

R, A2 -1
D

by (13). It is easy to check that {Ti}? , and A satisfy (5), (6), (10) and (19). Therefore Sj is an extremal

CH-completion of A on .71 where Tf\; = 1;foralli € J,. Using (23) and (2) with u = 0 (resp., u = —1), it

follows that (21) (resp., (20)) holds. This completes the proof. O

the second equality in (23) is ay = and a; = 0 otherwise. Define the system A= {;\v}yev;;l C (0, 0)
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Proposition 3.5. Let 1 € Ny and A = {Av}ye\/;H C (0, ). If S is CH-completion of A which satisfies the condition
C3, then it is an extremal CH-completion such that

= (2= 1)oy, (24)
= (1= 23961, @5
Til = ;0 forallie ],

where a;’s satisfy the equality

i n
Y A2 =14) A (26)
i=1 i=1

Proof. By Theorem 3.2, A admits a CH-completion on .7 1. Let S; be any CH-completion of A on .7, ; . We
show that Sj is extremal. Set 7_y =t , 79 = ) and 7; = 7}, for i € J,. By (6), (8) and C3, we have

iAil f ~dti(s) Z/\ f —dT(s). 27)
i=1

By (14), the converse inequality of (27) holds, and so we get

i)\gl f —d7(s) ZA fo 1 %dn(s). (28)
i=1

As a consequence, using (6), we obtain

n 1 n 1 n
1 1
1+A2) 2% fo Sdti(s) = 1+ 43 Y fo Sdr(e) =1+ B2 - =22,
i=1 i=1 i=1

which means that (19) holds. Thus S; is extremal. Since )\%1 > 0 for all i € ], by (14) and (28), we get

fol slz - %)dn(s) =0 for all i € J;,, which implies that 7; = a;0; for some a; for each i € J,,. Applying (6) with
T; = a;01, we obtain the equation (22). Applying the expression (2) with u = 0 and using (6), we get

70(0) = Z/\ f Zda;ioy(s), o € B(0,1]).

Combining this equation with C3 and (26), we obtain (25). Applying (2) with u = —1 again, we have that

1
7_1(0) = A3 f éd’[o(s) +(A-1-73 fo %dto(s))éo(o), o € B([0,1]). (29)

Substituting (25) into (29), we obtain (24). This completes the proof. [

In follows from Theorem 3.2 that the conditions C1-C4 provide the representing measures for CH-
completion S3. We describe the expressions of their measures in detail below.
Suppose 71 € N and A = {Av}vevg“ C (0,00) with the conditions (17) are given. If S; is a CH-

completion of A on 7,1, then a finite sequence (A3, 1) admits a CH -completion. And, the moment
sequence {IIS”e 1ll}”, is completely alternating with assoc1ated measure T ", such that {1, A2, /\2(2 11) -

{IIS')f\e_lll}nzo. By [15], the measure T}_‘l has at most two atoms. Thus we may consider seven cases as
following:
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(i) ado,

(ii) ad; with t € (0,1),
(iii) aoq,
(iV) ado + b51,

(v) adg + bo; with t € (0,1),
(vi) ads + bd1 with s € (0,1),
(vii) ads + bd; with0 <s <t < 1.

By Property 6° in Subsection 2.3, supp’c{}1 suppT’A‘ and 17‘1({ })=0forie ], Using Lemma 2.2 withu =
we can see that supp’cé c supp’c’}1 and 7{({0}) = 0. We can classify the measure 7%, all cases using (6) and
(8) with k = 1. We describe the summary for its representing measures below without some cases detail
proof.

Description of representing measures. Suppose 171 € Ny and A = {/\v}vey%l1 C (0, 00) with (17) are given.
Then the moment measures of each cases can be represented as following;:

(i) If A satisfies C1, then A admits an isometry CH-completion (and thus extremal) S; on 7, 1 In this

case, its representing measures T/‘

forall o € 8([0,1]).

T and T , are trivial for all i € J,, i.e., T 1, (0) = "L'A (o) = "L' 1(0)=0

(ii) If A satisfies C2, then A admits a CH- completion Sj on 7, 1. In this case, its representing measures Té‘
and A i, are trivial for all i € J,, and ™ ()\2 1)do.

(iii) If A satisfies C3, then A admlts an extremal CH-completion S; on 1. In thls case, its representing
measures T)_‘l, T’O‘, and Tl.,l are given by T_l = (A3 -1)b1, T 6‘ =(1- A%)(Sl, and Ti,l = ;6 forallie ],

resp., where a;’s satisfy the equality Y. | A2, =1+ Y1 A2 o
(iv) If A satisfies C4, then A admits a CH-completion S3 on .7, 1. In this case, its representing measures are
described as three cases below:

(iv-a) If S; is not extremal and each T?l has one atom for all i € J;, then its representing measures A,

-1’7 TOI
A .
and 77, are given by

. /\2 n 2
T/ll = TO{ZAZZJ _1]6t [ - _TO{ZA ]J(SO,
i=1

n
= (Z A2 - 1]@, = a0, forallie J,
i=1

where t and «a;’s satisfy the equalities

A2 A% —1) 1 1
te [01_# and Z /\1'2,10‘1’ = Z Ail —-1|¢t
i=1 i=1

2
A5 =1
(iv-b) If S; is an extremal and each Tf‘l has one atom for all i € [, then its representing measures ’L'/jl, Té‘, and

A
Ti1

7

are given by

1
=(A2-1)5, = [Z A2 - 1]@,

i=1
’rf,ll = a;0; forallie ],

where t and «a;’s satisfy the equalities

NEL AL - AE Ly Al — 17
:TE(O 1) and Z/\la;—T.
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(iv-c) If S; is an extremal and each T?l has two atom for all i € J,, then its representing measures T’ll, TO",

A .
and 77, are given by

L 21— AR A2 - b, . AL A2 - 1) - (A2 - bt

1= s—t ! s—t °
2 < Azzlai 2 ! Azzlﬁi
= /\O Z t_2 O + /\0 Z 5_2 0Os,
i=1 i=1
L 2Dt AXTL A2 -1 AXED A - D)s - (12 - Dis
Ty = + + Os

Ad(s—1)

_ [i Azz,;“i]ét N {Zn: /\1‘2,;51]65,

i=1 i=1

Ad(s — 1)

Tl;\l = ;0 + ids forallie J,,
where s, t, and a;’s satisfy the equalities

A0 A2~ 1)
0<t<0;\_21—”11<s§l,

Z —1+Z/\( E) and )\2—1+A22A( fz)

=1

4. CH-completion and classical weighted shifts

4.1. p-generation CH-completion problem for p > 2

In [12, Theorem 7.1], Exner-Jung-Stochel-Yun obtained equivalent conditions for the p-generation sub-
normal completion of A = {Ay}oevz , for p > 2. The relationship for the counterpart of the p-generation
subnormal completion for the CH-completion of A provides only the sufficiency, not the equivalent condi-
tion; see Theorem 4.1 and Example 4.2.

Theorem 4.1. Let 1 € Ny, p € Ny, k € N and A = {Apheeye

K+p —

{Ttint,_y € (0,00),1 € Jy, such that

o © (0,00) be given. If there exists a system

{Tint, e ) is a truncated completely alternating sequence for all i € Jy,,

x—1 n
)\z_(K_l) >1+ H )\2,]- Z /\,2,1(711,1 = Ti0), (30)
c—(k+ 1
2y = H 2, Z 2 (Mijer = Tig), k€ Ja, (31)
j=0
1
Z Ay =14 ) A (e = ), (32)
i=1 =1
Tiws1 =1, 1€y, (33)
k
ni,K+k = H Ai]/ 1 S ]1]/ k € {2/ o /P}/ (34)
j=2

then A admits a CH-completion on 7 .
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Example 4.2. Consider A = {AZ,}Z,E‘/EZ5 C (0, 00) such that

A= VAo = VY, A1 = VZ, Ay ;=1 (€ J5); Ayj = \f]_% 2<j<5),

where x, y, z are any positive real numbers. Taking the trivial measure t1 and t, = 01, we can see that {t1, T2} satisfy
(6)-(8), (10) and (11) in Proposition 2.8, and so A admits a CH-completion on .7, .. We claim that there does not exist a

truncated completely alternating sequence {xi,n}zzo C (0, 00) for i = 1,2 such that (30)-(34) hold. For a contradiction,

we suppose that there exists a completely alternating sequence y; = {yin},., € (0,00) for i = 1,2 such that (30)-(34)
hold. Let o = {ai},, be the corresponding sequence to y; for i = 1,2 (see Proposition 2.1). Since

Qia = Aip,qtis = Ais, dtig = Aig, iz = Ajs, 1=1,2,
we get

Y1 =10 711,712,1,1,1,1,1, ...},

)/2 = {7/2,0/ 7/2,11 7/2,2/ 1/ 2/ 31 41 51 ----- }

Recall that the sequence p : = {1,2,3, ...} induces the Dirichet shift W which is completely hyperexpansive. However,
it follows from [17, (7.2.1)] W is not backward extendable, which contradicts to the fact that y, is a completely
alternating sequence.

We now prove Theorem 4.1.

Proof. Suppose that there exist completely alternating sequences 7t; = {7'?1-,,1};":0 such that {ni,n}:zg C T for

eachi € J,. By [4, Proposition 4.6.12](see also [3, Remark 1]), there exist positive Borel measures {p;}icj, on
[0, 1] such that

1
”I'E,',n = ﬁi,() + f (1 + -+ Sn_l)dpi(s), nelN, i€ ],7.
0
Define the Borel measures 7; on [0, 1] by
Ti(0) = fs“'”dpi(s), o€ B(0,1]), i € ],

Clearly, each 7; is a finite positive Borel measure on [0, 1] with 7;({0}) = 0. Combining this with n € IN,, (10)
holds. Since 7;, = 7;, for0 <n <k +p,i€ J, we get

1 1
_ 1 .
ma-ma = [ po = [ Fmdno, ke i), (35)
0 0

Using (35), we deduce from (30), (31) and (32) that (6)-(8) hold. Using (33) and (34), we obtain that for
ne ]pflr i€ ]r]r

1 1
1+ f (14 + 8" dTi(s) = Tipes1 + f 1+ + " Hdzi(s)
0 0
1 1
=T+ f (1+ -+ +)dpi(s) + f (1+--+5" D5 dpi(s)
0 0

1
=T+ f 1+ +5dpi(s)
0

n+1

- _ 2
= Tl k+n+1 = H Ai,j’
j=2

which means that (11) holds. According to Proposition 2.8, A admits a CH-completion on .7, .. So the proof
is complete. O
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In particular, if 7 = oo in Theorem 4.1, the condition supie]q(niﬂ(ﬂ — Mixs1) < ©0 is necessary to hold

Theorem 4.1.
We now consider the counterpart of [12, Corollary 8.2] for r -generation flat CH-completion. We begin
a lemma whose idea comes from [12, Proposition 8.1].

Lemma4.3. Let 1 € Ny, k € N and r € N, be given. If Sy € B((*(V,,.)) is a r-generation flat completely
hyperexpansive weighted shift on 7, with weights A = {As}ev;, € (0, o), then Sy is 2-generation flat.

Proof. Set 1; = 7, yg) =1, and y{ := ||S%e;1|* for i € J, as in Lemma 2.5. In fact the idea of proof is

similar with the proof of [12, Proposition 8.1]. For reader’s convenience we provide the outline of the proof
here. We replace p; and fooo s"du;(s) in the proof of [12, Proposition 8.1] by 7; and 1 + fol(l + -+ 5" Dd1i(s),

}00

()
respectively. Then, {}y*—‘2 0

. . . . . r—2
5 is a completely alternating sequence with its representing measure ;T)d’ci(s),
=2

r=2

0
for i € J,. By the uniqueness of the representing measure and Loz = T

Vila

n+r—1
j=r

)\i].(n €N, i€ J,), we have

Sr72 Sr—z

Tde(S) = WdTl(s)-
yr—Z yr—Z

Since the sequence {||S;e()||2} is also completely alternating, by Lemma 2.2, we get that 7;({0}) = 0 for all
i € J;. So, we deduce that

@
Vel )
T(0) = Zu(0), oeB(0,1]), ic],
r—=2

/(1) . . . . . .
Puta; = ;(’—1’)2, fori € J,. Then 7; = a;7y, for i € J,. Combining this with (4), we have

r=2

Lta [ (L4 + )i (s)
a; =

, 1€], reNs,
1+ [ (14 +53)dny(s)

which yields a; = 1 for all i € J,. (Clearly, a; = 1if r = 2..) Thus 7; = 71 for all i € J,,. This and (5) imply that
/11.2,]. = /\ij for j € IN,. Hence the proof is complete. [J

The following proposition comes immediately from Lemma 4.3.

Proposition 4.4. Let n € Ny, k € N and p € N, be given. If A = {/\v}vev,‘;,x,p C (0, 00) admits a r-generation flat

CH-completion Sy on 7, for somer € Ny, then A;j = Ay foralli€ [, and j € {2,--- ,p}.

4.2. CH-completion and branching shifts

In [10] Exner-Jung-Lee introduced a branching (classical) weighted shift on ¢2 to discuss relationships
between the classical weighted shifts and the weighted shifts Sy acting on the directed tree .7, = (V,«, Ej )

Definition 4.5 ([10, Definition 1.2]). Let .7, = (V) , E; ) be the directed tree and let Sy be a weighted shift on
T with positive weights A = {Av}vevf,,kf In what follows we assume k € Z, and n € N,. We consider the i-th

branching shifts WO which are sliced from the weighted shift Sy on 7, . as following: let W® be the classical weighted
shift with the weight sequence & of positive real numbers given by

oV Ao, Ais, Aig, Ais,e., i€ s (36)
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under the order of branches as in Figure 3. As well, let WO be the classical weighted shift with the weight sequence

a® = {aEO)}I‘Z_K .1 Of positive real numbers given by
ol = Ay, i € (~Jc-1) U {0}, provided x € N, (37)
1/2 ):]: kH /\1‘2,1( 1/2
o ._ 2 ©) _ | Elnkelim ;
a = 2 Ai,l , aj+1 = W N AS IN. (38)
i€fy ; ik
IEIW kE]]

We say that WO is the basic (sliced) branching shift of Sy. For our convenience, we say that “WU is the j-th (sliced)
branching shift of S, for j € ], U {0}".

w®
w®
A1)
*r—>100—>
w

Figure 3: The illustration of W) of S, for j € Iy-

The following statement is well-known (see [10, p.807] or [17, Corollay 6.2.2 (ii-b)]).
Sa is subnormal if and only if every i -th branching shift is subnormal for all i € [, U {0}.

This statement for subnormality can be preserved in the case of completely hyperexpansivity of S, as
following.

Lemma 4.6. Let Sy be a weighted shift on 7. Then Sy is completely hyperexpansive if and only if every j-th
branching shift WO is completely hyperexpansive for j € J, U {0}.

Proof. Since each moment sequence of W for i € 1) (resp., W) is exactly the sequence {||S%e;1[*}2,, (resp.,
{IISerootlP}2,), this lemma is clear by Lemma 2.5. [J

The following is the counterpart of [12, Proposition 7.6] for CH-completion problem. This is provides a
relationship among the CH-completion problem for (.7, 1, 7;,«), the classical CH-completion problem for
K + 1 weights, and j-th branching shift W,

Proposition 4.7. Let n € Ny, k € N, p € Ny and A = {/\v}vevgw
CH-completion Sy on Ty Let

n n 2 12
X 2 i=1 Ai,lAi,Z
o= /\_K+1,...,/\0, Ai,l’ n—/\z,...,

i=1

C (0,00) be given. Suppose A admits a

(39)

and
a = (Nig, Aig, .., Aip), P €],
Then the following assertions hold:
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(i) a [resp., @] admits a completion to a completely hyperexpansive unilateral weighted shift Wy [resp., W01,
(ii) the j-th branching shift W\ of Sy is completely hyperexpansive completion of a') for all j € ], U {0}, where
a® = a.

Proof. (i) Define the sequence y = {P},", by Y, = IISZA"e_KII2 forn € Z, . Since S is completely hyperexpan-

sive, y is a completely alternating sequence with the representing measure v := . Tt follows from (9) that
y € #, where

k-1 x—1 1 k-1 n 2
)’ = ]-/ A3K+1’ sy Az_k/ [H Aik] Z‘ /\1‘2,1/ [H Az_k] /112,11
k=0 k=0 i=1 k=0 i=1 j=1
k=1 n r
( Afk]ZHAﬁj ) (40)
k=0 i=1 j=1

Let & = {a,},", be the sequence of weights induced by the completely alternating sequence j as in Propo-
sition 2.1. Then, according to the assumption of this proposition, W; is a CH-completion of a with the
associated measure v. A similar argument can be made to obtain results for the sequence {a®}ic I

(ii) Comparing (37), (38) and (39), we can see that the basic branching shift WO of S 1 is completely
hyperexpansive completion of & in the above proof. Since the i-branching shift W® of S; has the weights as
in (36) with /A\i,j in place of A; j, (j € N,41) and its corresponding moment sequence coincides {IISgei,l IIZ}Z":O, it

follows that the i-branching shift W® of S; is completely hyperexpansive completion of a® fori € J,. O
The following is the counterpart of [12, Theorem 8.3] for CH-completion problem.

Theorem 4.8. Letn€ Ny, k € N, p € Ny and A = {AU}”EVM C (0, 00) be given. Suppose that A;; = Aq; for all

i€ Jyand j€{2,..,p}. Then the following conditions are equivalent:
(i) A admits a CH-completion on 7,
(ii) A admits a 2-generation flat CH-completion on 7,
(iii) the sequence a = (ao,1,...,Qxp-1) given by (39) admits a completion to a completely hyperexpansive
unilateral weighted shift W,
(iv) the sequence y = (Yo, V1,--.,Vx+p) §iven by (40) has an extension to a completely alternating sequence .

Moreover, if (i) holds, then the basic branching shift WO of S; is completely hyperexpansive completion of &, where
S 1s any CH-completion.

Proof. (i)=(iii) This is done by Proposition 4.7 (and is true without assuming that A;; = A j foralli € ], and
j€{2,...,p}). The “moreover” part also proved by Proposition 4.7.

(iii)(iv) In view of the above discussion, this equivalence follows directly from Proposition 2.1.

(ii)=(i) This implication is obvious.

(iv)=(ii) We sketch the proof of this implication (cf. [12, Theorem 8.3]). Let§ = {y,,};"_, be an extension of
y to a completely alternating sequence with its representing measure w. Consider a positive Borel measure
T given by

7(0) = 1 fs“”da)(s), o € B([0,1]).
Vr+1l Jo

And we define the system A = {/A\v}vev;;/x C (0,0) as in (12) with 7 in place of 7;. Then (5) holds with A in
place of A and with 7; = 7 for eachi € Iy (Here we use the condition Aij =M foralli e J;; to see (5).) Also,
(9) holds with A in place of A and with w in place of v. It follows from the similar proof for the boundedness
of S, in the proof of Proposition 2.8 that S; € B(£*(V,)). Using Lemma 2.5(ii-b) with 7; = 7 for every i € ],
and v = w, we deduce that S; is completely hyperexpansive. Since A C A and (12), S; is a 2-generation flat
CH-completion of Aon .7, .. 0
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The following corollary comes from Theorem 4.8 immediately.

Corollary 4.9. Suppose 1 € N, k € N and A = {/\v}vev;; _, € (0, 0) are given. Then the following conditions are
equivalent:

(

(ii) the finite real sequence & = |A_yi1,..., Ao,

i) A admits a CH-completion on ﬂ,m,

1
Y. A2, | admits a completion to a completely hyperexpansive
i=1

’

unilateral weighted shift W,

(iii) the finite real sequence

n
— 2 2 2 2 .. 12 a2 .2 2
y_ 1’A—K+1’A—K+1/\*K+2""’A—K+1 /\O’A—K+1 AOZAi,l
i=1

has an extension to a completely alternating sequence.

Moreover, if (i) holds, then the basic branching shift WO of S; is completely hyperexpansive completion of &, where
S 1s any CH-completion.
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